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1. Introduction

In this paper, we investigate the Cauchy problem for the generalized Kawahara-KdV system

Ni Ni— Ni—k Ny
A + Z ) ax{ Y OMuP Py (a v)} + Y a(t 0oy = 0

=0 =0 m=0 =
N3 N3— ' N3—k l Ny . (1)
00 + Z Z I3 Y., Vo Qim (9xu> + Y b(tx)oF v = o,
=0 [=0 m=0 —

(t,x) € [0,00) xR, u(0,x) =up(x), v(0,x)=v9(x), x€R,
where

(HypD uo,v9 € C1(R), 0 < up,vp < B on R for some positive constant B > 1, a;, by € C([0,00) x R),
0< |El]|,|bk| < B on [0,00) XR,j: 1,...,N2,k: 1,...,N4,

N5

Peim(z) = Y ckpme(t,x)z
Ng

Quim(z) = Y diime(t,x)z, (tx)€[0,00) xR, z€R,
r=0

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Ckm,jr Akt my € C([0,00),CT(R)),

0 < 0% cm,j O ditmye| < B,

7

on [0,00) XR,jZ1,...,N5,1’:1,...,N6, P1 :1,...,N1, p,Nl,Nz,N3,N4,N5,N6 EN,

g = max{Ny,2N, + 1, N3,2Ny + 1}.

Kondo and Pes [1] proved this system is local well-posedness in analytic Gevrey spaces G7*(R) with
s > 2N +1/2 where N = max{Np, N4}

The range of equations that this model encompasses is obviously broad and can represent many
physical situations. As examples, we consider the nonlinear term

Ny Nj—k Ny —k
y aﬁg{ Y 3uP Py (aﬁv)}.
k=0 (=0 m=0

If N; = 1, then we have that this term is equal to

uP Po,0(v) + 0xuP Py 1(v) + uP Py, (9xv) + 0xuP Py 11 (9x0)

2)
+ 0y [uP P1go(v) + 9xuP P11 ()] -

When N1 = N2 =1land p= 1, taking PO,O,O = PO,O,l = PO,l,O = PO,l,l = Pl,O,l =0, Plro,o(x) = xz, a) = 1
and doing the same choices to the polynomial Qy s, with N3 = Ny = 1 and b; = 1, we have a couple
system of modified Korteweg-de Vries equations (see [2,3])

Opu + 93u + 9y (uv?) =0,
00 + 030 + 0y (vuz) =0,
u(x,0) = up(x),v(x,0) = v(x).

Considering in (2) the case when p = g € Nand P; o(x) = x7*1, also the remaining null polynomials,
since that Ny = N = N3 = Ny = 1, we obtain a more general system, studied in [4], as follows

O + 93u + 9y (ulv1) =0,
040 + 930 + 0y (vu1) =0,
u(x,0) = up(x),v(x,0) = vg(x).

On the other hand, to find systems more complicated, we can consider N; = 2 and p = 1, then in this
case the term nonlinear is more general, as we can see bellow

uPy0,0(v) + 0x1uPop1(v) + d2uPy g (v)
+ Py 10 (9x0) + 0xuPy11 (9x0) + d2uPy1 2 (950)

+uPypp (a;%U) +0xuPyr1 (aazcv> + 93uPyp (aazcv)
+ 0y [”PLO,O(U) + 9xuPy 01 (v) + 93uPy(0)
—|-MP1,1’0 (axv) + aqum,l (axv) + aiuPMIZ (axv)}

+ ai [upzro,o(v) +0xuPrp1 (v) + aiupz,olz (Z))] .

Observe that, changing v by u, and considering again all identical null polynomials, except Py1(x) =
x*, we obtain the Kawahara equation [5]

Ot + 33u + 2u + uFou = 0.
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The aim of this paper is to investigate the IVP (1) for existence of global classical solutions.

Theorem 1. Suppose ((Hypl). Then the IVP (1) has at least one solution
2
(u,0) € (C1([0,00),C7(R))) "

Theorem 2. Suppose ((Hypl). Then the IVP (1) has at least two nonnegative solutions

(11, 01), (142, 02) € (Cl([O,oo),Cq(]R))>2.

The paper is organized as follows. In the next section, we give some auxiliary results. In section 3,
we prove Theorem 1. In section 4, we prove Theorem 2. In section 5, we give an example to illustrate
our main results.

