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Abstract: In this work, we present a study of ordinary muon capture (OMC) on 136Ba, the daughter 1

nucleus of the 136Xe double beta decay (DBD). OMC rates to low-lying nuclear states (below 1 MeV 2

of excitation energy) in 136Cs are assessed by using both the interacting shell model (ISM) and 3

the proton-neutron quasiparticle random-phase approximation (pnQRPA). We also add the chiral 4

two-body (2BC) meson-exchange currents and use an exact Dirac wave function for the captured 5

s-orbital muon. OMC can be viewed as a complementary probe of the wave functions in 136Cs, the 6

intermediate nucleus of the 136Xe DBD. At the same time OMC can be considered as a powerful 7

probe of the effective values of the weak axial-type couplings in a 100-MeV momentum-exchange 8

region relevant for the neutrinoless DBD. The present work represents the first attempt to compare 9

the ISM and pnQRPA results for the OMC on a heavy nucleus by including also the exact muon wave 10

function and the 2BC. Sensitivity estimates of the present and future neutrinoless DBD experiments 11

will clearly benefit from the future OMC measurements through the OMC calculations similar to the 12

present one. 13

Keywords: neutrino physics; muon-capture rates; double beta decays; weak interaction 14

1. Introduction 15

Neutrinoless double beta decay (NDBD) has been one of the key issues in nuclear and 16

particle physics since many decades [1–4]. A number of experiments are trying to measure 17

this hypothetical process [5] and numerous nuclear-structure calculations have tried and 18

are trying to address the associated nuclear matrix elements (NME) (for a comprehensive 19

list, see [1,4,5]). In particular, several efforts to compute these NME have been done 20

in the interacting shell model (ISM) (see, e.g., [6–9]) and proton-neutron quasiparticle 21

random-phase approximation (pnQRPA) (see, e.g., the reviews [5,10]). The theory estimates 22

for NDBD are pestered by sizable discrepancies between the NME—which enter the 23

NDBD rate in second power—obtained with different nuclear many-body methods [5]. 24

Furthermore, there is an additional uncertainty related to the possible need of quenching 25

the Gamow-Teller type of spin-isospin operator στ, which dominates the NDBD NME. 26

Since gA multiplies this operator, the quenching of στ by a quenching factor q can be 27

interpreted also as quenching of gA in terms of geff
A = qgbare

A , where we take gbare
A = 1.27 as 28

the bare value of gA, obtained from the beta decay of a free neutron (there have been many 29

measurements, see, e.g., [11]). A lot of work has been done within the ISM and pnQRPA 30

communities in order to seek for appropriate quenching in the context of low-momentum 31

exchange beta and two-neutrino double-beta decays [12]. However, the situation at higher 32

momentum exchange is less clear [13]. The need of quenching is a result of deficiencies 33

in the nuclear many-body methods used in the calculations and of the omission of the 34

two-body meson-exchange currents, as discussed exhaustively for light nuclei in [14]. 35
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The above-mentioned work on the effective value of gA concerns processes with 36

momentum exchanges between the involved lepton(s) and the nucleus within the range of 37

a few MeV 1. Contrary to this, the momentum exchanges involved in the NDBD are of the 38

order of 100 MeV. This means that one cannot use the obtained results for the quenching 39

related to the meson-exchange currents directly for the NDBD, but one has to evolve those 40

to higher momentum exchanges, like first done in [13] implementing the chiral two-body 41

currents (2BC) in the Gamow-Teller type of transitions. Recently, these two-body currents 42

were implemented in the nuclear ordinary muon capture (OMC) formalism of Morita and 43

Fujii [15] in [16] for the light nucleus 24Mg. 44

OMC is able to probe nuclear wave functions within wide ranges of energies and spins 45

of nuclear excitations, relevant for the NDBD [17,18]. At the same time, OMC can be used 46

to probe the effective values of both gA and gP, the induced pseudoscalar coupling, in a 47

momentum-exchange region typical for the NDBD [19]. In addition, comparison of the 48

muon-capture and NDBD matrix elements shows clear correlations as shown in [18,20]. 49

