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Abstract: Incremental stability analysis for time-delay systems has attracted more and more attentions
for its contemporary applications in transportation processes, population dynamics, economics,
satellite positions, etc. This paper researches criteria on v(f)-incremental stability, which is defined
to demonstrate the convergence rate for incremental stability, for time-delay systems. Firstly, the
sufficient conditions for v(t)-incremental stability for time-delay systems with continuous right-hands
are studied, and several corollaries for specific cases are provided. As for time-delay systems with
discontinuous right-hands, after expounding the relevant conditions for the existence and uniqueness
of the Filippov solution, by using approximation methods, sufficient conditions for v(t)-incremental
stability are obtained. The conclusions are applied to linear switched time-delay systems and Hopfield
neural network system with composite right-hand afterwards.

Keywords: Time-delay System; v(t)-Incremental Stability; Discontinuous Right-hands; Filippov
solutions

1. Introduction

Stability analysis in mathematics mainly refers to the relevant research on the long-term
performance of the dynamical system’s steady state. With more and more application of neural
networks and complex systems, stability analysis of differential equations, including time-delay
dynamical systems has attracted more and more attention from academia and industry. Incremental
stability [2,9] has been presented to be a perfect instrument for stability analysis, which is able to
address problems of synchronization of coupled systems.

Incremental stability means that as time approaches infinity, the solutions of the dynamical system
in different initial states will approach each other, that is, the state variables of the system with different
initial states will gradually converge to the same trajectory. This property has a very wide range
of applications in different fields of academia and industry. In recent years, due to the increasing
potential application value in many frontier fields, such as PI controlled missiles [11] as well as the
synchronization problem of network dynamics [12-14], there are already a lot of literature available on
incremental stability, e.g., [4,5] provided a systematic exposition and discussion of related issues, and
[3] provided specific examples of incremental stability related applications.

In dynamical system analysis, the theoretical research on differential equations with discontinuous
right-hands has also been highly valued because of its wide application. In some fields such as
mechanical engineering, electronic engineering and automatic control theory, many problems rely on
relevant theories of these "discontinuous’ differential equations [20]. Among them, switched system:s,
as a type of differential equation with discontinuous right-hand functions, are particularly commonly
used in the field of automatic control, thus driving the development of related theories [21-24].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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In 1964, Filippov [46] studied the motion of Coulomb friction oscillators and proposed a differential
equation with discontinuous right-hand. In order to study the trajectory of the solution, ‘differential
inclusion” and set-valued mapping was introduced, and the existence and uniqueness of the solution
of the discontinuous differential equation were discussed. A detailed discussion on this type of
discontinuous differential equation can be found in reference [7]. Before we study the compressibility
of the system, we need to first ensure the existence and uniqueness of the Carathéodory solution of
the system. Filippov’s theory mainly focuses on the existence and uniqueness of the solution of the
nonsmooth dynamical system. The relevant conclusions have been listed in [7].

Researches on time-delay differential equations first began in the early 20th century in Volterra [28,
29]. The ordinary differential equationa with time delay are commonly used in contemporary
applications, gradually pushing the relevant theories of time-delay systems to integrity and maturity,
and producing rich results. There are many important achievements emerging one after another. It is
worth mentioning Hale and Verduyn Lunel’s comprehensive work [30], which discussed in detail the
properties of the solutions for some time-delay differential equations, e.g., uniqueness, continuous
dependence of parameters, continuity and compactness of solutions, stability and invariance, etc. At
the same time, some concrete analysis and methods on the properties of these solutions for time-delay
systems were proposed in literature [31-35], among which [32] includes an introductory chapter that
provides detailed examples of time-delay differential equations used to control computer systems,
transportation processes, population dynamics, economics, satellite positions, urban transportation,
and so on.

Set-valued dynamical systems, also named Filippov systems, whose right-hand are set-valued
mappings, are widely used in these applications mentioned above. These set-valued dynamical
systems are perfect instruments to represent the time-delay differential equations with discontinuous
right-hands [32,36—40] or control systems with time delay [32,41,42]. Therefore, naturally, a large
amount of literatures discussed the problems along these lines. One of the most important achievements
in this field is [43], in which Haddad focused on upper semicontinuous dynamics, elaborated on
the existence and compactness of the solution set, also proved the upper semicontinuity of the
solution. Haddad’s work [43] is given under functional differential inclusion, where the corresponding
time-delay term acts on the infinite dimensional space of continuous function.

In recent years, there have been many related analytical studies and achievements on incremental
stability of Filippov systems. In the case that local Lipschisz condition is satisfied, [17] provided
a sufficient condition for the local stability of Filippov solutions. [15] used the concept of Filippov
solutions to analyze a class of time-delay dynamical systems with discontinuous right-hands. In the
sense of Filippov solution, [16] proposed the conditions for global asymptotic stability of the error
system of the time-delay neural network with discontinuous activation function. While [10] put
forward an approximation method, and gave the specific sufficient conditions for the exponential
incremental stability of the switched system.

In this paper, first, several preliminary definitions and the definition of "v(t)-incremental stability
are given in Section 2. In Section 3, we research the criteria on v(t)-incremental stability of the
solutions for time-delay systems with continuous right-hands, involving several specific cases, and
relevant corollaries are provided. Then, in Section 4, under the hypothesis that system has a unique
solution, we extend the sufficient conditions for v(t)-incremental stability to the time-delay system with
discontinuous right-hand in the sense of Filippov solution, by using a sequence of “continuous systems’
to approach the corresponding Filippov system. In this section, we also provide the conditions for
existence and uniqueness of the solution for the time-delay dynamical system before stability analysis
in Section 4.1. The applications on linear switched systems and Hopfield neural network systems
with time delay are given in Section 5 respectively, and corresponding numerical examples is given
afterwards in Section 6.
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Table 1. Notations.

Notations Definitions
I o) Vector norm with subscript x(t)
[| - ”X(t) Matrix norm induced by | - |)((t)
Vi) Matrix measure induced by |- |,
x() A right-continuous staircase function w.r.t t, with switching points belonging to {t;}
r(t) A piecewise right-continuous function w.r.t ¢, with switching points {t;}
to The initial time
T The upper bound of 7;: max supte[to,m)’fk(t) =T
T The lower bound of 74 miny in fie[y o) Tk () = T

N(t) N(t) =#jt>t;,j=12.])

2. Preliminaries

Here we first introduce some primary definitions, including matrix measure and multiple norms,
incremental stability property, v(t)-incremental stability and so on.

Definition 1 (Definition 1 in [10] ). For any real matrix A € R™" and a given norm || - ||, we define the
corresponding matrix measure v(A) as

Il + KA -1

sy = i

The matrix measure above can be considered as the one-sided directional derivative of the induced matrix norm
function || - ||, evaluated at the point I, in the direction of A.

In following parts, we will study the incremental stability property of time-delay systems under
multiple norms. Here we also list the definitions of multiple norms with subscript x(t) and the
corresponding measures. Note that the function x(t) is a piecewise right-continuous function.

Definition 2. For real matrix A € R™" and the matrix norm || - ”X(f)’ (the corresponding vector measure
| Iy (t)), we here define the corresponding matrix measure 1, (;)(A) as follows:

T+ Al -1

iy () = Jim =
I limy, o+ [l 44y (im0~ [x](115)) €xists, then we denote the right(left) limit of the norm [ |, ;) at
time point t by | - ly(tz)- We say the norm | - |y (¢) is continues at ¢, if and only if | - IX(tJr) = |X(t—) =1 |X(t)/
that is, |- |X(t) is right-continuous and left-continuous as well. If there exists D > 0, such that

x| ) < Dlx| () holds for all t,s € Rt, we say |- | () is uniformly equivalent.
Then, we extend the definition for matrix measure in the sense of multiple norms. Consider the
time-varying nature of x(t), as follows:

Definition 3 (Definition 3 in [27]). If the following limits exists, the switched matrix measure w.r.t. vector
norm | - |,y is defined as follows:

Vi (A) = hli)%lﬁ |x|SuP : (I + hA)X| () — 1
()™

where lim stands for the upper superior.
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Remark 1. The definition of multiple matrix norms || - ||y can be thought of as matrix norms induced by
vector norm | - | MY for a matrix A,
Aty = sup 1Ax]y

el =1

It implies that, if x(#) is constant over an internal [a,a + 0), then it holds that v, ;) (A) = () (A)
in [a,a+0).
According to the existence of the switched matrix measure, the definition is as follows,

Definition 4 ([27]). Define the partial differential of the switched norm ||,y as follows,

_ -1
Ol lyy) = fim sup =
U

If (- ly(+)) exists at t, we say the multiple norm | -|y) is right regular at time t.
According to the 'right regular” property, we have the following proposition [27]:

Proposition 1 ([27]). If the multiple norm |- |y is right regular, then

1. the multiple norm | -|, ) is right-continuous at time t;
2. vy () exists at time t.

For clearer statement in the following part, we define a transaction function between norms | - |,
and | : |)(' ’

Definition 5. Function C(x, x") > 0 is the transaction function between norms |- |, and | - |+, satisfying that

[ |)( < C(X/Xl)l ' |x’~

Definition 6. If the function C(x(t), x (")) is well-defined for all t and ', we say the multiple norm ||, ) is
equivalent for all t.

