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Abstract: We characterize the form of the order divisor graph of cyclic groups based on the group
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1. Introduction

In 1878, Arthur Cayley represented groups in a graph called a Cayley graph [2]. The representation
of groups in graphs has been growing and is now often referred to as algebraic graphs. In [11] the
authors introduced prime graphs of finite groups. Do to the commutative concept, is also defined a
non-commuting graph of non-abelian groups is defined [1]. In 2016, a non-coprime graph of finite
groups was introduced which using the concept of elements order of the group [7]. Another algebraic
graph that is using the order of the group elements is the order divisor graph of finite groups [9].
An order divisor graph of finite groups G, denoted by OD(G), is a graph with vertex set G and two
distinct vertices a and b of different orders are adjacent if and only if |a| divides |b| or |b| divides |a]
where |a| is the order of 4, i.e. |a| is a divisor of |b| or |b] is a divisor of |a|. More over in [10] it is
explained signed total domination number of order divisor graphs of some finite groups. In [8], the
generalization of order divisor graphs is given.

There are many studies on graph theory, one of which is related to topological indices (e.g., see
[3,4,6,12]). Some well-known topological indices are the Wiener index, the Harary index, the first
Zagreb index and the second Zagreb index. The Wiener index of graph I, denoted by W(I'), is defined
as

wWr= Y dwo),
u,veV(T)
where d(u,v) is the distance between u and v [4]. Analogous to the Wiener index, the Harary index of
a graph I' is defined as
1

H(T) =
u,veV (T) d(u’ Z))

[3]. First Zagreb index of a simple connected graph I, denoted by M (T'), is defined as

Mi(T)= ) (deg(v))?,

veV(T)

where deg(v) is the degree of v, i.e. the number of edges that incident to v [6]. The second Zagreb
index of a graph I' is defined as the sum of all the multiplications between the degrees of the two
adjacent vertices, i.e.
My(T)= > deg(u)deg(v)
uveE(T)

[6].

So far, there is no investigation related to the Wiener index, Harary index, first Zagreb index,
and second Zagreb index of the order divisor graph. Therefore, we are interested in examining these
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indices, particularly in the order divisor graphs of cyclic groups. In this paper, all concepts and
notations related to groups refer to [5]. All groups in this paper are finite and the identity element is
denoted by e.

2. Main Results

In this section, we will discuss several topological indices of an order divisor graph of a cyclic
group of order 1. The discussion is divided into several cases of 7, i.e. for prime 1, n = p*, n = pypy,
and n = p'{l pgz ... pkm where p, p1,pa, .. ., pm are prime.

2.1. For prime n.
Theorem 2.1. [9] Order divisor graph OD(Zj,) is a star graph if and only if 7 is a prime.

corollary 2.2. Let G be a cyclic group of order n. Order divisor graph OD(G) is a star graph if and
only if n is a prime.

The Wiener index, the Harary index, and the first and second Zagreb indices of the order divisor

graph of cyclic groups of order prime 7 are given in the following theorems.

Theorem 2.3. Let G be a cyclic group of order n. If n is a prime, then the Wiener index of OD(G) is
W(OD(G)) = (n-1)2.

Proof. Let G be a cyclic group of order prime number n. Vertex e is adjacent to all other vertices, so for
any two vertices that are not adjacent u,v € V(OD(G)) ~ {e} hold d(u,v) = 2. By Corollary 2.2, OD(G)
is a star graph, then we have

WODG) = S d(u0)
u,veV(OD(G))
= > d(e,v) + > d(u,v)
veV(OD(G))\{e} u,0eV(OD(G))\{e}
n-1
= (n—l).1+( ) ).2
=(n-1)+(n-1)(n-2)
= (n-1)%

O

Theorem 2.4. Let G be a cyclic group of order n. If n is a prime, then the Harary index of OD(G) is
H(OD(G)) = (n-1) (=2).