As mentioned above, 2BC were implemented in [16] for the OMC on 24Mg. There 50

ISM results were compared with those of an ab initio method, the valence-space in-medium 51

similarity renormalization group (VS-IMSRG). Here we want to extend the ISM study to a 52

heavy-nucleus case, 136Ba, the final nucleus of the 136Xe NDBD. The nucleus 136Xe is highly 53

important in terms of NDBD measurements [21–24]. In the present work, we compare the 54

ISM- and pnQRPA-computed partial OMC rates with each other and study the effects of 55

the 2BC on them for final states below some 1 MeV of excitation energy in 136Cs. This 56

energy range is accessible to the present state-of-the-art OMC experiments, like the one of 57

the MONUMENT Collaboration [25]. 58

2. Theoretical framework 59

Ordinary muon capture (OMC), as differentiated explicitly from its radiative coun- 60

terpart, on the even-even nucleus 136Ba populates the final states in the odd-odd nucleus 61

136Cs according to the schematic 62

µ− + 136Ba(0+g.s.) → νµ + 136Cs(Jπ
f ) , (1)

where a negative muon (µ−) is captured by the ground state of 136Ba, leading to the final 63

states Jπ
f in 136Cs, where J is the angular momentum and π the parity. At the same time a 64

muon neutrino νµ is emitted. 65

2.1. Bound-muon s-orbital wave function 66

Here we compute the OMC rates by using the formalism of Morita and Fujii [15]. In 67

this formalism it is straightforward to implement the exact Dirac wave function of the 68

muon, as described in detail in [16]. The Dirac wave function can be written as 69

ψµ(κ, µ; r) = ψ
(µ)
κµ =

[−iFκ(r)χ−κµ(r̂)
Gκ(r)χκµ(r̂)

]
, (2)

where Gκ and Fκ are the radial wave functions of the bound state [15] and χκµ are nor- 70

malized spherical spinors. The index κ is related to the orbital quantum number l in the 71

following manner 72{
l = κ and j = l − 1

2 for κ > 0
l = −κ − 1 and j = l + 1

2 for κ < 0 .
(3)

After being stopped in the outer shells of an atom, the negative muon transits to the 73

lowest atomic orbital, the 1s1/2 state, which corresponds to κ = −1 and µ = ±1/2. The 74

corresponding large and small components of the bound-muon wave function, G−1 and 75

1 Note: in the present work we use the convention c = 1 for compactness of presentation.
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F−1, of Eq. (2) can be numerically solved from the Dirac wave equations in the Coulomb 76

field created by the nucleus [16]. Here we assume a nucleus with a uniform spherical 77

charge distribution with a charge radius Rc = r0 A1/3, with r0 = 1.2 fm and A being the 78

nuclear mass number. The large component of the wave function accounts for the major 79

part of the physics of the captured muon, while the small part accounts only for some 1% 80

of the wave function, see e.g. Fig. 1 in Ref. [16]. Hence, we can safely neglect the small 81

part. The G−1 part can be compared with the Bethe-Salpeter (BS) equation [26] for a point 82

nucleus: 83

G−1 = (2Z/a0)
3
2

√
1 + γ

2Γ(2γ + 1)

(
2Zr
a0

)γ−1

e−Zr/a0 . (4)

In Figure 1 we display the exact Dirac s-orbital wave function (large component) 84

and its various degrees of approximation for 136Ba. In the figure it can be seen that the 85

point-nucleus exact wave function and its BS approximation are quite close to each other, 86

except at very short distances r ≲ 3 fm. Contrary to this, the exact finite-nucleus Dirac 87

wave function deviates considerably from the other two, especially within the nucleus (the 88

gray band in the figure). This is a much more drastic effect than the corresponding one for 89

a light nucleus, such as 24Mg (see Figure 1 of [16]). 90
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G
−
1
(f
m

−
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Figure 1. Comparison of the large component of the exact muon wave function for a finite nucleus
with a uniform spherical charge distribution (blue line) with a corresponding one for a point-like
nucleus (red line) and its Bethe-Salpeter (BS) approximation (black line). The gray band denotes the
range inside the nucleus.