Here we consider the following dynamical time-delay system:
X = (X, X0, (1) voor Xy (1), 1(E)), £ 2 o )
x(s) = ()Se[fo—fto]

where x € R", x;, () = x(t — 7¢(t)) (k = 1, ...,m) is the time-delay term, each 7; is a bounded function,
maxg SUPse(s,, 0(,)Tk(t) = 7. function r(t) : [tp,+o) — R is a upper continuous staircase function,
F=(f1, e fn) : R0 x5, 4-00) — R". The function ¢ (-) represents the initial value function, and
&(-) € CH([to = T, to], R™). Let x(t; ¢, 7¢) be the solution of system (1).

Then, we will research the sufficient conditions for incremental stability for time-delay dynamical
system (1) afterwards, which is defined as follows.

We have the following definition for several types of incremental stability (IES):

Definition 7. Let ¢(t; to, xo) be solution of system (1) with the initial time to and initial value function xo(-).
If there exist a function B(s, t) of class KL, and some norm | - |°° b induced by vector norm | - |, defined as

|(P| (to—7 o] = SUPye (s 7 4] lp(s)l, such that for any znztzalfunctzon xo( ), vo(+),

(£ + to; xo, to) = (£ + to; Yo, to)l < B0 = ol = ,.1/1),
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then, we say that system (1) is Incrementally Asymptotically Stable(0AS) in the region . C R™.If B(s, t) is
independent of initial time t, then we say system (1) is Incrementally Uniformly Asymptotically Stable(6UAS). If
function B(s, t) is of class EK L, then we say system (1) is Incrementally Uniformly Exponentially Asymptotically
Stable(SUEAS)

Moreover, if there exist a constant M and a continuous function v(t) such that (-, -) of class KL satisfies
(2) with some norm | - |, then system (1) is said to be v(t)-incrementally stable.

. M ™)
Blxo = yolfy = 4,)1) = @lxo ~ Yol 24 @

More specifically, if v(t) = e, then system (1) is said to be exponentially incrementally stable. And if v(t) = t°,
then system (1) is said to be power-rate incrementally stable.

3. Contraction Theory for Time-Delay Systems

Here we list the following hypothesis, denoted by Assumption 1, including the Carathéodory
conditon to guarrantee the existence and uniqueness of the solution of time-delay dynamical system
(1) with continuous right-hand.

Assumption 1. Dynamical time-delay system (1) satisfies the following conditions:

Lo f(X, X, () s Xy (1), 7(t)) @5 continuously  differentiable w.r.t x, and continuous w.r.t.
(X, Xg, (1) s X (1), 7) €XCEPE fOr the switching time points {t1, ..., tj, ...}.

2. (t) is upper bounded and has a positive lower bound for each k, and maxisup,cy ooy T(t) = T,
min infyer) o) () = .

3. fi: RX0mHD) x [tg, 400) = R (i = 1,...,n) is locally Lipschitz.

Thus, under Assumption 1, system (1) has a unique solution. (Refer to the reference [19] for
details.)

Then, here we try to research the contraction property for time-delay system (1). First, we prove
the following lemma:

Lemma 1. Assume that || is right regular, x(t) is a right-continuous staircase function with discontinuities
in {ty,...,.tj, ...} and | - Lty < Col Ly holds for any t, V' > ty. x(t) is continuous, ty is the initial time, and
T = maxy sup, Tk(s). For the following time-delay system:

#(t) = +23k x(t =Ty (1))

where x(t) € R", A(t), Bg(t) € R™"(k = 1,2,...,m) is piecewise continuous w.r.t. t, and the discontinuities
belong to {t1, ta, ..., ti, ...}, which is a countable set. If there exists a piecewise right-continuous function m(t) > 0

whose discontinuities belong to {t1, to, ..., t;, ...}, and matrix-valued functions B]((l) (1), Bl((z) (t) such that

m m m 3 Dtm(t
0 50+ E 000 5o 80 <5 520 g
k=1 k=1 k=1
where D represents the Dini derivative, and
~ m(t
AW = sup IAG) Y,
t—1y () <s<t ( )

m(t)
BE(t)y = sup  |IBe(s)lly(e) —————.
" t—Tk(t)I;sst Kl V(s = i(s))


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

6 of 29

Then for each t € [tj, tj,1), we have

(D)l iym(t) < sup |x(s)lyym(s) < Co sup  |x(s)ly(s,-)m(s)

to—T<s<t to—fSSSti
Proof. Let V(t) = sup; _z o 1X(0)l(9)m(0). Assume that V(¢) is strictly increasing at time point #, it

implies that V(t*) = |x(t")|,()m(t"). There exists j such that # € [t;,t;11), and here we calculate the
Dini derivative of Ix(t)lx(tj)m(t),

e (t + h)|)((fj) - |x(t)|)((fj)

D (Ol m(1)] = i (E)c(D)ls -+ m(1) i

p ,
in which x(t) can be rewritten as
i(t) = A(Dx() + ) Be(t)x(t - i(t)
. k:11 " (1 =) 2
= [+ ) B0t + Y B (1) f w(s)ds + Y B (Dx(t - 1i(t)
k=1 k=1 t k=1
Thus, we have
' et + )y = e (B)le))
limy,_,0 P
- m m -7 (£)
:limhﬁo%“x(t) +h(A(t) + Z B,ED ()x(t) +h Z B](cl) (t) f %(s)ds
k=1 k=1 t
+h Z 3152) (£)x(t - Tk(t))|x(tj) - |x(t)|X(tj)]
k=1

— 1 - - L
_hmh_>oz|x(t)|x(tj)[||l +h(A(t) + kZ{ B]((l) (t))”)((tj) - 1] + Z ||B151) (t)“)((fj) f; |x(s)|}((tj)ds

m
+ Y IB (Bl e(t = T (8)yry
k=1

m

m t
=V (A®) + Y B OBl + Y IBL (Dl ft [£(5)ly i s
k=1

k=1 —7x(t)

m
+ Y IBE (Bl et = (1))l
k=1
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that is,

D* [(E) (8]
a0

== 2 ()0 m(E) + vy (A + Y B () () ym(E)

m(t) ’ =

+fiw@<ﬂu LGk HONN)
k=1

" 1) t
+g]w e (ﬂj:

mh),
(t) ! k=1
m (2

+k21”B B)llqele(t = Tk(t))b((t]-)m(t_'tk(t))m
m(t)
m(s)
_mb
m(s — Tx(s))

A(s)x(s) + ) Bil(s)x(s = 14(5)) 1 s

t
v wi(Nng;ﬂ|m@mx )y (9

k=1

Z|Bk ()t (s = Ti(8) ey m(s — Te(s))
k=1

Let

() —  su m(t)
4 (t) a t—Tk(t)zsst ”A (S)”X(tj) m(s)
m(t)

et s — o))

BF(t) = sup  |IBx(s)

=i (F)<s<t

then, for t = ¥, we have

DV(0) I + vy (A + B0 )+ OB Ol () + 50
=1

m(t) =
o) m(t)
+kZ{”Bk (t>||x<tj)—m(t_Tk(t))]V(t) <0

which is contradictory with the hypothesis that V(t) is strictly increasing at ¢*. Therefore, V(t) is
decreasing for t € [t]-, t]-+1), that is,

V(t) < V(tj)
that is,

Ix(t)IX(tj)m(t)S sup Ix(s)IXt)m(s)<Co sup Ix(s)lx(tj_)m(s)

to—fﬁSSt]' to— T<S<t]
The lemma is proved. O

With the conclusion in Lemma 1, we can select a proper function m(t) > 0, and prove the following
theorem for v(t)-incremental stability property of system (1).

doi:10.20944/preprints202304.0613.v1
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Theorem 1. Suppose that Assumption 1 holds for time-delay system (1). Let v(t) be a positive continuous
function satisfying that lim;_,., v(t) = co. x(t) is a right-continuous staircase function with discontinuities
alsoin {t1, ..., tj,..}. Let N(t)=#{j:t> ti, j =1,2,..}, and there exist that

1. positive piecewise right-continuous function m(t) > 0,
2. aconstant To > 0,

3. positive constants a > 0(k = 0,1, ...),

4. C(x(t),x(¥')) < Co forany t,t’ > ty,

such that the following conditions hold:
m(te) < apm(te=), @

Let A(t) = (9f/9x)(x, X1, oo Xe,,, 7(t)), Bi(t) = (f /9%, ) (X, Xy, oy Xy, (1)), k = 1, ..., m are piecewise
continuous w.r.t. t, and the discontinuities belong to {t1,to, ..., t;,...}. There exist matrix-valued functions
B (1), B (1), B (¢) + B () = By(t) such that

k k
- - - i ’“ t D*m(t
vy (AD + Y B ) + Y B (Dl (A (1) + B ) + Y 1B ()l — (t”_“f) Ok m’(ig ) 5)
k=1 k=1 =1 k
where
~ f)
A= sup JAG) ™Y
! t—Tk(t)pSsSt () X(t)m(s)
= m(t)
Bf= sup |IB(s)lly(p —————.
i S e )
and for any t > T,
*UPocliy-7n) "(0) i aPr < 1 (6)
m(t) o)

where B = C(x(t), x(tx—)), then system (1) is v(t)-incremental stable.

