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Abstract: This paper presents the light scattering matrices of atmospheric aggregated hexagonal ice 

particles appearing in cirrus clouds. In this work aggregates consist of the same particles with 

different spatial orientation and number of these particles. Two types of particle shape were studied: 

(1) hexagonal column; (2) hexagonal plate. For both shapes we study compact and non-compact 

cases of arrangement of particles in aggregates. As a result, four sets of aggregates were made: (1) 

compact columns; (2) non-compact columns; (3) compact plates; (4) non-compact plates. Each set 

consists of eight aggregates with different number of particles from 2 to 9. For practical reason the 

bullet-rosette and the aggregate of hexagonal columns with different sizes was also calculated. The 

light scattering matrices were calculated for the case of arbitrary spatial orientation within the 

geometrical optics approximation for sets of compact and non-compact aggregates and within the 

physical optics approximation for two additional aggregates. It was found that light scattering 

matrix elements for aggregates are depend on arrangement of particles they are consisted. 

Keywords: atmospheric particles, ice aggregates, light scattering, geometrical optics, physical optics 

 

1. Introduction 

Atmospheric ice particles, which generally appearing in cirrus clouds, are an important 

component in atmospheric research such as remote sensing and radiation transfer. They are observed 

at altitudes of 7-10 km with hexagonal shape and size of 10-1000 µm in general. The density of 

particles in cirrus clouds is low in comparison with other types of clouds, but they have hardly 

predictable scattering properties because of the specific geometry of particles. These properties are 

actively studied within international projects and different methods are used: in-situ aircraft 

measurements, remote sensing from ground and space, etc. A huge amount of work has been done 

to study the properties of clouds, at the same time, many features of the light scattering problem for 

ice particles are still poorly studied [1–14]. 

There are direct and remote methods for studying cirrus clouds. Direct measurements include 

contact measurements from aircraft [15], remote studies include monitoring of the atmosphere by 

lidar networks and photometers. Since direct methods are limited in time and financial resources, in 

practice, remote methods are more useful. For interpretation of lidar data, it is necessary to solve the 

inverse problem of light scattering for monochromatic laser radiation. However, one needs a 

database of light scattering matrices and corresponding microphysical properties of cloud particles 

[15–21]. For solving this problem numerical methods are usually used [22–27]. 

Cirrus cloud particles can be distinguished by microphysical structure in two types: single 

particles (hexagonal columns, plates, bullet etc.) and aggregates consisting of several particles. 

According to data of in-situ measurements atmospheric ice aggregates take a significant part of 

particles in cirrus clouds [28,29]. However, the proper information about their scattering properties 

are absent in existed databases. In general crystals in clouds are arbitrarily oriented. And it is 

expected that light scattering of aggregates consisting of the same crystals and light scattering of 

single crystal are similar in particular cloud. In this case, it is possible to calculate the light scattering 
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matrix for aggregates using dependency of light scattering matrix elements on number of particles in 

aggregates. But if particles in aggregate are compactly packed then the direction of scattering light 

might be changed. And the distribution of light from a single particle might be different from 

distribution for an aggregate. 

The purpose of the research is to define the dependency of scattering matrix elements on number 

and arrangement of particles in aggregate.  

2. Materials and Methods 

For calculation of the light scattering matrix we use the physical optics approximation method 

[30]. This method is the most applicable for this problem because of capability of calculation of 

particle parameter size x > 10 and precise results in the backscattering direction [31]. Also, it was used 

for solving problems related with remote sensing of atmospheric ice crystals [32,33]. In this method 

particle consist of facets with multiple vertices. The method based on the Beam-splitting algorithm 

[34] that reminds the Ray-tracing algorithm [35] but it works with plane-parallel optical beams. In 

this algorithm the particle, which scattered light, consists of facets. These facets consist of vertices 

with three-dimensional coordinates. The algorithm splits light, which incident on facets, into beams. 

These beams propagate in the particle and could be dividing into refracted and reflected beams 

multiple times before they left the particle and scattered by their cross-section frame. 

The physical optics method calculates scattering field in near zone within the geometrical optics 

approximation and in far zone within both the geometrical and the physical optics approximation. 

But calculation of diffraction for each scattered beam is very expensive operation, especially for the 

case of random oriented particles in a cloud. Most of all the calculation time of the physical optics 

method increases with the number of facets in the particle. That is why first-order we calculated the 

light scattering matrix for aggregates within the geometrical optics approximation.  