2.2. Muon-capture rates 91

The calculation of the OMC rates is done using the Morita-Fujii formalism [15] and its 92

extension developed in Refs. [27,28] in order to treat small OMC rates in a more reliable 93

way. The OMC rate of the process (1) can be expressed as 94

W = 2P(2J f + 1)
(

1 − q
mµ + AM

)
q2 , (5)

where the momentum exchange (q value) can be expressed as 95

q = (mµ − W0)

(
1 − mµ

2(mµ + AM)

)
. (6)
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Here J f is the final-state spin-parity, M the average nucleon mass and mµ (me) the rest mass 96

of the muon (electron). The threshold energy W0 = M f − Mi + me + EX contains Mi and 97

M f as the masses of the initial and final nuclei and EX the excitation energy of the final 98

nuclear state in 136Cs. The rate function P contains the nuclear matrix elements, phase-space 99

factors and combinations of the weak couplings gA (axial-vector coupling), gP (induced 100

pseudoscalar coupling) and gM = 1 + µp − µn (induced weak-magnetism coupling), where 101

µp and µn are the anomalous magnetic moments of the proton and the neutron. In the 102

present work we use the Goldberger-Treiman partially conserved axial-vector-current 103

(PCAC) value for the ratio of the two axial-type couplings: 104

gP/gA =
2Mq

q2 + m2
π
≈ 6.8 , (7)

where mπ = 138.04 MeV is the pion rest mass. Unless otherwise indicated, we adopt the 105

free-neutron value gA = 1.27 in our calculations. Explicit expressions for the rate function 106

P, containing all the next-to-leading-order terms, can be found in all detail in [28] and we 107

do not repeat those expressions in this article. It should be noted that at low excitation 108

energies, as considered in the present work, W0/mµ ≪ 1 and hence the nuclear matrix 109

elements in P depend only weakly on the excitation energy EX of the nuclear state. 110

2.3. Chiral two-body currents 111

We take the effect of the 2BC into account by making the replacements 112

gA → (1 + δa(q2))gA (8)

and 113

gP →
(

1 − q2 + m2
π

q2 δP
a (q

2)

)
gP , (9)

where the 2BC contributions δa(q2) and δP
a (q2) are approximated by the normal-ordered 114

one-body part of the chiral two-body currents, as done in [29]. The normal ordering is 115

done with respect to a Fermi-gas reference state with density ρ. In the present work we 116

take the involved integrals in δa(q2) and δP
a (q2) to be those of [30] with the density range 117

ρ = 0.09 − 0.11 fm−3. We use the same values of the involved constants as in [29], as done 118

also in [31]. For the low-energy constants (LEC) c1, c3, c4, c6 and cD involved in the currents, 119

we use the values listed in Table V of [29]. The constant cD was in [29] adjusted so that the 120

axial-vector correction δa(q2) corresponds to the typical 20 − 30% axial-vector quenching 121

(or geff
A = 0.89 − 1.02 in terms of an effective coupling) at q = 0 MeV: the pair (ρ = 0.09 122

fm−3, cD = −6.08) giving the most quenching and (ρ = 0.11 fm−3, cD = 0.3) the least. We 123

use the ranges of δa(q2) and δaP(q2) produced by these parameter choices for quantifying 124

the uncertainties of our computed OMC rates. The corresponding 2BC are displayed in 125

Figure 2 where the relevant momentum-exchange region is indicated by a vertical band. 126

For the excitation-energy region discussed in the present work the momentum exchanges 127

are contained within the interval qOMC = 101.5 − 102.6 MeV and the 2BC contributions 128

within the intervals δa(q2) = −(0.210 − 0.211) and δP
a (q2) = 0.178 − 0.180. 129

The corrections coming from the inclusion of the 2BC at the relevant momentum- 130

exchange region correspond to a range geff
A (qOMC) = 0.88 − 1.00 of quenched values of the 131

weak axial coupling and a range of geff
P (qOMC) = 5.04 − 5.43 of quenched values of the 132

induced pseudoscalar coupling. 133

2.4. Many-body methods 134

In the present work, we use the interacting shell model (ISM) [32] and the proton- 135

neutron quasiparticle random-phase approximation (pnQRPA) [33] to compute the ground- 136

state wave function of 136Ba and the ground and excited states of 136Cs. There are several 137

earlier ISM calculations of DBD characteristics of the 136Xe–136Cs–136Ba triplet of nuclei 138
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Figure 2. Two-body currents used in the present work as functions of momentum exchange. The
dashed lines denote the currents obtained by ρ = 0.09 fm−3 and cD = −6.08 and the dotted those
obtained with ρ = 0.11 fm−3 and cD = 0.30. The typical momentum-exchange region of the
transitions considered in the present work is denoted by a vertical gray band.