Proof. Let G be a cyclic group of order prime number 7. Vertex e is adjacent to all other vertices, so for
any two vertices that are not adjacent u,v € V(OD(G)) ~ {e} hold d(u,v) = 2. By Corollary 2.2, OD(G)
is a star graph, then we have

1
HOD(G)= ¥
u,veV(0D(G)) d(u,v)
- 1 1
0ev (0BG e} U)o (0D(G))~ ey (1 0)
=(n-1)1+ (n ; 1)%

C(n-1)+ (n—1)4(n—2)

:(n—l)(n+2).

doi:10.20944/preprints202304.1225.v1
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Theorem 2.5. Let G be a cyclic group of order n. If 1 is a prime, then the first Zagreb index of OD(G)
is M1 (OD(G)) = n% —n.

Proof. Let G be a cyclic group of order prime number n. Vertex e is adjacent to all other vertices,
so deg(e) = n—1. By Corollary 2.2, OD(G) is a star graph, then we have deg(v) = 1 for all v ¢
V(OD(G)) ~ {e}. Hence,

Mi(OD(G))= Y (deg(v))?
veV(OD(G))

= (deg(e))* + > (deg(v))
veV(OD(G))~{e}
=(n-1)2+(n-1).12
= 1’12 —n.
O

Theorem 2.6. Let G be a cyclic group of order n. If n is a prime, then the second Zagreb index of
OD(G) is Ma(OD(G)) = (n—-1)2.

Proof. Let G be a cyclic group of order prime number n. Vertex e is adjacent to all other vertices,
so deg(e) = n—1. By Corollary 2.2, OD(G) is a star graph, then we have deg(v) = 1 for all v €
V(OD(G)) ~ {e}. Hence,

My(OD(G)) = 3, deg(u)deg(v)
uveE(OD(G))
= > (n-1)1
uveE(OD(G))
=(n- 1)2.
O
2.2. Forn=p~.

Theorem 2.7. [9] Let G be a cyclic group of order . If n = p* for some prime number p and k € N, then
order divisor graph OD(G) is a complete (k + 1)—partite graph
Kip-tpp-1),p2(p-1),..p1 (01

According to Theorem 2.7, define the partitions Py, Py, P, ..., P, in V(OD(G)) such that
Pol=1,|Py| = p=1,|Pa| = p(p=1),..., [P = P} (p - 1).

The following theorems explain the Wiener index, Harary index, and the first and second Zagreb
indices of an order divisor graph of a cyclic group with order 1 = p.

Theorem 2.8. Let G be a cyclic group of order n. If n = p¥ for some prime number p and k € N, then
the Wiener index of OD(G) is

ko ) k-1 k.
W(OD(G) = (P - 1)+ X (p Hp-1)(PH(p-1)-1)+ Y. > pH 2 (p-1)%

i=1 i=1 j=i+1
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Proof. Let G be a cyclic group of order 1 = p* for some prime number p and k € N. By Theorem 2.7,
OD(G) is a complete (k +1)—partite graph Ky ,,_ ,,_1) 2 1)t (p 1) Thus, for every u € P; and
vePywehaved(u,v) =2ifi=jand d(u,v) =1ifi#jforalli,j= 0 1,2,...,k. Therefore,

W(OD(G)) = V(%:D(G)) d(u,v)

k-1 k
Z d(u,v)+2 NS d(u,v)

i=0 j=i+1 ueP; vel;

M»

1l
—_

u,

B k 1—1(p 1 k-1
_;( ! )2+l§(j)]%jl|p||13|1
k k
= 1( P - (p-1)-1) glPol-lel
i= j=
k—l k )
Z T-)ETH D)
k ) ) k-1 k L
=(p 1)+ 2T D) (DD 3 3 p -
1= i=1 j=i+

O

Theorem 2.9. Let G be a cyclic group of order n. If n = p¥ for some prime number p and k € N, then
the Harary index of OD(G) is

H(OD(G)) = (¢ - 1>+21<P1 =D (p-1)- 1’+zl zlp’“p 12
t i=1 j=i+

Proof. Let G be a cyclic group of order 1 = p¥ for some prime number p and k € N. By Theorem 2.7,
OD(G) is a complete (k + 1)—partite graph K; PLp(p=1)p2 (1)t (- 1) Thus, for every u € P; and
vePjwehaved(u,v) =2ifi=jand d(u,v) =1ifi#jforalli,j= 0 1,2,...,k. Therefore,

1

H(OD(G)= X

uwev(OD(Gy) 4(4,0)
1

R IIP I

1u,veP; i O] i+1 ueP; veP-

(”@ DS S
(r'

