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Abstract: This paper introduces extensions Hy , and Xg , of Horn’s double hypergeometric function
Hy and Exton’s triple hypergeometric function X3, taking into account recent extensions of Euler’s
beta function, hypergeometric function, and confluent hypergeometric function. Among the
numerous extended hypergeometric functions, the primary rationale for choosing Hy and X is their
comparable extension type. Next, we present various integral representations of Euler and Laplace
type, Mellin and inverse Mellin transforms, Laguerre polynomial representation, transformation
formulae and a recurrence relation for the extended functions. In particular, we provide a generating
function for the Xg , and several bounding inequalities for the Hy , and X .
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1. Introduction and Preliminaries

The generalized hypergeometric function with » numerator and s denominator parameters, as the
series, reads

m

. M)

N

rFs(le' T V1,0, s Z) = rFs(Tr} Us; Z) = E@M

3

where (u)y, = p(p+1)---(p+n—-1) (n € N) and (u)g = 1 signify the Pochhammer symbol,
7€ C and v; € C\Z<o, j€1,5:={1,2,...,s} for some s € N. The symbol (i), is represented
by (u)m = T(p+m)/T(p) (u € C\Zgo, m € Ny), T being the familiar Gamma function whose
acquainted integral is

T(y) = /0°° et (R(u) > 0). @)

In this and other instances, the sets of positive integers, integers, real numbers, and complex numbers
will be denoted by N, Z, R, and C, respectively. Also let Ny := NU {0} and Z<( := Z \ N. The series
in (1) converges for all z € C if r < s. It is divergent forallz € C\ {0} whenr > s + 1, unless at least
one numerator parameter is in Zgg in which case (1) is a polynomial. For the remaining case r = s + 1,
the series converges on the unit circle |z| = 1 under the constraints 7; € C\ Z< (j € 1,7) and

%(ivj—irj) > 0.

j=1 j=1
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For the noted particular cases, 2 F; is called the (Gauss’s) hypergeometric function and 1 F;, which is
also denoted by @, is referred to as the confluent (Kummer’s) hypergeometric function.
In 1997, Chaudhry et al. [1, p. 20, Eq. (1.7) ] introduced and explored the p-extended Beta integral:

B, &5 p) = [ 7 -0 e (<o) @ (ki) > 0), ®)

from which follows a series of investigations of generalized incomplete gamma functions and their
applications (see [2—4]; see also [5]). The p-extended Beta integral in (3) is turned out to be connected
to the Macdonald, error and Whittaker functions. The case p = 0 of (3) becomes the classical Beta
function given by (see, for example, [6, p. 8, Eq. (43)]):

/01 1711 - 1) tdt (R(y) > 0, R(E) > 0)

B )= 0 @
;@L%? (1, € € C\ Zeo).
Making use of the subsequent transformation
O _ BOFME=0) 6y S R(v) > 0, m € Np), ®)

(P)m B B(v,¢ —v)

in which the numerator Beta function is replaced by the p-extended Beta function in (3), Chaudhry et al.
[7] introduced the p-Gauss’s hypergeometric function and the p-Kummer’s confluent hypergeometric
function which are, respectively, given as follows:

o B(v+m, ¢ —v;p) z"
Fp(T/U?‘P;Z)::mZ:;O(T)m B(v,p—v)  m! ©

(p=0, [z <1; R(¢) > R(v) > 0)

and
> B 7 — U, "
O, (v; ¢; z) == Z:;O (U;—(Z? q;P_ vl; P) % (p=0;R(p) > R(v) >0). (7)

The functions were studied by Chaudhry et al. [7], who revealed numerous intriguing identities
and formulas. These include integral representations, differentiation properties, Mellin transforms,
transformations, recurrence relations, summation formulas, and asymptotic formulas.

Ozarslan and Ozergin [8] introduced and investigated the p-extensions of two variable Appell’s
hypergeometric functions F; and F, and three variable Lauricella’s hypergeometric function F[()S) (see,
for example, [9, Chapter 1]), among which, the p-extended F, function is recalled:

FB(t,0,0;9,¢";x,y;p)
_ i (1) B(v+m,¢—v;p)B( +n,¢ —0;p) ¥ y* (8)
B mn=0 e B(U,(P - U)B(U/r ¢ — U/) m! n!

(Ix| + |yl < 1; R(p) > 0).

They [8] also introduced a new extended Riemann-Liouville fractional derivative to present several
intriguing generating relations for the p-Gauss’s hypergeometric function (6).

Like (3), the p-extensions (6), (7) and (8) when p = 0 return to Gauss’s hypergeometric function o Fy,
the confluent hypergeometric function 1 F; and Appell’s hypergeometric function F, of two variables,
respectively.
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Our investigation is primarily motivated by the vast range of potential applications of extended
Gauss’s hypergeometric, confluent hypergeometric, and Appell functions in various fields of
mathematical, physical, engineering, and statistical sciences (as detailed in [1,7,8]) and the references
therein). In this study, we undertake a systematic exploration of the extended Horn’s double
hypergeometric function Hy , and extended Exton’s triple hypergeometric functions Xg ;. Specifically,
we aim to present various integral representations of Euler and Laplace type, as well as certain integral
representations involving Bessel and modified Bessel functions, Mellin transform, Laguerre polynomial
representation, transformation formula, and recurrence relation. Additionally, we provide a generating
function for the Xs , and several bounding inequalities for theH, , and Xg .