[6–9]. In these calculations the jj55pn model space with the single-particle orbitals 2s1/2, 139

1d3/2, 1d5/2, 0g7/2 and 0h11/2 was adopted for both protons and neutrons. Here we adopt 140

the same model space and use the sn100pn [34] interaction whose Hamiltonian consists 141

of neutron-neutron (nn), proton-neutron (pn) and proton-proton (pp) interactions, with 142

the latter containing the Coulomb interaction. The single-particle energies are -9.68, -8.72, 143

-7.34, -7.24, and -6.88 MeV for the proton and -9.74, -8.97, -7.62, -7.31, and -7.38 MeV for the 144

neutron 0g7/2, 1d5/2, 2s1/2, 1d3/2 and 0h11/2 orbitals, respectively [34]. In [8] a quenching 145

factor q = 0.45 was used for the spin-isospin operator στ, and in [6,7,9] q = 0.74. The 146

latter quenching corresponds to a value geff
A = 0.93 of the effective value of the axial-vector 147

coupling. We adopt this value of geff
A in this work, as benchmarked by the three mentioned 148

ISM calculations and preferred by the quenching through the 2BC, the associated geff
A 149

interval discussed at the end of Section 2.3. In the actual ISM computations we use the 150

NuShellX@MSU code with its interaction libraries [35]. 151

The pnQRPA is known to be a theory which correctly accounts for the gross features of 152

spin-isospin strength functions, e.g. in (p,n) and (n,p) reactions [4]. The problem with the 153

pnQRPA is the fine structure of, e.g., the low-lying states in odd-odd nuclei. In the present 154

study, we want to test the capabilities of pnQRPA in producing the low-energy excitation 155

spectrum in 136Cs by comparison of its results with those of the ISM. We use the same large 156

no-core single-particle bases for protons and neutrons as in [36]. These bases are based on 157

Coulomb-corrected Woods-Saxon potential [37] and slightly modified in the vicinity of the 158

respective Fermi surfaces. All the basic features of the pnQRPA are covered in detail in 159

[33] so that we do not want to go into these details in this article. It suffices to know that 160

the pnQRPA is based on the BCS theory of superconductivity and the pairing strengths 161

for the protons and neutrons are obtained from the matching with the observed proton 162

and neutron separation energies in the reference even-even nucleus [33], in this case 136Ba. 163

Furthermore, we use the method of Ref. [38] to divide the renormalization of the effective 164

two-body Bonn-A G-matrix interaction [39] into particle-hole and particle-particle parts by 165

using the effective adjustable strength parameters gph and gpp, known as the particle-hole 166

and particle-particle strength parameters, respectively. The particle-hole parameter, gph, 167

is typically adjusted to the centroid energy of the Gamow-Teller giant resonance (GTGR) 168

in the adjacent odd-odd nucleus of the even-even reference nucleus. Here we resort to 169
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the same recipe and adjust it to the known GTGR energy in 136Cs [36] to obtain the value 170

gph = 1.18. 171

In Ref. [36], a refined method concerning the gpp parameter was adopted: following 172

the original idea put forth in [40], a scheme called partial isospin restoration (PIR) was 173

adopted. In the present work we follow the PIR by multiplying the isoscalar (T = 0) and 174

isovector (T = 1) parts of the particle-particle matrix elements of the G-matrix by the 175

strength parameters gT=0
pp and gT=1

pp , respectively. The isovector strength is adjusted such 176

that the Fermi part of the two-neutrino double-beta-decay (TNDBD) NME, corresponding 177

to the transition 136Xe → 136Ba, vanishes, leading to a partial isospin restoration of the 178

