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1. Introduction

Any process modelled by time dependent PDEs can be naturally split into simpler
additive subprocesses. The splitting (or fractional step) methods, [1 - 3], decouple a com-
plex, high-dimensional problem into simpler sub-problems (the classical divide et impera
strategy). The main advantage offered by this approach consists of: each sub-problem can
be time integrated using a solver designed for its particular characteristics. The error gen-
erated by operator splitting is the main drawback of this method.

Today, splitting methods are widely employed to construct geometric integrators for
many problems, [4]. They are commonly used in environmental sciences, combustion and
life science processes. Due to the present framework, only the articles that deal with split-
ting methods applied to non-linear convection (advection) — diffusion — reaction equations
will be mentioned in this section.

For an advection-diffusion-reaction equation from atmospheric pollution, Lanser
and Verwer [5] studied the Strang splitting error using Lie operators. The convergence
analysis for a high order splitting scheme (Richardson extrapolation and Strang splitting)
applied to a non-linear diffusion-reaction equation can be viewed in Descombes [6]. The
splitting error for both linear and non-linear splitting methods was also analysed by
Hundsdorfer and Verwer, [7]. Fully implicit, semi-implicit and operator-splitting algo-
rithms are the time-integration methods investigated in [8, 9] for numerical solving of non-
linear reaction-diffusion, [8], and radiation-diffusion, [9], equations. For reaction-diffu-
sion equations, the stability of the splitting methods is analysed in [10]. The results ob-
tained in [10] were extended to advection-diffusion-reaction equations in [11]. The case
with indefinite reaction terms was also analysed in [11]. A brief review of the splitting
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methods used in air pollution modeling can be viewed in [12]. Numerical strategies de-
veloped to improve the splitting techniques applied to non-linear diffusion- reaction and
convection-diffusion-reaction equations are presented in [13, 14]. These strategies use es-
timates of the splitting error. Recent splitting techniques developed for non-linear convec-
tion-diffusion-reaction equations can be viewed in [15 - 17]. In references [5 — 17] the re-
action / radiation term is non-linear.

The mathematical model for mass transfer in multi-component mixtures, [18, 19], is
a strongly coupled system of partial differential equations. A review of the algorithms
employed for numerical solving of the parabolic multi-component mass transfer equa-
tions can be seen in [20, 21]. Until [20, 21], the splitting method was not applied to multi-
component mass transfer equations. In the present work, the splitting strategy developed
[20, 21] for linear multi-component convection — diffusion equations is extended to non-
linear, multi-component (the diffusion coefficients depend on chemical species concentra-
tions), convection — diffusion equations. It must be mentioned that the present nonlinear-
ity is not similar to those usually encountered in PDEs. Generally accepted explicit rela-
tions for the dependence diffusion coefficients versus concentrations are not available for
any number of chemical species, n. The splitting error is analysed theoretically. Numerical
experiments that investigate the discrete error approximation are presented.

Section 2 shows the analysis of the splitting error and the present algorithm. Section
3 shows the test problem. The numerical simulations and results can be viewed in Sect. 4.
The conclusions of this work are mentioned in Sect. 5.

2. Splitting Method
2.1. Numerical algorithm description

For a constant mass density multi-component mixture with n chemical species, the
balance equations for the chemical species concentrations, defined on Q x (0, =), Q < RV,
are as follows:

o, n-1
F‘FU'VWl:ZV'(DI,k(W)VWk)
k=1
W -
% +V VY Waoq = 2RV - (Do e (W) V wy) @

where wr is the mass concentration of component k, w = (wy,w,,....), v is the velocity

vector, D;; (w) is the Fick diffusion coefficient and V' the del (nabla) operator. In equa-

tions (1) the chemical reactions are not taken into consideration. In the next paragraphs,

for the brevity of writing, the Fick diffusion coefficient will be symbolized by Dicx.
Discretizing the spatial derivatives from (1), one obtains,