By aggregate we mean the object consisting of several particles, which are attached to each other 

at one or several points. Positions of these particles are fixed, but when spatial orientation of 

aggregate is changed all particles change their position simultaneously. In this work we use regular 

shapes of crystals for cirrus clouds as the basic particles for aggregates: hexagonal column; hexagonal 

plate [36] (see Figure 1). 

  

(a) (b) 

Figure 1. Geometrical shapes of the particles for aggregates: (a) hexagonal column; (b) hexagonal 

plate. 

Based on the assumption that compactly packed aggregates change the scattering light direction, 

two types of particle arrangement in aggregates were chosen: compact and non-compact. To 

determine the difference between these arrangements, we add the compacity index (C): 

min

avg
L

C
R

=   (1) 

where Rmin is the radius of the inscribed sphere of the single particle; Lavg is the average distance 

between the center of each particle and the center of the aggregate, defined as follows: 

1 ,

N

i

i
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L
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where Li is the distance between the geometrical aggregate’s center and the center of a single particle 

i; N is the number of particles in the aggregate. Coordinates of the center of aggregate and single 

particle are calculated by sum of the coordinates of all vertices of the aggregate and single particle 

respectively and dividing it by the number of vertices. Based on equation (1), the most compact 

aggregate will have C = 1. 

In this work aggregates are created according to the following principle: 9 particles with the 

same shape, size and coordinates are generated in the center of the coordinate system. It means that 

they are located inside each other in this stage. Then each particle (except the first one) is rotated by 

a random angle and moved away from the center in a random direction until the particles were not 

intersecting each other. The final aggregate consists of 9 particles, which are attached to each other. 

This procedure was done 100 times for two shapes (see Figure 1) and 100 aggregates with different 

arrangement were made. Then the most compact and the most non-compact aggregates were chosen 

according to equation (1). Finally, we made sets of aggregates with N from 2 to 9 by removing 

particles from chosen aggregates one by one. Models of aggregates of 9 particles for each type are 

shown in Figure 2. The following dimensions of basic particles were used: for column height 100 µm, 

base diameter 69.6 µm; plates height 15.97 µm, base diameter 100 µm. The particle geometry 

corresponds to the model in [37]. The dependences of the Lavg and C on N in the aggregate are shown 

in the Figure 3. 

 
   

(a) (b) (c) (d) 

Figure 2. Models of aggregates of 9 particles: (a) compact columns; (b) non-compact columns; (c) 

compact plates; (d) non-compact plates. 

  
(a) (b) 

Figure 3. (a) Dependency of С on N; (b) Dependency of Lavg on N. 

3. Calculation results within the geometrical optics approximation 

For created aggregates light scattering matrices were calculated for all scattering angles within 

the geometrical optics approximation at the wavelength 0.532 µm, with the refractive index of 

particles 1.3116 (ice water) [38]. Since aggregates in a cloud assumed to be randomly oriented the 

calculation was carried out for 1 million orientations for each aggregate. As an example, the M11 and 

M22 elements of the light scattering matrix are shown in Figure 4 and Figure 5. The value of M11 for 

the scattering angle of 0° is removed from the plots because it is too high to display. The element M22 

is normalized over M11: m22=M22/M11. 
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(a) (b) 

  

(c) (d) 

Figure 4. The M11 element vs scattering angle (θ) for the following aggregates: (a) non-compact 

columns; (b) compact columns; (c) non-compact plates; (d) compact plates. 

  

(a) (b) 

  
(c) (d) 

Figure 5. The m22 element vs scattering angle (θ) for the following aggregates: (a) non-compact 

columns; (b) compact columns; (c) non-compact plates; (d) compact plates. 

The main interest is the study of the dependency of light scattering matrix elements on the 

number of particles in the aggregate (N). It is better to start the study with the element M11, which 

defines the intensity of light in the scattering angle (θ) for unpolarized incident light. Variability of 

the other elements is not critical.  
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Because of the fact that the scattering efficiency is equal to 2 within the physical optics 

approximation, the most informative parameter is the M11 divided by the average geometric shadow 

area (GA). This area can be calculated using geometry of aggregate without solving of the light 

scattering problem. The result shows that the M11/GA very slightly changes with number of particles 

in the aggregate, except the case of aggregate of compact plates.  

