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Abstract: In the literature, frames generated by unitary representations of groups (known as
group-frames) are studied only for Hilbert spaces. We make first study of frames for Banach spaces
generated by isometric invertible representations of discrete groups on Banach spaces. These frames
are characterized using left regular, right regular, Gram-matrices and group-matrices on classical
sequence spaces. A sufficiently large collection of functional-vector pairs using the double commutant
of the representation is identified which generate group-frames for Banach spaces. Subsequently, we
study Schauder frames generated by time-frequency shift operators on finite dimensional Banach
spaces. We derive Moyal formula, fundamental identity of Gabor analysis, Wexler-Raz criterion and
Ron-Shen duality in functional form.
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1. Introduction

In their Memoirs ‘Frames, Bases and Group Representations’ [1], Han and Larson initiated the
study of Parseval frames for Hilbert spaces generated by abstract countable groups which sheds light
on the structure of unitary representations of the given group. Recall that a countable group with
discrete topology is known as a discrete group. The definition of Parseval frame reads as follows.

Definition 1.1. [1,2] Let G be a countable set. A sequence {Tq}qocc in a Hilbert space H is said to be a
Parseval frame for H if

1h)2 =Y [(h1) 2, VheH.
8€G

Definition 1.1 is equivalent to the following equation:
8€G

One of the main objects in frame theory is to generate Parseval frames from a given vector. In this
regard, Han and Larson introduced the notion of frames generated by groups as follows [1].

Definition 1.2. [1] Let G be a discrete group and {Tq } 4 be a Parseval frame for a Hilbert space H. The
frame {Tg}¢cc is said to be a group-frame if there exists a unitary representation 7t of G on H and a vector
T € H such that

Tg = T, Vg EG.
In this case, the representation 1 is called as frame representation and T is called as a frame vector.

After the introduction of group-frames, several important results appeared which can be classified
according to types of groups as follows.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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(1) Finite groups [3-12].

(2) Discrete groups [13-16].

(3) locally compact groups [17,18].
(4) compact groups [19].

(5) Lie groups [20,21].

(6) ICC groups [22].

Similar to group-frames for Hilbert spaces, we can ask whether we can generate frames for Banach
spaces using groups. In this paper, we are interested in frames for Banach spaces which are generated
by discrete groups. Historically, it was Grochenig [23] who introduced frames for Banach spaces
known as Banach frames which do not demand the reconstruction of element using series similar
to the one given in Equation (1). In 1999, Casazza, Han, and Larson [24] introduced the notion of
unconditional Schauder frames (also known as framings) mainly taking the expansion property given
in Equation (1). Let X’ be a separable Banach space and X'* be its dual.

Definition 1.3. [24] Let G be a discrete group. Let {Tg}¢cG be a sequence in X' and { f } e be a sequence in
X*. The pair ({ fg}gec, {Tg}gec) is said to be an unconditional Schauder frame (we write USF) for X' if

x=) fe(x)15, VxeX, )
8€G

where the series in (2) converges unconditionally.

In this paper, we make a first attempt to understand USF which are generated by representations
of discrete groups in Banach spaces. We organize the paper as follows. In Section 2 we start by
mentioning the notion of group representation in Banach spaces. Then we introduce the notion of
group-frames (Definition 2.2) and show that the notion reduces to Definition 1.2 for Hilbert spaces
with unitary representations. Then we introduce a subclass of group-frames for Banach spaces called a
group-p-unconditional Schauder frame (group-p-USF) which factor through classical sequence spaces
(Definition 2.3).

Theorem 2.8 shows that representations giving group-p-USFs can be obtained by restricting
the standard left regular representation on sequence spaces. A connection between group-p-USFs
and group-matrices is derived in Theorem 2.10. We show in Theorem 2.11 group-p-USFs can be
characterized using algebraic equations. Theorem 2.13 gives a characterization of group-p-USFs using
standard left regular representation on sequence spaces. Proposition 2.14 and Theorem 2.17 show that
once a pair of functional and a vector which generate group-p-USF is non-empty then the set of all
such pairs is very large.

In Section 3 we do finite dimensional Gabor analysis in function form without using the inner
product. Even though it is true that finite dimensional Banach spaces can be made a Hilbert space,
rather putting an inner product, we believe that it is best to study just by using functional and vectors.
First important result of this section is Banach space version of Moyal formula, derived in Theorem 3.3.
Using this result we get that we have a large supply of Gabor-Schauder frames for finite dimensional
Banach spaces (Corollary 3.4). Then we study Gabor-Schauder frames generated by subgroups of the
group of all time-frequency shifts.

Theorem 3.8 derives fundamental identity of Gabor analysis for Banach spaces. Wexler-Raz
criterion for Gabor-Schauder frames is derived in Theorem 3.9. A partial Ron-Shen duality for
Gabor-Schauder frames is derived in Theorem 3.10.

2. Unconditional Schauder frames generated by groups

Throughout G denotes a group (need not be abelian). We denote the identity element of G by
e. Given a Banach space X, ZZ(X) be the set of all invertible linear isometries on X'. The identity
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operator on X is denoted by Iy. We use the following definition of representation in Banach spaces
throughout.

Definition 2.1. Let X be a Banach space and G be a topological group. A map 7w : G — ITZ(X) is said to be
an invertible isometric representation of G if the following condition hold:

(i) w: G — IZ(X) is a group homomorphism, i.e.,
Tty = Ty, Vg, h € G.
(ii) 7t is continuous in the following sense. For each fixed x € X, the map
Gogrmxed
is continuous.

