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Abstract: By developing the previously proposed method of combining continuum mechanics
with Einstein Field Equations, it has been shown that the classic relativistic description, curvilinear
description, and quantum description of the physical system may be reconciled. For a system with
an electromagnetic field, the Lagrangian density equal to the invariant of the electromagnetic field
was obtained, vanishing four-divergence of canonical four-momentum appears to be consequence of
the Poyinting theorem, and explicit form of one of gauges of the electromagnetic four-potential was
introduced. The proposed method allows for further development with additional fields.
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1. Introduction

Over the past decades, great strides have been made in attempts to combine quantum description
of interactions with General Relativity [1]. There are currently many promising approaches to
connecting the Quantum Mechanics and General Relativity, including perhaps the most promising
ones: Loop Quantum Gravity [2—4], String Theory [5-7] and Noncommutative Spacetime Theory [8,9].

A lot of work has also been done to clear up some challenges related to General Relativity and
ACMD model [10]. An explanation for the problem of dark energy [11] and dark matter [12] is still
being sought, and efforts are still being made to explain the origin of the cosmological constant [13-15].

The author also tries to bring his own contribution to the explanation of the above physics
challenges, based on a recently discovered method, described in [16]. As this article will show, this
method seems very promising and may help clarify at least some of the issues mentioned above. The
author’s method, similar to the approach presented in [17], also points to the essential connections
between electromagnetism and Gereral Relativity, however, the postulated relationship is of a different
nature.

According to conclusions from [16], the description of motion in curved spacetime and its
description in flat Minkowski spacetime with fields are equivalent, and the transformation between
curved spacetime and Minkowski spacetime is known. This allows for a significant simplification
of research, because the results obtained in flat Minkowski spacetime can be easily transformed into
curved spacetime. The last missing link seems to be the quantum description.

In this article, the author will focus on developing the method proposed in [16] in such a way,
as to obtain the convergence of the description with the description of quantum mechanics. In the
first chapter, the Lagrangian density for the system will be derived, allowing to obtain the tensor
described in [16]. These conclusions will be used later in the article to propose quantum description of
the system.

The author uses the Einstein summation convention, metric signature (+, —, —, —) and commonly
used notations. In order to facilitate the analysis of the article, the key conclusions from [16] are quoted
in the subsection below.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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1.1. Short summary of the method

According to [16], stress-energy tensor T* for a system with electromagnetic field in a given
spacetime, described by a metric tensor ¢*F is equal to

T = o U*UP — (CZQ + Ap) (g“ﬁ - gh“ﬁ) 1)
where g, is for rest mass density and

0 = 007 (2)

1 1
z = 18w [/ 1 3)

_ 1 o FAY

Np = 4, Sert Sup @
b = 2 B g0y BV 5)

\/FM &6y FAY 8Sup Foy g’i‘: Fyg
where F*f represents electromagnetic field tensor, and where the stress—energy tensor for
electromagnetic filed, denoted as Y*f may be presented as follows

YO = A, (8 — 2HP) = Apg® — —F gy FPY 6
=N (89 - E1) = Ag ~ g oy ©)

Thanks to the proposed amendment to the continuum mechanics, in flat Minkowski spacetime occurs

DU = —% = 90U =0 @)

thus denoting four-momentum density as oU* = g,y U¥, total four-force density f# acting in the
system is
f1 = QAM = By UL ®)

Denoting rest charge density in the system as p, and

P = poy ©)
electromagnetic four-current J* is equal to
J*=pU" = poy U (10)
The pressure p in the system is equal to
p=clo+ Np (11)

In the flat Minkowski spacetime, total four-force density f* acting in the system calculated from
9 T* = 0 is the sum of electromagnetic (f%,,), gravitational ( fgr) and the sum of remaining (f,;;,)
four-force densities

fEm = —Dp9p¢ h*f  (electromagnetic)
+
=1 fa = (8" —¢h*P)ogp (gravitational) (12)
+
o = %ng (sumof remaining forces)

do0i:10.20944/preprints202304.0011.v4
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As was shown in [16], in curved spacetime (g,5 = hy p) presented method reproduces Einstein Field
Equations with an accuracy of ‘IC%G constant and with cosmological constant A dependent on invariant
of electromagnetic field tensor F*”

A= —;; F* Ty TP Ry = —4CL4GAP (13)
where h, g appears to be metric tensor of the spacetime in which all motion occurs along geodesics and
where A, describes vacuum energy density.