2. Extended Horn’s Double Hypergeometric Function

In terms of the extended Beta function B(#, ¢; p) in (3), this section introduces the following
extended Horn’s double hypergeometric function Hy ,: For 7, v € Cand ¢, ¢’ € C\ Zg,

/ = (Dokem Bu+m,¢" —v;p) 2 y™
H. 0,90, X, = T 0
wleed ol = b " B0 A ©)

(p>0; 2y/r1+r <1, |x| <r, |y| <r, when p=0),

where R(¢') > R(v) > 0. In light of (5), the case p = 0 in (9) gives the classical Horn’s double
hypergeometric function Hy (see, for example, [9, p. 24 and p. 59], [10]): For 7, v € C and ¢, ¢’ €

C\ Zgy,
3 k m
Halt,0:0, ¢ x,y] = (T)2km (V) m Xy
AR P N T 10)
(2yr1+r <1, |x|<r, |yl <r).
2.1. Integral Representations
Theorem 1. The following integral representation for Hy,y in (9) holds true:
. /. = ! /1 uvil(l - “)‘P,fvfl
Haplo i@ X = 0 gm0y Jy — gy )
x oF 334—1' A exp (——F—)du
M3 T ] P\ Tua—w

(R(p) > 0; R(P') > R(v) >0 when p =0).
Proof. By making use of the identity

(D)2km = (T)ok (T + 2K)m

and the extended Gauss’s hypergeometric function (6), the extended Horn’s double hypergeometric
function (9) can be expressed as a single series:

= 2k, v; xk
Hyplt,v; ;4" x,y] = (T2 H Y (12)
4,p[ ‘P ‘P ]/] kg(:) (¢)k p (P/; Yy k!
Applying the integral representation of the extended Gauss’s hypergeometric function [7, p. 592,
Eq. (3.2)]
Fy(t,v;¢;2) = 1 /1 w1 — )1 — zu) T exp S S (13)
pRume B(v,¢ —v) Jo u(l—u)
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(R(p) >0; p=0and |arg(1 —z)| < 7; R(p) > R(v) > 0)
to (12), one finds
R T
Halopid's23 = 1 | 5o =0 (g "

<o () (E/S)fzi! o }k .

Changing the order of summation and integration in (14), which is guaranteed under the restrictions,
and using the identity

a2 (T T+1
(T)g = 2 <2>k( > )k (Tt €C, keNy) (15)
and the Gauss’s hypergeometric function 5 F;, we get the desired integral representation (11). O

The following corollary is obtained by setting p = 0 in Theorem 1.

Corollary 1. The following integral representation for Hy holds true:

/ 1 1yv=1(1 - ¢/—v-1
H4[T,U}¢/¢;x/y] :B( U) /0 : ( u)

v, (P, - (1 - yu)T (16)
C R [T T L, 4 )
2f1 |55 2,4), 1 —yu)?

(R(¢") > R(v) >0),

where the additional restrictions for the other parameters and variables would follow from those in (10).

Theorem 2. The following Laplace type integral representation for Hy , in (9) holds true:

Hyp[t,v;¢,¢"x,y] = r(lr) /Ooo et oFy (= ¢ xt?) Pp(v; ¢ yt) di (17)
(R(p) > 0; R(t) > 0 when p =0).

Proof. Using the integral representation

1

(= £y JA Tenlest g (R(r) > 0, n € No) (18)

for the Pochhammer symbol (7)o, in (9) and interchanging the order of summations and integral,
we get

Hyplt, 00,95 %,y

_ 1@ e 1 Bt mgf —op) () ()"
“m T, Eoh T B By o R

I Y ey R BTl o B(v+m,¢'—vip) (yt)"
_W/O ! 16t<2(¢)k . )(Z oo =) - )dt.

k=0 m=0

Now, using (1) and (7) in each summation enclosed in parentheses yields the desired result (17). O
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Remark 1. The Bessel function J,(z) and the modified Bessel function I,(z) are expressible in terms of
hypergeometric functions as follows (see, for example, [11,12]; see also [13, p. 265, Eq. (3.2)], [14], [15]); in
particular, [16]):

]V(Z) = 1_,(5/23_1) oF1 ( v+ 1; —122> (1/ eC \ ngl) (19)
and o )
I,(z) = 1"(5/2—)#1) oFy (;1/ +1; 422) (veC\Zg 1), (20)

where Z< 1 :=Z \Noand z € C\ (—c0,0].

Now, applying the relationships (19) and (20) to (17), we can deduce certain interesting integral
representations for the extended Horn’s double hypergeometric function in (9) asserted by Corollary 2
below. We state here the resulting integral representations.

Corollary 2. Each of the following integral representations holds true:

Hypl[t,0;¢,¢"; —x,y]

19 & (21)
r 2 T—¢ ,— /
—%/O 0 1 (2V/xt) Dp(v; ¢’ yt) dt
and
H4,p [T/ U; 4)/ (P// xl ]/]
(22)

T(¢)x 2" o ., _ /
_wli)(:)/o e 1 (2V/xt) @y (v; ¢ yt) dt.

Here all parameters and variables would be restricted so that the representations can be meaningful and
convergent: For example, R(T — ¢) > —1, ¢ € C\ Zgpand x € C\ (—o0,0].

2.2. Transformation Formula

Theorem 3. The following transformation formula for Hy y, holds true:

H4,p [T/ U; (P/ (P// x/ ]/]

—(1—y) "Hyp | 7,9/ —v;¢,¢); 3, (23)

(1-y2'y-1
Proof. If we first apply extended Kummer’s transformation formula (see, for example, [7, p. 596, Eq.