T = 1 proton-neutron, proton-proton and neutron-neutron pairing channels. The isoscalar 179

strength is subsequently varied to reproduce the measured half-life of the mentioned 180

TNDBD transition [41]. 181

3. Results and discussion 182

First, we perform benchmark calculations in both the ISM and pnQRPA omitting 183

the 2BC contributions and using the free-nucleon value gA = 1.27 and the corresponding 184

pseudoscalar coupling gP = 8.64 following from the Goldberger-Treiman relation (7). In 185

the pnQRPA calculations, we adjust the particle-particle parameters via the PIR scheme. 186

We use the shorthand notations sm-1BC and qrpa-1BC for these methods in the following. 187

Then, we perform more realistic calculations taking into account the missing 2BC and the 188

deficiencies of the many-body methods. We perform four different evaluations of the OMC 189

rates, naming them as: 190

sm-2BC: We perform an ISM calculation using the sn100pn interaction [34] by quenching 191

the free axial-vector couplings gA = 1.27 and gP = 8.64 by the 2BC according to 192

Eqs. (8) and (9). 193

sm-phen: We perform an ISM calculation like above but this time we use the phenomeno- 194

logically obtained quenched value geff
A = 0.93 [9] and the value geff

P = 6.32 obtained 195

through the Goldberger-Treiman relation (7). 196

qrpa-2BC: We use the pnQRPA method as described in Section 2.4 and quench gA and gP 197

by the 2BC using Eqs. (8) and (9). We use the PIR scheme and adjust the isoscalar 198

strength to a value gT=1
pp = 0.86 in order to achieve the partial isospin restoration 199

and then we adjust the isoscalar strength to the values gT=0
pp = 0.65 (gT=0

pp = 0.67) in 200

order to reproduce the TNDBD half-life t(2ν)
1/2 = (2.18 ± 0.05) · 1021 yr [41] using the 201

effective coupling geff
A = 0.89 (geff

A = 1.02) corresponding to the free-nucleon value 202

gA = 1.27 quenched by the zero-momentum-transfer correction δa(0) through Eq. (8) 203

with parameters ρ = 0.09 fm−3 and cD = −6.08 (ρ = 0.11 fm−3 and cD = 0.30). 204

qrpa-phen: Again, we use the pnQRPA method like above but use as the particle-particle 205

strength the value gT=0
pp = gT=1

pp = 0.7 obtained from the extensive survey of the 206

β-decay and TNDBD half-lives within the mass range A = 100 − 136 in [42]. We 207

adopt the effective coupling geff
A = 0.83 resulting from the so-called linear gA model 208

of the same work. This value is somewhat below the range of values geff
A = 0.89− 1.02 209

corresponding to the axial-vector correction δa(0) at zero-momentum transfer. The 210

corresponding effective pseudoscalar coupling is geff
P = 5.64 as obtained through the 211

Goldberger-Treiman relation (7). The value geff
A = 0.83 can be considered to account 212

for both the missing two-body currents at q = 0 MeV and the deficiencies of the 213

many-body approach in the spirit of [14]. However, it does not take into account the 214

momentum dependence of the two-body currents. 215

A summary of the values of all the involved couplings and parameters is made in Table 1. 216

We only consider OMC rates to states with angular momenta J ≤ 5 since OMC rates to 217

states of higher angular momenta are negligible. 218

We start by comparing the calculated ISM and pnQRPA excitation spectra of 136Cs 219

with the experimental one, the results being shown in Figure 3. The pnQRPA calculations 220
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Figure 3. Excitation-energy spectrum of 136Cs. A comparison between the experimental spectrum
and those computed by using the ISM and pnQRPA is shown. The experimental spectrum is taken
from the ENSDF database [43]. Only states with angular momenta J ≤ 5 are considered.

are done according to the scheme qrpa-2BC and qrpa-phen. Here it is worth noting that 221

there are three sets of the pnQRPA-computed energies based on the three different values 222

of the (gT=0
pp , gT=1

pp ) pairs used in the pnQRPA calculations. Here we plot just one set of 223

energies in the qrpa-2BC scheme since the two sets of energy are almost identical. From 224