It was also shown, that in this solution, Einstein tensor describes the spacetime curvature related
to vanishing in curved spacetime four-force densities fg, + fJ,

oth”
The proposed solution allows to add additional fields while maintaining its properties.

2. Lagrangian density for the system

Since for the considered method the transition to curved spacetime is known (based on
electromagnetic field tensor), the rest of the article will focus on the calculations in the Minkowski
spacetime with presence of electromagnetic field, where 7*f represents Minkowski metric tensor.

Using a simplified notation

z
din(p) _ U,d"In (p) = Uyal (14)

dr p

it can be seen that the four-force densities resulting from the obtained stress-energy tensor (12) in flat
Minkowski spacetime can be written as follows

fo = (1% — £heP) agp = TG QU — T35 1n (p)
A
frw =5 (£~ ) 9
® g N __ £
oth — p f fgr

where fg M can also be represented in terms of electromagnetic four-potential and four-current. This
means that to fully describe the system and derive the Lagrangian density, it is enough to find an
explicit equation for the gravitational force or some gauge of electromagnetic four potential.

Referring to definitions from section 1.1 one may notice, that by proposing following
electromagnetic four-potential A¥#

A
AM = Qo (16)
P Po
one obtains electromagnetic four-force density f7,, in form of
A din(p)
« anB _Bax) — F (A o 2
fiw = Jp (9°4P — 0P a") : <f —FoU* + o?d In (p) (17)

where Jp is electromagnetic four-current and where Minkowski metric property was utilized
Ugub =2 — ua“uﬁzla"‘(uuﬁ)zo (18)
B B P p
and where the forces in the system can be described by the following equality

3 AP 9P 4+ otly (9P U — 00 UBY — o, (9PU" — 9°UP) — £ 1
Jp (4P —9PA%) +aUlp (PE-Ut = ERUP ) = ollp (Ut —UF) =+ (19
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Comparing (15) and (17) it is seen, that introduced electromagnetic four-potential yields
0= (T"‘ﬁ - ch 17"‘5) dgIn (p) (20)

which is equivalent to imposing following condition on normalized stress-energy tensor
0=0 77%[3 0“1 T 21
— 9B Ny THY + n (’7#7 ) (21)

and yields gravitational four-force density in Minkowski spacetime in form of
dIn (p) 2

fgr—Q<dTuy_C a”ln(p) (22)

Now, one may show, that proposed electromagnetic four-potential leads to correct solutions.

At first, recalling the classical Lagrangian density [18] for electromagnetism one may show why;,
in the light of the conclusions from [16] and above, it does not seem to be correct and thus makes it
difficult to create a symmetric stress-energy tensor [19]. The classical value of the Lagrangian density
for electromagnetic field, written with the notation used in the article, is

- EEMclussic = Ap + AH]]J (23)

In addition to the obvious doubt that by taking the different gauge of the four-potential A* one
changes the value of the Lagrangian density, one may notice, that with considered electromagnetic
four-potential, such Lagrangian density is equal to

A Apoc? A2
— LEMclassic = Np — ?P@uy Uupoy = Ap _ee

(24)
() p p

As it is seen, above Lagrangian density is not invariant under gradient over four-position and A* and
Ju are dependent, what is not taken into account in classical calculation

AD{ ]DC
—_ = (25)
ArA,  AF],
Above yields
dln ( 1 )
/AFA ' o o
o / P L (26)

oAy AF, oA,

One may decompose

1 — _PPo | _ _ _ Qo€
In ( AVAP,> =1In <AonC> =In(p)—In(Ap) —In ( o, ) (27)
Qo€

and since "0, are constants, one may simplify (26) to

0

aln(p)ialn(Ap) LK:K+K
A, A, o2 Ay 0?2 A

(28)

Above yields
M 0 (29)
A, Ap
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which leads to the conclusion that A, acts as the Lagrangian density for the system
oA oA
0 © o
—f _ = 30
ah, (a@m)) J 0
thus stress-energy tensor for the system is equal to
1
T = EF"‘VaﬁAn, — AP (31)
In fact, the proof of correctness of the electromagnetic field tensor (noted as Y*P) allows to see this
solution )
£E =0 Y = 7FP — — 79, P, (32)

0
what yields following property of electromagnetic field tensor

F*79,0., AP = F*79P9, A (33)
Y Y

Using the above substitution, one may note
op L pery a8 L peyap L ey B 1 payyp
0. Y = 0, —F*79, AP — 0, —F*79P A, = —F*79P0, A, — 79, AP — 0, —F*79PA.,, (34)
]/lo ]/lo ]’lo ‘ug