(6.3)]):
Dy (v ;z) = € Pp(p —v; P —2) (24)

to (17) and then set
t(l—y)=u and  du=(1—y)dt

in the resulting integral, we get the transformation formula (23). [

2.3. Recurrence Relation

The following lemma gives a recurrence relation for oF; which is deducible from [17, p. 19, Eq.
(22.2)] or [17, p. 20, Eq. (2.2.7)].

doi:10.20944/preprints202304.0844.v1


https://doi.org/10.20944/preprints202304.0844.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 April 2023 doi:10.20944/preprints202304.0844.v1

6 of 21
Lemma 1. The following contigquous relation for the function oFy holds true:
x
0Fi(=¢—1x) = oF(=¢;x) — ———= oFi(—¢+1x) =0. (25)
y PO glp—n Y
Proof. Recall a contiguous relation for the function 1 F (see [17, p. 19, Eq. (2.2.2)]):
v(v=1)1Fh(v—Lx)—v(v—14x)1F(t;v;x)+ (v—T1)x1F(T;v+1;x) =0. (26)

Substituting £ for x in (26) and taking the limit in the resulting identity as |T| — co with the aid of

lim {(T)n (E>n} =x" (neNy, |x|] <o), (27)

|T|]—00 T

and replacing v by ¢ in the final identity, we obtain the contiguous relation for the function oF in (25).
Additionally, it is worth mentioning that (25) can be proven through a straightforward
computation. [

Theorem 4. The following recurrence relation for Hy , holds true:

Hyplt,0;0,¢";%,y] = Hyplt, 0,0 — 1,9, x, Y]

+1 , (28)
HH4[F[T,U;¢ +1,¢"x,y].

Proof. By utilizing (25) on the integral form given in (17), we arrive at the relation (28). O

+

2.4. Mellin Transform and Inverse Mellin Transform

The Mellin transform of a function f(¢) with index s is defined by

MI{f(t):T—s) ::/ =1 f(1) dr, (29)
0
provided that the improper integral exists (see, for example, [13,18]).
Theorem 5. The following Mellin transform representation of Hy,y in (9) holds true:

F(s): = M {Hyplt,0;¢,¢";x,y] : p — s}
T(s\B o / (30)
- gav(:, ;/(P_ U)U ) Hyfr, 0450,/ +25%,3]

(R(s) >0, R(¢p") > R(v) > 0).

Also the restrictions of the other parameters and variables would follow from those in (9).

Proof. Using the Mellin transform (29) in (9), and interchanging the order of integral and summations,
which is guaranteed under the restrictions, we get

M {H4,p[r, v, 9x, ) p — s}

1 2 (Dokm XY™ (2 /
= =7 B ¢ — v;p) dp.
Bo.# —0) 2y (@ R i Jy 7By =) dp

(B81)
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Applying the known result (see [1, p. 21, Eq. (2.1)]):
” S=IB(x, y; p)dp =T(s)B(x +s, ¥y +s
| IBG v ) dp = T() Bl +5, v +5) .
(R(s) >0, R(x+s) >0, R(y+s)>0)
to the improper integral in (31), we obtain
M {H4,p[r,v;¢,<p’;x,y] ip— s}
S /o k ,m
1) 3 o Bt misg —otg 2y
Py (¢)k B(v, ¢’ —v) k! m!
which, upon using (10), yields the desired representation (30). O
Theorem 6. The following Mellin-Barnes type integral holds true: For a fixed y > 0,
1 2 (Dkegm X Y™
H 09, /; X, = s
ap[T v, ¢’ x, Y] B(o, ¢ — ) k;::o @)kl m!
1 ptie T(s)T(¢' —v+s)T(v+m+s) _
2 /H_l-oo T(¢/ +m + 25) pds (33)

_ 1 i (T)2ktm 30 p‘ (¢' +m,2) ’Lkﬂ

B(v,¢' —v) = (¢ 17 (0,1),(¢' —v,1),(v+m,1) | k! m!
(p>0,R(¢)>R(v) >0,2y/r+r <1, |x[<r, |yl <r2),
where i = /—1 and Hfg denotes the H-function (see, for example, [19, Section 1.2]).

Proof. It follows from (9) that

f(p) == Haplt,v;0,¢";x,y]

- 507 3 (T)z"“”xkym/1 potm=1(1 _ gy —v-1,m ) gy
B(v,¢' —v) o=y (@) km!o :

The following asymptotic conditions are satisfied:
f(p) = Halt,0;¢,¢';x,y] = O(1) =0 () as p =0,

and f(p) =0(1) = O (p*) for every u > 0, as p — co. Therefore one finds (see, for example, [18, p.
559]) that the Mellin transform F(s) = M {f(p) : p — s} is analytic in the strip 0 < R(p) < oo, and
the inverse Mellin transform is given as

Fp) = g [ B ps (0 < p <o), G0
M

27‘[1 —700

Using (30) for F(s) in (34), we obtain the first equality in (33). The second equality in (33) is found by
employing the H-function. [J
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Remark 2. The case of (30) when s = 1 yields a relation between the extended Horn’s double hypergeometric
Hy,p, and the classical Horn's double hypergeometric Hy as follows:

= o(g! — v)
[ Huplr v ix sl dp = S8 Hilr 0+ 10,97+ 2533 )
Also, setting s = 1 in (32) gives
/0 B(x, y; p)dp =B(x+1,y+1) (R(x+1)>0, R(y+1) > 0). (36)