Proof. For any initial state xo, 1o, denote the corresponding initial function by xo(-), yo(-), xo(-), yo(-) €
C([to — 7, to], R™). Here we define a function ¢,(-) as @, (s) = (1 —A)xp(s) + Ayo(s),A € [0,1],s €
[to — T, to], which is the initial value function of the initial state ;. Let @9 = xo, 1 = yo. For
f(x, %7, ..., Xz, 7(t)) is continuous with respect to (x, xz,, ..., Xz,,, ) except for the switching time points
{tj}, and is continuously differentiable with respect to x, so we have the solution {(t, A) = x(t; py,1t) is
continuously differentiable with respect to ¢,. Let w = di/dA, thus we can conclude that w is well
defined and continuous. From chain rule, (¢, A) is the solution of the following system:

- m of
&= g5 = 91 = @+ Lkt 7,

J —
w(s,A) = %(s),s € [to—T, to]

For dy/dA is well defined and continuous, with condition (5), from the proof of Lemma 1, select a
piecewise right-continuous function m(t) > 0 whose discontinuities belong to {1, t5, ..., t;, ...}, we have

m(H)lw(t, Ay < V() < V() = sup m(s)lw(s,A)lX(tj)

to*’l’SSSt}'

doi:10.20944/preprints202304.0613.v1


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

9 0f29

holds for any t € [t;,t;;1). Thus, under the condition (4) and (6), we have

m()lw(t, Ml < V() <V(t) = sup m(s)lw(s,A)

2 Lect))
to—TSSSt]'

<aj-Bj sup m(s)lo(s,A)lye-)

to—TSSSt/'

<aj-B; sup m(s)la)(s,/\)lx(tj_l)

to—?SSStj_l

< aj- ﬁj - sup M(S)lw(S/A)lx(tO)
=1 to—T<s<tgy

<||aj-Bj- sup m(0) sup |w(s,A)lyq)

j=1 QE[tO—?,to] tg—T<s<ty
then, we have
N(t)
SUP e 1—7,1] 7(0) 1
|a)(tl A)I > (2973 kla)(tO/ A)I < — sup Iw(tOr A)| .
x(t) m(t) p x(to) () ymreocto x(to)

k=1

Therefore, together with the condition (6), we conclude that the time-delay system (1) is incrementally
uniformly asymptotically stable:

| t y0/ rt) (t X0, rt)l)( < C0|x(t yO/rt> - (t.xO/rt)|X(t)

|f awAdAﬂ <c0f|a)tA|X

_ N() 1

SuP@E[to—T,to] m(e) f

<Cy | |C¥k k su |a)(t0,/\)| dA
m(t) k=1 ﬁ 0 tO—?SEStO x{io)

Co
<— sup |xo(0) —yo(0)l
'U(t) O€(to—T,to] xléo)

Actually, the key thought of Theorem 1 is replacing the time-delay term By (t)x,, (t) with
B,E{l)( )xe, (1) + B( )( £)x(t) —|—B,(c2)(t) ft ) 4 %(s)ds. In some special cases, we can set B( )( t) = 0or

Bkz)( t) = 0 for k = 1,2,...,m, which infers the following corollaries.

Corollary 1. Suppose that Assumption 1 holds. Let v(t) be a positive continuous function satisfying that
limse 0(t) = +o0. x(t) is a right-continuous staircase function with discontinuities in {t1,...,t, ...}. Let
N(t)=#{j:t> ti,j =1,2,..}, and there exist that

1. positive piecewise right-continuous function m(t) > 0,
2. aconstant Ty > 0,

3. positive constants a > 0(k = 0,1, ...),

4. C(x(t),x(¥)) <Co forany t, ' > to,

such that the following conditions hold:
m(t) < agm(te—), )
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Let A(t) = (9f/0x) (X, Xty ooy X1y, (1)), Bi(t) = (Of /0%x7,) (X, Xy, oons Xy, 7(E)), k = 1, ..., m are piecewise
continuous w.r.t. t, and the discontinuities belong to {t1,t2,..., t;, ...},

>)+Zm:||Bk(t>||X(t) m(t) __Dtm(t)
k=1

m(t = i(t)) m(t)

and for any t > T,
N(#)

suP@E[fg—ito] m(@)
) LLobes o

where B = C(x(t), x(tx—)), then system (1) is v(t)-incremental stable.

Corollary 2. Suppose that Assumption 1 holds. Let v(t) be a positive continuous function sutisfying that
im0 0(t) = 4o00. x(t) is a right-continuous staircase function with discontinuities in {t1, ..., t;,...}. Let
N(t)=#{j:t> ti,j =1,2,..}, and there exist that

1. positive piecewise right-continuous function m(t) > 0,
2. aconstant Ty > 0,

3. positive constants a > 0(k = 0,1, ...),

4. C(x(t), x(¥')) < Co forany t,t' > to,

such that the following conditions hold:
m(t) < apm(te—),

Let A(t) = (f/0x) (X, Xty, s Xay, ¥(t)), Br(t) = (3f /9x2,) (X, Xey,s ey Xoy, ¥(E)), k = 1,...,m, there exist

matrix-valued functions B,El) (1), B](cz) (1), Bl(cl) (t) + B](cz) (t) = By(t) such that
- & N Dtmi(t
B+ Y Be(D) + ) T IB()llqr) (A* (1) + BF (1) < - m(tg)
k=1 k=1
where
) f)
A= sup |IA(S)]| m(t)
' t—’l‘k(t)I;SSt ) X(t)m(s)
= m(t)
Bf = sup |IBi(s)ll () ————
! t—Tk(t)isst o) *) m(s — tx(s))

and for any t > T,

SUPee [to— Tto H ﬁ
AP =

where By = C(x(t), x(tx—)), then system (1) is v(t)-incremental stable.

Furthermore, if we take m(t) = ¢/NO' and v(t) = &

exponential incremental stability.

, we have the following corollary for

Corollary 3. Suppose that Assumption 1 holds, x (t) is a right-continuous staircase function with discontinuities
in {ty, ..., tj,..}. Let N(t)=#{j:t> ti,j =1,2,..}, and there exist

1. a positive constant Ty > 0,

2. a constant sequence yi(k =0,1,...),

3. foranyt,t' > to, it holds that C(x(t), x(t')) < Co,
4. a positive constant c > 0,
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Let A(t) = (f/0x)(X, Xt ), oy X1y, (1)), Bi(t) = (3f /9x7,) (X, Xey, ooy Xay, 7(E)), k = 1,...,m, there exist

B,(cl)(t),B,(cz)(t), such that B,(c )( t) —l—B( )( t) = By(t) and

m m m
ot m— @) xp ((yn) = YN (0)t)
+) B )+ ) Tt ||B Ollyry (Af +By) + ) B (Bl < YNt
Z‘ ¢ 1; e k;l T exp (N (=) T (1))

where

Af = sup Ay exp (Yngt = Ynes)s)

t—1y () <s<t

Bf = sup IBi(s)lly exp (¥net = VN(s—re(s) (5 — Tk(s>))r

t—1y () <s<t
and for any t > T,
VO
;[ ZO [(yi+1 = yitizn +10g Bita] + yoto — V() ] -
1=|

where B; = C(x(t;), x(tj—)), then the system (1) is exponentially incrementally uniformly stable, and the
exponential convergence rate can be estimated as O(e™").

If we take m(t) = t*¥®), and v(t) = t°, we have the following corollary for power-rate incremental
stability.

Corollary 4. Suppose that Assumption 1 holds, x (t) is a right-continuous staircase function with discontinuities
infty, ..., tj,..}. Let N(t)=#{j:t> ti,j =1,2,..}, and there exist

1. a positive constant Ty > 0,

2. a constant sequence ar(k=0,1,..),

3. foranyt,t’ > toy, it holds that C(x(t), x(t')) < Co,
4. a positive constant c > 0,

Let A(E) = (9F /%) (2, Xey o Xy (1)), Bi(8) = (9 /00, (5,31, )= L mndAC) B0
are piecewise continuous w.r.t. t, and the discontinuities belong to {tl, ty, ..., t;,...}. There exist B(1 (1), BIEZ) (1),
such that Blgl)( t) +B,(C )( t) = By(t) and

FON()

vx(t)(A(t)+];Bl(c )+ka(t)||B ()l (A"+Bk>+2“3 Bl ) () ) G
where

) FON()

A= sup  [IA(S)llyn ANGs)

t—p(£)<s<t

Bi= sup [B(s)l
t t—Tk(t)IZSSt x4 (s — Ti(s)) NE- )

FON(t)

and for any t > Ty,
N(#)
Z [(0{1’ —aj_1)Int; + h’lﬁl’] +aglnty|— aN(y S~

i=1

1
Int

where Bj = C(x(t;), x(tj=)), then the system (1) is power-rate incrementally uniformly stable, and the
convergence rate can be estimated as O(t™°).
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4. Incremental Stability for Time-Delay Dynamical Systems with Discontinuous Right-Hands