2. Preliminary Results
To prove our existence result we will use the following fixed point theorem.

Theorem 3. Let € > 0, B > 0, € be a Banach space and X = {x € £ : ||x|| < B}. Let also, Tx = —ex,
x € X,S: X — Eisacontinuous, (I — S)(X) resides in a compact subset of £ and

(xe&:x=AI-S) |x|=B}=0,vAe (oi) 3)

Then there exists x* € X so that
Tx*+Sx* =0.

Proof. Define
—Lx if x| < Be

(L) -
€ Bx if x| > Be.

Then r (—%(I - S)) : X = X is continuous and compact. Hence and the Schauder fixed point
theorem, it follows that there exists x* € X so that

1
——(I-8)x" ) =x"
r< e( S)x> x
Assume that —%(I —S)x* ¢ X. Then

H(I —S)x*|| > Be,

and

x —W(I—S)x —r<—€(I—S)x>,

and hence, ||x*|| = B. This contradicts with (3). Therefore —1(I — S)x* € X’ and

xf=r <—i(1— S)x*) = —%(I — S)x*,

or
—ex* + Sx* = x¥,

doi:10.20944/preprints202304.1109.v1
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or
Tx* 4+ Sx*™ = x*.

This completes the proof. [

Let X be a real Banach space.

Definition 1. A mapping K : X — X is said to be completely continuous if it is continuous and maps bounded
sets into relatively compact sets.

The concept for [-set contraction is related to that of the Kuratowski measure of noncompactness
which we recall for completeness.

Definition 2. Let Q) be the class of all bounded sets of X. The Kuratowski measure of noncompactness
a:Qy — [0,00) is defined by

m
a(Y) = inf (5>o:y:ij and diam(yj)gé, j=1,...,my,
=1

where diam();) = sup{||x — y||x : x,y € V;} is the diameter of V;, j = 1,...,m.
For the main properties of measure of noncompactness we refer the reader to [6].

Definition 3. A mapping K : X — X is said to be [-set contraction if it is continuous, bounded and there
exists a constant | > 0 such that

a(K(Y)) < 1a(Y),
for any bounded set Y C X. The mapping KC is said to be a strict set contraction if | < 1.

Obviously, if £ : X — & is a completely continuous mapping, then K is 0-set contraction (see [7],
pp. 264).

Definition 4. Let X and Y be real Banach spaces. A mapping KC : X — Y is said to be expansive if there
exists a constant h > 1 such that
1Kx = Kylly = hllx = yllx,

forany x,y € X.

Definition 5. A closed, convex set P in X is said to be cone if
1. ax € P forany o > 0and for any x € P,
2. x,—x € P implies x = 0.

Denote P* = P\{0}.

Lemma 4. Let X be a closed convex subset of a Banach space € and U C X a bounded open subset with 0 € U.
Assume there exists ¢ > 0 small enough and that K : U — X is a strict k-set contraction that satisfies the
boundary condition:

Kx & {x, Ax} forall x € o and A > 1 +e.

Then the fixed point index i (IC,U, X') = 1.
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Proof. Consider the homotopic deformation H : [0,1] x U — X defined by

1

H(t,x) = 1 tKx.
The operator H is continuous and uniformly continuous in t for each x, and the mapping #(¢,.) is a
strict set contraction for each t € [0,1].In addition, (¢, .) has no fixed point on 0l/. On the contrary,
o If t = 0, there exists some xg € olf such that xy = 0, contradicting xo € U.
e If t € (0,1], there exists some xy € P N ol such that H% tKxg = xp; then Kxg = #xo with
1—;“3 > 1+ ¢, contradicting the assumption. From the invariance under homotopy and the normalization
properties of the index, we deduce

1

l(s+1

K,U,X)=i(0,U,X)=1.