The Mellin-Barnes type integral in (33) converges (see [19, Section 1.2]). Using the duplication formula
for the Gamma function (see, for example, [6, p. 6, Eq. (29)]) in the Mellin-Barnes type integral in (33), we
obtain

/ 2)
30 (¢ +m,
13 [’” | 0,1),(¢' —v,1), (v +m,1)

/R , ¢/+m,1 ) ¢’+m+l,1
B 2¢’+"71T*1 Has [M (0,< 1),2 (¢’ —) v,<1), (2v + mr)l) ] '

Comparing (9) with the first equality in (33) reveals that B(v + m, ¢’ — v; p), as a function in p, is the inverse
Mellin transform of the function:

(37)

I(s)T(¢) —v+s)T(v+m—+s)
T(¢/ + m + 25) '

2.5. Laguerre Polynomial Representation

Theorem 7. The following Laguerre polynomial representation for Hy, holds true: For %(p) > 0 and
R(¢p' —v) >0,

Hyplt,v;¢,¢'; ]—7672;7 y Blo+m+1,¢ —v+n+1)
4,plts /(P/(P/x/]/ - B(U 47/70) EO v m ,(P v n
4 m,n=

x Hy[t,v+m+1;¢,¢' + m+n+2;x,y] Lu(p) La(p), (38)

where Ly (p) are Laguerre polynomials (see, for example, [12, Chapter 12]).

Proof. Using the identity due to Miller [20, p. 30, Eq. (3.5)]:

exp <_ t(1p_ t)) = m,nzzo Lu(p) La(p) "1 (1 — )"+ (39)
in (11), we have
,ZP 1 ,
Hap[t,0;9,9"x,y] = m /0 W1 =) (1 )T
(40)
1 4 ad
X oF B,; t5 ¢ (1_9;11)2} {WZ_O Lin(p) La(p) w1 (1 - “)"H} du.

Now, changing summations and integral in (40) and using (16), we obtain the desired identity (38). O
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3. Extended Exton’s Triple Hypergeometric Function

In terms of the extended beta function B(x, y; p) in (3), this section introduces the following
extended Exton’s triple hypergeometric function Xg ,: For 7, v, v’ € Cand ¢y, ¢2, ¢3 € C\ Z,

XgplT, 0,V 91,42, 93, %, Y, 2]
_ (TDoksmin B +m,¢p—v;p) B +n,¢3—0;p) x* y" 2" (41)
S G B0 Bogs o) Kol

(p=20; 2yri+r+r3<l, |x| <r, ly| <ry |z| <r3, when p=0).

Setting p = 0 in (41) yields the Exton’s triple hypergeometric function Xg (see, for example, [9, p.
84, 41a and p. 101]): For 7, v, v' € C and ¢4, ¢, 3 € C\ Z«,

/. . _ - (T)2k+m+n<v)m(vl>n ikﬂi
XS[TI v,V r¢1/¢2/¢31x1y12] = k,m,znzo (¢1)k(¢2)m(¢3)n K ! ! (42)

2yri+r+r <1, |x|<r, ly| <ry |z| <13).

Remark 3. It is observed that if v = ¢3 and z = 0 is put in (42), the Exton’s triple hypergeometric function
Xg reduces to the Horn'’s double hypergeometric function (10). In this sense, two extensions share a common
type, and their respective p-extensions Hy , (9) and Xg , (41) are interrelated as depicted in (43).

3.1. Integral Representations

This section explores certain integral representations for the extended Exton’s triple
hypergeometric function in (41) of Euler and Laplace type. Integral representations incorporating
Bessel and modified Bessel functions are provided as corollaries.

Theorem 8. The following Euler type integral representation for Xg , in (41) holds true:

, 1 1 v””l(l — 0)4’3’”,’1
X8,p [T/ U/U /4)1/ (PZI (P3/ x/y/ Z] - B(U/, 4)3 _ U/) ‘/O (1 _ Z'U)T
. . X Y P
X Hyp |T,0;¢1,¢2; 1=z 120} exp <_v(10)> dv (43)

(R(p) > 0; R(¢') > R(V') > 0 when p = 0).

Proof. The extended Exton’s triple hypergeometric function in (41) can be expressed as a double series
involving the extended Gauss’s hypergeometric function in (6) by making use of the Pochhammer
symbol identity (T)oksmrn = (T)akrm (T + 2k +m)y:

Xg,p [T/ U/ UI; 4)1/ 4)2/ 4)3/ xr ]/, Z]

(T)okym B(v+m,¢p —v;p) .
oo (@1 B(v, ¢y — v) P

o3 | kK m!

T4 2k+m,v; z] Xk ym (44)

doi:10.20944/preprints202304.0844.v1
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Employing the integral representation for the extended Gauss’s hypergeometric function in (13) (see
also [7, p. 592, Eq. (3.2)]) in (44), we get

X&p[r v, v"¢1,¢2,¢3,‘x y, Z]
R v—l 4’3 —v'=1(q _ S -

kmO

X<r>2k+m Botmg—vp) [ x 'y \"
(p1)x  B(v,¢p — v)k!m! {(l—vz)z} (1vz> do.

Changing the order of summations and integration in (45) and using the extended Horn’s function in
(9), we get the desired integral representation (43). [

Theorem 9. The following Euler type integral representation for Xsg , in (41) holds true:

Ko (10,0 | ) ) e
8/,,[T,U,U,¢1,<Pz,4>3,x,y, / / B( v(Pz—v ( ,¢3 — V') (1 — yu — zo)T
T T

p p
|33 ) eXP( A

(R(p) > 0; R(g2) > R(v) >0, R(p3) > RN(v') > 0 when p=0).