Here we consider the time-delay dynamical systems[25] with discontinuous right-hands using
multiple norms, formulated as follows:

X = f(x(t), %7, (1), .., X, (1), 7(£)) (8)

where x,x7,, ..., Xg,, € R?, x7,(t) = x(t — 14(t)), (k = 1,..,m) represents the time-delay term. The
right-hand function f may be discontinuous w.r.t. (x, X, ..., Xz, ). The solution of the system (8) can be
defined as a solution of the following differential inclusion, which is named a (time-delay) Filippov
system,

_ )
x(s) = ¢(s),s € [to — T, to]

where xr () = x(t — 7¢(t)), Tx(t) is non-negative for t € [to, T], T € (ty, +0], T = maxy supg, Tx(s),
the initial function ¢(-) is defined on [ty — T, tp], and F is a set-valued mapping defined as follows,

F(x(8), %2, (£), o e, (£), 7(8)) = KLf1(x(2), xn(t),---,xmt),r(t))
= ﬂ (F(B((x, Xry, o X,,), €) \ P,7(1)},
e>0p

{ & € F(x(t), X0, (£), oy X0, (£),7()), t€[0,T]

where u(-) stands for the Lebesgue measure, B((x, X7, ... Xe,),€) = (Y, Yrys - Yrn)
(YT, Y4, yq,) T = (xT,x7,, .., x] ) T] < €} represents the e-neighborhood of (x, x¢, ..., Xz,,) with the
given vector norm |- |, and co represents convex closure.

4.1. Existence and Uniqueness of the Solution

Before the main theorem, the existence and uniqueness of the Cauchy problem of the Filippov
system (9) should be proved first. Herein, several the existing result on dynamical systems without
time-delay terms are presented as follows. Readers are referred to [7,18,19] for the details. For some
dynamical system without time-delay terms, formulated as follows,

X = f(x,t)

in which x € R”, similarly we have the corresponding Filippov system,

% =F(x,t) = m m co{f(B(x,€) \ P,t)} (10)

e>0 [J

Then, from Definition 4 and 5 in [18], We have conclusion that, under the following Assumption 2, it
can be guaranteed that system (10) has at least one solution.

Assumption 2 ([18]). The set-valued mapping F : R" x Rt =3 R" satisfies that for all (x,t) € R" xR™,
F(x,t) is non-empty, bounded, convex and closed, and F is upper semicontinuous at (x,t).

In Assumption 2, "Upper semicontinuity’ for the set-valued mapping F is defined as follows.
Definition 8 (Sec. 1, Chap. 2in[19]). A set-valued mapping F : R" x R™ = Y is called upper semicontinuous
at (x,t) € R" xR if and only if for any neighbourhood U of F(x,t), 6 > 0, such that ¥ (%,f) € B((x,t), ),
F(x,F) cU.

Assumption 3. With respect to a given Euclid norm | - | defined on a n-dimensional space, we have the following
hypothesis:
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1. Forany (X, Y1, ..., Ym,7) € Rx(m+1) R, F(X, Y1, ., Ym, ¥(t)) is nonempty, convex, closed in R", and
set-valued mappingF is upper semicontinuous w.r.t. (X, Y1, ..., Ym, 7).
2. (Linearly increasing) There exists a > 0 such that

sup{[v| : v € F(x, Y1, oo, Y, 1)} < (x| + |yl + oo + |yl + 111 + 1)

holds for any (X, y1, ..., Ym,r) € R xR With Gronwall inequality[26], it can be easily seem
equivalent to: there exists © > 0 such that

sup{lv| : v € F(xX, Y1, ..., Y, 7)} < O

holds for any (X, y1, ..., Ym,7) € R xR,
3. Function ty. : [to, T] — [0,00) (k =1, ..., m) is continuously differentiable and bounded, with its upper
bound T := max{ti(t) : t € [ty, T|, k = 1,...,m} and lower bound © = min{ty(t) : t € [t,T], k =
1,....m}>0.
The initial function ¢(-) € L*([to — 7, to], R") is measurable.
5. Forany (X, y1, ..., ym,r) € R0 5 R RY, there exists continuous function h(-) : Rt — R, such
that |F(x1, Y1, o Ym, 7(£)) = F(xX2, Y1, s Y, 7(£))] < h(|x1 — x2]) holds.

s

First we fix a continuous initial function ¢(-) € L®([to — T, to], R"), then select a measurable
function ¢ : [ty — T, tp] — R" such that ¢(s) € K[¢p](s) holds for s € [ty — T, tp] almost everywhere. For
t € [to, to + 7], consider the following differential inclusion[47]:

x(t) € F(x(t), (¢ =71(8)), ooy Y (E =T (£)), 7(1)) an
x(0) = ¢(0)

From Assumption 3, together with Assumption 2 and the conclusion for existence of the solution of
system (11), the inclusion (9) has at least one solution defined in [to, to + 7].

Therefore, similarly, the solution can be extended to [ty, +0). Assume, as inductive step, that
the solution x is defined on [ty — T, ty + Nt|, for some N = 1,2, .... Then, one can consider the vector
a = x(tp + N1) as the initial state of the following differential inclusion,

{ 1) € PO, Pl =m0 b=t ) )
x(0) = ¢(0) N

Then one can extend x(t),t € [ty —T,to + N1] to a right neighborhood of ty + Nz, the interval
[to =T, to + (N + 1)7]. That is, we have the following lemma,

Lemma 2. If the time-delay Filippov system (9) satisfies Assumption 3, then, the system (9) has at least on
solution in [ty, T], T € (0, +co].

Then, when it comes to the problem of uniqueness, enlightened by Chapter 2, Section 10, Theorem
1in [7], we similarly research the conditions for uniqueness of the solution of system (9).

Theorem 2. Suppose that function f(x(t),x, (t), ..., Xz, (t),7(t)) defined on region D c R" x R" x R* is
discontinuous on zero measure set M, and there exists a integral function I(t) such that |f(x, X, ..., Xz,,, 7)| <
I(t) holds for any (x,X¢,,...,Xq,,7) € D, and I(t) < oo almost everywhere. Let ¢y > 0, for any
(%0, Xty woos X200, ), (YO, Yoy oo Yoy, ) Satisfying that |xo — yol| < €g and |x7, — yz, | < lxo —yol, (k =1,...,m),

(%0 = y0) * (f (X0, Xrys o Xryy £) = F (Y0, Vi s Y, 7(1)) < 1(E)lo = ol (12)


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

14 of 29

Then, under the simplest convex definition (Page 50 in [7]), equation % = f(x, X1, ..., Xx,,, 7(t)) is right-unique
on D.

Proof. If forallt € RT, any €y > 0, x(-) and y(-) satisfying that |x(-) — y(-) ‘[);’_? 7 < Ix(t) — y(t)| < €9, on
the basis of (12), we have

() = y(8)) - (FOx(), 2y (8), ey, (1), 7(8)) = F (Y (E), Yy () s Y, (1), 7(6))) < () Ix(E) = (D),

holds. Thus, we have

) (F ),y (8, s ey (5, 7(8) = F(Y (), Yy (1), Y (1), 7(0))
<I(t)() - y(1)P.

Therefore, similar to the proof of Theorem 1, in Section 10, Chapter 2 in [7], it can be seem that

A (16 — v ReLO
T Ix(t) —y(t)I%e <0

where L(t) = ft; I(s)ds, that is, |x(t) — y(t)Pe >(") is decreasing w.r.t. time t. If |x(-) — y(-) ] =
supllx(t) —y(t)| : t € [to — T, to]} = 0, then |x(¢t) — y(¢)] = 0 holds for t > t;, then we obtained the right
uniqueness of the solution of system (9). O

If system (8) is a switched system, according to Theorem 2, one can prove the right uniqueness of
the solution.

Here formulate a switched system with time delay, that is, the right-hand function is switched
w.rt. (X, Xgy, .. Xy, ).

flx,t) = fi(x, x¢), 0y Xo,, 7(F)), (X, X1y, oy Xo,, t) €R; (13)

in which f; : RX(m+1) « RT — R7, regions R; C Rx(m+1) R § = 1,..,K. All of the regions R;
have nonempty interior. The discontinuities compose of several smooth hypersurfaces of dimension
d(d < (m+1)n+1). Suppose that {Si}ﬁi | is a sequence ((m + 1)n)-dimentional smooth hypersurfaces,
Si = {(x, X, 0, Xe,, 1) € Rx(m+1) ) R | Oi(X, X7y, ooy Xq,, 1) = 0}, in which ¢i(x, X, ..., Xg,,, t) €
Cl(R™(m+1) x R+, R), the continuous region of function f is a sequence of connected regions, whose
boundaries are the switching surfaces. Suppose that the switching surfaces never intersect each other.
Denote one of the connected continuous region of f by Gl.Jr (G;), then it satisfies that

1. 8Gl.+(9Gl.‘) < Uk Sk

2. f(x,Xg;, s Xa,, 7(t)) is continuous in G;’ (GZ._);

3. ¢i(x,%¢, ...y Xq,,, t) > 0(< 0) holds in G (G}).
in which Gj and G; are two different regions with their common boundary on ;.

