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Abstract: The evolution of even and odd Schrodinger cat states of the inverted oscillator is obtained
in the center-of-mass tomographic probability description of the two-mode oscillator.The notion of
entangled probability distribution is reviewed. Evolution equations describing the time-dependence
of probability distributions identified with quantum system states are discussed. The connection
with the Schrodinger equation and the von Neumann equation is clarified.
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1. Introduction

In conventional formulation of quantum mechanics [1] the states of the quantum systems are
identified either with vectors |i) in Hilbert space [2] or with density operators p acting in the Hilbert
space [3]. The vectors in the Hilbert space are associated with wave functions (x) of pure quantum
states and the density operators are associated with pure or mixed states described by density matrices
[4] or matrix elements of the density operators in some representation. There were constructed
different other representations of quantum states like e.g. Wigner functions W(gq, p) which are
quasiprobability distributions [5,6] which have some properties of probabilistic distributions. In
classical mechanics the system states are identified with probability distribution functions and their
properties are described by conventional probability theory [7]. The probability theory is used also
to study different aspects of quantum system properties [8] as well as in connection with quantum
mechanical methods applications to other areas of science [9]. Some new aspects of quantum system
correlation properties like entanglement phenomena were discussed in [10,11]. The entanglement
phenomenon in quantum physics provides possibility to apply this notion also in classical probability
theory [12]. The conventional probability distributions determining the quantum system states were
considered in [13] and this representation is called probability representation of quantum mechanics
(see also [14-16]).

The tomograms and the entanglement phenomenon in the two mode squeezed states and
two-mode even and odd coherent states were considered in [17]. Stimulated Raman scattering
and stimulated Brillouin scattering of light were considered in the frame of symplectic tomography
scheme in [18,19]. Also the entanglement phenomenon at the processes of stimulated light scattering
of different types and its connection with the probability distribution functions determining the states
of photon and phonon modes was discussed [18-21]. In [22] the evolution of different kinds of states
in the Kerr medium including maximally entangled states were threoretically stidued in the frame of
optical tomography scheme (which is partial case of symplectic tomography scheme). The unstable of
reconstructed tomogram determining the state was considered in [23] in the connection with the Radon
transform properties. In [24] it was shown that in classical mechanics can be introduced the Hermitian
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operators and the concepts of classical mechanics can be formulated in the language analogous to
quantum mechanics language. New fundamental aspects of quantum mechanics based on groupoid
approach are investigated in [25]. In [26] the evolution of states of system containing quantum and
classical parts was studied. The cosmology features were considered in the frame of probability
representation of quantum states in [27,28]. The density matrix properties using the symplectic
representation of quantum mechanics are given in [29]. Some tomographic methods, quantization
based on associative star-product of functions, applications of these approaches to different kinds of
experiments were discussed in [30-39].

The idea to construct the probability representation of quantum states is based on the method of
mapping operators onto functions called symbols of operators. This method is the same method which
is used to construct the Wigner function [5] and other quasidistributions like the Husimi function [40],
the Glauber-Sudarshan function [41,42].

The aim of the paper is to study properties of the probability representation and to consider
the probability distributions describing the quantum states in the case of continious variables. We
will consider dynamics of the quantum oscillator states as dynamics of the probability distributions
including the superpositions of the wave functions and the superposition principle. Also some
examples of the probability distributions for continious variables (called tomographic probability
distributions) will be studied for quantum oscillator systems.

The paper is organized as follows. The notion of entangled probability distributions describing
the quantum states in probability representation of quantum mechanics is discussed in the Section
2. Specific example of entangled probability distribution for a two-mode oscillator is considered in
the Section 3. The time-dependence of states in different representations of quantum mechanics is
described in the Section 4. Probability representation of quantum states is described in the Section
5 using the method of quantizer-dequantizer operators as well as the evolution equation for the
probability distributions and other functions corresponding to quasiprobability representations of
system states. Symplectic tomography of oscillator system states is discussed in the Section 6 and
dynamics of operator symbols for the Hamiltonians which are quadratic forms of position and
momentum operators are considered in the Section 7. The center-of-mass tomography and dynamics
of the Schrodinger cat states of the ordinary and inverted two-mode oscillators including explicit
expressions for time evolution of the center-of-mass tomography are obtained in the Section 8. The
conclusions and prospectives of the probability representation pf quantum mechanics for studying
entanglement and dynamics of quantum system states are presented in the Section 9.