In this section, we consider only discrete groups. Hence the condition (ii) is always satisfied.
Given two invertible isometric representations 77 : G — IZ(X) and A : G — ZZ()), we say that
they are equivalent if there is an invertible operator T : X — ) which intertwines 7t and A. If the
intertwining operator is an invertible isometry, then we say that representations are invertible isometric
equivalent. For any discrete group G and p € [1,00), we note that G always admit two invertible
isometric representations on ¥ (G) defined as follows. Let {Jg }¢c be the standard Schauder basis for
€7 (G). We denote the coordinate functionals associated to {dg }¢cc by {{g}¢cc-

(i) p-left regular representation A : G — ZZ(¢F(G)) defined on {J¢}¢cc and extended linearly as
Agby =06, Vg,h€G.
(ii) p-right regular representation p : G — ZZ({?(G)) defined on {J¢}¢cc and extended linearly as

Pg0n = Oyg-1, Vg, h€G.

With these preliminaries, we now set the following definition.

Definition 2.2. Let G be a discrete group and ({fq}¢cc, {Tg }gec) be an USF for a Banach space X. The USF
({fs}gec/ {tg}gec) is said to be a group-USF if there exist an invertible isometric representation 7t of G on
X, avector T € X and a functional f € X* such that

fe= fng,l, Tg = T, Vg EG. 3)

We first show that Definition 2.2 truly generalizes Definition 1.2. Let {Tg}¢ec = {73 T}4ec be a
group-frame for a Hilbert space . Let f be the functional on # defined by 7, i.e., f(h) = (h, 7), for all
h € H. Then

fo(h) = f(mgah) = (mgah, T) = (b, mg7) = (h, ), VhEH.

Therefore f, is determined by T, for all ¢ € G.

It seems that we can not give a satisfactory theory for group-USF like that of group-frames for Hilbert
spaces. Therefore we study a class of group-USF’s defined as follows. Our definition is motivated from
the notion of p-approximate Schauder frames defined in [25].

Definition 2.3. Let p € [1,00). A group-USF ({fg}gec, {Tg}gec) for a Banach space X is said to be a
group-p-USF if the following conditions hold.

doi:10.20944/preprints202304.0085.v1
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(i) The map (analysis operator) 07 : X > x — {f¢(x)}gec € €F(G) is a well-defined isometry.
(ii) The map (synthesis operator) 07 : €F(G) > {ag}teec > Ygec 5Ty € X is a well-defined bounded linear
operator.

In this case, the representation 7t is called as p-USF representation and the pair (f,T) is called as a p-USF
functional-vector.

We also need following generalization of Definition 2.3.

Definition 2.4. Let p € [1,00) and G be a discrete group. A USF ({ fg}¢ec,{Tg}gec) for a Banach space X
is said to be a p-USF if the following conditions hold.

(i) The map (analysis operator) O : X 3 x — {f¢(x)}gec € €F(G) is a well-defined isometry.
(ii) The map (synthesis operator) 07 : £F(G) 2 {ag}teec — Ygec 5Ty € X is a well-defined bounded linear
operator.

We begin by recording a characterization result of p-USFs which is motivated from the
characterization of Hilbert space frames by Holub [26].

Theorem 2.5. A pair ({fs}eec, {7y} gec) is a p-USF for X, if and only if
fe=0U, T=Vé, Vge€G,

where U : X — (P(G), V : {P(G) — X are bounded linear operators such that VU = Iy and U is an
isometry.

Proof. (<) Clearly 6¢ and 6. are bounded linear operators. Now let x € X Then

Y fe()Te =) o(Ux)Vi, =V (Z gg(Ux)5g> = VUx = x. (4)
geG geG geG
Note that, since U is isometry,
105x]] = || X fo()6g|| = || & Ga(Un)d|| = Ux]| = [lx]], Vx € &,
geG 8€G

(=) Define U := 0, V := 6r. Then {g(Ux) = (g(0rx) = Co({fk(x)}rec) = fo(x), Vx € X, Vig =
06 = 1, Vg € Gand VU = 60 = Iy. Since Gf is an isometry, we also have U is an isometry. O

We record the following important result from [25].

Theorem 2.6. [25] Let ({fg}gec, {Tg}gec) be a p-USF for X. Then

(i) Iy = 6:0;.
(i) Gy =050 : LP(G) — LP(G) is a projection onto 0 (X).

In [1], Han and Larson showed that upto unitary operator, frame representation is a piece of left
regular representation. With the help of following lemma we generalize their result for Banach spaces.

Lemma 2.7. If ({f¢}gec, {Tg}gec) is a group-p-USF for X, then range of its analysis operator is invariant
under p-left-regular representation of G, i.e., Ag(87(X)) C 0¢(X) forall g € G.
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Proof. Forany g € G,

Agbpx = Ag (Z fh(x)5h> =) fu(¥)ogn = ) fo1u(x)du

heG heG ucG
=) f(mgx)8u = ) (frr,-1) (7gx)du = 05 (7gx) € 0¢(X), Vxe X,
ueG ueG

O

Theorem 2.8. Every group-p-USF representation 7 of G is invertibly isometrically equivalent to a
subrepresentation of p-left-regular representation A of G.

Proof. Let ({fs}gec, {Tg}gec) be a group-p-USF for X'. Lemma 2.7 says that Ag(0(X')) C 0(X) for
all ¢ € G. Therefore the map

Ag = Ag|9f(/’\.’) : Qf(.)() — Gf(X), Vg eG

is a well-defined invertible isometric representation of G. We show that A and 7t are isometrically
invertibly equivalent. Note that 0 : X — 0((X) is an invertible isometry. We are done if we show that
0 : X — 0¢(X) intertwines A and 7. This follows by doing a similar calculation as in the proof of
Lemma2.7. O

Vale and Waldron discovered that for finite groups, groups-frames can be characterized using
group-matrices [8]. We show that their result remains valid for Banach spaces. First we recall the
definition of group-matrix.