Take a switched system defined as (13) with K = 2, N = 1 as an example.In the domain G, consider
one of the switching hypersurface S, f*(x,x,, ..., xr,,7(t)) and f~(x,x¢,, ..., Xr,,, 7(t)) represent the
limiting values of the function f(x, xz,, ..., Xz, 7(t)) at point (x, X, , ..., Xr,,, t) from the regions G and
G~ respectively. fi7 (x, ¢, ..., xq,, 7(t)) and fy (X, X¢, .., Xr,,, 7(t)) represent the projections of the vectors
fH(x, xzy, e Xa,,, () and f(x, Xz, ..., Xz,,, 7(£)) onto the normal vector to S directed from G* to G~
respectively at the point (x, X, ..., X, ).

Together with Theorem 2, according to bimodal time-delay systems, we have the following
conlusion:
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Theorem 3. Under the notations defined above, for all t € [ty, +c0) and point (X, Xz, ..., Xx,,, t) € S, if the
inequality fy(x, Xz, ..., Xq,, 7(t)) = fg(x, Xty woes Xa,, 7(£)) > 0 is fulfilled, then right uniqueness of Filippov
solution for the bimodal system (13)(K = 2, N = 1) occurs. (possibly different inequalities for different
(%, Xy, ees X,y ) ANA 1),

Proof. We use the conclusion in Theorem 2 to prove Theorem 3 above.

For any point (z,z,...,2¢,,t) on the switching surface S, and (x,x¢,..., X, t) € Ry,
(Y, Yeys - Yoo t) € Ro, which satisfy that [y, —z,| < [y —zl, [xq, — 24| < [x =2, Ixq, =y | < ly =«
Since df1/dx, dfa/dx and df1/dxy,df2/Ixy, (i = 1,...,m) are bounded, it implies that there exist
Lki>0(i=1,..,m) such that

m
|f(x/ leI "'/x’[mrr(t)) - fl (Z/ ZTl’ weey ZTmr r(t))| < llx - Z| + Z kilx’[,‘ - ZT,‘l/
i=1

m
|f(]// ]/’51/---/ y’l'm/r<t)) _fZ(Z/Z’L'li--'/Z’[m/r(t))l S lly_zl + Zkl|y’[1 _ZT,'|'
i=1

(14)

Similar to the proof of Theorem 2 in Chapter 2 in [7], if fI\_,(x,le,...,me,r(t)) -
f;]’(x, Xz, - X1, (t)) > 0 holds, then

(x=2)(f1(2, 22y, oo 22, T(£)) = f2(2, 22y, ooy 22y, 7(£))) < 0. (15)

The inequality (15) still holds if vector x — y is substituted with vector x — z, which is on the same
direction. Together with (14) and (15), it infers that

YIS0,y Xy, 7) + fo(2, 20000 20 1) = f1(20 201 oo 200 T) = f (Y Yy oo Y 7))

S | (lf x x’[ll x’[ml ) fl (ZIZTll"'IZTm/r)| + |f(y/ y’flr'-'/ :VT,,,/T’) _fZ(Z/ZTll'-'/Z’[m/r)|

<ly—x- (I~ z|+2k|xT, zol + 1y - z|+Zk|yT, Ze).
i=1

That is, if |y, — z¢,| < |y —zl, Ixe, =zl < Ix =2, [xg; =yl < ly — x| (i = 1,...,m), it holds that

m

(¢ = Y) (£ Xty o Xy 7)) = F (Y, Yy o Y 7(5)) < 2014 Y Ky =22,

i=1

Thus, together with Theorem 2, at any point (z, z, , ..., Zr,,, ) in the domain, right uniqueness of Filippov
solution for system (13) (K = 2,N = 1) occurs for t € [fp, +o0). O

4.2. Criteria for Incremental Stability for Filippov Systems with Time Delay

Here, with the conclusions above, we then research the conditions of incremental stability for
time-delay systems with discontinuous right-hands.

X(t) = f(x, Xzp, ooy Xa,, 7(E)) (16)

where xq, (t) = x(t = 1(t)), ©(t) (k = 1,2,...,m) is a bounded function with respect to time ¢, the
function f(x, X, ..., Xz, *(t)) = (fi, f2, - fn) ]R”X (m+1) w R+ — R" is discontinuous with respect to
(%, Xy, s Xq,,, 1) ON @ zero measure set. r(t) is a piecewise right-continuous switched function, with its
discontinuities in {t1, f2, ..., tj, ...}.

Then according to the discontinuous right-hand f(x,xr,,..., Xz, 7(t)), with corresponding
set-valued mapping F(x, X, ..., X, 7(t)) = K[f](x,x¢,, ..., Xz,,7(t)), we construct a sequence of
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functions {f?(x, x¢,, ..., me,r(t))};":l, satisfying the following conditions, denoted by Condition

Ctime—delay(z), where ¥ € R (m+1).

1. fP(x,Xqy, . Xe,, 1(E) = (fp,fzp, fp) RX(m+1) « RT — R is continuous and continuously
differentiable w.r.t. (x,x,...Xr, ), and continuous w.r.t. (X, X, ..X,,t). And fip d=1,..,m
satisfies local Lipschitz conditions for (x, xr,,...xr,,) € Z.

2. For each t > ty and compact set & ¢ R™(m+1),

Jim dp {Graph(fF (2, 7(t))), Graph(F(Z,7(t)))} = 0

holds, where F(x, X, ...Xg,, r(t)) = K[f](x, X¢,, ... Xz, 7(t)) and dy represents the Hausdorff
metric. Graph(F) and Graph(ff) are considered on R"™(+1) x [tj,+c0), where
Graph(F(x, X¢,, .. Xq,, r(t))) ={(x, t,y) : y € F(X, Xz, ..Xq,,, 7(£)), (X, X, .. Xq,, ) € X, > tp}, and so
it is with Graph(fP (x, X¢,, ..Xx,,, 7(t))).

3. for any compact set & ¢ R™ (1) there exists measure w(-), defined as w(Z) = g(A(Z)), in
which A represents the Lebesgue measure, g is a measurable function mapping R™ to R*, such
that | f¥ (x, x¢,, ...Xq,,, t)| < w(X) holds for each (x, x,,...x, ) € L and t > fo.

Thus, we have the following conclusion on incremental stability of time-delay systems with
discontinuous right-hands:

Theorem 4. Suppose that system (16) has a unique solution, and there exists a sequence of functions
{ fp};j‘: | satisfying Condition Cyime_geiay(X). Let v(t) be a positive continuous function satisfying that
lim; 0 0(t) = oo and x(t) is a right-continuous staircase function with discontinuities in {t1, ..., tj,...}. Let
N(t) =#{j:t > t;j=1,2,..}, and suppose that there exist

1. positive piecewise right-continuous function m(t) > 0,
2. aconstant Ty > 0,

3. positive constants a > 0(k = 0,1, ...),

4. C(x(t),x(¥)) < Co forany t, ' > to,

such that the following conditions hold:
m(t) < apm(te—),

Let AP (t) = (9fF /9x)(x, X1y, ooy Xr,y, (1)), Bz(t) = (9fP/Ixg, ) (%, Xy, ooy Xy, ¥(E)), k = 1,..., m, there exist
matrix-valued functions Brl’k(t), sz(t), Brlik(t) + ng(t) = BZ(t) such that

" - p - m(t) D*m(t)
Ve (AP (8 + Y BE(8) + Y T () IBE, ()l o) (AL (1) + B ( —i—leB ey K
k=1 k=1 k
where
7 (t)
A= sup A6t
k =T (t)<s<t *& (s)
) )
B = sup B ()t
(0= s B w)
and for any t > T,
Supae 1
=

where T = maxy supgs, T(0), B = C(x(t), x(t—)), then system (9) is v(t)-incremental stable in X for
te [i‘o, —I—OO).
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Proof. First, we construct a sequence of functions satisfying Condition Ctime—delay(z‘)/ and the
corresponding sequence of time-delay system:

x(t) = fP(x, %7y, Xy, 7 (1)) (17)

in which, according to Condition C timg_dglay(Z), fi,i =1,...,m satisfy local Lipschitz consitions, so it
can be seem that (17) has a unique solution for t € R™.Therefore, from Theorem 1, for each p, system
(17) is v(t)-incremental stable.

Denote any two of the solutions of (9) with different initial function x¢(-) and yo(-) by x(¢) and
y(t). Then here try to approximate x(t) and y(t) by two sequences of solutions of (17), denoted by
xP and yP respectively. The initial functions x((s) and y(s) here are defined for s € [t) — 7, ], where
T = MaXg SUPsfy - oo) i (s).

With f? satisfying condition Cyipe—geiay(X), for each given T, ty <t < T, we have x7(t) and ¥ (t)
are bounded regarding (xo(-), T). It is the same with y”(t). Thus x”(t) (y*(t)) is uniformly bounded on
[to, T], and %P (¢) (3 (t)) is uniformly bounded on [ty, T] as well.

