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Abstract: The main objective of the study is to introduce a novel form of interpolative convex
contraction and develop some new conclusions for it utilising the progressive method of interpolative
convex contractions. With orbitally S-complete and Suzuki type contractions in F-metric spaces, the
paper draws certain results. The purpose of my research is to evaluate the effectiveness of the fixed
point approach in solving fractional differential equations with boundary condition.
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1. Introduction

Reich [16,26] has used Fixed Point Theory(FPT) to develop unique global tactics. The idea of the
interpolative class of contractions was first introduced by Erdal et al. [18], who also implemented a few
fixed point results in a partial metric space. In order to determine the Hardy-Rogers findings, Erdal
revised Kannan'’s interpolative contraction in [17] and employed an interpolative method.

Erdal updated Kannan'’s interpolative contraction in [17] and used an interpolative approach to
determine the Hardy-Rogers findings in [19]. Additionally, he created a novel interpolative contraction
technique in [4].

Aydi et al. [1,2], originally introduced interpolative and w-interpolative Reich-Rus type
contractions and also showed some relevant fixed point findings for these mappings.

Aftab [7-9], recently expanded on this idea of Erdal and published a few findings pertaining to
these kinds of novel contractions. Nazam et al. [23-25], introduced (¥, ®)-orthogonal interpolative
contractions very recently and make a few observations on the literature.

Jleli and Samet [14] added brand new form of F-metric space(FMS).

Definition 1.1. [14]. Let F represent the group of functions g : (0, +00) — R assuring the requirements:

(F1) g is increasing, meaning that for every u > v > 0, = ¢ (1) < g (v);
(F2) each sequence {v,} C (0, +c0), s.t

Iim v, =0 <= lim V) = —o0.
ntoo n—>+oog( n)

The following is a thorough definition of a FMS:

Definition 1.2. [14]. Let D: x x x — [0, +00) be a mapping and let x be a nonempty set. Suppose that there
exists (g, ) € F x [0, +00) s.t

B1) 1.0 exxx, D, 0) =0 <= j =L
(D) B(j,¢) =D(¢,)) forall (1,4) € x x x.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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(b3) Forevery (7,£) € x x x,every 2 < N € N, each (1;);eny C x with (u1,uyn) = (7,£), we have

N-1
D(uy,un) >0 = g(B(ur,un)) < g(Y d(uj, uip1)) + p-
i=1

The pair (x,D) is then referred to as an FMS.

Example 1. [14]. Let an FMS is a set of N if we define D by,

(=07, i (,0) €[0,3] x [0,3]

B(M)={ 7 =4, if (.0) [0,3] x [0,3],

forall (7,0) € x x x with f(v) = In (v) and y = In (3) , and not a FM. You should be aware that any measure
on x is an FM.

Definition 1.3. [14]. Assume that (x,D) is an FMS. Let {},, } represent a sequence in x.

(i) If imy, yy— 00D (Jn, Jm) = 0, we declare that {;,, } is F-Cauchy,

(ii) We say that (x,D) is F-complete(FC) if every F-Cauchy sequence in  is JF-convergent to a specific
element in x.

Introducing the Banach Contraction Principle was Jleli and Samet:

Theorem 1.1. [14]. Let h: x — ) be a predetermined mapping and (x,D) said to an FMS. Assume that the
subsequent criteria are met:

(i) It is FC for (x,D).

(ii) k € (0,1) occurs in such a way that

D(h(y),h(€)) <kD(1,£), (1.£) € x x X

Then g has a distinct fixed point j* € x. In addition, o € x, the sequence {j,} C x defined by j,,11 = h(jn),
n € N, is F-convergent for any to j* as well.

Delivered a class of x-admissible mapping and installed the Banach contraction Principle using
a-admissible mapping, according to Samet et al. (2012). The following is the basic defintion of
a-admissible mapping:

Definition 1.4. [28]. Let S : x — x and a : x X x — [0, +00). We say that S is an a-admissible if j,{ € x,
a(y,0) > 1 implies that a(Sj,S¢) > 1.

The idea of a-admissible mapping was then modified by Salimi et al. [27] as follows.