Figure 3 it can be seen that the density of both the ISM- and pnQRPA-computed states 225

is quite the same, higher than the density of the measured ones. It is in fact remarkable 226

that both theories predict so similar low-energy spectra with pnQRPA able to reproduce 227

the density of the ISM states. The density of the experimental spectrum is smaller than 228

predicted by the computations, probably due to difficulties in observing some of the states. 229

The results of the OMC calculations are presented in Tables 2 (ISM results) and 3 230

(pnQRPA results). In Table 2, the first column displays the spin-parity of the final state 231

and the second column its excitation energy in MeV (in order of increasing energy). The 232

third to fifth columns give the ISM-computed OMC rates in units of 103 1/s. The third 233

column (1BC) corresponds to an ISM calculation without the 2BC contribution and the 234

fourth column corresponds to the same calculation with the 2BC contribution included (the 235

sm-2BC calculational scheme). The fifth column lists the OMC rates obtained by using the 236

phenomenological sm-phen calculational scheme. Table 3 has a similar structure but now 237

there are two sets of qrpa-2BC energies (column 2) corresponding to the two sets of LEC 238

used in our calculations, and the set of qrpa-phen energies in column 3. Columns 4 − 6 list 239

the OMC rates obtained by using the schemes qrpa-1BC, qrpa-2BC and qrpa-phen. 240
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Table 1. Values of the weak axial couplings, the Fermi-gas density ρ, the LEC cD and pnQRPA
parameters used in our calculations.

sm-1BC and sm-2BC sm-phen qrpa-
1BC qrpa-2BC qrpa-

phen

gT=0
PP - - 0.69 0.65 0.67 0.7

gT=1
PP - - 0.86 0.86 0.86 0.7

gph - - 1.18 1.18 1.18 1.18

gA 1.27 0.93 1.27 1.27 1.27 0.83

gP/gA 6.8 6.8 6.8 6.8 6.8 6.8

ρ 0.09 0.11 - - 0.09 0.11 -

cD -6.08 0.30 - - -6.08 0.30 -

Table 2. ISM-computed energies (second column) and OMC rates (third to fifth columns) to the
final states ( f ) of spin J and parity π (first column) with angular momenta J ≤ 5. The bottom line
summarizes the total OMC rates below some 1 MeV as summed over the OMC rates listed in colums
three to five. The lower (upper) limits in column four correspond to the Fermi-gas density ρ = 0.09
fm−3 and the low-energy constant cD = −6.08 (ρ = 0.11 fm−3 and cD = 0.3), the rest of the LEC
being equal in the two sets.

OMC Rate (103 1/s)

Jπ
f E(MeV) sm-1BC sm-2BC sm-phen

5+1 0.000 0.0647 0.0661 (0.0836) 0.0433

3+1 0.023 4.02 2.75 (3.36) 2.60

4+1 0.039 1.50 1.36 (1.40) 1.37

2+1 0.083 10.6 5.62 (6.99) 6.18

3+2 0.181 12.0 6.24 (8.08) 6.66

2+2 0.225 20.1 12.8 (15.00) 13.7

3+3 0.244 4.94 2.48 (3.23) 2.71

4+2 0.323 5.83 3.50 (4.17) 3.78

4+3 0.498 6.00 4.34 (4.83) 4.54

3+4 0.517 31.2 16.8 (21.5) 17.9

5−1 0.522 0.645 0.371 (0.451) 0.404

3−1 0.545 16.1 8.85 (11.0) 9.73

1+1 0.545 9.01 4.67 (6.03) 5.03

4−1 0.547 24.0 13.0 (16.7) 13.7

2+3 0.615 18.2 12.5 (14.2) 13.2

5−2 0.671 0.251 0.190 (0.208) 0.198

1+2 0.752 0.285 0.123 (0.163) 0.146

4−2 0.760 2.22 1.31 (1.65) 1.32

2+4 0.803 2.49 1.74 (1.95) 1.83

4+4 0.885 0.143 0.0865 (0.103) 0.0933

2−1 1.016 78.6 41.5 (53.3) 44.4

Sum (103 1/s) 248 140 (174) 150
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Table 3. pnQRPA-computed energies for the qrpa-2BC scheme (second column) and the qrpa-phen
scheme (third column), and OMC rates (fourth to sixth columns) to the final states ( f ) of spin J and
parity π (first column) with angular momenta J ≤ 5. The bottom line summarizes the total OMC
rates below 1 MeV as summed over the OMC rates listed in colums four to six. The two energies in
column 2 and the lower (upper) limits in column five correspond to the Fermi-gas density ρ = 0.09
fm−3 and the low-energy constant cD = −6.08 (ρ = 0.11 fm−3 and cD = 0.3), the rest of the LEC
being equal in the two sets.