Therefore the invariance of A, with respect to A, and d,A, is both a condition on the correctness of
the electromagnetic stress-energy tensor and on A, in the role of Lagrangian density

oA oA 1 1
0= " 9P(0,A,) + —LPA, = —F9P9, A, — JTOPA., = 9,—F*79PA 35
8(8“%) ( 14 7) E)AV Y Ho asRy ] Y “’uo Y ( )
what yields for (34) that
A Y = J19PA, — [Ta, AP = £F (36)
Equations (1), (6) and (31) yield
1 c%o
— 79, AP = gu*UP — —= Y*P (37)
Ho Np

what yields second representation of the stress-energy tensor
A 1
T — P i]F"‘VayAﬁ _Beypeyp = P 9, —F7AP (38)
0c*  Jho c? 0 o
After four-divergence, it gives additional expression for relation between forces and gives useful clues
about the behavior of the system when transitioning to the description in curved spacetime.
3. Hamiltonian density and quantum picture
Since
A, 1 A, 1

__ 9 ey % _ 2
9(A, /0xy) o T 3(0A, /%) Ho

thus noting Hamiltonian density in terms of the Lagrangian density [20] (and also from (31)) one gets

FO7 (39)

A, = LFOV%
P oc ot

A, ) oA,

"= (a(aA'y/aXO) 9xo —Np (40)
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where conjugate momentum field IT" is

= Lo (41)
Ho
As it is seen, above Hamiltonian density agrees with the classical Hamiltonian density for
electromagnetic field [20] except that this Hamiltonian density was currently mainly considered for
sourceless regions. According to the result above, this Hamiltonian density describes also gravitational
interaction and other forces resulting from electromagnetism. Above, therefore, significantly simplifies
quantum field theory equations [21-23].
At first one may notice, that in transformed (31)

— T = —JIF’”BVAO + Y0 (42)
o0

first row of electromagnetic stress-energy tensor Y*0 is a four-vector, representing energy density
of electromagnetic field and Poynting vector [24] - the Poynting four-vector. Therefore vanishing
four-divergence of the T*? must represent Poynting theorem. Indeed, properties (33) and (35) provide
such equality

0= —09,T% = J,F% +9,Y* (43)

which also shows, that for the constant total energy of the system, T*" is independent of the
four-position.
Next, one may introduce auxiliary variable £ with the energy density dimension, defined as

follows . JA
ce=——FmH_E (44)
Ho dt
and comparing the result
— UpT% = ce+ ey, (45)

between the two tensor definitions (31), (38) one may notice, that it must hold

0 A0
_ P iIE‘OVayAﬁ - _ f . (uﬁ FoﬂaﬂAﬁ + A]p%gﬂgﬁ)
cy oy

_Eyup_ P A
oc% o 0c24,

c 0cZ ycu,

Fo9,UP  (46)

because the second component of above vanishes contracted with Ug, due to the property of the
Minkowski metric (18). Therefore (31) also yields

T8 — & yp M]Foﬂayuﬁ 1Y% (47)
p i
where ¢, is electric vacuum permittivity.

It now may be concluded, that after integration of the %Toﬁ with respect to the volume, the total
energy transported in the isolated system should be the sum of the four-momentum and four-vectors
describing energy transport related to fields. Therefore, by analogy with the Poyting four-vector 1Y%,
one may introduce a four-vector ZP understood as its equivalent for the remaining interactions and
rewrite (47) as

1 1
— EToﬁ = 0, UP + 7P + EYOﬁ (48)

where 0
7P = (eg = 1> 00 UP — e"ﬁ O3, P (49)
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Above also drives to conclusion, that
1 €
—UgT% = —= — A (50)
cy P y F

may act as a Lagrangian density, used in the classic relativistic description based on four-vectors.
Based on the knowledge of the existing Lagrangians, a probable assumption can be made at this

point that
£ = 0oC* (51)
what would yield
1
- EuﬁTOI5 = 00¢* + 74 (52)
0
7P = p,AP — e”fwoﬂayuﬁ (53)
where — e”,‘y&o %9, UP, due to its properties, may be associated with some description of the spin.

The above result should not be surprising, because considering the system with electromagnetic
field and cannonical four-momentum density as part of the stress-energy tensor, actually one of
components of cannonical four-momentum density should be related to electromagnetic four-potential

and charge density. .
Finally, one may define another gauge A, of electromagnetic four-potential A, in following way
AT =AY — 9VAPXg = — X0 AP (54)
and note, that
— XpT% = ;{)FOVAV + XgY0P (55)

Since for constant total energy of the system
I*XpT% =T (56)
this brings two more important insights:

U %Xﬁ T may play a role of the density of Hamilton’s principal function,
¢ Hamilton’s principal function may be expressed based on the electromagnetic field only, so in
the absence of the electromagnetic field it disappears.