Because of Condition 1in Cyime—delay (X), ¥¥ (t) (47 (t)) is continuous with respect to t. Together with
Condition 3 in Cyipedetay (X), we conclude that x7(t) (y/(t)), p € N are equicontinuous for € [to, T].

Here we present the Arzela-Ascoli lemma (similar to Theorem 2.2 in [8]):

Lemma 3. (Arzela-Ascoli Lemma) X is a compact set on R". If a sequence {f,}7° in C(X) is bounded and
equicontinuous, then it has a uniformly convergent subsequence.

From Lemma 3, one can find a sub-sequence of {x” ()} ,en+ and {y? (t)} e+ (still denoted by x™(t)
and y™(t)) satisfying that x” () (y*(t)) uniformly converges to a continuous function x*(t) (y*(¢)) on
[to, T], T € (to, +0]. For all k € NT, one can find a subsequence (XM ()} jen+ of {xp(t)}peN+ such that
I () — 2 ()] < % holds on the interval [ty, t) + k + 1]. Then by diagonal selection principle, select a
new subsequence {x*(¢)};en+ such that {x¥(¢)};cn+ uniformly converges to a continuous function x*(t)
on [to, T, T € (to, +oo]. It is the same with x7 (t), fork =1,...,m.

The system #”(t) = fP(x, X, ..., Xr,,, (t)) has a unique solution. x”(t) satisfies Lipschitz condition:

I (£) =2 () (1) < LIE=¥| 1)

where t,t' € [tg, T], L > 0. Because of norm equivalence, Lipschitz condition above also holds with
other norms defined in R". So x*(t) (y*(t)) also satisfies Lipschitz condition, that is, x*(t) (y*(t)) exists
and is bounded and measurable for [tg, T), T € (t, +0].

We then have conclusion that #”(t) (7 (t)) weakly converges to x*(t) (y*(t)) on the space
Ly ([to, T], R"), the demonstrations are as follows.

Cy ([to, T],R"™) is dense in the Banach space L*([to, T],R"), which is the conjugate space
Ly ([to, T], R"). Therefore, the following equation

T T
@P(t) = x", q(t))ydt = — | (4(t),xP(t) — x")dt.
to to
holds for each q(t) € Cy’([to, T], R"). Since {(t)} is bounded for each p, from Lebesgue-dominant
convergence theorem, we have

T T
lim @ (t) - X", q(t))dt = — (q(t),pim xP () —x*(t))dt = 0.
to —00

p—oo to
That is, {x?(t)} weakly converges to x*(t) on the space L1 ([to, T|, R").

By the Mazur’s convexity theorem [8], one can find al” (b?) with 271:1 a;” =1 (Z}":l blm = 1) such

P~ aPxP. Notice that # is in

that &7 converges to 1*(t) almost everywhere on [t, T], where #(t) = Y| _, 4]

doi:10.20944/preprints202304.0613.v1
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the convex closure of {x"}, ¥ converges to ** uniformly. So it is with 7 (¢) with 77 (t) = 27:1 b’l[J y¥. And
it is the same with {xﬁk(t)} and {7, (f)}.
Recall Condition 3 in Cyiye—gelay (£). For X € R”, it holds that

pli_}rgo dy {Graph(fF (%, t)), Graph(F(%,t))} = 0, VYt > t,

With # (¢) in the convex closure of
{fP (xp,xgl, ...,x’;m, r(t))}, for any € > 0, there exists N > 0 such that 2" (t) € B(F(x",x7,, ..., X7, 7(t)), €)
forallp > Nand (x*,x},, ..., x}, ), (¥, .., xh )€, t e [t, T].

Since € can be arbitrarily small, it can be seem that x*(t) € F(x",x7,, ..., X7, ,7(t)) with x* € &, which
infers that the solution of (9) equals to x*(¢) in X almost everywhere on [to, T]. For x(¢) and x* are both
continuous because & converges to x* uniformly on [fy, T], it can be seem that x* is the solution of (9).
So it is with y*(t).

Because system (9) has a unique solution, x(t) = x*(t) and y(t) = y*(t) almost everywhere for
t > to. That is, x¥ converges to x(t) uniformly in [to, T], T € (tp, +oo]. Similar proof can be applied to
yP(t) and y(t).

For {fP(x,X¢,, ..., Xr,, 7(t))} is v(t)-incremental stable from Theorem 1, there exists some M > 0,

I (£) = 9P (B)l ) < Me™ U710 sup Jxo(s) = y0(5)ly(4y)

se [to —?,to]

forallp € Nt and t > ty. For each given t > ty, let e(t) = 3Me2(t=to) SUPse |1y, ] o (s) = yo(s)l ()
there exists some po (€, t) with which [xP(t) — x(t)l,,) < €/3 and |y (t) — y(t)l,(,) < €/3 hold for
p = po(€, t), which implies that

IA

() =y (B)ly(to) e(8) = (B)ly(tg) +1W(8) = 47 (D)l(eg) + P (8) = 97 ()ieg)

€ = 3Me (1) sup |xp(s) — y0(5)|;((t0)-

SE[to—?,to]

IA

This completes the proof.
o

Remark 2. Similar to Theorem 4, Corollary 1, Corollary 2, Corollary 3 and Corollary 4 can also be extended to
discontinuous cases.

5. Applications

In this section, with conclusion in Theorem 4, the applications to switched time-delay system and
Hopfield time-delay sytems are given.

5.1. Linear Switched Time-Delay System

Consider the following linear switched time-delay system:

Ar(t)x(t) + X7 Bue(t)x(t=e() + i (t), (%, x4y, o0 Xey,) > 0 L a8)

HE) = flotey ot ) = {Az(t)x(t) FEI Ba(Ox(t =) 4 Ja(B), (5 ey) <0

in which x(t) € R", A;(t), Aa(t) € R™", Byy(t), By (t)(k = 1,...,m) € R™" is piecewise continuous,
bounded matrix-valued functions, whose discontinuities are in {t1, f5....t;, ...}. Take a simple bimodal
system as example, with the switching surface S = {(x, x¢,, ..., X1,,) : ¢(X, Xz, ..., Xz,,) = O}.

In order to guarantee the uniqueness of the Filippov solution for system (18), the linear time-delay
system satisfies the following hypothesis:

doi:10.20944/preprints202304.0613.v1


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

19 of 29

Assumption 4. The linear time-delay system (18) satisfies:

1. the right-hand function of system (18) satisfies Assumption 3.
2. For each point (X, Xq,, ..., Xz, ) € S, the time-delay system (18) satisfies

d
22 (0 - (A1) x+2<Blk =B (), + (6~ a(B) <0

Under the definitions and Assumption 4 above, from Lemma 2 and Theorem 3, it can be obtained that system (18)
has a unique solution. Thus, together with Theorem 4, we have the following corollary on incremental stability
for bimodal linear time-delay systems.

Corollary 5. Let v(t) be a positive continuous function satisfying that lim;_,. v(t) = co. Let N(t) = #{j : t >
ti,j=12, ..}, x(t) is a right-continuous staircase function with its discontinuous points belong to {t, ..., tj, s
and suppose that system (18) satisfies Assumption 4, and there exist

positive piecewise right-continuous function m(t) > 0,
a constant Tg > 0,

positive constants o > 0(k = 0,1, ...),

C(x(t), x(t")) < Co forany t, t’ > to,

matrix B(k),Bﬁ),BS(), gk) € R™" satisfying that B( )( t) + Bﬁ) (t) = Byk(t) and Bgi) (t) + Bgi)(t) =
Ba(t),

such that the following conditions are satisfied:

SAEOECINE S

m(ty) < apm(ty—), Yk

Ly(t) =vyp (Ar(t +ZB(1) +ZTk )(Aui(t) + B ())IBYY (Bl o

@ m(t) D*m(t)
* ; B Ot =) =~

La() = vy (Aa(t) + Y B (1) + Y 7e(t) (Age(t) + Bar(E)IBY (£)l

k=1 k=1
(2 m(t) _Drm(t)
* Z Ba Ot 5 =) =~ "m0
in which, fori =1, 2,
~ m(t)
Ap(t) = su 1A; ()1, 1y —=
lk( ) t_»,_-k(t)l:;sst ( ) x(t) m(s)

Bi(t) = sup ||Bik(5)“)((t)m

t—Tp () <s<t

and for all t > Ty,

(19)
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where B = C(x(t), x(tx—)). Moreover, in the neighbourhood of switching surface S, that is, when —% <
B(x, Xy, oy X, ) < §, let w0 = (Aq(8) = Aa(£))x(t) + Ly (Buix(t) = B (1)) x(t = i (t)) + i () = o), if it
is satisfied that
1 P\ 1v P m(t)
P+ (10 + o 5+ 5 D St W=t
) Y w0 OB = 1B A5C) = 25+ B0) = Bu(0)
k=1 (20)
1,80 & (1) 9| m(t) d¢ m(t) )]
||pB (1-p)By ”)((t)(t_;(lj)zsst " ox X(t>m(s) ”w Oxz, X(t)m(s—’ck(s))
Dtm(t)
= m()

holds for =% < ¢(x, Xy, Xr,) < § and p € [0,1], then the linear switched time-delay system (18) is
v(t)-incremental stable.