-1
ow, K
F-I_ Aywy = )V, Dy Vywy
k=1
ot L fy Wy = Y21V, Doy Vaw, @)
ot hWn-1 — 4ak=1 Vh Yn-1kVh'"Wk

where Vi and /s are the discrete approximations of the continuous operators. The present
splitting method is defined by:

Vi D11V, = 4, Vi Di2Vy Vi Dijp1Vn

VD21V VDoV — Ay - VD2 -1V

Vth—1,1Vh Vth—l,n—lvh - Ah
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HUPR VAR A A 7 )
0 %(VhDZZVh —A) ViDa -1V, +
i 0 0 0 %(thn_Ln_lvh —4))
= (VD11 Vy — 4y) 0 0
VDV 5 (ViDyVy—4y) 0 0 6)
VDY, . §(thn_1,n'_1vh — )

Relation (3) shows that in the present splitting algorithm, the numerical solving of a
non-linear block algebraic system is reduced to the numerical solving of two non-linear
block-triangular algebraic systems. Obviously, the previous statement is valid if implicit
or semi-implicit methods are used for time integration.

The test cases analyzed in this work have 2-D spatial operators, i.e. RN = R2. Consider
the geometric splitting of Vi and A as:

Vi= Vi + Vi Ay = A + Ay, 4)
and denoteby L, ., L, , L, .. Lih’y , the matrices
r1l
2 (vh,xDllvh,x - Ah,x) Vh,xDlzvh,x Vh,xDl,n—lvh,x
1
Zx — 0 2 (vh,xDZZVh,x - Ah,x) vh,xDZ,n—lvh,x ,
: : 2 ) :
0 0 2 (Vh,an—l,n—lvh,x - Ah,x)
_1 -
E (Vh,yDllvh,y - Ah,y) vh,yDlzvh,y o Vh,yDl,n—lvh,y
1
Zy = 0 E (vh,yDZZVh,y - Ah,y) o vh,yDZ,n—lvh,y
. :
| 0 o 0 E (Vh,yDn—l,n—lvh,y - Ah,y)_
_1 -
E (Vh,xDllvh,x - Ah,x) 0 0
1
ézx = Vh,xD21vh,x E (Vh,xDZZVh,x - Ah,x) 0
1
Vh,an—l,lvh,x e E (Vh,an—l,n—lvh,x - Ah,x)_
1
2 (ViyD11Viy = Any) 0 0
1
i ViyD21Viy ~(VhyD22Viy = Ay) - 0 G)
hy : : . :
1
Vh,yDn—l,lvh,y g (vh,yDn—l,n—lvh,y - Ah,y)

One step for time integration is the Strang integrator with four pieces, [2]:

aw? N 1 _
oL =0t St<tiq, (6a)
aw? s 2 _
St LW =0t St<tiyp (6b)

ows i 3
? + Lh,xW = 0, ti—l <t< ti—l/Z (6C)
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ow*

a0 + LZ'yWZ} =0,t; 1 <t<t¢; (6d)
ows | i 5 _
? + Lh,xW - O, ti—I/Z S t S ti (6e)
aws s 6
T + Lh,yW = 0, ti—1/2 <t< ti (6f)
aw’ s 7 —
? + Lh,XW - 0, ti—1/2 S t S ti (6g)

where w = (W, wy,....). The initial conditions are: w! (t1)=w ( ti1), wk (t1)= wk?

(tiap) (fork=2,3,4)and w* (tap)= wk™! (tap) (fork=5,6,7). In relations (6), the
superscript refers to each fractional step. The reasons for the selection of the Strang split-
ting integrator are presented in the sub-section 2.2.

2.2. Splitting Error Analysis

The truncation error for any time-split algorithm is given by the sum of the following
two terms: (1) the splitting error and (2) the error of the discrete approximation (finite
differences, finite elements, finite volumes, etc.). The splitting error will be analysed in
this section.