  
(a) (b) 

  
(c) (d) 

Figure 6. M11/GA for the following aggregates: (a) non-compact columns; (b) compact columns; (c) 

non-compact plates; (d) compact plates. 

Let us examine the case of compact aggregate of plates (see Figure 6(d)). For convenience we 

separately plotted M11/GA for forward scattering direction for these aggregates vs N (M11*/GA in Error! 

Reference source not found.). In this case the peak of intensity in forward scattering direction is re-

scattered by another plate appearing right behind the first one with increasing of number of particles. 

That peak is created by the forward transmission of light through the large plane-parallel facets of a 

plate particle. While in case of non-compact aggregate of plates, the particles do not overlap each 

other, so the light goes freely in the forward scattering direction (see Figure 8). 

 

Figure 1. M11*/GA for compact aggregate of plates vs N.  
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(a) (b) 

Figure 2. Comparison of the compact (a) and non-compact (b) aggregates of three plates.  

One of the typical non-compact aggregate particles in cirrus clouds is a bullet-rosette. We 

calculated light scattering matrices for bullet-rosette aggregates with number of bullets from 2 to 6 

(Figure 9). Unlike previous aggregates the arrangement of particles in bullet-rosette remains 

orthogonal. Calculation parameters were the same as previous. Sizes of every bullet in aggregates: 

height of hexagonal part is 100 µm; base diameter is 42.035 µm; pike angle is 19.698°. Dependences 

of elements of the light backscattering matrix on scattering angle (θ) are presented in Figure 10 and 

M11/GA in Figure 11. The normalized elements m12, m22 and m44 are also shown in Figure 11. The results 

show that the M11/GA and normalized elements m12, m22 and m44 almost do not change with number 

of particles in the bullet-rosette. It means that the optical properties of bullet-rosette can be evaluate 

from the optical properties of one bullet. 

 

Figure 9. Models of bullet and bullet-rosette aggregates. 

  
(a) (b) 
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(c) (d) 

Figure 10. Dependences of elements of the light backscattering matrix on scattering angle (θ): (a) М11; 

(b) m12; (c) m22; (d) m44. 

 

Figure 11. M11/GA for bullet-rosette aggregates (colors are the same as in Figure 10). 

4. Calculation results within the physical optics approximation 

For the lidar application only the physical optics solution is of practical interest, because the 

geometrical optics cannot resolve the backscattering peak of intensity of hexagonal particles. But the 

physical optics solution is much more demanding on computing resources, so we examine only two 

aggregates of ice crystals: bullet-rosette and an aggregate of 8 hexagonal columns with different size 

[39]. Geometry for these particles is shown in Figure 12. 

  

(a) (b) 

Figure 12. Models of aggregates: (a) aggregate of 8 columns; (b) bullet-rosette. 

For the aggregate of 8 columns, the width D and length L for each hexagonal column are 

dimensionless quantities; the center of the column in the particle system is denoted by three 

coordinates (x0, y0, z0). Then they are scaled to obtain a proper dimension for an aggregate in 

calculation. The orientation of the single hexagonal column is specified by three Euler angles α 0, β 0, 

and γ 0, where α 0 defines rotation of the column about the vertical direction; β 0 is the angle between 

the vertical direction and the crystal main axis; and γ 0 describes the column rotation about the main 

axis. The main axis of the hexagonal column is assumed to pass through the centers of the hexagonal 

facets. Table 1 lists the values of initial geometric parameters for an aggregate composed of 8 

hexagonal columns. Note that these characteristics are slightly different from the characteristics 
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presented in the paper by P. Yang [39] in order to avoid self-intersections. For convenience we define 

the aggregate size through its maximal size Dmax. 

Table 1. Geometric parameters of aggregate of 8 columns. 