Definition 1.5. [27]. Let S : x — x and two functions a, 1 : x X x — RT. We claim that S is an a-admissible
mapping regarding to 1y then 1,0 € x, a(j, ) > n(j, ¢) implies that «(Sj,SC) > 1n(Sj, SE).

Definition 1.6. [12] Let (x, d) be a metric space. Let’s say that there are two functions o, i : x X x — [0, +00)
and S : x — x. Amap S is considered as a-1j-continuous map on (x,d) whenever given | € x, and a sequence
{n} is as follows

Jim gy = . &Gy Jut1) = 9 (nsJnsa) foralln € N == Sy — 5).

For more details see [20,21].
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If limy, 00 S"7 = v implies that lim, ., SS"] = Sv, then a mapping S : x — x is pronounce to
be orbitally continuous at v. If S is orbitally continuous for all v, then the mapping S is orbitally
continuous on v.

Remark 1.1. Observe that some papers are not in corrected form without this property see [5,8,9].

Observation 1 [24]. The inequality applies to all, p,g > 2and r > 1,

(b+a)" < (ba)"-

2. Interpolative Convex Reich-type Contraction

In this section, we offer a novel interpolative convex contraction and establish some new
discoveries for interpolative convex Reich-type a-77-contraction in the context of F-complete FMS.

Definition 2.1. Let (x,D) is be an FMS. Let there are two functions o, 1 : x X x — [0,4+00) and S : x — X.
If there are constants A € [0,1) and a, B,y € (0,1) such that whenever «(3,£) > 1(},£), we say that S is an
interpolative convex Reich-type a-n-contraction.

D(S;,80)P < A [D(], OPEHI P10, S0P . (], SJ)P(1—5—7)+'1(7—06)] , 1)
forall j,£ € x\Fix(S), wherep,q € [1,00).
Example 2. Let x = {0,1,2,3} be endowed with FMS given by

_Jo-0n a0 exxx
B(]/g)—{ =2, if 3,0) ¢ x XX,

with f(v) =In(v) and y = In (3) . Define S : x — x by
S50=0,51=1,52=53=0.
and a1 : x X x — [0, 400) by

| 1ifrey ) aifitex
a(7,4) = { 0, otherwise and (), £) = 0, otherwise

If 1,0 € x. Clearly a(3,£) > 1(j, ¢) then
0 = D(s2 SS)h <A [B (2,3>l713+q0‘ D (2, Sz)l’(lfﬁ*“YHQ(W*“) D3, 53)}77—‘77}
A

[(Dbﬂwx D (2,0)P 01+l D(glo)h’rﬂﬂ]

- A [(4)#(1ﬁ7)+q(70¢) ) (Z)M—qv}

By taking any value of constants A € [0,1), o, B,v € (0,1) and p,q € [1,00). Clearly, (1) holds for all
1,4 € x\Fix(S). Keep in mind that S has two fixed points, 0 and 1. see for more information and examples [18].

Now public and substantiate the key theorem.

Theorem 2.1. Let (x,D) be an F-Complete FMS and S is an interpolative convex Reich type a-y-contraction
assuring the accompanying conditions:
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(i) S is an a-admissible in term of #;

(ii) there is a jg € x such that a(jo,S70) > #(jo, Sjo);

(iif) S is w-n7-continuously.

Consequently, S attains a fixed point in yx.
Proof. Let jo in x such that «(jo, Sjo) > #(jo, Sjo)- For jo € x, we construct a sequence {7, },._; such
that j; = Sy, j2 = Sj1 = S?jp. Continue this approach until for every n € N, 7,11 = Sju = " 0. .
Because of (i), S is an a-admissible in term of # after that «(jo, 71) = «(jo, Sj0) > 17 (jo, Sjo) = 1 (o, J1)-
By carrying out this procedure further, we have

&(Jn—1,n) = 1(Jn=1,Sin-1) = 7(Jn—1,Jn), foralln € N. 2)

On condition that j, 11 = j a few n € N, afterwards j, = j*, is a fixed point of S. Thus, we presume

Jn # Jn+1 With
D(S1,-1,S1m) =DB(u, Sjn) > 0, foralln € N.