One may now summarize the above and propose a method for quantizing the system and for the
description of the system with the use of classical field theory.

At first, it should be noted, that the above reasoning changes the interpretation of what the
relativistic principle of least action means. As one may conclude from above, there is no inertial system
in which no fields act, and in the absence of fields, the Lagrangian, the Hamiltonian and Hamilton’s
principal function vanish. Since the metric tensor (5) for description in curved spacetime depends on
the electromagnetic field tensor only, it seems clear, that in the considered system, the absence of the
electromagnetic field means actually the disappearance of spacetime and the absence of any action.

One may then introduce generalized, canonical four-momentum H/ as four-gradient on
Hamilton’s principal function S

H! = _% / TOH By = —gis (57)

where
—-S= HVXH (58)
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and where H¥ does not depend on four-position. One may also conclude from previous findings, that
canonical four-momentum should be in form of

HM = Pt 4 V# (59)

where .
Vi = / 2V 4+ YO (60)

and where four-momentum P¥ may be now considered as just "other gauge" of —V#
9*Pt = —o"V# (61)

Since in the limit of the inertial system one gets P*X,, = mc>t, therefore, to ensure vanishing
Hamilton’s principal function in the inertial system, one may expect that

VEX, = —mc*T (62)
what also yields vanishing in the inertial system Lagrangian L in form of
— oL =U,H" = F'X, (63)
where FF is four-force, and where all above yields
VI, — F'Xy = —mc? (64)

thus
H'Hy, + m*c* = 2mF' X, + V'V, (65)

In this picture, the Hamilton’s principal function, generalized canonical four-momentum and
Lagrangian vanish for inertial system as expected. Assuming that equation (52) is indeed correct and
denoting

En=-— / A, dx (66)

one obtains from (65)
H'Hy — m*c* = V'V, — 2myEn (67)

To ensure compatibility with the equations of quantum mechanics it suffices to assume that right
side of above equation vanishes

Ep = ViV (68)
TEA= Tom
Thanks to above, by introducing quantum wave function ¥ in form of
¥ = oK Xy (69)
where K* is wave four-vector related to cannonical four-momentum
hK* = H* (70)
from (67) one obtains Klein-Gordon equation
2.2
m=c
<D+ 2 )‘I’:O (71)

which allows for further analysis of the system in the quantum approach, eliminating the problem of
negative energy appearing in solutions [25].
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The above representation allows the analysis of the system in the quantum approach, classical
approach based on (42) and the introduction of a field-dependent metric in (5) for curved spacetime,
which connects previously divergent descriptions of physical systems.

4. Conclusions and Discussion

As shown above, the proposed method summarized in section 1.1 seems to be very promising
area of farther research. In addition to the earlier agreement with Einstein Field Equations in curved
spacetime, by imposing condition (20) on normalized stress-energy tensor in flat Minkowski spacetime,
one obtains consistent results, developing the knowledge of the physical system with electromagnetic
field:

* Lagrangian density for the systems appears to be equal to £ = A, = ﬁlﬁ‘“ﬁﬂ‘“aﬂ

* Stress-energy tensor may be simplified to familiar form: T*f = iF 9P A, — Aon™P

o HP = —1 [T0P 8% acts as cannonical four-momentum for the point-like particle

* The vanishing four-divergence of HP turns out to be the consequence of Poynting theorem

* Some gauge of electromagnetic four-potential may be expressed as A¥ = — Lo ;% ur

¢ Gravitational, electromagnetic and sum of other forces acting in the system may be expressed
as shown in (15) where gravitational four-force is dependent on the pressure p in the system as
shown in (22)

Obtained canonical four-momentum H¥ is equal to
H!' =Pt 4+ VvH (72)

where P# is four-momentum and V# describes the transport of energy due to the field. It is calculated
as
VH = qAF +SF 4 YH (73)

where A¥ is electromagnetic four-potential, S due to its properties, seems to be some description of
the spin, and where Y* is the volume integral of the Poyinting four-vector.

It also seems, that this approach allows to combine previously divergent methods of curvilinear
and classic description with the quantum description. The proposed method should facilitate further
research on the quantum picture of individual fields, significantly simplifying equations of the
Quantum Field Theory and leading in natural way to Klein-Gordon equation (71).