2. Entangled Probability Distributions of Random Variables

Following [12] we introduce concept of separable and entangled probability distributions using
the notion of entangled states in quantum mechanics and introduced in [13,14,43] notion of probability
representation of quantum states. In this representation for a quantum system the density operators
of separable states can be written as convex sum of tensor products of the density operators of the
subsystems. Using the probability representation of the density operators we formulate the new notion
in conventional probability theory on example of probability distribution of two random variables
which are obtained using the invertable map of the density operators onto the probability distributions.
Definition: the conditional probability distribution P(X7, X»|a1,47) is called separable if it can be
represented as convex sum of the probability distributions P*) (X |a;) and P®) (X;|ay) of the form

k k
P(Xy, Xalar,a2) = Y. PeP (X1]a1) PV (%3] a). (1)
k
Here P(X1, Xa|a1,a2) > 0, Py(X1]ay) > 0, P2(Xz]az) > 0, coefficients P, > 0, Y; Pr = 1 and

/P(X1,X2|ﬂllaz)dX1dX2 =1 2)
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The probability distribution P(Xj, Xz|a1,az) is called entangled probability distribution if it cannot be
presented as the convex sum of the form (1), i.e.

P(X1, Xo|a1,a2) # ZPkP (Xq|a1)PYY (Xa|as). ®3)
For separable probability distribution

/P(Xl,X2|a1,a2)dX2 = Y PP (Xy]ay) 4)
k

and
/P(X1,X2|ﬂllaz)dxl - Z’pkpék)(xzmz)_ ®)
k

For entangled probability distributions we have the probability distribution IT(X;|a1) as the integral
4)
/P(Xl,X2|a1,a2)dX2 :H(X1|a1), (6)

and it cannot be presented as a convex sum like in (4).

3. Examples of the Entangled Probability Distributions

The entangled probability distribution can be related to probability distributions realized by using
the superposition principle of quantum state wave functions, for example, the superposition of Fock
states like state of two-mode oscillator with the wave function. We consider the very simple model of
state ¢(x1, x2) of the form

2 2
P(x1,x2) = \2 (o (x1)1(x2) + 91 (x1)9ho(x2)) = xv%xz exp <—le - 2) : 7)

The function (7) is the superposition of wave functions of two-mode oscillator. The functions |y(x7))
and |o(x2)) are ground states of the first and second oscillators, i.e.

2 2
M 2
e~ 2 e 2

Po(x1) = i/ Po(x2) = e 8

and the function 1y (x1) is the first excited state of the first oscillator and ¢y (x;) is the first excited state
of the second oscillator, i.e.

P1(x1) = \[175641 -3, P1(x2) = \7{15642 7%2- )

Using the relation between the symplectic tomogram and the wave function [44]

w(X1,X2|ﬂ1,l/tz, vy, 1) =

) iX1x1  iXpxo
- dx1d
/ l[) X1, X2 exp( + 2U2x 20, 20, > x1dxo

2
, (10)

47r2|1/1 [|va|
one can obtain the explicit form of the conditional probability distribution w(X, Y|u1, v1, pia, v2), i.e

(V3 4 p3) X2 +2 (v1vy + papin) X1 Xo + (v + pi2) X3
7 7
m (v +13)°2 (3 +13)°

w(Xll XZ‘#lrvl/ l’l2/ VZ) -

2 2
o Xl o XZ
v p+vs

X exp (11)



https://doi.org/10.20944/preprints202304.0795.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 April 2023 doi:10.20944/preprints202304.0795.v1