(46)

Proof. The extended Exton’s triple hypergeometric function in (41) is expressed as a single series
involving the extended second Appell’s hypergeometric function in (8) by making use of the
Pochhammer symbol identity (7)ot min = (T)2k(T + 2K) mn:

) k

Bt +2k,v,V;¢2,¢3;Y,2; p] k—.

Xgp[T, v,V 91,42, 93, X, Y, 2] (47)

Employing the integral representation integral representation of the extended second Appell’s
hypergeometric function (see [8, Theorem 2.2]):

Ex(a,b,b';c,c';x, y;p)

/ / b 1 c b—1 b (1_0)571)’71
B(b,c — b’ d—b) 1 — XU — yv)* (48)

X exp <_u(1pu)> exp <_v(1pv)> dudv

(R(p) >0; p=0and x|+ |y| <1; R(c) > RN(b) >0, R(') > R(b') >0, R(a) > 0)

in (47), we obtain

Xgp[r v, v"q>1,¢2,¢3;x v, 2]

/ /1 uv—1 vfl 1—u)4’2 v— 1(1_0)4)3 v'—-1
=0 B(v,¢2 —v) B(v/, ¢35 — V') (1 — yu — z0)" (49)

<o (i) o (aate) e Lo = }k dude

Interchanging the order of summation and integrations and using the identity (15) with the choice of
oF from (1) in (49), we get the desired integral representation (46). O
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Theorem 10. The following Laplace type integral representation for Xg , in (41) holds true:

X8,p [Tr v, U,; ¢1/ (PZ/ ¢3/ X, y/ Z]

o 50
:r(lr)/o £ et Fy (=5 1; xt?) @y (05 go; yt) @p (0 P35 2t) dt (50)

(R(p) > 0; R(t) > 0 when p=0).

Proof. Applying the integral representations for the Pochhammer symbol (7)1, in (18) to (41),
and interchanging the order of summations and integral, we get

XS,p [T/ U/ Ul; 4)1/ (PZI (P3/ xr yr Z]
_L o (1 ) & Butmga—vip) ()"
- T(1) /o boe (Z (1) k! ) (Zo B(v,¢o—v)  m! (51)

k=0 m

" (i B(v' +n,¢3 —v';p) (zt)”) it

= B(v/, 3 — V') n!

Then, using the generalized hypergeometric function (1) ( with r = 0 and s = 1) and extended
confluent hypergeometric function (7) in (51), we obtain the desired result (50). O

Likewise, as in Corollary 2, we can deduce integral expressions for the extended triple
hypergeometric function of Exton in (41) by utilizing (19) and (20) on (50). This is stated in Corollary 3,
and we present the resulting integral representations here, without demonstrating their derivation.

Corollary 3. Each of the following integral representations holds true:

(g x "
Xs,plT, 0,041, ¢, 03, —x,y,2] = W (52)

x /O e (/) Dy (0o yt) (0 2t

and

T
X v, U/} 7 7 XY, 2 = —
S/P[ b1, P2, 3, %,y ] F(T) (53)

X /0 e 1y 1 (2V/xt) @, (v; s yt) ©p(V'; ;i 2t) dt,

Here all parameters and variables would be restricted so that the representations can be meaningful and
convergent: For example, R(T — ¢1) > =1, ¢1 € C\ Zggand x € C\ (—o0,0].

3.2. Transformation Formulas

This subsection derives transformation formulas for the extended Exton’s triple hypergeometric
functions Xs ;. One can consult [21] for transformations of certain hypergeometric functions of three
variables.

Theorem 11. Each of the following transformation formulas for Xg , holds true:

Xgp[T, 0,05 01, 92, 93; %, Y, 2

_ X z (54)
=(1-y) Xsp [T, 02— 0,V 1,02, ¢3; = / ;

y¥y-1"1-y]|’
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Xgp[T,0,0'; 91, 2, 93, %, Y, 2]
(1 _ T Y . x y z ) (55)
- (1 Z) X8,]ﬂ |:T/U/4)3 vl¢ll¢21¢3l (1_2)2/1_212_1]/
Xsp[T, 0, Vi1, 0, 93x,y,z) = (1—y—2z) 7
X Xeo | T, 00 —v0, 3 —V: . X y z (56)
8,p r(PZ r¢3 ,(Pl’q)z,(Pg’(1—y—Z)2’y—|—Z—1,y+Z—1 .

Proof. Applying the extended Kummer’s transformation formula (24) to ®,(v; ¢2; yt) in (50) and then
setting
t(l—y)=u and  du=(1—y)dt

in the resulting integral, we get the first transformation formula (54). A similar argument d>p (v’ ; P3; zt)
will establish the second transformation formula (55). Finally, using the extended Kummer’s
transformation formula (24), simultaneously, for both D, (v; ¢p; yt) and P, (V'; ¢3; zt), we obtain the
third transformation formula (56). O

3.3. Recurrence Relation and Generating Function

This subsection investigates a recurrence relation and a generating function for the extended
Exton’s triple hypergeometric functions Xs ;. One can see [22] for contiguous relations between certain
hypergeometric functions of three variables.