New, we show that
. o1
l(lc,u,)() - l(m IC,Z/[,X)

We have 1
mlcx#x, Vxedl. (4)

& + 1 ’)/, '

In other hand, we have ﬁle — Kxase — 0, for x € U. So for € small enough

1 04
Define the convex deformation G : [0,1] x U — X by
G(t,x) = tKx + (1 — ) —— Kx
T e+1 7

The operator G is continuous and uniformly continuous in t for each x, and the mapping G(t,.) is a

strict set contraction for each ¢ € [0, 1] (since t + £%1(1 —t) < t4+1—t=1).Inaddition, G(¢,.) has no

fixed point on oi/. In fact, for all x € 9/, we have

lx = G(t,x)]| = |x— tIle - (1- t)HLlIny
> y—3>171

Then our claim follows from the invariance property by homotopy of the index.
O

Proposition 5. Let P be a cone in a Banach space £. Let also, U be a bounded open subset of P with 0 € U.
Assume that T : QO C P — £ is an expansive mapping with constant h > 1, S : U — & is a I-set contraction

with0 <1 <h—1,and S(U) C (I —T)(Q). If there exists € > 0 such that
Sxg{(I-T)(x), (I-T)Ax)} forallx e U NQ and A > 1+,

then the fixed point index i, (T +S,UNQ,P) = 1.

doi:10.20944/preprints202304.1109.v1
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Proof. The mapping (I —7)7!S : & — P is a strict set contraction and it is readily seen that the
following condition is satisfied

(I—T)7'Sx ¢ {x,Ax} for all x€ol and A>1+e.

Our claim then follows from the definition of i, and the following Lemma 4. O

The following result will be used to prove our main result.

Theorem 6. Let P be a cone of a Banach space £; () a subset of P and Uy, Uy and Uz three open bounded
subsets of P such that Uy C Uy C Us and 0 € Uy. Assume that T : Q — P is an expansive mapping with
constant h > 1, S : Uz — & is a k-set contraction with 0 < k < h — 1 and S(U3) C (I — T)(Q). Suppose
that (Up \U1) N QY # @, (Us \ U2) N Q # @, and there exists uy € P* such that the following conditions
hold:

(@) Sx # (I —T)(x— Aug), forall A > 0and x € oUy N (Q + Auyg),
(ii) there exists € > 0 such that Sx # (I — T )(Ax), forall A >1+¢, x € dUp and Ax € Q,
(ii) Sx # (I—T)(x — Aug), forall A > 0and x € oUs N (Q + Auy).

Then T + S has at least two non-zero fixed points x1,xp € P such that
x1 €U, NQand x; € (Us \U2)NQ,

or
X1 € (Z/[Q\Z/l]) NQand x, € (H(;\HQ)QQ.

Proof. If Sx = (I — T )x for x € dlp N (), then we get a fixed point x; € ol N Q) of the operator
T + S. Suppose that Sx # (I — T )x for any x € dld, N Q). Without loss of generality, assume that
Tx+Sx # xondly NQand Tx + Sx # x on o3 N, otherwise the conclusion has been proved. By
[8, Proposition 2.16] and Proposition 5, we have

i« (T+S,UINQP) =i (T+SUNQ,P)=0and ix (T +5,UhNQ,P) =1.
The additivity property of the index yields
i (T+S, U \U)NQ,P)=Tand i, (T +S,Us\U2) NQ,P) = —1.

Consequently, by the existence property of the index, 7 + S has at least two fixed points x; €
(le\ul) NQand x, € (ag\az) NnNaQ. O

3. Proof of Theorem 1

Let X; = C1([0,00),C%(R)) be endowed with the norm

lullh = max{ sup fu(t,x)], sup  [dwu(t, x)],
(t,x)€[0,00) xR (t,x)€[0,00) xR

sup |8§Cu(t,x)|, jed{l,....q}},
(t,x)€[0,00) xR

provided it exists. Define X = &} x &} with the norm

1(#,0) || = max{{[ufls, o1}
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For (u,v) € X, define

—k

Ny Nj— Ny
Qo) = 3 z 0 {Z AU P (a;v)},

m=0

N3 Nj— N;—k
Qo) = LY a"{ Y 0P Qi (a;u)}, (t,%) € [0,00) x R

m=0

Then the IVP (1) can be rewritten in the form

N
o + Q1 (u,v) + Z a(t,x) + 0%y = 0,

k=1

a 2%k+1 ©)
00+ Qo (u,v) + Z br(t,x)o5 o = 0, (tx)€][0,0) xR,

k=1
u(0,x) =up(x), v(0,x) = vo(x), xeR.