Definition 2.9. [27] Let G be a discrete group. A matrix A = [ag ]¢ nec over Cis said to be a group-matrix
if there exists a function v : G — C such that

agy =v(g'h), VgheG. (5)

Let ({fg}gec, {Tg}gec) be a group-p-USF for X'. Then we note that

felm) = (Frg1)(7) = f(rg1,7), Vg h€G.

Let Gf; = 08¢0, be the Gramian of ({fg}¢ec, {Tg}4ec) Whose matrix w.rt. the standard Schauder
basis {Jg } ¢ for £7(G) is given by

[fe ()] g nec-

Now by defining v : G 3 g+ v(g) == f(7137) € C, we see from Equation (5) that Gy, is a group-matrix.
Next theorem shows that converse of this also holds.

Theorem 2.10. Let G be a discrete group. Then a p-USF ({ fg}gec, {Tg}gec) for X is a group-p-USF for X
if and only if its Gramian Gy . is a group-matrix.

Proof. As we already derived only if part, we prove if part. Assume that the Gramian Gy is a
group-matrix. Then there exists a function v : G — C such that

v(g_lh) = fg(Th), V¢, h e G.
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Given g € G, define
Ty : X 3 x> mgx =Y fr(x)Ty € X
heG
and
Ag: X3 x5 Agx =) fau(x)T, € X.
heG
Note that
fou(ten) = v((gu) 7 gh) = v(u™'h) = fy(w), Vu,gh€G. Q

Using Equation (6), we get

AgTrgx = Ag (2 fh(x)Tgh> =Y fu()ATen = Y fu(x) Y fou(Ten) T

heG heG heG ueG

=Y )Y fulm)m =) fulx)tl,=x, VxeX

heG ueG heG
and

TgAgX = Tg (2 fen(x) ) Y fon(X) e = Z fon(x) Y fu(Th)Tgu

heG ueG

= ngh ngu Tgh Tou = ngh Tgh =x, VxeAX.

heG

Therefore Ay is the inverse of 7ry. We next show 7ty is isometry. For x € X, using Equation (6) and 6 is
an isometry,

P
(|7 ||P = |07 (7rgx)[|” = E | fu(mgx)|? hz(:; i (Zcfu(x)fgu>
P P
= Z qu(x)fh(Tg” = Z qu fgg 1h Tgu)
heG |ueG heG |ueG
4 P
- T [EA0f s = £ lfon (£ )
heG |lueG heG ueG
=) lfeu ()P = [lx].
heG

To show Equation (3) again using Equation (6),

TeTe = Z fh(TE)Tgh = Z fg*lu(Tﬁ’)Tu = E fg’lu(Tgflg)Tu

heG ueG ueG
=) fult)tu=1 VgeG

ueG
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and

heG heG

(feT[ (th T 1h> th fe T 1h) th(x>fg*1g(Tg*1h)
=) ) fs(m) = (Z fulx ) = fo(x), VgeEGVxe X,
heG heG

We are left with showing that 77 is a homomorphism. Let g, i € G and x € &X'. Then using Equation (6),

Tempx = Y ful(mpx) T = Y fu (Z fz,(x)'chv> Teu

ueG ueG veG
=Y Y ) fulte)tu=Y_ Y fo(x)fun1u(Tho) Tou
ueGoeG ueGoeG
Y T A0t = § 1u(zfv “)
ueGoeG ueG veG

= T A% = T )T = i
ueG veG

O

Kaftal, Larson and Zhang showed that group-frames can be characterized by using an algebraic
equation and involving inner proved (actually they proved it in the setup of operator-valued frames)
[28]. In the following result we generalize the result of Kaftal, Larson and Zhang to Banach spaces.

Theorem 2.11. Let G be a discrete group and ({f}ecc,{Tg}gec) be a p-USF for X. Then there is an
invertible isometric representation 1t of G on X for which

Tg =TT, fg = fertg, VEEG @)
if and only if
fug(tun) = fo(m), Yu,g,heG. 8)
Moreover, the representation can be defined as
g = brAglr, Vg €G. )
Proof. (=) Letu, g, h € G. Then we have
fug(Tun) = (feﬂ(ug)*l)(”uhfe) = (feﬂgflufl)(”uhfe) = (fengfl)(”hTe) = fo().

(<) Let 71y be defined by Equation (9). We are required to show that 77 is an invertible isometric
representation and satisfies Equation (7). We first show that it satisfies Equation (7). To do so, we claim
the identity

AgBrfr = 050:)g, Vg € G. (10)
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Using Equation (8) we verify Equation (10). Note that it suffices to verify Equation (10) at the standard
basis vectors d;,, h € G. Consider

9f91/\g5h = gferfsgh = Gf gh = Z fu( gh)(su = Z fgu Teh 5gu = Z fu(Th 5gu

ueG

= Z fu(Tgh)/\g‘su =Ag <Z fu(Th)5u> = Ag0r Ty = Agt 070y

ueG ueG
Now using Equation (10)

TgTe = O AgfrTe = O AgBr0:8e = 6:070:\g0e = IxBcAgde = 00, =T, Vg€ G

and

fe(mtg1x) = fe(OcAg10px) = <qu ) (qu Tq 1u>

ueG ueG
qu feT 1y qu fg gT -1y qu fg Tu
ueG ueG ueG

= fo (Zcfu(x)ru) = fe(x), Vxe X,VgeG.