OMC Rate (103 1/s)

Jπ
f

E(MeV)
qrpa-2BC

E(MeV)
qrpa-phen qrpa-1BC qrpa-2BC qrpa-phen

5+1 0.000 0.000 0.902 0.491(0.601) 0.483

3+1 0.110(0.107) 0.102 3.04 1.74(2.19) 1.51

2+1 0.124(0.122) 0.120 133 102(111) 93.3

4+1 0.139(0.144) 0.154 10.0 8.81(9.34) 8.96

1+1 0.227(0.213) 0.193 443 243(303) 207

4+2 0.180(0.179) 0.203 12.4 8.76(9.61) 8.25

3+2 0.249(0.254) 0.264 11.6 7.93(10.8) 3.49

3+3 0.268(0.273) 0.281 156 85.6(108) 77.5

3+4 0.330(0.332) 0.338 12.2 9.50(11.9) 5.34

2+2 0.340(0.346) 0.367 88.3 49.0(60.2) 50.1

3−1 0.461(0.459) 0.458 48.0 28.9(34.4) 25.8

4+3 0.471(0.477) 0.494 4.19 3.24(3.60) 3.18

5−1 0.505(0.509) 0.515 1.20 0.825(0.933) 0.775

4−1 0.553(0.555) 0.558 1.60 1.04(1.19) 0.596

2+3 0.533(0.538) 0.561 87.1 60.0(68.3) 57.7

5−2 0.621(0.624) 0.637 0.017 0.0135(0.0149) 0.0178

4−2 0.681(0.686) 0.695 43.1 24.1(30.6) 20.5

2−1 0.750(0.725) 0.704 27.3 26.6(26.0) 14.2

3−2 0.896(0.901) 0.926 20.5 12.7(15.1) 12.9

Sum (103 1/s) 1103 674(807) 592

The first observation from columns three and four of Tables 2 and 3 is that the two-body 241

currents, included either via the 2BC corrections δa(q2) and δP
a (q2) or phenomenologically 242

via effective couplings, affect the OMC rates considerably, on average by some (30-40)%, 243

but even up to almost 50% in some cases. Comparison of the ISM-computed and pnQRPA- 244

computed OMC rates with each other indicates that in both models the most important 245

contributions come from the 1+, 2+, 2− and 3+ states. Quantitatively, the correspondence 246

of the OMC rates between the four schemes is quite reasonable for the 2−, 4+ and 4− states, 247

the 4−1 and 4−2 states seemingly switched in energy between the ISM and pnQRPA models. 248

The total rates to these states are 41.5 (53.3), 9.29 (10.5), 14.3 (18.4) for the sm-2BC scheme, 249

44.4, 9.78, 15.0 for the sm-phen scheme, 26.6 (26.0), 20.8 (22.6), 31.8 for the qrpa-2BC 250

scheme and 14.2, 20.39, 21.2 for the qrpa-phen scheme in units of 103 1/s, respectively. A 251

quantitative comparison for the 1+ and 2+ state would give the total OMC rates of 4.79 252

(6.19), 32.7 (38.1) for the sm-2BC scheme, 5.18, 34.9 for the sm-phen scheme, 243 (303), 211 253

(240) for the qrpa-2BC scheme and 207, 201.1 for the qrpa-phen scheme in units of 103 1/s, 254

respectively, indicating that the pnQRPA states are able to catch more collectivity of these 255

states, in particular for the 1+1 state which is quite collective in the pnQRPA. 256