40f 15
For particular case v; = v, =1, pj; = pup = 0, one gets
(X1, Xalu1 = 0,01 =1, 10 = 0,15 = 1) = %(m + X5)exp (—X% - Xg) . (12)
One can check, that the function w (X1, Xo|p1, v1, 2, v2) (12) satisfies the condition
//w(X1,X2, |1, v1, po, 12)dX1d X, = 1. (13)

As we know, this probability distribution function corresponding to superposition of the wave
functions (7) determines the quantum state which is entangled state. Due to this we call this
probability distribution entangled probability distribution. In quantum mechanics the wave functions
of two—-mode oscillators which are obtained by means of superposition of two different wave functions
are entangled pure states. In connection with this the tomographic probability distribution is described
by the probability distribution function (11) and it cannot be represented in the form of equation (1).
On the other hand the integral

XZ
exp ( 7 2) 2
ptv 1 X
W(thll,l/]) = /w(Xllxz‘]’llrvlri'lZ/VZ)dXZ = S [ 2 1 2 (14)
242y |2 wp+v
m (ug +v7) 11
One can check, that
/w(Xl\yl,vl)Xm ~1. (15)

This function w(Xy|p1,v1) (14) is marginal conditional probability distribution of position X; which is
the position of the first oscillator and the conditions are labeled by the real parameters 1, v1. Also, if
we repeat analogous calculations for the second oscillator we will get

XZ
()
Hytv 1 X
w(Xa|p2,v2) :/w(X1,X2|V1,V1,V2,V2)dX1 = 22 [2+ 2| (16)
7 (p3 +13) Hy t V)
One can check, that
/w(Xz‘]/lz,Vz)dXZ =1. (17)

This function w (X |2, v2) is marginal conditional probability distribution of position X, which is the
position of the second oscillator and the conditions are labeled by the real parameters yy, vs.

The function (11) is probability distribution function, it has the form of sum of three functions
which contain product of Gaussian function and different terms of position products of X; and X».
The two terms are the probability distribution functions. The third term which is obtained from the
integral (10) is not probability distribution function but being added to two terms mentioned above it
gives the function which is the probability distribution (tomographic probability distribution).

4. Evolution of States in Different Representations

Let us remind the description of quantum state dynamics in the Hilbert space H where the pure
quantum state is associated with the state vector |i) [2] and the other states including the pure states
are also described by the density operators p [3,4] acting on the vectors in the Hilbert space H. The
dynamics of the states is described by the Schrodinger equation (i = 1)

Ay _
S~ A, (18)
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where H is the system Hermitian Hamiltonian (H = H*).
For time independent Hamiltonian the state vector |i) evolves by means of the evolution operator
ii(t) = exp(—iHt) of the form

(1)) = a(t)|p(0)), a(0) =1. (19)

For the pure state with the state vector |¢(t)) the density operator is given by the formula p(t) =
[p(t))(p(t)| and the Sherédinger equation (19) provides the equation for the density operator of the
form (the von Neumann equation)

PP g1(1)) (0] ~ o) (w0 A 20)

This equation is also valid for mixed state with the Hermitian density operator p(t) =
Yok Al (2)) (i (t)|. Here the parameters Ay are probabilities describing mixed states. The equation
can be given in the following form

8‘27(:) +i[H,p(t)] = 0. (21)

The solution of this equation corresponding to the solution of the equation (19) reads

p(t) = a(t)p(0)a* (). (22)

The operators like position § and momentum p operators in the Heisenberg representation, namely,
Gu(t) and py(t) are given as follows

Gu(t) = a'(t)gat), pu(t) = a'(t)pa(t). (23)

The integrals of motion 4o (t) and po(t) which have the initial values §o(t = 0) = § and po(t =0) = p
and satisfying the equation (21) are connected with the Heisenberg position and momentum operators
for time independent Hamiltonian by the relations

do(—t) = qu(t), po(—t) = pu(t). (24)
The stationary states of a system | (t)) satisfying the Schrodinger equation (18) have the form
[Ye(t)) = a(8)[¢e(0)) = exp(—iEt)[¢E(0)), (25)

where the vector |£(0)) is the eigenvector of the Hamiltonian operator, i.e.