Since S is an interpolative convex Reich-type a-77-contraction, for any n € N, give us

D(n fu+1)P = D(Spu-1,57n)P
D (1, 1n)PPHI D (jy_1, Sjp_q )PO-A- (=) -D(]n,S]n)P“f_‘”} )

A [ )
A [D(]n 1,] n)l?ﬁ+qoc (]n_lljn)b(lfﬁf'y)Jrq('yfa) 'D(]n,]n+1)p77‘”} ,
A [ )

D ]n 1/ ]n P=)+r. (]n,]nJrl)b’Y*q’y] ,

I IA

we acquire
B (1, Ju 1) PO <AD(g g, 1) PE-1HT, 3)

Afterward decide that {D(j,—1,7x)} is decreasing terms. As a result there is a positive term ¢ s.t.
lim, 00D (-1, Jn) = 0. Take note ¢ > 0, if we extrapolate use (2.3), gives

D(n,1nt1) < AP(n-1,11) < A"D(jo,11)-

Which provide
m—1 Al
m>mn, Yy D(i i) < 75 P0on)-
1=n
Subsequently
n
ngrfw 1-— B(]O,h) =0

There are some N € N therefore

n

A
N<n=0< 1_}\D(]o,]l) <6

Lete > Obe fixed and (g, 1) € F x R™ be satisfied the (D3). Next to (F3), there exist § > 0 such that
0 < v < dsuggests g(v) < g(e) —a. 4)
Due to (4) and (F7), we obtained

n

<8 [HD(Jo,h)] <gle)—m ®)

m—1
g [ Y. P(ijis1)

i=n
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where D(j, ) > 0 and m,n € Nin like a way that m > n > N. Consequently, combining (5) and
(b3) gives that

m—1

Y BGijit1)

i=n

g§O0m ) <g +u<g(e),

which suggest that (F7), we obtain
D(jm,jn) <€,m>n> N.

As a result {j,} is an F-Cauchy sequence. There exists j* € x such that j, is F-convergent to j*,
because (), D) is a F-Complete MS that is,

lim D(jy, ") = 0. (6)

n—oo

S is a-y-continuous and has the properties a(7,,—1, Jn) > 7(Jn—1,]n), as every n € N afterwards apply
limit approaches to infinity 7,1 = Sy, — Sj* a certian j* = S;*. We will now demonstrate that j* is a
fixed point of S. We use contradiction to argue by assuming that D(57%,7*) > 0. (D3), gives us

g(B(S7°,1)) < g (P(S", S1a)P + DSy, 1)) + 1, n € N.

By using (F7) and the contractive condition gives

g(B(S1°,1) < g (AD(", ju)PPH9% - D(SJ*, 17 PP+ B (1, 14 )PV +D(ri1,1) ) + 1,
for every n € N. In otherway, by using (F;) together with (6), possess

Tim g (AD(", 1) PP 4+ D(js1,%) ) + 4 = —
that result in a contradiction. In light of the fact that B(S;*,7*) = 0. Finally, ;* is a fixed point of S. [
Theorem 2.2. The hypothesis of Theorem 2.1 holds true with assertion (i) to (ii).

(iii) if any sequence {j, } in x such that «(ju, ju+1) = 7(jn, Jn+1) together limy, 00 j» = j* at that
occasion &(ju, 1*) > 1(jn,7*) hold for every n € N.
Consequently, S posses a fixed point in .

Proof. In a manner similar to the proof of Theorem 2.3. We obtain a(,, 7*) > #(jn, j*) for every n € N.
(D3) gives us

g(B(S17,17)) <gB(S1*,Sin) + P(n, 1)) + .
(1) and (F7), give us

g, ) < g (P, 8m)P) +D(Sjs")) + 1
< g@ (DG, 1P, 57 )PUP=1 4900 D, 1,0 )PT07| D, ) ) +

Using (6) information
lim B(j, ;%) = 0= lim B(jn41,77),

n—oo
we obtain
8§ (B 87) <8 (B(YS)) + 1
Using (F3),gives that
lim ¢ (D(j%,51")) +p = —oo,

n—o0
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that result in a contradiction. In light of the fact that B(;*,S;*) = 0 it is an established point ;* possess
fixed pointof 5. [