Now we show that 7t is an invertible isometric representation. First we need to show that it is bijective.
We note that, for ¢ € G, the operator Ag := 97)\g71 0 ¢ is the inverse of 71¢. In fact, using Equation (10),

ngAg = GT/\nggTAgflef = OTGfQT)Lg/\g,lgf = IXI
AgTtg = OrAg10p0rAghy = OrAg1Ag050:0f = L.

To show 7, is an isometry, given x € X,

p
x| =}, fu(rmgx) [P = ) [fu(OcAgfpx)|P =} |(fubrAg) (qu )
heG heG heG ueG
p p
— (Z fulx GTAg5u> =Y |f (2 fu(x)‘fgu>
heG ueG heG ueG
p p
= Z f“ fh Tgu = Z Z fu fgg—lh Tgu)
heG |ueG heG |lueG
p p
= Z Z fu fg 1y (w)| = Z fg*lh <Z fu(x)’fu>
heG |ueG heG ueG
=) feu@)P = [lx].
heG

Finally, we show that 77 is representation:
Tle Tty = 91—)&89](91—/\;19][ = GTOfGT)\g)tth = IXGT/\gth = 7'L’gh, \V/g,h € G.

O

A careful observation on proof of “if" part of Theorem 2.11 gives the following result.

Theorem 2.12. Let G be a discrete group and ({ fg}ecc, {Tg}gec) be a group-p-USF for X. Then Ag0 07 =
00:Aq, Vg € G.
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Next we try to relate frame representation with p-right regular representation. This result was
first derived by Mendez, Bodmann, Baker, Bullock and McLaney in the context of binary frame [29].

Theorem 2.13. Let G be a discrete group and ({f}eec,{Tg}gec) be a p-USF for X. Then there is an
invertible isometric representation 1t of G on X for which

Tg = MgTe, fo= feng,l, VgeG

if and only if
0r0c{antnec = ;;W(g)Pg{ah}heGr Y{antnec € £ (G),
8
where
n:G 38— 1(8) = fe(mgte) € C. (11)

Moreover, the invertible isometric representation can be defined as
g = brAglr, Vg €G. (12)
Proof. (=) Let 1 be the function defined in Equation (11). Now for each dy,

070:0, =051, = Y fu(m)du = Y (frr,—1)(71,T)y

ueG ueG
= 2 [y T)ou = 2 f(r':g’f)(shg*1 = Z f(”gT)Pg5h
ueG geG g€eG
= <Z f (ﬂgf)pg> on = (Z ’7(8)Pg> Op-
g€G 8€G

(«<=) We note that p-left and p-right regular representations commute. In fact, for any g, € G and for
each standard basis vector é,, we have

)\gphéu = /\85uh*1 = (5guh,1 = phégu = ph)\géu.
We then get

Ag9f915h = Ag (Z U(”)Pu5h> = Z U(”))\gpuéh

ueG ueG

= (Z ’7<”)Pu> Agop = 0f0:Agoy, Vg €G.

ueG

Now we claim the following:

fug<Tuh) :fg(Th), Vu,g,h € G.

Consider

fug(Tuh) = fug(9T5uh) = @ug(eferfsuh) = Cug <Z W(U)Pvéuh>

veG

= Z W(v)gugpv‘suh = Z W(U)gug%hv—l = W(g_lh) = fg(Th)/ Vu,g,h €G.

veG veG
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Hence claim holds. For each ¢ € G, we now define 77, as in Equation (12). Now by doing a similar
calculation as in the converse part of proof of Theorem 2.11 we get that ({fg}eec, {Tg}eec) is a
group-p-USF for X. [

After giving several characterizations for frame representations, we next seek to determine the
collection of functionals and vectors which generate group-frames. In the case of Hilbert spaces, Han
and Larson completely characterized vectors which generate group-frames using double commutant
of image of representation [1]. Even though we are unable to achieve this, we show that certain large
sets generate group-frames for Banach spaces. We first set some notations. Let G be a discrete group
and 7 : G — ZZ(X) be a invertible isometric representation. Assume that there is a vector 7 € X
and a functional f € X" such that ({f;}ecc, {Tg}4ec) is a group-p-USF for X'. Define the set of all
group-p-USF vectors as

Fo(m, X) ={(fi, 1) e X" x X ({flg}gec,{ng}gec) is a group-p-USF for X'}.

By assumption F (7, X') # @. We naturally ask what is the structure of F; (7, X')? In the following
proposition we show that this set is quite large. We use the following notation in sequel. Given a subset
A of linear operators on X, by I*(A) we mean the set of invertible isometric operators U : X — X
such that U € A. Given f € X* and T € X, we define

FIF(A) LT (A))T = {(fUu !, Ur) : U e T*(A)}.

Proposition 2.14. If an invertible isometric representation 1t : G — LI (X)) admits a functional-frame vector
(f,T), then

fIF((G)) L 1% (m(G))]T C Fo(m, X). (13)

Proof. Let (f;, 1) € fII*(7(G))~L,I*(7(G)')]r. Then f; = fU~!, 71 = Ut for some invertible
isometry U : X — X such that U € I*(7r(G)’). Define fag = fimg1 and 1 = ey, forall g € G.
Now we see that

Y a0ty = ¥ (g ) (x)mgm = Y (FU) (1) gl

g€G g€G g€G
=Y (fng,l)(llflx)llngr =Uu (Z (fngl)(ulx)ngr>
g€G e
=Uu (Z fg(le)Tg> =UU 'x=x, VxeA.
g€G

Therefore ({f2, }sec, {T2g}gec) is a group-p-USF for X’ and consequently (f1,71) € Fo(m, X). O

We next try to show F (77, X') has another large set inside it. For this, we need following two
results.