H|pe(0)) = E|ypE(0)). (26)

The eigenvalue parameter E describes the energy level of the system. The superposition principle of
quantum states means that the vector | (t)) of the form

lp(t) = ;CkWEk(t»/ (27)

where Cy are complex numbers, is the solution of the Shrodinger equation (18). Also it means that the
density operator p(t) of the form

ﬁ@zZ;Q%Wmmw%wl (28)

k
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is the solution of the von Neumann equation (21). Also it means that due to equations (25) and (26) we
have

ZZCkar exp (i(Ex — Ex)t) [¢E, (5) (e, ()], (29)

or
(1) = Y2 1Ce Pl (0)) (9, (0)] + 1 1 Cerexp (i(Ex — By )t) I, (0)) (i, (O)]- (30)
k k K2k
The dynamics of the state density operator is determined for all the states which can be represented as
superpositions of energy level states by the formula (30) since the vectors |, (t)) form the complete
system of vectors in the Hilbert space H.

5. Probability and Other Representations of System States

Now we consider different representations of quantum states using the formalism of
quantizer-dequantizer operators D(¥) and U(%) [45], where X is a set of parameters (x1, Xy, ..., %)
such that the density operators p can be mapped onto the set of functions f,(¥) which are named
symbols of operators of the form

fo(%) = TrpU (). (31)

The operator U(X) is a dequantizer operator. The density operator can be reconstructed from the
symbol of density operator with the help of inverse transform

6= [ fo(®)DR)dz. (32)

The operator D(¥) is a quantizer operator. All the state representations like Wigner function [5], Husimi
function [40], Glauber-Sudarshan function [41,42] and corresponding symbols of other operators are
formulated using corresponding quantizer—dequantizer operators. Thus, the quantum mechanics can
be formulated using the formalism of operators acting in the Hilbert space onto its symbols which
contain the same information about quantum states. One can transform the quantum mechanics
formalism and obtain equations (differential or integral) for the density operator symbols. Important
novelty is that the possibility of describing quantum states by conventional probability distributions
exists [43,46].

All the known quasidistribution functions are obtained using different pairs of a quantizer
operator D (%) and a dequantizer operator U(¥), where ¥ = x1,xy,...x,. These operators give the
possibility to map the operators A acting in the Hilbert space where position § and momentum p act,
due to following generic map of operators A — f(¥) given by the formula for the function f4(%¥)
called symbol of the operator A

fa(®) =Tr (AU(R)). (33)
The inverse transform f4(¥) — A is given by the formula

A

/fA X)D(¥)d% (34)

where quantizer operators D(¥) provide the possibility to reconstruct the operator A if its symbol
fa(¥) is known. The map given by Egs. (33), (34) provides the p0551b111ty to introduce the star—product
of functions f4(¥) and fg(¥) which are symbols of operators A and B. The symbol of operator AB is
given by the formula

fap(%) = Tr (ABU(Z)). (35)
Using the relations (33), (34), (35) the star—product of the functions f4(X) and fp(X)

(fax f8) (X) = fap(¥) (36)

doi:10.20944/preprints202304.0795.v1
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is presented in the integral form
(faxfp) ( /fA X1) fp(X2)K(%1, Xp, ¥)dX1dX,, (37)
with the kernel which is easy to express in terms of quantizer-dequantizer
K(%,%, %) =Tr (D(%)D(%)U(%)) . (38)

Since the product of operators is associative, i.e. ((AB)C) = (A(BC)) the star—product of symbols of
the operators is also associative.