Example 3. Assume x = R to FMSD: x x x — RT by

_J G-0?%if (1,0) eNxN
BM‘{ =0, if (0 ¢ NN,

withy = In (100) and f(v) = In(v). Define S : x — x by

S = 1_%’#]61\1
=Y o, " if¢N

and a,m 2 x X x — [0, +0c0) by

[ 2 i0c 0w NN
w( b) = { 0, otherwise and 1(j, £) = 0, otherwise

Case 1: If j = ¢. Evidently D(;,£) = 0.
As a result, Theorem 2.1’s requirements are all met.
Case2:Ifj,farein N, but S; ¢ N,S¢ ¢ N, then

‘ 1 b
D (55,50 =D(1— %,1 -5)= L |]—e|} .

It is evident that S is an a-admissible in term of 5 for whenever «(}, ¢) > #(j, ¢), implies

7

p(A—B—7)+q(r—«)
(]_g)ZPﬂHW. 2]_1‘ .‘35_1

p_ |1 P
p(ss0F = [3h-d] <a :

bqu]

by taking constants A € [0,1), p,q € [1,0) and &, 8,7 € (0,1), for all j, ¢ € N\Fix(S).
Although (i) either j nor £ are in N, gives

D (S;,S0)P = 0.
whenever «(7,£) > 1(j, £),It is evidently S is an a-admissible mapping regard to 7, such that
D (S, 80P =0<A “] — g|pPrax |y PO—p=1)+alr—a) WP%M} )

where A € [0,1),p,g € [1,00) and &, B,y € (0,1), for all j, £ € N\Fix(S).
(ii). One belong to N other outside of N

D (57,80 =D(1 -
It is evident that S is an a-admissible mapping w.r.t # for whenever a(;, ¢) > #(;,£), such that

3 p(1=p=7)+4(y—a)

b [
B(s,80P = 1- 1 <A [U—eﬂ’ﬁ*q ~\2]—1

. |g|P“Y€I7] ,

by taking constants A € [0,1),p,q € [1,00) and &, 8,y € (0,1), forall j, £ € N\Fix(S).
As a result, our Theorem 2.1’s requirements are all met. Thus S is convex interpolative Reich-type
«-1-contraction as a result.
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Definition 2.2. Assume that (x,D) is an FMS and o, 57 : x X x — [0, +00) be two functions. The FMS in x
is considered to be a-n-complete iff each F-Cauchy sequence {j, } must contain

(s ns1) = N(ns Jns1) as each n € N.
in x, F -converges.

Remark 2.1. The Theorem 2.1 and 2.2 also apply to a-y-complete FMS instead of FCEMS (see for more
information [10]).

3. Convex Interpolative Kannan-type a-1-contraction

In this stage, we develop several fixed point theorems inside the positioning of F-Complete FMS
and provide new convex interpolative Kannan-type contractions. The following is an explanation of
interpolative convex Kannan type a-#-contraction:

Definition 3.1. Let (x,D) is an FMS. Let there are two functions o, 1 : x X x — [0,4+00) and S : x — x. If
there are constants A € [0,1) and , B € (0, 1) such that whenever a(;,£) > 1(j,£), we say that S is an convex
interpolative convex Kannan-type a-1-contraction.

{5(5], Sﬂ)l"i"?} < AP, 5])]P(1*ﬁ)+ﬂ“ L [B(e, so)pPHI-) @)
wherep,q € [1,00) forall 1,0 € x with ] # Sj.
Now present and prove our second important theorem.

Theorem 3.1. The hypotheses of Theorem 2.1 hold true with assertion (i) to (iii). Let S is a convex interpolative
Kannan-type a-n-contraction.

Consequently, S possess a fixed point in .

Proof. The same procedures are used in the proof of Theorem 3.1.
Since S is convex interpolative Kannan-type a-7-contraction, give us

D(Stu_1, Spn)PT1 < AD(n_1,Su_1)PE P T2 1D(y,, 57, ]PPT ®)

= AP )PP D g )P
It is implied from equation (8) that
(DG, )JPHPHIO < A B ) PO ©)
The rest of the proof follows the structure of Theorem 2.1 and proceeds in a similar manner. [
Theorem 3.2. Theorem 3.1 from (i) to (ii) and Theorem 2.2 solely (iii) are satisfying hypotheses.