Let

Ny NiokNi—k kg r :
C = { ) <r>((k—r+m 'B”ZZ( > 2jipitt,

j=0i=0

> i(’;)((k—wm 'BF’Zi< ) |B]+1}

j=0i=0
Lemma 7. Suppose ((Hypl). If (u,v) € X and ||(u,v)| < B, then
1Qu(w,0) (5 x)|,  |Qa(w,0)(£x)[ < C1, (£ x) €[0,00) xR

Proof. We have

m=0
lek
= = ala(c (ax ”ppk,l,m (axv))
Ni—k &k
= 12 Z(f)a]; ’*”’u”arPk,m@ U)
m=0 r=0
Nl_k k k N5 .
= Z ( ; ) 8];”*’"147’8; 2 Ck,l,m,j (820)]
m=0 r=0 j=0
Ni—k k N5 r ) i
- Y ( )ak g Yy ( ) O ot m, 0 (a;v) ,
m=0 r=0 j=0i=

ke N,0 <k < Nj.Since B > 1, we have

02| < (r1)*r2!B",
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for any rq,72 € N,y < g. Then

EN {I:Zj I UP Py (a;v) H
= 12 Z( ) ‘ak Hm”p‘]z(;;( ) aifiCk,l,m,j‘ 9 (aﬁcv)j
< 22( > k—r+m)! 'BPZZ:( ) 218,

j=0i=0

on [0,00) X R, 0 < k < Ny, and then

Ny Ni—kN;j—k k K
Qiwo)| < Y Y Y ), ( r)((k—r+m va22< ) 2j15i+1

k=0 1=0 m=0 r=0 j=0i
S C]/

on [0,00) x R. As above,
|Q2(ur U)| S Cl/
on [0,00) x R. This completes the proof. [I

For (u,v) € X, define the operators

S%(u,v)(t,x) = u(t,x) —up(x)

/ (Ql u,v)(s,x +Zuk(s x)oF 1y (s, x)) ds,

Swo)tx) = olt,x) —ux)

t Ny
—l—/o (Qz(u, 0)(s,x)+ ) bk(s,x)aikﬂv(s,x)) ds,

k=1
S(u,0)(tx) = (SH@w)(tx),S2w0)(tx)),
(t,x) € [0,00) x R.
Lemma 8. Suppose ((Hypl). If (u,v) € X satisfies the equation
S1(u,v)(t,x) =0, (tx)€[0,00) xR,

then (u,v) is a solution to the IVP (1).
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Proof. We have

0 = u(t,x)—up(x)

t Np
—l—/o (Ql(u, v)(s, x) —l—kzzlak(s, x)02 (s, x)) ds

(6)
0 = o(t,x)—v(x)

/ (Qzuv s, X) +Zbksx82k+1 (s, x))ds,

k=1

(t,x) € [0,00) x R, which we differentiate with respect to t and we get (5). We put t = 0 in (6) and we
obtain

0 = u(0,x)—up(x)

0 = 9(0,x)—v(x), xeR

Thus, (u,v) is a solution to the IVP (1). This completes the proof. [

Let
By = max{2B,C; + N,BB%,C; + NyBB?}.

Lemma 9. Suppose ((Hypl). If (u,v) € X and ||(u,v)| < B, then

[Si(w0)(tx)] < Bi(l+1),

|S (u,0)(t,x)] < Bi(1+t), (tx)€][0,00)xR.
Proof. We have

[S1(n,0)(t,0)] = |u(t,x) —uo(x)

N
+/ ( (u,0)(s,x) + Y ax(s, x)a% u(s, x)> ds

k=1

IN

|u(t, x)| + [uo(x)]

/ (!Ql u,0)(s, x |+Z|ak s, x)||82k+1 (s, x)|> ds

IN

t
2B+/ (C1 4 NoB?)ds
0

IN

Bi(1+1t), (tx)€][0,0)xR.

As above,
|S%(u,v)(t,x)| <Bi(1+t), (tx)€[0,00)xR.

This completes the proof. [
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Below, suppose that
(Hyp2) there exist a function g € C(]0,00) x R), g > 0 on (0,00) x (R\{0}), g(0,x) = g(£,0) =0,
(t,x) € [0,00) x R, and a positive constant .4 such that

t x
q!-2‘7+1(1+t+t2)(1+|x|+---+|x|‘7)/0 ‘/0 gt x1)dxy |db < A,

(t,x) € [0,00) x R.