M*“

Il
—_

i=0 j=i+1

sl LalCRE 1)+Z|P||P|

= ‘IM*

Z (P - (p-1)

1 j=i+1

:(Pk 1)+Z(PZ 1(p 1))(;71 1(77 1) 1)+Z Z i+j— 2(p 1)2

i=1 j=i+1
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Theorem 2.10. Let G be a cyclic group of order . If n = p* for some prime number p and k € N, then
the first Zagreb index of OD(G) is

k-1 .
Mi1(0OD(G)) = (pF-1)* + ;) P(p-D (- p'(p-1))>

Proof. Let G be a cyclic group of order 1 = p* for some prime number p and k € N. By Theorem 2.7,
OD(G) is a complete (k + 1)—partite graph Kl,p—l,p(p—l),pz(p—l),...,pk‘l(p—l)' Thus, foralli=0,1,2,...,k,
we have deg(v) = p* - |P}|, for every v € P;. Therefore,

Mi(OD(G))= ¥ (deg(v))®

veV(0OD(G))
= Zp (deg(v))* + Zp (deg(v))?+---+ ZI; (deg(0))?

=L -2+ (p-DP - (p-1)) + -+ P - D P - P (- 1))
k-1 ,
= (pF-1)%+ ;) Pp-1D -p(p-1))>
0

Theorem 2.11. Let G be a cyclic group of order . If n = p¥ for some prime number p and k ¢ N, then
the second Zagreb index of OD(G) is

k-1 k

Mz(0D(®) = 3 37 IPIIBI(p* - IPD (P - IP}):
1=0 j=1+

Proof. Let G be a cyclic group of order n = p* for some prime number p and k ¢ N. By Theorem 2.7,
OD(G) is a complete (k + 1)-partite graph Kl,p—l,p(p—l),pz(p—l),...,pk’l(p—l)‘ Thus, foralli=0,1,2,...,k,
we have deg(v) = p* —|Pj|, for every v € P;. Therefore,

My(OD(G))= Y deg(u)deg(v)

uveE(OD(G))
=y > deg(u)deg(v) + > > deg(u)deg(v)
uePy veV(OD(G))\Py ueP; veV(OD(G))\(PyuPy)
+ot Yy deg(u)deg(v)
uePy_q vePy
k-1 k

= IPIIP|(p* - [P (P* - |P3).
i=0 j=i+1

O

2.3. For n = p1pa.

Theorem 2.12. Let G be a cyclic group of order n. If n = p; pp with p; and p; as distinct primes, then
order divisor graph OD(G) is complete tripartite graph Ky, 1 p,-2,(p,-1)(po-1)-

Proof. Let G be a cyclic group of order n = pyp> with p1 and p; as distinct primes. Take partitions
Qo,Q1, Qs on V(OD(G)) with

Qo={aeG|la =1},
Q1 ={aeG|lal=py atau |a| = p2},
Q2={aeG|lal=p1p2}-.
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Note that G is a cyclic group, then the number of elements of order d where d | n is ¢(d) (i.e. Euler
phi function of d). Hence |Qo| = 1, |Q1| = ¢(p1) +P(p2) = (p1—-1) +(p2—-1) = p1 +p2 -2, and |Qy| =
P(p1p2) = p(p1)¢(p2) = (p1-1)(p2-1).

Furthermore, take arbitrary u € Q; and v € Q; with7,j € {0,1,2}. If i = j, then [u| = [v| or |u| = p #
p2 = |v], souv ¢ E(OD(G)). If i # j, then |u| # |v|. Without loss of generality, suppose i < j. Thus o(u) |
0(v), so uv € E(OD(G)). Therefore OD(G) is complete tripartite graph Ky ;, 1 p,-2,(p;=1)(pp-1)- =

The Wiener index, and the Harary index of the order divisor graph of cyclic groups of order
n = p1p2 are given in the following theorems.

Theorem 2.13. Let G be a cyclic group of order n. If n = p;p, with p; and p; are distinct primes, then
the Wiener index of OD(G) is

W(OD(G)) = (p1+p2-2)(p1p2—-2) + (p1p2 - p1 - P2+ D)(p1p2 - p1 - p2) + (p1p2 - 1).