One can use the formalism of quantizer-dequantizer operators to write the evolution equation
for symbols of density operators. For example, the von Neumann equation for the oscillator density
operator f(t) is written in the form (weuse m = w = h = 1)

D i (BOR) ~ pOAW) =0 )

Here f(t) has the symbol £, (¥, t) and the Hamiltonian operator H(t) has the symbol fy(%,t), where
we consider the symbols for arbitrary quasidistributions corresponding to quantizer—dequantizer
operators. Then Eq. (39) takes the form

WﬁLi(fH*fp_fp*fH) (X,t) = 0. (40)

The equation for evolution of density operator symbol for given Hamiltonian H(t) has the general
form of integral equation

ofp(%, 1)
ot

—i—i/ (fa (X1 t) fo(Xo,t) — fo(R1,t) fr(Xa, 1)) K(Xy, Xp, X)dX1dX, = 0. (41)

Here the symbol of the Hamiltonian fy; (%, t) = Tr (H(¢)U(%;)) and the symbol of density operator
fo(%o,t) =Tr (ﬁ(t)l:l(ic'z)) . Using (31), (38) and (41) one has

Y& / (7)) Te (O () — Tr (H(00(E)) Tr ()0 (52))]
><Tr( (#)D (%) ())dxldfzzo. 42)

The equation (42) can be written in the form of kinetic equation for a probability distribution function

Ifp(X, p

+l/fp X, )IC(X, Xy, t)dXy = 0, (43)

where
K(Z, %o t) = / (K(R1, To, %, 1) — K(Fo, 71,3, 1)) fir (R, £)dFs, (44)

and the symbol of density operator f,(X,t) is a probability distribution. For symplectic tomogram the
inverse quantum Radon transform reads [47]

b= % [ w(Xlv)exp (i(XT — g — vp) dXdpv. (45)

It means that the quantizer operator for the symplectic tomography method has the form

. 1
D(X|u,v) = 5 exp (i(X1 = pg —vp)). (46)
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Thus, we have ¥ = X, u, v and the dequantizer reads
U(X|u,v) =6 (i(X1 - ug —vp)) . (47)
The kernel describing the star—product of the operators in symplectic tomography is expressed as

follows

1 R A .
=2 lexp (1(X11 — p1g — v1p))

x exp (i(Xo — pod —v2p)) 6 (i(X1 — ug —vp))] - (48)

K(Xl/ Hi,v1, XZ/ U2,V2, X/ u, V)

In an explicit form it reads

1
K(X1, p1,v1, Xo, plo, v2, X, i, v) = H& (u(v1 +12) —v(p1 + p2))

X exp (;(Vlﬂz —vop +2X1 +2X5 — Zvljsz)) ) (49)

In the case of a harmonic oscillator in the tomographic probability representation the symbol of density
operator p(t) is given by the probability distribution function, (¥ = X, u,v),

wo(X|p,v,t) = fo(X,t) = Trp(t)d (Xi —ug—vp), (50)

The Hamiltonian H can be mapped onto its symbol

fa(X,p,v) =Tr (H6(X1 — pg — vp)) . (51)

The symplectic tomogram (50) is symbol of the density operator p and it is the probability distribution
of position X [13] depending on extra parameters determining the reference frame in the phase-space
where the position X is measured. For symplectic tomography the integral linear equation (43) has the

form
ow, (X|u,v,t .
% +1/wp(X2|;42,1/2,t)lC(X, 1, v, Xo, t2, va, t)dXodppdvy = 0. (52)
Here
K(X,p1,v, Xp, 42,12, 1) = (53)

J [K(Xq, p1,11, X2, pia, v, t) — K(Xo, o, v2, X1, p1,v1, )] fr (X1, pa, va, t)dXqdpgduy.
The product of operators A - B is mapped onto star-product of their symbols
(AB) +» (AxB)(X,u,v) = Tr (ABS(X1 — pg —vp)) (54)
with the kernel of the star product defined by means of the expression

(A*B)(X, 1,v) =

55
J A(Xq, p1v1)B(Xo, pio, v2)K(X1, pave, Xo, i, vo, X, p, v)dX1dXodpy dppdvidvs. %5)

This formula is application of general formula (38) for the kernel of star-product of symbols. This
formula can be used to study the entaglement phenomena of states which are superpositions of
two-mode oscillator states.
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6. Symplectic Tomography of Oscillators