In the last section we will give examples for ¢ and A that satisfy (Hyp2). For (u,v) € X, define the
operators

Siwo)(t,x) = /Ot / Yt = 1) (x — x1)Tg (1, 11)S) (u, 0) (b1, 31 )y,

Swo)tx) = [ [t x)gle,m)sH0n0) (3,

So(u,v)(t,x) = (S3(u,0)(tx),S5(u,v)(t,x)), (tx)€[0,00)xR.
Lemma 10. Suppose ((Hypl) and (Hyp2). If (u,v) € X satisfies the equation
Sa(u,v)(t,x) =0, (tx)€[0,00) xR,
then (u,v) is a solution to the IVP (1).
Proof. We differentiate two times in ¢t and g + 1 times in x the equation (10) and we get
g(t,x)St(u,0)(t,x) = g(t,x)S(u,v)(t,x) =0, (t,x) €[0,00) x R.

Hence,
Si(u,v)(t,x) = S3(u,v)(t,x) =0, (t,x) € (0,00) x (R\{0}).

Since S1(u,v)(-,-) and S3(u,v)(-, -) are continuous functions on [0, ) x R, we have

0 = SH(u,0)(0,x) = S3(u,v)(0,x)
= lim Si(u,v)(t,x) = lim $3(u, v)(t, x)
t—0 t—0
lim Sy (u, v) (t, x) = lim Sy (u, 0) (¢, x)

= Si(u,0)(t,0) = S3(u,v)(t,0), (tx)€[0,00) xR,

Therefore
S%(u,v)(t,x) = S%(u,v)(t,x) =0, (tx)€][0,00)xR.

Now, applying Lemma 8, we get the desired result. [
Lemma 11. Suppose ((Hypl) and (Hyp2). If (u,v) € X, ||(u,v)|| < B, then

152(u, 0)|| < AB;.
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Proof. We will use the inequality (z +w)" < 2"(z" +w"), w,z,9 > 0. We have

t rx
1S3 (w,0)(t,x)| = /0/0(t_tl)(x_xl)qgalrxl)'s%(”/v)(tl/xl)dxldtl
t x 1
< 0] =t =il 0) 8} 0,0) (1, 0) |t
t by
< Bl/o /o (t—t1) (1 +t1)[x — x1]7g(t1, x1)dx1 |dty
t X
< &ﬂ1+wﬂﬂum/‘/'gnﬂﬂmqﬂl
0 0
< AB;, (t,x)€[0,00) xR,
and
t rx
12651 (1, 0) (1, x)| = /O /0 (x — x1)7g(t1, x1)S) (1, 0) (1, 31 )dxrdty
t x 1
< 1] =l )18t o)t 5l dn
t X
< Bl/o '/0 (1+t)[x — x1]7g(t1, x1)dxq |dby
t X
< Bl(l+t)27+l|x|q/0 ‘/) g(tl,xl)dxl dty
< AB;, (t,x)€0,00) xR,
and
t prx
ausiu o)t )| = af [ [ (=t (= x)T (b, )5 0, 0) (1, 1) ity

IN

dt

t
1),
t
‘731/0

t x
aut(1-+ 0213011 [*| ["gtor,m)am

X
=l =l gt 28}, 0) (1, 31

IN

X
| =)+ 0l = x| g (1 31 iy

IN

dty

IN

AB1, (t,x) €]0,00) xR,
and so on. As above,

1S3 (u,v) (t,x)| < ABy, 9:S3(u,v)(t,x)| < ABy,

194.52(u,0)(t,x)| < ABy, je{l,...,q}.
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(t,x) € [0,00) x R. Thus,
[S2(u, v)[| < AB;.
This completes the proof. [
Below, suppose
(Hyp3) € € (0,1), A, B and B; satisfy the inequalities €81 (1 + .A) < 1and AB; < B.
Let i denote the set of all equi-continuous families in X’ with respect to the norm || - ||. Let also, JNN} = i

be the closure of 57, Yy = i U {(uo,v0)},
Y={(u,0)€Y:(u0)>0, |(u0)]<B}
Note that ) is a compact set in X. For (u,v) € X, define the operators

T(u,0)(t,x) = —e(u,0)(tx),

S(u,v)(t,x) = (u,0)(t,x)+e(u,v)(tx)+eS(u,v)(tx), (tx)e€0,0)xR.