Theorem 2.15. For any group G, and any 1 < p < oo,
MG) =p(G)" and  p(G)' = A(G)".

Proof. We already know from the proof of Theorem 2.13 that p-left and p-right regular representations
commute, i.e.,

)\gph = ph/\g, Vg, h e G.
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Hence for every g € G, Ay € p(G)'. By varying g, we get A(G) C p(G)’. Taking commutant yield
A(G) 2 p(G)”. Now we prove the reverse inclusion. Let T € A(G)’. To show T € p(G)” we need to
show that TS = ST forall S € p(G)". So let S € p(G)’. Note that to verify TS = ST, it suffices to verify
TS6y, = SToy forallh € G. Leth € G. Then

TSS), = TSp,-10e = Tp;-156. = Tpj-1 <Z gg(sfse)ag)
8€G

=) 05(88e)Tpy-10g = Y, §(S0e)Togn = ), {g(Sde) TAgnde

8cG 8€G g€G

= Z gg(S(Se))LghT(Se = 2 Qg(SJE))\gh (2 @u(T53)5u>
geG geG ueG

= 2 gg(556) Z gu(T‘SE)/\ghfsu = Z 2 §g<556)§u(T56)5ghu
geG ucG 8cGueG

and

STéy, = STApbe = SAL TS, = SAy, (Z gu(T56)5u>

ueG
= Z Cu(Tée)S)\héu = Z CM(T5€)55hu = Z gu(Tae)Sp(hu)*lée
ueG ueG ueG
= Z Cu(T@)P(hu)*lS&e = Z gu(T‘SE)P(hu)*l (2 gg(55e)5g>
ucG ueG 8€G
= 2 gu(T‘SE) 2 gg(SfSE)P(hu)*l g = 2 2 §u<T‘58)€g(556)5ghu-
ueG 8cG ucGgeG

Therefore A(G)' = p(G)”. Finally A(G)"” = p(G)" = p(G)". O
Theorem 2.16. For any discrete group G and for every 1 < p < oo, the map

D:0(G)" 2 A P(A) = JA] € A(G)”
is an algebra isomorphism, where

J: 0P (G) > {ag}gec — ]{ag}ge(; = Z ag58—1 € P(G).
geG

Moreover, we have the following.

(i) If U € p(G)" is invertible (resp. isometry), then ®(U) is invertible (resp. isometry).
(ii) If V € A(G)" is invertible (resp. isometry), then ®~1(V) is invertible (resp. isometry).

Proof. We first note that ] is an isomorphism and J? = I t(G)- Before showing @ is an isomorphism,
we need to show that it is well-defined. Let A € p(G)”. We try to show that JA] € A(G)” which
says @ is well-defined. By Theorem 2.15, showing JA] € A(G)” is same as showing JA] € p(G)’. Let
g € G be arbitrary. We claim that JAJpe = pgJAJ. Since {d}, } ;< is a basis for £7(G) it suffices to show
JAJpgdn = pgJAJOy, for allh € G. Now noting A € A(G)', we get
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]A]pgéh = ]A]éhg—l - ]A(Sgh—l - ]A/\g(shfl e ])\gA(Sh—l

= JAg (2 gu(A5h1)5u> = Y Cu(Ad,1)] Aoy

ueG ueG

= Z gH(A‘Shfl)]%u = Z @u(A5h71)5u71g71

ueG ueG

and

pg]AJop = pgJAdy1 = pg] (Z gu(AfSh—l)‘su) = Z éu(A‘sh—l)Pg](su

ueG ueG

= Z gu(A(Sh”)pg‘su*l = Z gu(A(Sh*])‘suflgfl‘

ueG ueG

Clearly @ is linear. Since J> = I ¢r(G), @ is multiplicative. Through a direct calculation we see that
inverse of @ is the map A(G)” 2 B+— JBJ] € p(G)". O

Following is the most important result for generators of group-frames for Banach spaces.

Theorem 2.17. Let w : G — ZZ(X') be a invertible isometric representation of a group G which admits a
functional-vector (f,T). Then

fIF(7(6)") 7L, T (n(G) ")t € Fo(m, X). (14)

Proof. Let ¢ € G and define Ay = Ay H(X) Theorem 2.8 says that 7t is invertible isometrically
equivalent to the representation A with functional-vector ({.(0,6r), 060, ). Therefore, without loss of
generality we may assume that

Let U : 0¢(X) — 0¢(X) be an invertible isometry such that U € I*(71(G)"). We need to show that
(fu~',Ur) € Fo(m, X). Define ¥ = Ut, T == met and f = fU!, fy = frg forallg € G.
To prove the theorem, now it suffices to show that ({ fg}¢cc, {Tg}gec) is an group-p-USF for X. Let
x = 0y € 0¢(X). Using Theorem 2.15 and Theorem 2.16, we may assume that U € {)Lg|9f(X) :g€GY.
Since 070z = z forall z € 07 (X') and U : 0¢(X') — 0;(X'), we then have 070U = U. Therefore

Y S0 = Y (frg)()met = ) ((FU ) mg) (x)mgUt

8cG 8cG g€G
= U, x)mgUt = 000) (U™ 71, 1x) 715 U665,
g g f g §Hvf
geG g€G
= Z ge(GfBTuflngflx)ngUGfGT(Se = E ge(Gfﬂrufl/\gflx))\guef(ﬂrée
geG g€G
= Y Ce(Bp0cA o U x)UAGO;0:0, = Y Ge(Ag10p8:U  x)UBFO-A S,
8cG geG
= Zégg(efeTu*lx)uefeffsg = U60.06.U 'x
ge<

= U660 U 'x =UU 'x =x.
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Han and Larson characterized (with an equality) frame vectors for Hilbert spaces (see Theorem
6.17 in [1]). Later Kaftal, Larson and Zhang noticed that the set of all frame vectors is path-connected
in norm topology (see Theorem 8.1 in [28]). Based on these, we raise the following questions.