One can calculate the tomographic probability distribution w(X|u,v) called the symplectic
tomogram of the state with density operator p|,) = [¢) (| using the formula analogous (10) expressed
in terms of wave function ¢(y) of the pure state in position representation which reads [44]

_ 1 U A
wyy (X[, v) = 0] /lp(y) exp (2# ” )dy (56)
The function is nonnegative and satisfies the normalization condition
/ gy (X[t v)dX = 1. (57)

The physical meaning of the real parameters y and v is that they due to using 6(X1 — ug — vp)
determining the dequantizer U(x) as delta function describe the axes of reference frames in phase
space of position § and momentum p where the position X1 = ug + vp is measured. Thus the
tomogram w(X|u, v) is the conditional probability distribution determining the density operator for
the state. If = 1, v = 0 it is the density matrix diagonal elements p(g9) and for y = 0, v =1
tomogram is diagonal matrix element p(pp). It means that if one knows probability distributions of
position and momentum in all the reference frames in the phase space the state (state density operator)
is known.

In the case of two-mode oscillator the relation between the symplectic tomogram and wave
function of the state are done by equation (10) . Using (10) one can obtain the symplectic tomogram of
the ground state of two-mode oscillator in the explicit form

wO(Xll XZ |ﬂl/ VZ/ V1, UZ) =

1 X2 (X2 >
Xp\~ 5 2 2.2 (58)
NN (7

and the tomogram of coherent state of two-mode oscillator in the Gaussian form

1 <
Xpl =5 > 2.2
NN dod

wa (X1, Xo|p1, g2, v1,12) =

(X —X1)?  (Xp— Xz)2> . (59)

where X7 = v2p Rea + v2v1Ima, X, = v2usRea + v/2vpIma, a is complex number.

7. Dynamics of oPerator Symbols for Hamiltonians Quadratic in Position and Momentum

Let us discuss the probability to find the tomographic probability distribution evolution for
the systems with Hamiltonians which are quadratic forms in position and momentum operators.
Such systems have integrals of motion which are linear in position and momentum operators.
Also the position and momentum operators 4y (t) and py(t) are linear forms of the position § and
momentum p operators with time-dependent coefficient [48]. Due to this we can explicitly obtain
the time-dependence of the tomographic probability distributions describing the quantum states and
corresponding to solution of the Schrodinger equation for wave function and the von Neumann
equation for the density operators. The idea to get the solution of these equations was formulated
in [43,46]. It is based on the following observation. Since the system state tomogram is given by
the symbol of the density operator p(t), i.e. (50), where the density operator evolution for the von
Neumann equation is described by the evolution operator #(t), i.e. p(t) = 7 (t)p(0)it(t) the symbol
of the density operator can be rewritten in the form Tr (5(0)6(X — uat' (t)ga(t) — va® (t)pi(t)) . Here
at(t)ga(t) = gy (t) and a4t (t)pii(t) = pu(t) are the Heisenberg position and momentum operators.
Such property takes place also for multi-mode systems with the Hamiltonians which are any quadratic
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forms in position and momentum operators, for example, for two-dimensional oscillators both ordinary
ones like 5 ) ) 5
POC: L S S

>ttt (60)

and for two-dimensional oscillator both inverted ones like

2 22 2 A
H(2):ﬁ+&_@_ﬂ (61)

2 2 2 2°

The Hamiltonian H, corresponds to the motion of the inverted oscillator. For such Hamiltonians one
has time-dependent Heisenberg operators of position and momentum of the form: for the ordinary
oscillator with the Hamiltonian (60)

Gy (t) = cost gy +sint-p1, fya),(t) =cost-ga +sint - po, (62)

P, (t) = —sint- g1 +cost-p1,  Pya),(t) = —sint-do + cost - po; (63)

for the inverted oscillator with the Hamiltonian (61)
dye4(t) = cosht -4y +sinht-p1,  qye) ,(t) = cosht- g, +sinht - po, (64)

Pr@,(t) =sinht- gy +cosht-p1,  Ppe ,(t) =sinht- g 4 cosht - po. (65)

Developed formalism provides the possibility to obtain the description of time evolution for all the
multi-mode systems with time-dependent quadratic Hamiltonians. For such systems the Heisenberg
position and momentum operators are linear forms with time dependent coefficients of usual positions
and momenta.