Proof. Let G be a cyclic group of order n = p; pp with p; and p; are distinct primes. By Theorem 2.12,
OD(G) is a complete tripartite graph Ky ;5,2 (p,-1)(p,-1)- Thus, for every u € Q; and v € Q; we have
d(u,v)=2ifi=jand d(u,v) =1ifi+jforalli,j=0,1,2. Therefore,

W(OD(G)) = > d(u,v)
u,0eV(OD(G))

= > dwo)+ > duo)+ Y, dlev)+ > > d(u,v)

u,0eQq u,veQ veQ1UQ> ueQq veQs

:(Pl +Zz —2).2+ ((Pl - 1)2(7?2 - 1)).2+ (p1p2-1)

+(p1+p2-2)(p1-1)(p2-1)
=(p1+p2-2)(pr+p2-3)+(prp2-p1-p2+1)(p1p2—p1-p2)

+(pip2 -1+ (pr+p2-2)(p1 -1 (p2-1)
=(p1+p2-2)(p1p2-2) +(p1p2 - p1 - p2+ 1)(p1p2 - p1 - p2) + (P1p2 - 1).

O

Theorem 2.14. Let G be a cyclic group of order n. If n = p;p» with p; and p; are distinct primes, then
the Harary index of OD(G) is

—2)(4p1pa-3p1 - 3pa +1 Cp -+l -
H(OD(G)):(p1+p2 )( Plzz p1-3p2+1) (prp2-p1-p2 4)(P1P2 p1 p2)+(P1Pz—1)-
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Proof. Let G be a cyclic group of order n = p; pp with p; and p; are distinct primes. By Theorem 2.12,
OD(G) is a complete tripartite graph K ,, 1,2 (p,~1)(p,~1)- Thus, for every u € Q; and v € Q; we have
d(u,v) =2ifi=jand d(u,v) =1ifi#jforalli,j=0,1,2. Therefore,

1
H(OD(G)) = -
u,veV(%:D(G)) d(u,v)

1 1 1 1
= + + +
u,z;Ql d(u,v) M,UZE:QZ d(u,v) UEQ%:JQZ d(e,0) ue%l UEEQJZ d(u,v)
_ P1+pz—2)1 ((m—l)(pz—l))} -
'( 2 )2” 2 o (2= 1)
+(p1+p2-2)(p1-1D(p2-1)
_(pit+p2-2)(pr+p2-3)  (prp2-p1-p2+1)(p1p2—p1-p2)
4 4
+(p1p2 =D+ (pr+p2-2)(p1-1D(p2-1)
_(p1+p2=2)(4p1p2=3p1 =3p2+1)  (P1p2=p1-p2+1)(p1p2=p1-p2)
4 4

+(p1p2-1).
O

Before discussing the first and second Zagreb indices of order divisor graph of cyclic group of
order n = p;py, the following lemma is given.

Lemma 2.15. Let G be a cyclic group of order n. If n = p1p, with p; and p, are distinct primes, then

pip2-1, veQo
deg(v) =41+ (p1-1)(p2-1), veQ
p1+p2-1, v e Q.

Proof. Let G be a cyclic group of order n = p; pp with p; and p; are distinct primes. By Theorem 2.12,
OD(G) is a complete tripartite graph Ky ,, 1,2 (p,~1)(p,~1)- There are some conditions as follow.

1. For partition Qg, we have Qg = {e}, sodeg(e) =n—-1=p1ps—-1.

2. Forallv e Qq, uv e E(OD(G)) for every u € Qou Qy, so deg(v) =1+ (p1-1)(p2-1).

3. Forallve Qp, uv e E(OD(G)) forevery u € QouQq,sodeg(v) =1+p1+pa—-2=p1+p2—1.
O

The following theorems explain the first and second Zagreb indices of an order divisor graph of a
cyclic group with order n = p1p».

Theorem 2.16. Let G be a cyclic group of order n. If n = pp, with p; and p; are distinct primes, then
the first Zagreb index of OD(G) is

M;(OD(G)) = (p1p2-1)*+(p1+p2-2)(1+(p1 - 1)(p2 - 1))* + (p1 — 1) (p2 - 1) (p1 + p2 - 1)*.