Proof. With conclusion in Theorem 4, by constructing a sequence of time-delay systems with continuous
right-hands satisfying Condition Cyiue—gelay (X) as follows, we can prove the v(t)-incremental stability

property of system (18):
= 0 o P )y 4(0) 4 Y B0t — 54(8) + (1)
k=1
. @1)
4 (1= o BT ) 10) 4 Y Byt - 54(8) + )]
k=1

in which o(-) is defined as

1, p>1/2,

o(p) ={p+1/2, pel-1/2,1/2],
0, p<-1/2.

let w = (A1(t) - Aa(t)x(t) + Ly (Bu(t) — Bax(t))x(t — wi(t)) + Ju(t) — J2(t) and p =

o(w), the partial derivative of the right-hand function f° w.r.t. x and x, are as follows,
AF0(x, gy, )X ot X, Xy eer X1y, X, Xy, s X1y, (9
A0 (x, X1, vy Xy, 7(1)) O(X, X1y, oo X)) O(X, Xgp, ooy X1y 1 0

et ) o Sl ) 4 1 - o S0 g 1) 4 o a—‘P
k k
Thus, it needs to satisfy that
a m
LP) = p + (1=phaa g+ Y lpnly) + 1)

k=1

m
Z ) (TIe(b) + Vit ))‘pB&? (1-p)BY

i

x(t)
m(t) - _D¥m(t)
10 m(t—7(t)) ~ m(t)

99

Oxr,

1
PBlk (1-p)B ék>+5
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in which
- 0 m(t)
U(t) = su [|[=—(x(5), Xz, (5), ... Xz, (5),5)ll
()= sup I 6] 50 9y 51ty
. af° m(t)
Vi(t) = su [ X(8), %7, (8), oo X2, (8), )y (1) ———=
MO = SR o ) B i B e
where t € [tj,t;,1). Thatis,
1 P\ 1+ L) m(t)
L(f°,t) <pLy(t) + [1 - p]La(t) + v (w—)+— w-
(f°,8) <pLa(t) + (L= pILa(t) + 3| 5 5; T |y = )
ZTk [”Blk Il r) —||sz Iyt )(A’é(t)—A’I(f)+sz(t)—B1k(t))
k=1
(1, M I m) H 99 m(t) )]
+ =||pB B ( su w- == + ||w -
5“p 1k “ t—’[k(t)l:;SSt ox (t)m(s) dxy, X(t)m(s—’fk(s))
Together with (20), it infers that L(f°,t) < Dmr(ﬂg) that is, system (21) is v()-incremental stable for

each 6 = %, m € NT. From Theorem 4, it can be proved that time-delay system is v(t)-incremental
stable. O

Here, let Bgi) = BSC) =0, (k = 1,...,m), we have the following corollary, which is a variant of
Corollary 5.

Corollary 6. Let v(t) be a positive continuous function satisfying that lim;_,e v(t) = co. Let N(t) = #{j :
t>tj,j=1,2,..}, and suppose that system (18) stasifies Assumption 4, and there exist

1. positive piecewise right-continuous function m(t) > 0,
2. aconstant Ty > 0,

3. positive constants a > 0(k = 0,1, ...),

4. C(x(t), x(t")) < Co forany t,t' > to,

such that the following conditions are satisfied:

m(ty) < agm(te—),

Ly (t) =vyn (A1 (8) + ) IB1(B)ll e m(trf(t) __Dfm()
=1

(
)
m m +m
La(t) =vy(r) (Aa(H)) + Z 1B2e(t)le m(t _(t) - - gt)
k=1

and for all t > T,

_ N()
SUPge(ty—7 1] 7 (0) 1
) LLokes o

where By = C(x(t), x(tx=)). Moreover, in the neighbourhood of switching surface S, that is, when —% <

%
G, Xry, o X, ) < 5, let w0 = (Ag(b) = Ap()x(t) + Ll (Bux(t) = Boe(£)x(t = (1)) + 1 () = Ja(1), if it
is satisfied that

m(t) - _D¥m(t)
omE=—T(t) — m()

PG+ (=Pl + oo 50+ 5 2o e

8ka


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

22 of 29

holds for —— < P(x, X0y, 00 Xg,,) < g and p = ¢(x, X1y, ..., Xr,,) /0 € [0, 1], then the linear switched time-delay
system (18) is v(t)-incremental stable.

5.2. Hopfield Neural Network Systems with Time Delay

Consider the following Hopfield neural network system with time delay:

(t) = =D(£)x(t) + T(£)g(x(t)) + S(t)u(x(t))) +J(#) (22)

where x = (x1,xp, ..., x,) 7 is the state variable, the time-delay term x.(t) = x(t — 7(t)). For any t € R*,
D(t) = diagldy(t), ..., dn(t)}, T(t) = (T;j(t)) € R™", S(t) = (S;i(t)) € R*, [ = (J1, J2, ., Ju) € R" is the

input vector, g(x) = (g1(x1), §2(x2), -+, §n(xn)) T, u(x) = (u1(x1), ua(x2), ooyt (x)) 7.
Here we list the following hypothesis, denoted by Condition Cy:

1. There exists D = diag{D1, D3, ..., Dy}, D; > 0, such that d;(-) is continuous and % > D;
holds fori=1,2,...,nand {3 # (».

2. gi(+) is non-decreasing and non-trivial in any compact set in R, and each g;(-) has only finite
discontinuous points. Therefore, in any compact set in R, except a finite points py, where there
exist finite right and left limits g;(p;") and gi(p;) with &i(p,") > gi(p;), &i() is continuous.

3. u;(+) is non-decreasing and non-trivial in any compact set in R, and each u;(-) has only finite
discontinuous points. Therefore, in any compact set in R, except a finite points 7, where there
exist finite right and left limits ui(r]]:r) and u;(1n,) with ui(r];) > u;i(n;), ui(+) is continuous.

Here define a matrix measure vg,1(A) = max;(ajj + Yix; Iéiéjflai]-l] for matrix A = (a;;), w.r.t. vector

norm | - |¢ 1 and matrix norm [|A]ls 1 = IEAE|,, where & = diagl{&y, ..., &n}. So we have the following
corollary:

Corollary 7. Suppose the system (22) has a unique solution for t € R, and satisfies Condition Cp above. And
there exists a positive diagonal matrix &E(r(t)) = diag{&1(r(t)), ..., Ex(r(t))} such that

Ve(r(a(T) = max ji( +Z|51 ()7 Ty(H)h <0

i#]

holds for t € RT. Let v(t) be a positive continuous function satisfying that limyev(t) = oo. Let
N(t)=#{j:t> ti,j =1,2,..}, and there exists

1. positive piecewise right-continuous function m(t) > 0,
2. aconstant Ty > 0,

3. positive constants a > 0(k = 0,1, ...),

4. C(r(t),r(t")) < Co for any t,t’ > to,

such that
) m(t) ou D m(t)

veuna( —D(t) + T(t)a—i(x, xo))+ MHSU)E(X’ X )llereyn < = ) (23)

Let K; = ming[¢i(px+) — gi(px—)], Mi = max[u;(yx+) — ui(yx—)], and K = min; K;, M = max; M;,
m(t)
K-ve(pia(T(t) + M- mlls(f)llg(r(t)),l <0 (24)
Forany t > Ty,
Sup@e [to-T, to I\]H L
o(t)’

where By = C(r(ty),r(tx—)), then system (22) is v(t)-incremental stable.
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Proof. Suppose that system (22) has a unique solution for t € R™, then we construct a sequence of
‘continuous systems’ as follows,

#(t) = f0(x,%c,t) = =D(B)x(t) + T()F(x(£)) + S(D)(x<(t)))

where §(x) = (§1(x1), 82(x2), .., §n(xn)) T, #i(x) = (#1(x1), #2(x2), ..., Hn(xn)) 7. For each i, denote one
of the discontinuous point of g;(x) by p;, and one of the discontinuous point of u;(x) by 7;.