In order to relate the pnQRPA results to previous measurements one can take a look 257

at the computations done in Ref. [28]. There the rates of the OMC on several double-beta 258

daughter nuclei, in particular on 136Ba, were computed by using large no-core single- 259
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particle spaces and the effective Bonn-A potential, quite like in the present work. In those 260

calculations the effective values geff
A = 0.80 and geff

P = 7.0 were adopted which are values 261

close to those of our qrpa-phen scheme and not far from our qrpa-2BC calculational 262

scheme. This makes the three computations very well comparable, in particular for the 263

OMC on 136Ba, but also for 76Se where experimental data exists. In Table V of [28] the 264

pnQRPA-computed OMC rates to final states in 76As, below some 1 MeV of excitation 265

like in the present work, were compared with the corresponding experimental ones, and a 266

surprisingly good correspondence was found. There the total rate for the OMC to the 0+, 267

1+, 1−, 2+, 2−, 3+, 3−, 4+ and 4− final states in 76As was 665 × 103 1/s in experiment and 268

675 × 103 1/s in the pnQRPA. These total OMC rates are in line with the total OMC rates 269

of (674 − 807)× 103 1/s and 592 × 103 1/s of our qrpa-2BC and qrpa-phen calculational 270

schemes, respectively. In particular, both in the experiment and in the pnQRPA calculation 271

of [28] the 1+ rate was the larges one with the values 218 × 103 1/s for the experiment 272

and 237 × 103 1/s for the pnQRPA, well comparable with our (243 − 303)× 103 1/s and 273

207 × 103 1/s in the qrpa-2BC and qrpa-phen calculational schemes. In [28] also the OMC 274

to 2− states was strong, some 10 times stronger than in the present calculations, since the 275

role of 2− states in p f -shell nuclei is quite pronounced [4]. 276

The measured total rate in 136Ba, including all the possible final states, features 11100× 277

103 1/s [44]. This means that the OMC rate to states below 1 MeV accounts for some 1.5 % 278

of the total rate for the sm-2BC scheme, 1.4 % of the total rate for the sm-phen scheme, 6− 7 279

% of the total rate for the qrpa-2BC scheme and 5.3 % of the total rate for the qrpa-phen 280

scheme, thus being below 10 % but still non-negligible. This highlights the importance of 281

comparison with the potential future experimental data and the emerging implications for 282

the virtual NDBD transitions below some 1 MeV of excitation in the intermediate nucleus 283

of a double-beta triplet of nuclei. 284

In the end, it would be highly interesting to compare the presently computed OMC 285

rates to individual final states and the total OMC rate below 1 MeV with the future experi- 286

mental results by the MONUMENT Collaboration [45]. This will open up the possibility to 287

probe the nuclear wave functions within the considered 1 MeV excitation-energy interval 288

in 136Cs. At the same time, we can gain information on the value of both gA and gP, the 289

weak axial coupling and the induced pseudoscalar coupling, in a momentum-exchange 290

range relevant for the NDBD [19]. This gained information helps improve the precision of 291

the nuclear matrix elements of the NDBD and thus reflects to the sensibility estimates of 292

the presently running and future NDBD experiments. 293

4. Conclusions 294

In the present work we compute the rates of the ordinary muon capture on 136Ba to 295

low-lying nuclear states (below some 1 MeV of excitation energy) in 136Cs, 136Ba being 296

the daughter nucleus of the 136Xe double-beta decay. The capture rates are computed by 297

using the interacting shell model (ISM) and the proton-neutron quasiparticle random-phase 298

approximation (pnQRPA). Also the chiral two-body meson-exchange currents and the exact 299

s-orbital Dirac wave function of the captured muon are used in the numerical computations. 300

The computed energy spectra and the capture rates below 1 MeV of excitation in 136Cs 301

are surprisingly similar for both the ISM and the pnQRPA, the experimental low-energy 302

spectrum being less dense. The chiral two-body currents reduce the capture rates by 303

some (30-40)% on average and the summed capture rates below 1 MeV of excitation in 304

136Cs account for some (1-7)% of the total measured capture rate, thus being potentially a 305

sizable portion of the total capture rate. Comparison of the capture rates with the future 306

experimental data opens up possibilities for accessing the wave functions of the low-energy 307

states in 136Cs and the effective values of the weak axial-type couplings, relevant for the 308

neutrinoless double beta decay of 136Xe, and beyond. 309
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