No. D, [µm] L, [µm] γ 0 β 0 α 0 x0 y0 z0 

1 92 158 23 50 -54 0 0 0 

2 80 124 16 81 156 15.808 107.189 -60.108 

3 56 78 5 57 94 -26.691 73.005 49 

4 96 126 13 76 130 -88 -39.19 -11.643 

5 106 144 11 29 -21 106.532 33.08 27.801 

6 38 54 8 62 -164 35.923 -51.5 -37.533 

7 68 102 29 41 60 40.11 -57.227 112.5 

8 86 138 19 23 -122 -9.7524 -132.57 57.131 

For calculation within the physical optics approximation the bullet-rosette consists of six bullets 

with the same size. The bullet shape is defined by the diameter D, the length of the hexagonal part l 

and the angle of a tip. The angle of a tip is equal to 28° for all sizes. The relationship between the 

length L and the width D is D = 2.31L0.63. Sizes are given in µm. 

can significantly reduce the calculations time. Since one calculation for aggregate with the 

maximum dimension Dmax = 670 µm for the wavelengths of 0.355 µm takes about 18 days on the 

modern server with 2 Xeon E5-2660 v2 processors (40 threads), we precisely calculate only a few of 

them.  

The results are presented in Figure 13. The precise calculation for aggregate marked as dots, the 

solid lines correspond to light backscattering matrix of single particle, the dash lines corresponds to 

evaluation of light backscattering matrix of aggregate. We can see that the light scattering matrix of 

aggregate can be obtained from the matrix of single particle with good accuracy.  

The power laws are presented in Table 2 and Figure 13.  

Table 2. The power laws for the light backscattering matrices (M11). 

Particle  λ = 0.355 µm λ = 1.064 µm 

Aggregate of 8 columns, 

≤ ≤30 µm 2500 µm
max

D  
M11 0.00089085∙Dmax3.0224 0.00022083∙Dmax3.0248 

M22 0.00054933∙Dmax3.0081 0.00014407∙Dmax 3.0168 

Bullet rosettes, 

≤ ≤40 µm 2500 µm
max

D  
M11 0.0146∙Dmax2.1837 0.0058705∙Dmax2.1291 

M22 0.0068022∙Dmax2.2009 0.0028316∙Dmax2.1554 

 

  

(a) (b) 

Figure 13. M11 and M22 vs Dmax at two wavelength of incident light: (a) for aggregate of 8 columns; (b) 

for bullet-rosette. 
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Now it is possible for us to compare M11 for bullet-rosette (6 bullets) and for single bullet using 

existed data bank. Since Dmax for aggregate and for single particle is different we use dependency of 

M11 on length of single bullet (Lbul). Then M11 for single bullet was multiplied by the total scattering 

cross-section for bullet-rosette. The result is presented in Figure 14. 

 

Figure 14. Dependency of M11 on Lbul for bullet-rosette and for single bullet. 

5. Discussion 

Light scattering matrices calculations within the geometrical optics approximation for 

aggregates consisting of hexagonal columns and plates with different arrangement show quasilinear 

dependences of the first element of the light scattering matrix (M11) on the number of particles (N) in 

the scattering angle range 20°-180° (Figure 6). The scattering matrix can be obtained by multiplying 

the scattering efficiency of single particle by geometrical cross-section of an aggregate. As far as the 

physical optics solution is obtained from the geometrical optics solution, it also should be slightly 

changed with increasing N. However, this effect doesn’t work with compactly packed plate 

aggregates because of specific geometry. It is very important conclusion that allows us to extend the 

light scattering database of a single particle to the case of aggregates of particles. 

Otherwise M11 for column aggregates shows unpredictable distribution at the angles 0°-20°. This 

fact can be explained by decreasing of energy at the angle of 0° (forward scattering direction intensity 

peak) and redistribution of it to different directions. This energy peak is caused by light that fall 

orthogonal to surface of facets and propagates through the particle without refraction. But it can be 

refracted in case of aggregate of two or more particles when light that goes out one particle is 

redirected by falling on another particle. In the case of plate aggregates this effect is insignificant 

because of similar spatial orientation of plate particles in aggregates. 

It is important to note that the calculation was carried out for two cases of individual 

arrangement of particles in the aggregate, and the results cannot predict the exact values of the 

elements of the light scattering matrix for different aggregates. For example, the distribution of M11 

in the angular range of 0°-20° for a column aggregate with a different arrangement may be different. 

However, the main dependencies are consistent with the initial assumptions. Further studies should 

consider more examples of aggregates to obtain satisfactory statistics. It is also necessary to calculate 

the backscattering matrices in the physical optics approximation with the absorption coefficient. 

The M11 for bullet-rosette shows more predictable dependency on the number of particles. It can 

be obtained by multiplying of M11 for single bullet of the same size by the total scattering cross-section 

for bullet-rosette both within the geometrical and the physical optics approximation. 
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