For (u,v) € Y, using Lemma 10, we have

[(I=S)w o)l = le(u,0)—eSa(u,0)]
< el[(u, )| + el S2(u, 0|
< eBy+eAB;
= eBi(1+A)
< B

Thus, S : Y — X is continuous and (I — S)()) resides in a compact subset of X'. Now, suppose that
thereis a (u,v) € X so that ||(u,v)|| = B and

(u,v) = A(I — S)(u,v),

or
(u,v) =(I—-S)(u,v) = —e(u,v) —€Sy(u,v),

=] =

for some A € (0, %) Hence, ||S2(u,v)|| < AB; < B,

1 1
€B < ()\+€> B = ()\ +€) ||(M,U)|| - €||52(urv)|| < GB’
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which is a contradiction. Hence and Theorem 3, it follows that the operator 7 + S has a fixed point
(u*,v*) € Y. Therefore

(u*,0")(t,x) = T 0")(tx)+Su*,0")(tx)

= —e(u, o)t x) + (u',07) (8 x) +e(u”, 07) (L, x) + €Sy (u”, 0%) (¢, x),
(t,x) € [0,00) x R, whereupon
0=3S(u*,v")(t,x), (tx)€][0,00)xR.

From here and from Lemma 10, it follows that (1#*,v*) is a solution to the IVP (1). This completes the
proof.

4. Proof of Theorem 2

Let X be the space used in the previous section. Suppose

(Hyp4) Let m > 0be large enough and A, B, r, L, R; be positive constants that satisfy the following
conditions

r<L<Ri<B, €>0, R1>(;ﬂ+1)L,

L
AB] < g

Let
P={(u,v) € X:(u,0)>0 on [0,00)xR}.

With P we will denote the set of all equi-continuous families in P. For (1,v) € X, define the operators

Ti(uw,0)(t,x) = (1+me)(u,v)(tx)— (ellb,ellb) ,

Ss(u,v)(t,x) = —€Sy(u,v)(t,x)—me(u,v)(t,x)— <€1L0'€1L0) ,

t € [0,00). Note that any fixed point (u,v) € X of the operator 71 + Sj is a solution to the IVP (1).
Define

Uy = Pr={(u,0)eP:|(uo)|<r},
U = Pr={(u0)eP:|(u0)| <L}

Us = Pr,={(wv)eP:|(u0)| <R},

A L
Ry = Ri+—-Bi+——,
m S5m

O = Pg,={w0v) €P:|(n0)] <R}
1. For (u1,v1), (up,v2) € Q, we have

T2 (w1, 01) = Ta(uz, 02) || = (1+ me)|| (w1, 01) = (uz,02) |,
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whereupon 77 : O — X is an expansive operator with a constant 1 = 1 4 me > 1.
2. For (u,v) € Pg,, we get

N

L
155, o)l < ellSa(u, 0)| + mel| (u, 0)| + &7

IN

L
S(AB1 + mRy + 10)

Therefore S3(Pg, ) is uniformly bounded. Since S3 : Pg, — X is continuous, we have that
S3 (le) is equi-continuous. Consequently S3 : le — X is a 0-set contraction.
3. Let (ul,vl) € PRl' Set

1 L L
(u2,v2) = (uy,v1) + Esz(ullvl) + <5m’5m) .

Note that Souq + % >0, Spvq + % > 0on [0,00) x R. We have 13,7, > 0 on [0,00) x R and

1 L
< — =
loo, o)l < I, o0ll+ IS (m,00] + 5

A L
Ri+ =B+ —
m 5m

IN

- Ry

Therefore (up,v;) € Q and

L L L L
—em(up, vp) = —em(uy,v1) — €Sp(uq,v1) — € (10, 10) —¢ (10, 10)
or

L L
(I - 7-1)(1’{2/’02) = —Sm(uz,v2) + ¢ (10, 10)

S3(”1/ vl)'
Consequently S3(Pg,) C (I —T1)(Q).

4. Assume that for any (u,v9) € P* there exist A > 0 and (1,v) € 9P, N (Q + A(up,vp)) or
v € 0P, N (Q + A(up, vp)) such that

S3(u,v) = (I = T1)((u,0) = A(uo, vo)).