Problem 2.18. Given an invertible isometric representation 7t : G — I*(X') which admits a functional-vector
(f,T), characterize Fg(7t, X). In particular, classify Banach spaces, groups and representations such that

(i) fII*(7(G)) 1, I*(7(G)")]T = Fg(r, X).
(ii) f[I*(7t(G)")~L,T*(n(G)")]t = Fg(m, X).

Problem 2.19. Is T (7, X) C X* x X path connected in the norm-topology?

3. Finite Gabor-Schauder frames

In this section we study Schauder frame generated by time-frequency shifts on finite abelian
groups for finite dimensional Banach space C°(%). Our main motivation comes from the Gabor analysis
on finite abelian groups presented by Pfander in [30] and Feichtinger, Kozek and Luef in [31]. Let G be
a finite abelian group with identity e, 0(G) be the order of G and G be the set of all characters of G.
We denote the circle group by T. Then G becomes a group with respect to pointwise multiplication of
characters. The character which sends every element of G to 1 is called as identity character and is
denoted by 1¢. Let {J¢}¢cc be the standard basis for C°) and {¢ ¢} geG be the coordinate functionals
associated with {d¢ }ocG. For x = (xg)eec, ¥ = (Yg)geG € C°(6), we set

XY= (xgyg)gec
and
x" = (Xg)gec-

From the classical Fourier analysis on finite abelian groups, we note that we have the following
properties (see [32]).

1) o(G) = OL@).
(2) If &, x € G, then (&, x) = d¢,, where

1
(3) Ifg,h € G, then (g, h) = o,iy Where
1 -
Jh) = —= . 16
(&h) 2@ Ceéé(g)(f( ) (16)

Given ¢ € G, the modulation operator M; : C°(©) — (6 is defined by
Me(xg)gec = (§(8)xg)gec, V(xg)gec € Co(@),
Given k € G, the translation operator Tj : Co(G) — o(G) by
Tk(xg)gEG = (ngk)gecr V(xg)gec € ),

Let A := (k&) € G x G. By composing modulation operator and translation operator we get the
time-frequency shift operator 7(k, &) : C°(6) — C°(G) defined as
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m(A) = m(k, &) == M¢Ty.
Thus the action of 77(A) is given by
m(A) (xg)geG = (g(g)ngk)gecr V(xg)gec € o0,
Following properties of time-frequency shift operators will be used and are well-known.

Theorem 3.1. [31] Let A = (k, &), u = (I, x) € G x G. Then

(i) (A4 pu) = x(k)(A)mt(p).
(ii) w(A)e(pu) = x (k)G () () (A).
(iii) w(A)~! = ¢(k)mt(—A).

Motivated from discrete Gabor analysis over finite abelian groups (see [30,31]) we set the following
notion. We emphasis here that, even though it is true that C°(6) is a Hilbert space, given a Banach
space structure on it, thinking of C°(%) as a Hilbert space in frame theory will not work. A recent
influential instance is in defining the notion of ‘Frame Potential’ for Banach spaces where usual direct
generalization of Hilbert space frame potential failed (see Proposition 2.5 in [33]).

Definition 3.2. Given a subgroup A C G x G, a nonzero f € (C°©))* and a nonzero T € C°(S), the pair
({f(r(A) Y rena, {(A)T}aca) is called as a Gabor-Schauder system. If the operator

Srea:C@ 5 x Y f(n(A) x)m(A)T € €S
AEA

is invertible, then ({f(7t(A)™) }aea, {7t(A)T}ren) is called as a Gabor-Schauder frame.

We are interested in subgroups A of G x G, which will give Gabor-Schauder frames. First we
show that the full lattice G x G will give a Gabor-Schauder frame. Given a nonzero f € (C°(¢))*, we
define analysis operator

W : CoG) 5 x Wyx = (f(n—(/\)ilx))\ecx@ c 0(GxG)
and given a nonzero T € C°(G), we define synthesis operator

Ve : C0(6%C) 5 (@) coxa ™ Y mm(M)Te co6),
AeGXG

Our first result is that composition of previous two operators give scalar times identity.
Theorem 3.3. For f € (C(%)* and T € C°(©),
VTWf = O(G)f(T) I(CD(G) . (17)