Theorem 12. The following recurrence relation for Xg , holds true:

XS,p [T/ U/ UI; 4)1/ (PZI (P3/ xr yr Z] = X8,]9 [T/ U/ U/; (Pl - 1/ (PZ/ (P3/ xr yr Z]
T(T+1)x , (57)
+ 7)(8, [T/U/U s P1 + 1/¢2/ 3, X, /Z}'
Proof. Applying the contiguous relation for the function oF; in (25) to the integral representation (50),
we obtain the desired result. [J

Theorem 13. The following generating function for Xs ,(x,y;z) in (41) holds true:

2 (A
Y (r,)r Xsp[A+1,0,0¢1,¢2,¢3:%,,2] 1
=0 (58)

(1 _ 1\ A /. . X Y Z
- (1 t) XS,p (A,U,U r¢11¢2/¢3r (1 — t)zr 1_ t/ 1_ t)

(R(p) 20, A €C and |t| <1).

Proof. Let £ be the left-handed member of (58). Using binomial theorem:

A=Yk (< 59)

r=0
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and (41), we have

L% (W< § (At Pacomen B+ m g2 —vip) B! 41,93 = v/p) xhy” >

= Py (p1)x B(v, ¢ — v) B(v/, 3 — V') k! m! n!
_ i i (/\)1’(/\ + r)2k+m+n B(v +m, ¢ — U;p) B(U, +n,¢3 — U',‘p) ikﬁi ﬁ
Km0 120 (¢1)x B(v, ¢ — v) B(v/,p3—v') k! m!nl r!

Employing the relation (A),(A + 1) ks man = (A + 2k +m + 1) (A)ogs 1y, We obtain

[ i i(}\+2k+m+n)r(/\)2k+m+n B(v+m, ¢y —v;p) B(v +n,¢3 —V'; p)

k,m,n=07r=0 (¢1)k B(U, ¢ — U) B(U/, ¢3 — U/)
xk ym LM
kU m!n! ot
_ (A)2ksmen B +m,¢o—v;p) B(v' +n,¢3 —0;p)
ko (@1 B(v, ¢ —v) B(v, 5 — V')

+k ym P 7
X oo Z(A+2k+m+n)r 7
Using the binomial theorem
[e9) tr
Y (A 2kt mn), = @A (] <),

r=0

we find

L= (1—8""* - ()\ 2k+m+n B(U +m, ¢ — U}P) B(U/ +n,¢3 — U’,‘p)
( t) kmzn 0 ((Pl B(U/ P2 — U) B(U/r ¢3 — U/)

(a1 y Nz
kKK\(1-t2) m!\1—-¢t) nl\1-t)’

which, in terms of (41), corresponds to the right-handed member of (58). [

4. Bounding Inequalities for Hy , and Xg

This section explores bounding inequalities for the extended Horn’s double hypergeometric
function Hy , and the extended Exton’s triple hypergeometric function Xg ;. The first auxiliary lemma
is a simple but sharp estimate [23, p. 224, Eq. (5.78)]:

P

e 0 =% (p>0), 60
Jmax (p=0) (60)
which can be proven by noticing that the function g(f) = — ﬁ has the maximum value —4 at t = 1

on the interval 0 < t < 1.

The following lemma provides an inequality which is readily verifiable using (3) and the
observation (60).

Lemma 2. Let p > 0and n, ¢ € Ry. Then

B(1,&p) <e ¥B(y,). (61)

Let R+ stand for the set of positive real numbers, both here and in other contexts.
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4.1. Bounds for the Extended Functions

The following theorem provides bounding inequalities for the extended Gaussian hypergeometric
Fp, the extended Kummer’s confluent hypergeometric ®;, the extended second Appell’s F,, the
extended Horn’s double hypergeometric Hy j,, and the extended Exton’s triple hypergeomtric function
Xs,p, by using their series representations.

Theorem 14. Let p > 0. Also let the numerator parameters be nonnegative real numbers and the denominator
parameters be positive real numbers. Further let the variables be nonnegative real numbers. Then

Fp(t,v;¢52) < e ¥ Fi (T, 05 ¢;2)

(62)
(z<lL¢>v,z=1,¢>1+0);
Dy (v;iz) < e D(v;¢;2); (63)
B(t,u,v;¢,¢x,y;p) <e ¥ E(t,0,v;¢,¢;x,y) ”
(x+y<1l,¢>v,¢ >0);
Hyplt, v, ¢ x,y] < e * Hylt, v, ¢'; x, 9] )
2Vx+y<1,¢' >v);
Xs,p[T, 0,01, ¢, ¢35 5,1, 2) < e Xs[T, 0,0 1, 2, P3: %, 9, 2] (©6)

2Vx+y+z<1, ¢ >0, ¢3>0).
Each equality of the inequalities holds when p = 0.

Proof. We prove only (62). Applying (61) to the extended Gaussian hypergeometric function (6), we
have
B(v+n,¢—v) 2"

. . 74 - =/ . N 4
Fp(t,v;¢;2) <e py;)(ﬂ" B(v,¢p—v) n!