8. Center-of-Mass Tomography
Let us introduce a dequantizer operator for two-mode oscillator H(Xl, Xo, 1,1, M1, v2). Then the
symplectic tomogram reads

w(Xy, Xo|pa, va, po, v2) = Tr (06(Xa 1 — pady —1191)8(Xo1 — pado — 12p2)) - (66)

The dequantizer operator U (%) in the case of the symplectic tomogram is (X1 — 14y — v1p1)6(Xo1 —
G2 — v2P2). The density operator can be reconstructed from the symplectic tomogram with the help of
the quantizer operator D (X, Xo, 1, g2, V1, v2) = 41? exp(iX11 —p1g1 —v1p1) exp(iXal — pody — vapa).
Then the symplectic tomogram of the first mode of oscillator is related to (66) as

w(Xq|p, 1) = /w(X1,X2|H1,V1,V2,V2)dX2- (67)

There is another type of tomography, named the center-of-mass tomography. It was introduced
in [49] and developed in [50,51]. In the center-of-mass tomography the state is determined by the
center-of-mass tomogram. The center-of-mass tomogram is a symbol of the density operator

Wem (X|p1,v1, pa,v2) = Tr (06 (X1 — urgy — v1p1 — pado — v22)) - (68)

The random variable X we named center-of-mass coordinate which is measured in phase space in
rotated and scaled reference frames which are determined by parameters ji1, v1, pi2, V2. The dequantizer
operator in the center-of-mass tomography is

U(X, p1,v1, p2,v2) = 6(X1 — padh — vipr — pada — v2p2). (69)
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The density operator can be reconstructed from the center-of-mass tomogram with the help of the
quantizer operator D (X, pi1,v1, p1,12), i-e.

A 1 - 5 . A N
=1z / Wem (X|p1,v1, pav2) exp (i (X1 — p1g§ — vipr — podo — vapo) ) dXdpydvidppdvy. (70)
The center-of-mass tomogram of odd and even coherent states is of the form

Wem,n (X|,u1/ V1, U2, VZ) =

\/E\/;Nz(oc) [exp <—(X — \[ZReoqyl — \fZReoqyz —V2Imaqvy — \fZImazl/z)z/O')
I

+exp (—2|1x1| —2|ap| — (X — ivV2Imag py — ivV2Imaopy + iv2Reay vy + i\/ﬁRezxzvz)Z/U)
+exp (—2|vc1| —2|an| — (X + iV2Imay py + iv2Imagps — iv2Rea;vy — i\ﬁReﬂézl/z)z/U)
+ exp (—(X + V2Rew i1 + V2Rewopiy + v2Imag vy + \@Imwzvz)z/a)] , (71)
where o = p? 4 p3 +v2 +v3 and N3 (a) = 2 (1 +exp(—2|a1]|? — 2|az|?)). These tomograms (71)
are the images of the nonclassical even and odd coherent states in the probability representation of
quantum mechanics.
Following the method described in Section 7 we obtain the time-dependent center-of-mass
tomogram of Schrodinger cat states. It means that in formula (71) we have to replace 1, v1, ji2, v2 by

time dependent Heisenberg parameters in the case of evolution with the Hamiltonian of ordinary
oscillator (60) of the form

My, = p1cost —vysint,  pya), = ppcost —vpsint,

Vg = M1sint +vicost, vy, = ppsint + vy cost. (72)

So, one has for the initial center-of-mass tomogram of odd and even state given by (71) after the
evolution with the Hamiltonian (60) the explicit expression