Proof. Let x = (xg)¢cG € CG) and T = (Tg)gec- Then
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Drecxe =
AeGxC
= ) Af[@n(_kr_g)(xg)gec}n(krg)(Tg)geG
(k&)eGxC
= Y RO~ MW xnrnec)(E(@)T-k)gec = Y. FIEK+M)xpri)nec] (E(8)To—k)gec
(k,&)eGxG (k&)eGxG
= Yo FLE(k+ R)xp)neclE(8)T, g—k) = ( Y fl@E(k+h)E(g )xh+k)hec]fg—k>
(k&)eGxG ¢€G (k&)eGxG ptel
=X Z flE(k+h)E )xh+k)hec]Tgk) (Zf {Z k+h)§(8)xh+k)hec;] Tgk>
keG zed g€G keG [geG g€G
=Y f [Z C(k+h)5(8)xh+k] Tgk) =0(G) (2 f {‘Sk+h,gxh+k} hec Tgk>
keG  [geC heG 2€G keG get
GY Y f [‘5k+h . h+k} To 10y =0(G) Y, Y f lz 5k+h,gxh+k5h‘| Ty—k0g
8€GkeG 8€GkeG heG
G) Y. Y. Y. SkingXnikflon]Te kg = 0(G) Y Y xgf[0s k]Ty 105
8€GkeGheG g€GkeG
= Z ng [Z 1 g = =0(G) Z ng[(Tk)keG]ég =0(G)f(7)x.
g€G keG geG

O

We call Equation (17) as Schauder-Moyal formula for Banach space. It is easy to see that for
Hilbert spaces, whenever f is determined by 7, Schauder-Moyal formula reduces to familiar Moyal
formula. Schauder-Moyal formula immediately gives the following corollary.

Corollary 3.4. If f € (C°9))* and T € C°(C) are such that f(t) # 0, then

Y f(r

AeGXG

x)n(A)t, Vxe o) (18)

O(G)f( 7)

In other words,

{F (TN D eewe TN T core)
is a Gabor-Schauder frame for Co(6)

We call Equation (18) as the inversion formula for Banach space. It reduces to inversion formula
for the short-time Fourier transform for Hilbert spaces, whenever f is determined by 7.
Recall that given linear operators T, S : C°(G) — C°(G), if we define

<T, S>HS = Z <T(5g, 55g>,
8cG

then the space £(C°(®)) of all linear operators from C°(C) to itself is a Hilbert space w.r.t. inner product
(T, S)ps. We denote this Hilbert space by HS(C?(G)). We need the following result in continuation.
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Theorem 3.5. [31] The family

1
{ o(G) H(A)}AEGXC )

is an orthonormal basis for HS(C°(%)).

Recall that given a subgroup (also known as lattice) A C G x G, we define the adjoint subgroup
of A, denoted by A° as

AV ={ueGxG:mn(A)r(u) = n(u)m(A),VA € A}.

Theorem 3.1 says that A” is a subgroup of G x G. Now given a nonzero vector T € C°(6) and a nonzero
functional f € (C°(©))*, we define the Gabor-Schauder frame operator S [Z7% Co(6) — CoC) as

Sfoax =y, F(r(A) (AT, Vx e €O,
AEA

Following key result will be used repeatedly. It mainly uses group properties of A.

Theorem 3.6. Let A be a subgroup of G x G, T € C°C) and f € (C))*. Then for each u € A, the
time-frequency shifts 7t(u) commute with the Gabor-Schauder frame operator S¢ ¢ .

Proof. Since 7(y) is invertible, to show m(u)Sfra = Sfroa7(p) it suffices to show that
n(y)_lsf,T,An(y) = Sfon- Letx € C°%) and u = (I,x). Now using the fact that G is a group
and using Theorem 3.1,

(LX) 'S peant(l x)x = 7(l, X) 1( Y. flr (1, )x]ﬂ(kfé)f)
(kgeA
= ) flr Yl x)x) (L x) " (k)T
(kg JEA
= Y Allr(Lx) k&) xa (L x) ik é)T
(k@‘ JEA
= Y flx()a(=1,=x)m(k, &) xx(Om(~1, —x)m(k, &)t
(kg JEA
=) ,=x)7(k, &) x] (=1, —x)m(k, &)t
(k@r JEA
Z —l+k—x+8) " xg(-Dr(=l+k —x+&)T
(kg)e
2 —l 4k, —x+&) " x]m(—l+k —x+&)T = Sfax.
(kg)e
O

Recall that (see [34]) a pair ({f; };’:1, {Tj}?:l) is said to be an approximate Schauder frame (written
as ASF) for C°(C) if the operator

n
Sfr: C©) 5 x Spexi=) filx)T € co(©)
=1
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is invertible. Also we recall that an ASF ({gj};?zl,{wj};?zl) for C°(%) is said to be a dual for

({fj}?:y {T]}]n:l) if

n n
x=Y filx)wj =Y gix)y, VreC©
=1 j=1

It is an easy observation that the ASF ({ fiSteti—1s {Sflil'j};?:l) is always a dual for ({f; AT {7}t ja 1)-
This is called as canonical dual of ({f;}" 1 {T] } ]:1) Following corollary says that canonical dual of
Gabor-Schauder frame is again a Gabor-Schauder frame.

Corollary 3.7. Let A be a subgroup of G x G v € € and f € ((C"(G))*, If
{F(T(A) ™) aea, {t(A) T} ren) is a Gabor-Schauder frame for CO(G), then its canonical dual can be written
as ({p(t(A) "D }rea, {m(N)wren) for some w € C(C) and ¢ € (C°(C))*, In other words, there exist
w € C©) and ¢ € (CUCOY* such that ({p(r(A) ") }ren, {T(A)w}ren) is a Gabor-Schauder frame for
o) and

x=Y ¢(n(A)” MNt=Y f(n ymr(Mw, Vx e CO),

AEA AEA

Proof. Canonical dual for {fF(r(A)"H Y rea, {7r( )T ren) is given by

{f(m(A)~ 1SfiA)}/\EA,{S;;AT[(A)T}AGA) Define w := S;TAT and ¢ := foTA Then using
Theorem 3.6,

{85 oAt Thien = {m(D)S 7 AThien = {T(M)whien,
{f(r(A)7'S5 s D hen = {f(S7am(A) ) aea = {6(m(A) ) aea
O

Next result is the key result of this section.