= e Y ,F (1,05 2).
This proves (62). The other inequalities can be verified using an argument similar to the one presented
in the proof of (62). However, the specifics are omitted. [
4.2. Bounds Obtained via Integral Representations

In this subsection, we investigate the bounds of the extended Horn’s double hypergeometric
function Hy j, and extended Exton’s triple hypergeometric function Xg ,, which were introduced in
Sections 2 and 3, respectively. To accomplish this, we review and recall certain inequalities pertaining
to the generalized hypergeometric function, Bessel function, and modified Bessel function as follows:

e For bj 217 >0 (je 1,7) and x € R, the following Luke’s two-sided inequalities for ,F, hold
true (see [24, Theorem 16, Eq. (5.6)]):

eex <K (Tr/' Uy, x) <1l- 6(1 - ex)’ (67)
where
max
= S (68)
min v;

1<<r
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For ¢ > v > 0, the two-sided inequalities for Kummer’s confluent hypergeometric function
D (v; ¢; x) = 1F1(v; ¢; x) easily follows:

v

et < ®(v; ¢; x) < 1—%(1—6"). (69)

¢  Bounding inequalities for J, and I,

(i) Lommel’s bounds (see, for example, [14, pp. 31 and 406], [25], [26, pp. 548-549]);

1
(O <1,  [Jsa(f)] < 7 (v€ R, t €R) (70)
(i) Minakshisundaram and Szdsz bound (see [27, Eq. (1.8)]; see also [28, pp. 36-37]; cf. [14, p.
16]);
1 1A%
Jo()] < Tw+D) \ 2 (v=0, teR) (71)
(ili) Forv > 0and t € R, Landau bounds [29]
Jo(t)] <bLv™Y3, b := V2supAi(t), (72)
t>0
o] <erlt ™3, eri=suptfo(t), (73)
0
where Ai(-) stands for the Airy function
. Tt
Ai(t) = T4 (e {20372 4 s {20792 7
(iv)  Olenko bound [30, Theorem 2.1]
s, T 3t}
stlig\/ﬂ]v(tﬂgbL v +m+m:: do, v>0, (75)

where 77 is the smallest positive zero of the Airy—function Ai in (74) and by is the Landau’s
constant in (72). This bound is asymptotically precise, and the constant by, is the best possible.
(v)  Luke [24, Eq. (6.25)] gave the following inequality for the modified Bessel function I;:

(2)"

L(t) < Tt D) cosht <t >0, u> —;) . (76)

The following theorem states and proves our second set of findings for bounded inequalities of
Hyp.

Theorem 15. The following inequalities hold true:

¢
! I'(¢) I'(T — 1) x|z
H4,p[T,v;q>,gb;fx,y]‘g (¢) (Turﬁg’e‘;)lxl

(77)
x {1 _ %{1 —(1—y) T 1Y

doi:10.20944/preprints202304.0844.v1
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p>0,7T+1>¢>1,¢'>v>0,x20,y<1;
{pzo,r+1>4>>1,4>’>v>0,0<y<1,2 |x|+y<1}'

. : T@T(r—g+1)b 2
[Hayleeig.9'—2]| < Vo —1T(1)e* (78)
v _ _
x[l(p,(1(1y) T+ 1)]
{p>0,r—|—1>4>>1,cp’2v>0,x20,y<1; }
p=0,7+1>¢>1,¢'>v>00<y<12¢/|x|+y<1 '
where
! = V/2sup Ai(2V/xt);
[21]
1-4 3
H o9y < et ? 2 79
fupte o gl < « {<l—zﬁ>f+<1—2f—y>f )

1 1
{p>0,r>0,<p>§,<p’>v>0,0<x<;,2\/%+y<1}.

Proof. Applying the estimate (63) in Theorem 14 to the integral representations (21) and (22),
respectively, we obtain

Rl ::{ ’H4,P[T1U;¢l¢/; —x,y” }
|H4,p[T/ v; P, ¢’ %,y

C(@)e™ ™ i) [Jp-1(2Vx1)] .
<r<r>\x|‘”zl/0 o ¢{ a2 }q’“"”'}”)dt

(80)

Employing Luke’s upper bound (69) in (80) gives the following estimate:

@ e ™ 1 4| [Jp12vat)] v ]
ngl“('c)|x|¢%1 /o o ¢{ |Ip—1(2v/xt))| } [1 AL }} W=k 51

Using the first one in (70) in the first one of R; in (81), we find

L(p)e o T—¢ [ v t }
Ry < ———— t 1—-—{1-¢e"}] dt,
S o b ¢ A

which, upon employing (2) and the following integral formula:

/ e Ml dr = F(f) (R(t) >0, u>0) (82)
0
to evaluate the right sided integral, and combining the resulting inequality into (81), yields the desired
inequality (77).

By utilizing the first Landau’s result ((72), we can derive the inequality (78) in a manner similar to
obtaining inequality (77).
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Applying the inequality: cosht < ¢! (t € R) to (76) offers the following inequality:
3" 1
L (t —— t —=
”()<ITV+4)6 >0, u>—51,
which gives
e 1
Ip—1(2V/xt)] < T 2V <x>0,t>0, >>. (83)

Employing (83) at the second inequality of (80), using similar process as in the proof of (77), we get the
inequality (79). The involved details are omitted. [J

The following theorem states and proves our third set of findings for bounded inequalities of

Hy ).

Theorem 16. The following inequalities hold true:
Fort>0,v>0,¢>0andx >0,y <1, we have

|H4,p[T,v,v’;<p,cp’; —x,y]| < e ¥ {1 - %(1 —(1 —y)_T) } (84)

Fort>0,v>0,¢>1and x>0,y <1, we get

I T —4p
‘H4,p[T,v;(P,<P;—x,y]’ < Wli)(;
¢,1
o [(t—¢+3) {17—/ <1(1y)—r+¢—§) }
S ; -

dox¢§ & (r—4>+ ){1—%1—(1—3/)*”4’7%)}'

where the first bound needs additional restriction 3t — 3¢ + 1 > 0, while the second one needs additional
restriction 2T — 2¢ +1 > 0. Also, in view of (9), when p = 0, we assume that 2+/|x| + |y| < 1.