Function §°(x) is formulated as follows, if x; ¢ [p; — 3, p; + §], 3 (xi) = gi(x;), and if x; €
[Pi - g’ pi + %]/

8ilpi+3) —8i(pi = 3) 5 5
&) = 5 i—pi+ 3 +ailpi- 3):

Function ii(x) is similarly constructed. It can be seem that when 6 — 0, the function sequence f°(x, x., t)
converge to the Filippov differential inclusion of the right-hand of (22), that is, { fé (x,x¢,t)} satisfies
Condition C:: (R™2). Let i(pi, 0) = 8ilpit3)=gilpi=8) _ o _ tilnit3)-ui(ni-3)

time—delay - Le gl(pzr 6) 5 ’ Mz(’]u 5) 5 . Here denote
the Jacobi matrix of functions §°(-) and #°(-) by matrix G® and U°. In the neighbourhood of the
discontinuous point,

93 (x) o _ i

G’ = O |x:(p1,p2 ..... on) dlﬂg{g1(p1,6),g2<p2,6), e gn(Pnré)}
dit(x . _ _

u® = %:) Lee= (g2, ) = 10811 (11, 0), 112112, 0), .., 11 (11, 0)}

that is, we have

(9f‘3(x, Xr, 1) :
(9f5(x, Xr, 1) :
o SOW

In the continuous regions, the function sequence { f°(x, x, t)} satisfies (23), and v s (T()) <0.
Meanwhile, in the neighbourhood of the discontinuities, together with the condition (24), it holds that,

m(t
ﬁnsuw‘sllw(m,l
<Ve(r(i)1 (=D() + Ve (T()G) + %“S(t)w”ar(w

o _ m(t)
V(o)1 (=D(£)) +min &i(pi, 6)vi(r (1)) 1 (T(#)) + max ui(niré)m”s(t)llé(r(t)),l

D*m(t)
m(t)

Ve(ron (~D(8) + T(H)G®) +

for 6 — 0. Therefore, if there exists a large enough number mg > 0, such that for each m > mg, m € N7,

m(t)

m(t—(t))

holds for 6 = 1/m. According to Theorem 4 and Theorem 1, the time-delay system (22) is

D*m(t)
m(t)

Ve(rena (D) + T()G®) + ISl (r(oyy1 < —

v(t)-incremental stable.
O


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

24 of 29
6. Numerical Experiments
6.1. Linear Time-Delay System
Consider a linear switched time-delay system formulated as follows:
Ax(t) +Bix(t=t(t))+J;, z'x>0
#(t) = 1X() + Bax(t—7(t)) + )1 25)
Apx(t) + Box(t—1(t)) +J2, z'x<0

where x, x; € R2. The switching surface of system (25) is {x : ¢(x) = z"x = 0} where z = [1,3].
Let 7(t) = 1 and

RS AT F PR EI P T

Here first prove that system (25) has a unique solution for t € [1, +c0). On the switching surface
{x:¢(x) =z"x =0}, we have

o (m-sonsn-s)- [ 2o 2]) -

According to Assumption 4, the uniqueness of Filippov solution for (25) occurs for t € [0, 4+0). Let
m(t) = e"™N0', where anp =1-1/ 2111 and the number [{] represents the floor of time ¢. So, for t > 1,

1-1/2l)

L(t) =va(Ay) + Bl — — spsp S e g
= = 5. <-35< - —
1(t) =va (A7) + |l 1”26aN(t)—1(t_1) + V=T + o
NGt (1= 1721yt 1
LZ(t) :VZ(AZ) + ”BZHZW = —6.35+ m <—4<-1+ ﬂ

where || - || stands for 2-norm. Then for —-6/2 < ¢(x) < 6/2and p = ¢(x)/0+1/2€0,1],

pLi(t) + (1 - p)La(t) + %vz(([ o ]x(t) +[ :é ]) [1,3]) <-15< -2,

m(t)

and for all t > T,

N(t)-1

1 1 . 1
Z& [(@iy1 — a)tiy1 +1og Piv1] + aoto _aN(t)t] < ;[ ZZ(; [z i+ D] - (1~ E)f <-05

Thus, from Corollary 6, the switched time-delay system (25) is exponentially incrementally
asymptotically stable.With the initial state xo(s) = [5X (0.5 +5)%,6 x (1 —s) —1.5] and yy(s) =
[-3x (1+5)>-2,-3%x(1-35)] for s € [0,1], the corresponding solution of system (25) are
x(t) = (x1(f),x2(t)) and y(t) = (y1(t), y2(t)) respectively.

Figure 1 shows the dynamical trajectories of two of the solutions with initial function defined as
x0(+) and yo(-) for system (25). And Figure 2 shows the errors between the two dynamical trajectories
of their segments.
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Figure 1. Dynamical trajectories of the solutions for time-delay system (25).

407 ! — errorl = |x; — y1|
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Figure 2. A diagram for exponential incremental uniform stability (the error of each segment) of
time-delay system (25).

6.2. Hopfield Neural Network with Time Delay

Here we take an example of Hopfield system with time delay for illustration. The system is
formulated as follows,

(t) = D()x(t) + T(£)g(x(t)) + o (t)S(£)u(x (1)) + J (1) (26)

where x = [x1,x2] T is the state vector, o(t) is the switched function with respect to time ¢, takes value
between 0 and 1. The parameter matrix are

0 0 te[kTo,kTo+ 3To) (t t t<02
(0] = , T =
1 te[kTo+ 1To, (k+1)To) 0.1x|sin(rt/0.4)] +0.1 t>0.2

D(t) _[ -0.3 4+ 0.1 xsin(t) 0 ] 1 _[ 1OSin(2t)) ]

0 —0.3 4 0.1 x cos(¥) —10sin(2t


https://doi.org/10.20944/preprints202304.0613.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2023 doi:10.20944/preprints202304.0613.v1

26 of 29

_ | =5=sin(t) 2.5+ cos(t) B 0.1 x sin(¢) 0.1+ 0.1 x cos(t)
T = [ 2.5-cos(t) —5-sin(t) ] (1) = [ 0.1-0.1xcos(t)  0.1xsin(t)

x+25 x>0 x+1 x>0
gi(x) =

;o ui(x) = ,
x—25 x<0 x—1 x<0

where k € Nyg, Tp = 1. According to the uniqueness conditions for Filippov solution of the time-delay
system, Lemma 2 and Theorem 3, it can be seem that (26) has a unique solution in compact set . € R2.

Here define the norm with subscript o (t) as |xlg = 0.8|x1| + |x2l, [xl1 = lx1]+ |x2l, o1 = 1.25,B10 = 1,
then vo(T) < —0.5, vi(T) = 25+ V2 < =1, ||S|lh < 0.3, [ISllo < 0.25, therefore, let m(t) = ™,
where N(t) = j,t € [t]-_l,tj), aj = max{1/4, (1/2) - (1/2)1}, tj = (To/2)-j,j=1,2,..,such that in the
continuous region of the right-hand of system (26), it holds that

an( +vo(=D(t) + T(t)) <0

exp (acN(t)t)

a +v1(=D(t) +T(t)) +
Ny T (=D +T(1)) eXp(aN(t—T(t))(t_T(t)))

IS(H)ll; <0.5-1+025<0

Together with (24), where K = 5, M = 2, conditon (24) holds for ¢(f) = 0,1. And for t > 10, we have

N()-1
Z [(@it1 — ai)tiv1 +1ogBita] + aoto — anpt < 1.75 +1og(1.25)t — 0.49t < —0.25¢
i=0

Together with Corollary 7, the switched time-delay system (26) is exponentially incrementally
asymptotically stable.With the initial state xo(s) = [5X (0.5+5)%,6 x (1 —5) - 1.5] and yp(s) =
[-2# (1 +5)>-2,-3x (1-5)] for s € [0,0.5], the corresponding solution of system (26) are
x(t) = (x1(t),x2(t)) and y(t) = (y1(t), y2(t)) respectively. When t > 0.5, (t) = 1 and time lag occurs.

Figure 3 shows the dynamical trajectories of two of the solutions with initial function defined as
x0(-) and yo(-) for system (26). And Figure 4 shows the errors between the two dynamical trajectories
of their segments.

: _— X1, X2
7.5 Initial Functions : —-—— YLy
1
1
5.0 4
1) 1
3> 1
© - 1
© 25 |
-
S I
S 0.0 A 1 e
| __—p=—"7
% _—:" /’
o _ 4 -
O 2.5 —— - 1 /
1 ,’
‘s\ 1
/
—-5.0 A \\\\ :I
~
\\,l
1
—-7.5 1 1

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Time

Figure 3. Dynamical trajectories of the solutions for time-delay system (26).
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17.5 1
— errorl = |x; — y;|

15.0 1 — error2 = |x; — y3|

Initial Errors

12.5 A
10.0 A1

Error

7.5 A
5.0 A1
2.5 4
0.0 4

1
1
1
0.00 0.25 050 0.75 1.00 1.25 150 1.75 2.00
Time

Figure 4. A diagram for exponential incremental uniform stability (the error of each segment) for
system (26).

7. Conclusions

This paper mainly researches criteria on incremental stability for time-delay dynamical systems,
including systems with continuous right-hands and systems with discontinuous right-hands
respectively. For clearer illustration, a type of incremental stability property, named v(t)-incremental
stability, is defined, and the corresponding sufficient conditions for v(t)-incremental stability of
solutions for time-delay dynamical systems with continuous right-hands are proposed and proved.
Before studying sufficient conditions for incremental stability of the systems with discontinuous
right-hands, we first provide the conditions for existence and uniqueness of the Filippov solution. Then,
by constructing a sequence of systems with continuous right-hands and using approximation method,
sufficient conditions for v(t)-incremental stability of the systems with discontinuous right-hands are
obtained.

There still needs much further work. Our theorem can be helpful for applications in other more
complex scenarios and we may propose more corollaries for some more complex systems in the
future. Furthermore, we may seek for some other approaches to construct "continuous systems" to
approximate discontinuous systems.

8. Patents

This section is not mandatory, but may be added if there are patents resulting from the work
reported in this manuscript.
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