Theorem 3.8. Let A be a subgroup of G x G and T € C°(C), f € (CO(C))*, Then

St = 1 S0r(3) () = 4 (o =285, ot e 0O,

AEA }IEAO ( )

(20)

Proof. Theorem 3.5 says that

Sf,T,A = 2 R <Sf,T,Ar

ueGxG

= Y cum(p), wherec, =
neGxG

1
()>
s @

1 R
5 (Spearmw)), ¥ € GxGC.

) =
Qo
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Let y € G x Gand A € A. Theorem 3.1 then gives a dy, € T such that (M) tr(p)m(A) = dyam(p).
Using Theorem 3.6,

Yo cunt(p) = (M) Spoam(A) = H(A)l( )3 C;ﬂf(ﬂ)) ()

yEGX@ yeré
= Y, ) A= Y cudyan(p).
neGxG ueGxG

Therefore

Y cu(l—dy)m(u) =0, VAEA.
neGxG

Since {7(A)}, coxc 1S hnearly independent (Theorem 3.5), we then have ¢, (1 —d, z) = 0, for all
A€ A, forall p € GxG. Letu ¢ A°. We claim that ¢y = 0. If this is not true, then 1 —d,, , = 0 for all
A € A. But then we have 71(u)7t(A) = (A)7t(p) for all A € A which says u € A° which is impossible.
So claim holds. Hence the formula for the Gabor-Schauder frame operator reduces to

Sf,T,A = Z C;HT(V)- (21)
HeAD

Now let u € A. Then using Equation (19),

1 1
Cu = O(G) <Sf,T,Ar7T(V)>HS = O(G) g§;<sf,T,A5gr7T(.u)5g>

- 0(@) )» < Y f(e(1) ) <A>r,n<y>5g> = 0(1(;) Y L f(r(A) ) e (A)T, () )
g€G \AeA AeAQEG

- 0(1 Aggezgf(” 86) (e(1) ()T 9) = LLf () (M), 8) (2) o

= G Yo f lz n(A)T,(sgm(A)lég] = 0(1G) Y f ln()\)l Z<n(y)1nm)r,5g>5g]
AeA geG AEA geG

= 5 LA w0 mW)n) = s T A )
/\eA AEA

_ 1 o(A) —1

- /\eA O(G)f<ﬂ<y> )

By substituting the value of ¢, in Equation (21) finally gives

Zf (W) ') (p).

yeAO
O

We call Equation (20) as Fundamental Identity of Gabor-Schauder Frames (FIGSF) or
Schauder-Wexler-Raz identity or Schauder-Janssen representation of Gabor-Schauder frame
operator S¢ 5. It represents the frame operator corresponding to A in terms of frame operator
corresponding to A’. For Hilbert spaces it reduces to the usual Fundamental Identity of Gabor
Analysis (famously known as FIGA) derived in [30] and [31]. First major consequence of FIGSF is the
following criterion.
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Theorem 3.9. Let A be a subgroup of G x G and T € C°(C), f € (CO(C))*, Then

x=;%ﬂmmlmnmw,Vxe@@>¢$fmw>Hv=$i§w,vﬂeA9 @)

Proof. (=) We have that the Gabor-Schauder frame operator S¢ ; 4 is identity operator. Theorem 3.8
then says that

foo = %) L S0 0e() = 28 F( e+ o)

HEAD

Y, S o).

peAN{(0,0)}

By Theorem 3.5, the collection {71(A)}, . g is linearly independent. Thus the validity of previous
equation gives

F0) =22, 1) = 0w A {00}
(<) Using Equation (20),
_ o) - _ o) o(A) - _ 0
Speax = iG] T S nm0x = e GGE B st omu = e €,

O

We call Equation (22) as Schauder-Wexler-Raz criterion. This is a generalization of Wexler-Raz
criterion derived in [30] and [31]. The criterion says when we can say that certain pairs give
Gabor-Schauder frames by checking an algebraic equation on the adjoint lattice. We conclude by
deriving the following result, which we call partial Schauder Ron-Shen duality. Note that for Hilbert
spaces, the theorem is if and only if” (see [30] and [31]).

Theorem 3.10. Let A be a subgroup of G x G and T € C°G), f e (CCH* [f
{F(r(A) "D} aen, {1(A) T ren) is a Gabor-Schauder frame for C°(C), then both sets {n(y)’lr}yer and

{f(m(w)~1)} ueo are linearly independent.

Proof. Without loss of generality we may assume that S¢ A = Ioc). Now Theorem 3.9 says that

-1 o(G) 0
— 6,0, Vue A
f(T[(“Il) T) O(A) u,0 JZS
Let A, € A be such that A # u. Then, since A is a group, we get that f(7t(A) ! (u)~11) = 0. We
now suppose that ), c yo cu7t(1) "1t = 0 for some ¢, € C. Then for each A € A%, we have

0=f (ﬂ(?&)l ( )» Cu”(ﬂ)lT)> = Y f(r() () 1T) :cAZEi;,

el nenl

Therefore {71(A)T})c o0 is linearly independent. On the other hand, let 1, c yo 4. f (rt(u)~1) = 0 for
some d;, € C. Then for each A € A%, we have

0= HGZA() dﬂf(ﬂ(y)_ln()L>_lT) = dAO(A)

Therefore { f (n(y)_l)}ye a0 is linearly independent. (I
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