S thus has a fixed point in .

Proof. Carried out in a manner similar to that of Theorem 2.2. (7) and (F1) give us
g (DS 7 PH1) < g (A (DU, 577 )PI=FHI0=0 Dy, 1, )PPHI) - D(S), %) ) + 1
Utilizing (6) and the information

J%D(]n/]*) =0= J%D(]n-&-l/]*)'
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We achieve
g(B(*,517) <g B, S")) + 1,

This is incongruous. D(;*, Sj*) = 0 as a result, meaning that is a fixed point of S. [

The following corollaries derive from the Theorems 2.1,2.2, 3.1, and 3.2 if 5(},¢) = 1.

Corollary 3.1. Let (x,D) be an F-Complete FMS and S be an interpolative convex Reich type a-y-contraction
assuring the accompanying assertions:

(1) S is an a-admissible;

(ii) there is a jp € x such that a(jo, Sjo) > 1;
(iii) S is continuous.

Consequently, S has a fixed point in .

Corollary 3.2. Assertions (i) through (ii) in Corollary 3.1 are true.
(iii) if any sequence {j, } in x such that a(j,, j,+1) > 1 together lim,,_, J» = j* at that occasion
a(Jn,7*) > 1 satisfy for every n € N.

S therefore has a fixed point.

Corollary 3.3. Assertions (i) through (iii) in Corollary 3.1 are true. Assuming S is a convex interpolative
Kannan type contraction, the following claims can be made:

S thus has a fixed point in yx.

Corollary 3.4. Assertions (i) through (iii) in Corollary 3.1 are true. Assuming S is a convex interpolative
Kannan type contraction, the following claims can be made:

(iii) if any sequence {J, } in x such that a(j,, j,+1) > 1 together lim,,_, J» = j* at that occasion
a(Jn, 7*) > 1 satisfy for every n € N.
S therefore has a fixed point in x.

4. Findings

Our findings lead to some conclusions on Suzuki contractions, orbitally S-complete, and
continuous maps in FMS.

Theorem 4.1. Let S be a continuous self-map on x and (x,D) be a F-Complete FMS. Assume r € [0,1) and
a, B,y € (0,1) are present and in such a way that

D(1,87) <D, 0) = B(§),S0) <r[D(, 0P (DG, )P TFT I p(e, seyfr,
where p,q € [1,00), for every j, 0 € x.

Consequently, S has a fixed point in .

Proof. Set two functions &, 7 : x X x — [0, +c0) by
a(7,0) =D(,¢)and 5(;,¢) =D(},¢), forallj, £ € ,
and B, € (0,1),and r € [0,1). Itis clear that

n(7,¢) <wa(y,¢), forally, ¢ € x,
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that is, our Theorem 2.1’s criteria (i) through (iii) are satisfied. Let
1(,51) < a(3,£) then B(;, 57) < B(, £),
it suggests a contractive condition
B(S), S0P < r [P, O]PFH. [P, SpIPEETI IO [B(e, SO
As a result, Theorem 3’s criteria are all satisfied. Hence S attain a fixed pointin ;. [J

Theorem 4.2. Suppose a continuous map S and (x,D) be a F-Complete FMS. Assumer € [0,1) and a, B €
(0,1) are present and in such a way that

D(1,87) <D(1,0) = (S}, S0P < r [P, S HHI p(e, sy PP
wherep,q € [1,00), forall 1,0 € x.
Therefore S attain a fixed point.

Corollary 4.1. Suppose a continuous map S and (x,D) be a F-Complete FMS. Assume v € [0,1) in such a
way that
B(1,5)) <D, 4) = B(S8),5¢) <rD(,¢),

forall j,€ € x. Then S possess a fixed point.
Theorem 4.3. Suppose S a self-map and (x,D) be a FMS in x. Surmise the given claims are true:

(i) (x,P) is an orbitally S-complete FMS;
(ii)r € [0,1) and &, B, v € (0,1) exist such that

D(S5, 5P < r[D(y, O)]PFH1 . [D(y, )P~ p(r, 50)]PT Y

where p,q € [1,00) for all j,£ € O(w) for some w € x, where O(w) is an orbit of w;
where O(w) is an orbit of w, and p, g are in [1, c0) for every ;, £ € O(w) and for some w € x;
(iii) if {7, } is a sequence where {j,} C O(w) along lim,,_;« J» = J* then j* € O(w).
As aresult, S has a fixed point.