Then
L L L L
—€Sy(u,0) —me(u,v) — € (10' 10) = —me((u,v) — Muo,v9)) +€ (10, 10) ,
o L L
—Sy(u,v) =A , == .
2(u,0) m(ug,vo) + <5 5)
Hence,

L L L
[|S20]| = HAm(uo,Uo) + (5/ )H > 5

This is a contradiction.
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5. Suppose that for any €; > 0 small enough there exist a (11,v1) € 0P and Ay > 1+ €1 such that
A1(uq,0v1) € Pg, and
S3(u1,v1) = (I = T1) (M (ug,01)). )

In particular, for e; > SLm’ we have (u1,01) € 9Py, A1(u1,01) € Pg,, A1 > 1+ €1 and (7) holds.
Since (u1,v1) € 0Py, and A1 (uy,v1) € Pg,, it follows that

2
= = < *
(5m+1>L</\1L M| (ug,v1)]| £ Rq

Moreover,
L L L L
—€Sy(u1,01) —me(uy,v1) —€ (10, 10) = —Mme(uy,v1) +€ (10, 10) ,
or
Sa(uy,v1) + (5, 5) = (A — D)ym(ug,v1).
From here,
L L L
2z 2 [S2(u,v1) + | 5,5 )| = (M= Dmll(ug, 01)[| = (A = DmL,
and
2
5m

which is a contradiction.

Therefore all conditions of Theorem 2 hold. Hence, the IVP (1) has at least two solutions (u1,v71) and
(12, v2) so that
[(u1,01) = L < [ (uz,02)[| < Ry,

or
r < (o) <L <|l(uz,02)|| <Ry

5. Example

Below, we will illustrate our main results. Let B = 1 and

1 1
Ri =1 L = =4 150
1 0, —5, r=4, m =10 ’ A—iloBl, 6—7581(1 ),

N;j=5,j€{1,...,4}, p = 10. Then

AB, = 110 <B, eBi(1+A4) <1,

i.e., (Hyp3) holds. Next,

2 L
L<R R < 1)L =)
r<L<Ry, €>0, 1><5m+> , .A31<5
i.e., (Hyp4) holds. Take
q+1 2g+2 qg+1
h(s):log1+s V2+s I(s) = arctan sT1V2 seR, s#=£l.

1 — 0t1y/2 + 20+2’ 1 — s29+27
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Then
h/(s) 2\/§(q+l)sq(l _SZquZ)
(1— sq+1\/§ + 52q+2)(1 _ sq+1\/§ + qu+2) ’
(9 +1)v/2s7(1 + s21+2)
I'(s) = ST , seER, s#+1.
Therefore
g+1
lim ) s"h(s) = lim hs)
s—to0 =0 s—Foo ):I+1 >
r=0
h'(s)
s—Eeo Y1 (r+1)
2
2v2(q +1)s7(1 - 5212) (T s7)
= — lim
s—rFoo (Z?:o(r + 1)5") (1 _ Sq+1\/§+ 52q+2)(1 _ Sq+1\/§+ 52q+2)
# oo,
and
q+1 l(S)
. r o
Jm, L1 = B,
23 05'
!/
o 1)
s—Foo Y, _o(r+1)s"
(£ow)
2
o (g+ 1)v/257(1 + s2972) (ZZ:S s’)
= — lim
s—>Foo (1 + S4q+4) (Z‘ZZO (r + 1)5”)
# Foo.
Consequently

+1
— 1 r
o < lim (; s ) I(s) < co.

Hence, there exists a positive constant C; so that

g+1

arctan

Lkl og LHSTIVZ SR 1 $71V2 c
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s € R. Note that liril1 I(s) = % and by [9] (pp. 707, Integral 79), we have
5—

dz 1 14 2zv2 422 1 zV2
1—|—z4:4\ﬁ ogl_zﬁ_i_zz—l—zﬁarctanil_zz.
Let o
Q(s):m, s eR,
and

g1(tx,y) =Q(HQ(x), te[0,00), xeR.

Then there exists a constant C > 0 such that

1 t
297 (g + 1)1+t +£2) (Z |x|r> /0 /Oxgl(tl,xl)dxl dt; <C, (tx) € [0,00) x R.
r=0
Let A
gt x) = 631(1296), (t,x) € [0,00) x R.
Then

i < A, (tx) € [0,00) x R.

q t
2‘7+1q!(1+t+t2) (2 |x|r> /0 ‘/Oxg(fpxl)dxl
r=0

i.e., (Hyp3) holds. Therefore for the IVP

5 5— — 5 1
1t -+ ZZ {Zam 1081 }+Z 1+t2k 1+x2k)a7.k+1 - 0

m=0 k=1

5 5—k 5 5

1

b am 1081 a2k+1 = 0,

o LEHE, tharmEEt
1

(t,x) € [0,00) xR, u(0,x) = 114 0(0,x) = 3+ 4x8

x € R,

are fulfilled all conditions of Theorem 1 and Theorem 2.
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