Proof. Let G be a cyclic group of order n = p1pp with p; and p; are distinct primes. By Lemma 2.15,

we get
Mi(OD(G))= 3 (deg(v))’
veV(OD(G))
= ZQ(deg(v))2+ %(deg(v))2+ %(de(‘;(v))2

=(pp2-1)2+(pr+p2-2)(A+(p1 - D) (p2 - 1))+ (p1 - D (p2 - 1) (p1 + p2 - 1™
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Theorem 2.17. Let G be a cyclic group of order n. If n = p; p, with p; and p; are distinct primes, then
the second Zagreb index of OD(G) is

M2(0OD(G)) = (p1+p2-2)(p1p2—p1-p2+2)(P1p2 -1+ p1p2(p1 - 1) (p2 - 1) (p1 + p2 - 1)).

Proof. Let G be a cyclic group of order n = pypp with p; and p; are distinct primes. By Lemma 2.15,
we get

M>(OD(G)) = > deg(u)deg(v)

uveE(OD(G))
= > deg(e)deg(v) + Y, deg(e)deg(v)+ > > deg(u)deg(v)
veQq veQr ueQq veQy

=(p1+p2-2)A+(p1-D)(p2-1)) +(p1-D(p2-D)(p1+p2-1)
+(p1+p2-2)(p1-D(p2- DA+ (p1-D(p2-1))(p1+p2-1)
=(p1+p2-2)(p1p2-p1-p2+2)(p1p2 -1+ p1p2(p1-1)(p2 - 1)(p1 +p2 - 1)).

O

2.4. For primen = plilpgz ... pﬁ;".
Theorem 2.18. Let G be a cyclic group of order n. If n = pII] pgz . p]fnm foralli =1,2,...,m, p; are
distinct primes and k; € N, then order divisor graph OD(G) is (kq + kp + - - + k;, + 1) —partite graph.

Proof. Let G be a cyclic group of order n = pllc1 pgz ... plfﬂ’ foralli=1,2,...,m, p; are distinct primes
and k; € N. Take partitions Ro, Ry, R, ..., Ri; +ky4-tk,, ON V(OD(G)) with R; being the set of all
elements in G whose order is a multiplication of i prime numbers (may be the same) for every
i=0,1,2,..., kg +ky+---+ky. Foreachi=0,1,2,...,ky +kp +--- + ky,, take any u,v € R;. Then o(u) and
0(v) is a multiplication of i prime numbers. Therefore o(u) + o(v) and o(v) + o(u), so uv ¢ E(OD(G)).
Hence order divisor graph OD(G) is (ky + ko + -+ + kjy, + 1) —partite graph. [

Given cyclic group G of order n = plil pgz ... pm_ Define D(n) as the set of all positive factors of 7.
Take partitions A; on V(OD(G)) for all d € D(n) with

Aq={0€V(OD(G))|[o| = d}.

Note that G is a cyclic group, so |A4| = ¢(d) where ¢(d) is Euler phi function of d. Two following
theorems explain the Wiener index and the Harary index of an order divisor graph of a cyclic group
with order n = pllq p’ZQ Lphm,

Theorem 2.19. Let G be a cyclic group of order n. If n = plil pgz .. plf,i" foralli=1,2,...,m, p; are
distinct primes and k; € N, then the Wiener index of OD(G) is

wop@)- ¥ ")+ % weenr X% 20600

deD(n) seD(n) teD(n)~{s},s|t seD(n) teD(n)\{s},s<t,s+t

Proof. Let G be a cyclic group of order n = pll(l pgz ... pﬁ;" foralli=1,2,...,m, p; are distinct primes
and k; € N. For every u € A; and v € A;, there are three conditions as follow

1. ifs=t, thend(u,v) =2;
2. ifs+tands|tort|s, thend(u,v)=1;
3.ifs#tf,s+t,andt +s, thend(u,v) =2
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for all s, t € D(n). Therefore,

W(OD(G)) = > d(u,v)
u,0eV(OD(G))
= > 2 duo)+ Y S Y Y d(u,0)
deD(n) u,veAy seD(n) teD(n)~\{s},s|t ucAs veA;