Proof. Set a, 17 : x X x — [0,+00), by a(},¢) = 3 on O(w) x O(w) and «(},¢) = 0 otherwise and
7(7,¢) = 1forall j,£ € j( see Remark 6 [10]). Then (x,D) is an a-y-complete F-metric and S is an
a-admissible regard to 7. Let a (7, £) > #(j, ), later j, £ € O(w), afterwards from (ii) give us

D(S5,SP < r[D(y, O)]PFH1 . [D(y, 57)]PL =1 H9) [p(r, 50)]PT

That is S is Interpolative convex a-1-contraction of the Reich-type. Let a sequence {j, } applies it read
a(Jn, Jnt1) = 7(Jn, Jus+1) and limy o0 7, = 7*. Therefore {j,} € O(w). The expression it taken from: (iii)
7€ O(w), a(jn,7%) = 1(Jn, 7). As a result, Theorem 2.2’s criteria are all fulfilled. S therefore has a
fixed point. O

Theorem 4.4. Similar to Theorem 4.3’s hypotheses, satisfies
D(s), 501 < r[P(, 7)) PO [p(e, sOPF

Therefore S attain a fixed point.
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Theorem 4.5. Let S be a self map and (x,D) a FCFMS. Suppose the subsequent claims are true:
(i) forall j,¢ € O(w), there exists ¥ € [0,1) and a, B,y € (0,1), p, g € [1,00) such that
B(s), S0P < r [P, PP [D(, SpIPTETTO. B, 5o

for some w € y;
(if) S is orbitally continuous.
Afterwards S possess a fixed point.

Proof. Define a, 7 : x x x — [0,+00), by a(},£) = 3 on O(w) x O(w) and a(},£) = 0 otherwise
and 7(j,¢) = 1( see Remark 1.1 [11]), we know S is a-y-continuous map. Assume «(7,£) > 1(7,4),
afterwards j, ¢ € O(w). Therefore S7,S¢ € O(w) thatis a(Sy, S¢) > 1(Sj,S¢). In light of, S is therefore
a mapping that is a-admissible. We have from (i)

b(s;, SO <r [D(],g)]bﬁﬂ“ .[B(, 5])]b(1—ﬁ—7)+q(7—k) [P, Sg)]lov—fm )

That is to say, S is a Reich-type interpolative convex a-77-contraction. As a result, Theorem 2.1’s entire
premise is true. S therefore attains a fixed point. O

Theorem 4.6. Theorem 4.5 (i) through (ii)hypotheses’s are true then
D(S), SO < ¢ [D(), 5])]15'(1—}3)4-‘1(1—“) . [P(e, se) P
Consequently S attains a fixed point.
Corollary 4.2. Let (x,D) be an F-Complete FMS and S be a self map. Assuming the assertions are true:
(i) there exist 7 € [0,1) such that for every ;, ¢ € O(w),
b(S;,5¢) <r(B(,¢)

for some w € y;
(ii) S is orbitally continuous.
As aresult, S possess a fixed point.

5. Application

Recent research has shown that the local and nonlocal fractional differential equations are useful
tools for simulating a wide range of phenomena in a variety of scientific and architectural domains.
Numerous fields, including viscoelasticity etc., make use of the fractional order differential equations.
For more information, see [3,6,22]. Fractional generlized derivative in sense of Riemann involving a
boundary condition, we want to demonstrate the existence and uniqueness of a bounded solution.

The left Riemann Liouville fraction of a Lebesgue integrable function g regards to an increasing
function h is provided by [15].