Wema (X, p1,v1, Yo, Vo, 1) =

\/%\/ElNz() [exp (—(X — \@Real(yl cost—vysint) — \@Reoq(yz cost —vpsint)
7 (a

—V/2Ima (pq sint + v7 cos t) — v/2Imay (pp sin t + v, cos t))2/¢7>
+exp (—2|0c1| —2|ag| — (X — iv2Imay (g cost — vy sint)
—iv/2Imay (pip cost — v sint) 4 iv/2Reaq (pi sin t + vy cost)
+iv/2Reay (g sin t + 15 cos t))2/0>

+exp (*2|061| —2Jap| — (X + i\fZImal(yl cost — vy sint)
+iv/2Imay (jp cos t — vy sint) — iv/2Reay (g sin t 4 vq cos t)
—iv/2Reay (jip sin t + v, cos t))2/0>

+ exp (—(X + V2Ren; (1 cost —vysint) + \fZRerxz(ptz cost — v sint)

+v/2Imay (uysint + vy cost) + \ﬁlmaz(yz sint + v, cos t))z/a)} , (73)

where 0 = p2 + y3 +v? + 2.


https://doi.org/10.20944/preprints202304.0795.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 April 2023 doi:10.20944/preprints202304.0795.v1

12 0f 15

For inverted oscillator with Hamiltonian (61) the initial center-of-mass tomogram given by (71)
takes the form of conditional probability distribution of one random variable X

Wem,u (X/ Wi,vV1, H2,v2, t) =

\/E\/;Nz() [exp (—(X — V2Ren; (u1 cosht + vy sinht) — \fZRezxz(yz cosht + v, sinht)
2 (a

—v2Imay (pp sinht + vy cosht) — \fZImaz(yz sinh t + v cosh t))z/a)
+exp (—2|1x1| — 2|az| — (X — iv/2Imay (41 cosh t + vy sinh t)
—iv/2Imay (pip cosh t + 15 sinh t) + iv/2Rewy (41 sinh t + 17 cosh t)
+iv/2Rewy (yz sinh t 4 v, cosh f))2/0'>

+exp (—2|1x1| — 2|ag| — (X + iv2Ima; (41 cosh t + v; sinh t)
+i\f21rrwc2(y2 cosht + v, sinh t) — iv/2Ren; (1 sinht + v4 cosht)
—iv/2Rea, (jp sinh t + v cosh t))2/0>

+ exp (—(X + V2Rew (11 cosh t + vy sinh t) + v/2Rea, (pip cosh t + 15 sinh t)

+V/2Ima; (pq sinh £ 4 v; cosh t) + v/2Imay (o sinh £ 4 v5 cosh t))z/a)} , (74)

where o = cosh 2t(y4 + p3 + v2 +v3) + 2sinh 2t (117 + pova).

9. Conclusion

To conclude we summarize the main results of our paper. We developed the probability
representation of quantum states in which the system states are described by standard probability
distribution functions. These functions determine the density operators of the states. For this we
considered two different schemes of such construction, namely, symplectic tomography probability
distributions [13] and center-of-mass tomographic probability distributions [49]. In our work we
considered time evolution of the tomographic probability distributions on example of the Schrodinger
cat states of the two-mode oscillator. The main result was to find the time evolution and the explicit
expressions of center-of-mass tomographic probability distributions for even and odd coherent states
of two-mode oscillator as ordinary one (73) and inverted one (74). The result is that the obtained
probability distributions describe the entangled states of two-mode oscillator and its evolution. On an
example of such a state we constructed the entangled probability distributions and their dynamics.
The entangled probability distributions are the new kinds of standard probability distributions [12].
The possibility to construct such new probability distributions can be studied considering multi-mode
oscillators with time dependent parameters. The entangled probability descriptions are new kinds
of distributions introduced using the quantum mechanics. There are other new aspects of classical
probability theory which can be found and formulated in view of existence of quantum formalism
of the Hilbert spaces and operator acting in the Hilbert spaces like Bell inequalities which can be
considered as consequences of the entangled probability distributions as well as several entropic
inequalities which are obvious in quantum mechanics but these are not well clarified and even were
not discussed in classical probability theory. We will consider these problems and entropic properties
of such probability distributions in future publications.
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