Proof Here we first see that the estimates of Bessel function in (71), (73) and (75) are of the magnitude
[Jp—1(t)| < Ct* where € € {W’ cr,do}andx € {¢p —1,—1,—1}, respectively. Now applying the
estimate (71) in Theorem 14 to the integral representation (21), denoted by R’, gives

1:=|Haplt,0;¢,¢"; —x,y]|

4p oo 86

<%/0 e T [Jpo1 (2V/xt)| @(v; ¢ yt) dt %
I(7) [x]2

/ Q: _4pr l—ngK o e

R, < ¢ l(jé?’) /0 e Th ‘P{l—(;,(l—eyt)}dt

e T(9) = v ® b= U [T —(-y)tr—¢

- G G—W)Aet &+$Ae Vit dt

_ () LA

B A A B B A A e

_ & Prlg) . Frtr=¢+1) {1—4)(1—(1—3/)”*4’)}.
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Then, choosing € = ,c,doandxk = ¢ —1, x = —%, —%, we realize the bounds affiliated to

1
20711 (¢)
the Minakshisundaram and Szész, the second Landau’s and Olenko’s estimates, respectively, given in
Theorem 16. [

Bounding inequalities for Xg, can be obtained using an argument similar to the one used in
Theorem 15. The following theorem presents the first two results in parallel with those in Theorem 15.

Theorem 17. The following inequalities hold true:

T(p)T(r—¢1 +1) Ml%

’Xg,p [T/ v, U/; (Plr 4)2/ 4’3/ —X, ]/, Z] ‘ <

I'(7)etr
x [1- é (1- =y ) - é (1- =z ™) (87)
+ ;21;3 (1 —(1- y)—r+¢2—1 —(1- Z)—T+¢2—1 —(1-y- Z)—T+¢2—1):|

{p>0,r+1>¢>1,¢z’>v>0,x>0,y<1;

p=0,7T+1>¢>1¢ >v>00<y<1,2 |x|+y<1},

(¢1)T( — g1 +1) b x| 7
Jp—1T(t)er

% [1 . é (1 —(1- y>f'r+4>271) _ é (1 —(1- Z)*TJrqbzfl) (88)

r
’Xg,p [T/ v, U/,' 4)1/ 4)2/ 4)3/ —X, ]/, Z] ‘ <

v’

P23
{p>O,T+1>¢>1,cp’>v>0,x>0,y<1;

4 (1 _ (1 _ y)fer(pgfl _ (1 _ Z)7T+¢271 _ (1 —y— Z)7T+¢271)]

p=0,T+1>¢>1¢ >v>00<y<1,2 |x|+y<1}’
where
I = V2sup Ai(2y/xt).
20

Proof. Applying the estimate (63) in Theorem 14 to the integral representation (52), we obtain

RY == |Xs [T, 0,091, 2, 3 —x, 1, 2]|

L(p e o , (89)
< %/ e T [, 1 (2Vxt) | @p(v; s yt) Pp(V'; 3 2t) dt.
T(7) x| 7z 70
Employing Luke’s upper bound (69) in (89) gives the following estimate:
R/ < I'(¢1) et ooe—t T
L= 71 o
I'(7)[x| 2 (90)

X | Jr1(2v/x8))| [1—(;’2{1—(:%}] [1—;’);{14”}} dt =: RY.

Using the first one in (70) in the first one of R} in (90), we find

Ry < L0 [Tetin [142{1&}} [1;’;{1&@} d,

-1
r(t) |x| "
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which, upon employing (2) and the following integral formula (82) to evaluate the right sided integral,
and combining the resulting inequality into (90), yields the desired inequality (87).

By utilizing the first Landau’s result (72), we can derive the inequality (88) in a manner akin to
obtaining the inequality (87). [

5. Concluding Remarks

In 1997, Chaudhry et al. [1, p. 20, Eq. (1.7)] introduced and explored the p-extended Beta
integral (3) of the classical Beta function (4). The p-extended Beta integral (3) is proved to be connected
to the Macdonald, error and Whittaker functions. Since then, a number of such p-extensions of
the hypergeometric function and its various generalizations of one and several variables have been
presented and investigated (see, for example, [7], [8], [23]).

This paper explored extensions Hy , (9) and X3 j, (41) of Horn’s double hypergeometric function Hy
(10) and Exton’s triple hypergeometric function Xg (42), taking into account recent extensions of Euler’s
beta function, hypergeometric function, confluent hypergeometric function, two variable Appell’s
hypergeometric functions F; and F, and three variable Lauricella’s hypergeometric function FS). Out
of the many extended hypergeometric functions (see, for example, [9, Chapters 2 and 3]), the primary
rationale for selecting Hy and Xj is their comparable extension type (see Remark 3). We presented
various integral representations of Euler and Laplace type, Mellin transforms, Laguerre polynomial
representation, transformation formulae and a recurrence relation for the extended functions. In
particular, we provided a generating function for the X3 , and several bounding inequalities for the
Hyp and Xg .

We conclude this paper by providing a differential equation and posing a question as follows:

e The following differential equation is derivable from (3):

n

d
WB(%J/}P) =(-1)"Bx—my—mp) (p>0, neNy). (91)

¢ Can other bounding inequalities for the Hy , and Xg , be given?
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