1

111]? g(v) = F(DC)

/ﬂ " (h(0) = h(@))*™ F(w)H (w)dw, where & > 0. (10)

With regard to the identical rising function /, the related left Riemann Liouville fractional derivative of
g is given by [15]

Diig(v) = (hgv)ddv) 1"%¢ (v)
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~ (i) T ) =)™ gl @)ds a

where [«] is the largest integer, « > 0 and n = [a] + 1. The fractional integral and fractional derivative
are combined in the following theorem.

Theorem 5.1. [13]Leta > 0,n = —[~a],g € L[c,d| and ,I};g € AC}[c,d]. Then

n
—k
ol D38 (v) = 8(v) = ) ci (h(v) —h(a))* .
k=1
We are thinking about the ensuing boundary value problem
Dyl(v) +g(v,£(v)) =0, with £(c) =¢(d) =0, wherel < a <2. (12)

Lemma5.1. Leta > 0,n = —[—a],g € Llc,d] and  Ig € ACj'[c,d] exist. If and only if, £ is a solution to
the boundary value problem (12),

satisfies the following:

* X(w,v) >0

1
N(w,v) =
* cgmwizxgd (w,?) I'(a) < 4

using Theorem 5.1 we obtain

£(0) =1 (1(0) = ()" + €2 (o) = (e) = s [ (h2) = @)™ gl (w)do,

£(c) =0, gives ¢y = 0.

{d) = 0, gives

1-a
(h(d) ;(};()C)) /Cd (h(d) — h(w))* ™ g(w, {(w))H (w)dw.
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Therefore

Hence i
£(v) :/C R(w,v) g(w,é(w))h/(w)dw, where

N(w,v) =

)=hie
T (« (A ()bt )“*1 ,

h(d)—h(c))
There is no doubt that R(w, v) > 0, for w > v.
For example, ¢ < w < v, one can demonstratelt is clear that X(w, v) > 0, when w > v.

()~ )\ . (h(w) — h(c)) ((d) — h(c)) "
o) = (G —he)) [wa—mm k(“”‘@@+ COEC . ﬂ'

Since

B _ x—1 _
|| (WMo M) T (o) (), e <w <0
) v<w<d

(h(w) — h(c)) (h(d) — h(c))
S V7100 R T B
It follows that X(w, v) > 0, where w < v and for v < w,

m_ 1 h(d) — h(w) “_1.[){— o) — (N2 H (v
av_F(oc)((h(d)—h(c))> (e —1) (h(v) = h(c))" "h (v) 20,

thus R(w, v) is rising in proportion to v.
Now w < v

o K (v)(a—1) a el a
az,=r<ao'[‘(h(”>‘h<w>> (i) 0@ - ]

Thus R(w, v) is decreasing when w < v. Therefore, at w = v, X(w, v) reaches its maximum.

1 (h(d) = h(w))"" (h(w) = h(c))* "

M@= ) (h(d) — h(c)" "

= G(w)
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o/ 1 (h(d) — h(w)*? B a1
§lw) = —pi D e @) (@) )
42 (h(d) = ()" (a = 1) (h(w) — k()" > h' (w)
I (a) (h(d) = h(c))* !
=0
ields
Y _h(c)+h(d)
h(CU)— 2 7
or the critical poin
Pt o (@)
o (s

T (w) 4
_ a—1
IN(w,v)ISF(la) (h(d)4h(C)) '

The Riemann Stieltjes integrable function of w w.r.t w and g is denoted as follows: A continuous
function g : [0,1] x R — R. Assume that C; is the linear space of all continuous functions defined on
I =[0,1], and that

D(w,v) = ||w —v|% = max [w(v) - v(v)|? for every w, v € C;.
ve

So (C;, D) is a metric space that is F-Complete.
We take into account the following situations:
(a) there exist r € [0,1), ¢ : R? — R is a function for each ¢,d € R with (c,d) > &(c,d), such that

18(w, w(w))dw — g(w, v(w))dwP < [w(w) — v(w)PPTHP) . jw(w) — Sw(w) PPET=DH@) |y (w) — vo(w) PP

where p,q > [1,00), 8,7, % € (0,1),;
(b) for every wy € C; there exists such that

g (wl(v),/cd N(v, w)g(w,wy (a)))h/ (w)dw) >¢ (wl (v),/cd N(v, w)g(w,wq (w))h/ (w)dw) ,

satisfies for each v € I.
(c) There exists a wq, v, € C; for each w,v € C;, such that

!