Further analysis using the variational method may also lead to next discoveries regarding both
the theoretical description of quantum fields and elementary particles associated with them, and the
possibility of experimental verification of the obtained results.

Funding: The author did not receive support from any organization for the submitted work.

Data Availability Statement: Data sharing is not applicable to this article, as no datasets were generated or
analyzed during the current study.

Conflicts of Interest: The author has no relevant financial or non-financial interests to disclose.

References

1. Padmanabhan, T. Gravity and quantum theory: Domains of conflict and contact. International Journal of
Modern Physics D 2020, 29, 2030001.

2. Ashtekar, A.; Bianchi, E. A short review of loop quantum gravity. Reports on Progress in Physics 2021,
84, 042001.

3. Gambini, R.; Olmedo, J.; Pullin, J. Spherically symmetric loop quantum gravity: analysis of improved
dynamics. Classical and Quantum Gravity 2020, 37, 205012.

4. Lewandowski, J.; Mékinen, I. Scalar curvature operator for models of loop quantum gravity on a cubical

graph. Physical Review D 2022, 106, 046013.


https://doi.org/10.20944/preprints202304.0011.v4

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 July 2023 do0i:10.20944/preprints202304.0011.v4

10 of 10

5. Manoukian, E.; Manoukian, E. String Theory. 100 Years of Fundamental Theoretical Physics in the Palm of Your
Hand: Integrated Technical Treatment 2020, pp. 285-289.
6. Cano, PA; Ruipérez, A. String gravity in D= 4. Physical Review D 2022, 105, 044022.

7. Guerrieri, A.; Penedones, |.; Vieira, P. Where is string theory in the space of scattering amplitudes? Physical
Review Letters 2021, 127, 081601.

8. Novikov, O.0. P T-symmetric quantum field theory on the noncommutative spacetime. Modern Physics
Letters A 2020, 35, 2050012.

9. Kupriyanov, V.G.; Vitale, P. A novel approach to non-commutative gauge theory. Journal of High Energy

Physics 2020, 2020, 1-15.

10.  Melia, F. A Candid Assessment of Standard Cosmology. Publications of the Astronomical Society of the Pacific
2022, 134, 121001.

11. Frusciante, N.; Perenon, L. Effective field theory of dark energy: A review. Physics Reports 2020, 857, 1-63.

12.  Oks, E. Brief review of recent advances in understanding dark matter and dark energy. New Astronomy
Reviews 2021, 93, 101632.
13. Demirtas, M.; Kim, M.; McAllister, L.; Moritz, J.; Rios-Tascon, A. Exponentially small cosmological constant

in string theory. Physical Review Letters 2022, 128, 011602.

14.  Firouzjahi, H. Cosmological constant problem on the horizon. Physical Review D 2022, 106, 083510.

15. Dymnikova, I. The Higgs Mechanism and Cosmological Constant Today. Universe 2022, 8, 305.

16.  Ogonowski, P. Proposed method of combining continuum mechanics with Einstein Field Equations.
International Journal of Modern Physics D 2023, 2350010, 15.

17.  Danehkar, A. Electric-magnetic duality in gravity and higher-spin fields. Frontiers in Physics 2019, 6, 146.

18.  Helrich, C.S. The classical theory of fields: electromagnetism; Springer Science & Business Media, 2012.

19.  Brau, C.A. Modern problems in classical electrodynamics; Oxford univ. press, 2004.

20.  Poptawski, N. Classical physics: spacetime and fields. arXiv preprint arXiv:0911.0334 2009.

21.  Casini, H.; Magan, ]. M. On completeness and generalized symmetries in quantum field theory. Modern
Physics Letters A 2021, 36, 2130025.

22.  Buchbinder, I.L.; Shapiro, 1. Introduction to quantum field theory with applications to quantum gravity; Oxford

University Press, 2021.
23. Meurice, Y. Quantum Field Theory; IOP Publishing, 2021.
24.  Wylleman, L.; Costa, L.EO.; Natério, ]. Poynting vector, super-Poynting vector, and principal observers in

electromagnetism and general relativity. Classical and Quantum Gravity 2021, 38, 165009.
25.  Bussey, P. Improving our understanding of the Klein-Gordon equation. arXiv preprint arXiv:2212.06878
2022.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202304.0011.v4

	Introduction
	Short summary of the method

	Lagrangian density for the system
	Hamiltonian density and quantum picture
	Conclusions and Discussion
	References