+ > > > d(u,v)

seD(n) teD(n)~{s},s<t, s+t ucAs veA;

SO () B YR S OO RIS SRS SRV O O}

deD(n) seD(n) teD(n)~{s},s|t seD(n) teD(n)\{s},s<t,s+t
O

Theorem 2.20. Let G be a cyclic group of order n. If n = p’l(l pgz . pﬁ;" foralli=1,2,...,m, p; are
distinct primes and k; € N, then the Harary index of OD(G) is

HODG)= T YN 2 Y s XY Lo,
2\ 2 2

deD(n) seD(n) teD(n)~{s},s|t seD(n) teD(n)~{s}s<t, s+t

Proof. Let G be a cyclic group of order n = pllcl p];z .. pln‘;” foralli=1,2,...,m, p; are distinct primes
and k; € N. Analogous to the Theorem 2.19, we have

1
H(OD(G)= X
1,peV(OD(G)) d(u,v)
B 1 . 1
deD(n) u,veAy d(u,v) seD(n) teD(n)\{s},s|t ucAs ve Ay d(u,v)
1
+

seD(n) teD(n)\{s},s<t, s+t ucAs veA; d(”l U)

] A FED SR Y O T ORED SRS SR )

_deD(n) seD(n) teD(n)\{s},s|t seD(n) teD(n)\{s},s<t, s+t
O

The following lemma is useful in the theorem that characterises the first and second Zagreb
indices of an order divisor graph of a cyclic group with order n = pll<1 pgz .. pﬁ;".

Lemma 2.21. Let G be a cyclic group of order n. If nn = p]l<1 pgz . p’,ﬁ;" foralli=1,2,...,m, p; are distinct
primes and k; € N, then

deg(v)=" Y ps)+ X o)

seD(n)\{d},s|d teD(n)~{d}d|t
forevery v e A,.
Theorem 2.22. Let G be a cyclic group of order n. If n = pllcl plz(z .phmforalli=1,2,...,m, p; are
distinct primes and k; € N, then the first Zagreb index of OD(G) is

2
M (OD(G)) = . 4>(d)( > )+ Y 4><t))-

deD(n) seD(n)~{d},s|d teD(n)~{d},d|t
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Proof. Let G be a cyclic group of order n = ]0]1<1 pgz s pﬁ{" foralli=1,2,...,m, p; are distinct primes
and k; € N. By Lemma 2.21 we have,

Mi(OD(G)) = Y (deg(v))?
veV(OD(G))

= Y Y (deg(v))?

deD(n) veAy

= 4><d>( > o)+ Y ¢<t)).

deD(n) seD(n)~{d},s|d teD(n)~{d},d|t
O

Theorem 2.23. Let G be a cyclic group of order n. If n = pllcl pgz . pﬁ;" foralli=1,2,...,m, p; are
distinct primes and k; € N, then the second Zagreb index of OD(G) is

My(OD(G))= )] ((P(C)deg(Ac) > ¢(d)d€g(Ad))
ceD(n)\{n} deD(n)~{c},cld
where
deg(Ac)= > @)+ X 9®)

seD(n)~{c},sl|c teD(n)~{c}clt

Proof. Let G be a cyclic group of order n = ]oll<1 pgz .. plf,i" foralli=1,2,...,m, p; are distinct primes
and k; € N. By Lemma 2.21 we have,

My(OD(G)) = >  deg(u)deg(v)

uveE(OD(G))
2 > deg(u)deg(v)
ceD(n){n} ueAcdeD(n)\{c}cld veA,;

> Z(deg(u) » Zdeg(v))

ceD(n)\{n} ueAc deD(n)\{c},cld veAy

> (<P(C)deg(Ac) > ¢(d)deg(Ad))

ceD(n)~{n} deD(n)~{c},c|d
where
deg(Ac)= 3. g(s)+ > ¢()
seD(n)~{c},s|c teD(n)~{c},c|t
O

3. Conclusion

In this research, we characterize the form of the order divisor graph of cyclic groups based on the
group order. We also have found some topological indices of order divisor graphs of cyclic groups,
including the Wiener index, Harary index, first Zagreb index, and second Zagreb index. It is very
interesting to find the Szeged index and Hosoya index of the order divisor graphs of cyclic groups for
further research.
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