¢ (w(v),v(0))

v

¢ (w(v),v(v)) implies ¢ </Cd N(v,w)g(w,wl(w))h,(w)dw, /Cd N(v, w)g(w,v1(w))h

(w)dw) ,

()

!/

v

¢ (/CdN(v,a))g(w,wl(w))h/(w)dw, /Cd N(v,w)g(w,v1(w))h

holds for all values of v € I.
(d) for any group of points w in a sequence {w; } of points in C; will have

¢ (wn, wny1) > € (Wn, Wyt1), lim inf¢ (wp, w) > lim inf¢ (wy, w) .

Theorem 5.2. Assume that the conditions (a) through (d) are met. So (12) has at least one w € C; solution.
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Proof. We know that w € C; is a solution of the fractional order integral equation, if and only w € C;
is a solution of (5.3),

w(v) = /\/b N(v,s)g(s,w(s))h/ (s)dsforallv €I,

where 0 < A < 1. Defineamap S : C; — C; by
b !
Sw(v) = /\/ N(v,8)g(s,w(s))h (s)ds forall v € I.
a

Then, solving problem (12) is identical to discovering w* € C;, a fixed point of S. Let w, v € C;, be such
that forallv € I, { (w(v), v(v)) > 0. Using (a), we obtain

[Sw(o) - S0(o)] '

'/\/ub R(o,5) [g(s, w(s)) — g(s,v(s))] i (s)ds

< " N9 |36, 0() ~ (s, v(s)H (95|

b , R . I
<AL [ G, 5) [ (5)rds wo(s) = o(s) P ao(s) = Sao(s) POETTTHIOED. Jo(s) — ou(s) O

— a a—1
= F(lvc) <h(b) 4 s )> (h(b) =R (a)) |w(s) — v(s)||2P7T9P)

fwo(s) = Sw(s) [2FTTOHI@E Yy (s) — So(s) [P
< rlfw(s) = o(s) 2T - [fo(s) — Sew(s) [ 2P0 IH@TED L lu(s) — Su(s) 2709 -

Thus

D(Sw,5v)? < {[w(s) = v(s) PETH ) - fwo(s) = Swo(s) PP o (s) - Su(s) PO

holds for each w, v € C; such that { (w(v),v(v)) > & (w(v),v(v)) for each v € I.
We define & : C; x C; — [0,00) by

0, otherwise 0, otherwise

a(w,v):{ 2, if ¢ (w(v),v(v)) >0, v e } andq(w,v):{ 1, i ¢ (w(0),0(0) >0, v e }

Then, for all w,v € C;, a (w,v) > 5 (w,v), we have
D(5w,50)? < r {[w(s) — v(s) PV fuo(s) — Suo(s) PO o (s) — S0 (s) P00

Obviously, a(w,v) > n(w,v) for every w,v € C;. If a(w,v) > 5(w,v) for each w,v € C;, then
¢ (w(0),0(0)) = & (w(0), v(0)).

From (c), we have { (Sw(v), Sv(v)) > & (Sw(v), Sv(v)) and so a(Sw, Sv) > 5(Sw, Sv).

Thus, S is a-admissible map concerning 7.

From (b) there subsist w; € C; parallel to a (w1, Sw;) = (w1, Swy).

By (d), we know that any group of points in a sequence {wj, } of points in C; with w will have

‘x(wn/ wn+1) = U(wnr wn+1)/

and

nh_r)r(}o infa(wy,, w) = nh_rgo inf i (wy,, w).
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By using Theorem 2.1, it can be shown that S attains a fixed point in C;. Finally w* is a solution to the
equation Sw* = w* in G(12). O

Conclusion:

In the context of FMS, this study focuses on a novel notion of convex interpolative contraction of
the Reich and Kannan type that is more inclusive than standard metric. Results for the Suzuki type
fixed point are driven in the FMS. In order to demonstrate our theorems and as an application, we find
a solution to the fractional differential equation problem. These new studies and uses would increase
the effectiveness of the new arrangement.
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