Consider the general, non-linear, autonomous system of differential equations,

ow
=AW, @

with the initial condition,
w (x, to) = wo, x € Rx, 8)

where A is a smooth function of w. For well-posed problems, the solution of (7) at any
time t1 > to, (1 = to + 5t) is uniquely determined by the initial condition. This solution can
be written as,

w(t)=S(t,to)wo=S(t) wo. 9)

where S ( Jt) is the solution operator.
The operator A can be additively split into two or more pieces. Consider the case of
two pieces,

A(w)=A1(w)+A2 (w). (10)

where A1 and Az are smooth functions of w. The resulted subproblems

) (11a)
and
2= 4, (w), (11b)

should be easier to solve than the full problem. Denote by 51 ( 6t ) and S2 ( 6t ) the
solution operators for the subproblems (11a) and (11b). The usual or Lie-Trotter splitting
algorithm corresponding to (11) is,

w(h)=8(5t)Si1(dt)wo (12)
For the algorithm (12), the splitting error operator Espiit ( 5t ) is defined by,
Espiit (0t)=52(0t)S1(t)-S(It)

Using Taylor expansions, one can prove (see LeVeque, [22]) that the splitting error
for the algorithm (12) verifies the relation:
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Espiic (6t) = S, (6t) S, (6t) =S (6t) = %2 [A1, 4.1+ 0 (6t °) (13)
where [A1, Az] is the Lie bracket (or Lie-Jacobi bracket or commutator) defined by
[A1, 4] (W) = Az (W) A1 (W) — Ay, (W) Az (W) (14)
and Aiw is
gy =22 212
iw — a w L= 1,4

Relation (13) shows that if [A1,Az2] = 0, the Lie-Trotter splitting is second order accu-
rate. If [A1,A2] does not vanish, the Lie-Trotter splitting is only first order accurate. To
compute the Lie bracket for the splitting scheme used in this work, we will consider, for
brevity of writing, the case of a ternary system. For a ternary system, the present splitting
can be written as,

lelv Wl _vvwl levaZ
VD21V Wl VDzzv W2 _UVWZ
(A)
1 1
E(leleI _vvwl) VDlzv W2 E(VDHVWl _vvwl) 0
1 + 1
0 E(szvaZ —UVWZ) VD21VW1 E(szvaZ —UVWZ)
(A1) (A2)
(15)
In this case, Aw is a three — order tensor (2x2x2) which can be written synthetically
as,
a A & .
Ay = [m[a%],z =12, (16)

where 0 A;/0w,, 0 A;/0w,, are 2 x 2 matrices. The products Az A1 and Aw A2 are also

three — order tensors. To evaluate the Lie bracket [A1, A2], the matrices
dA dA dA JdA

2 . 2 A, 1 A, 1

dwy adw, Jd wy aow,

were computed. Denote by a11, a2, az1 and a2 the elements of matrix A. The matrices

AZ-

1/ 8Dy, 1 1/ 8Dy,
aAZ B E(V an VW1+ lelv_vv)Eall E(V an VW1+ VDHV—DV) alz
a W. 1= a D21 1 a D21 1 a D22 1
1 (V a Wl V W1 + V D21 V) E a11 (V a Wl V Wl + V D21 V) a12 + E (V a Wl V Wz) E a22
and

1 a D11 1 a DlZ a DlZ 1
aAl 3 E(V an VW]_ + VD]_]_ V—UV) E all + (V an VWZ) a21 (V a—vvl VWZ) Eazz

dw, 27 1/_ 0Dy, dD,, 1
1 27 G, ) e (7 G 72) 70

show that [A1,A2] # 0. Thus, the splitting defined by (12) and (15) is only first-order
accurate.

For the cases when the number of chemical species n is, 1 > 3, the computation of the
Lie bracket leads to similar results. Only the elements from the main diagonal of the ma-
trices have additional terms. The other elements of the matrices are similar to those pre-
viously presented. It must be also mentioned that the following relation,

Dij#Dji, i#]
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is generally valid for the Fick diffusion coefficients. Under these conditions, it is ob-
vious that the Lie bracket does not vanish when n > 3.

A second — order accurate splitting, regardless the values of the Lie bracket [A1,Az],
is the Strang splitting [2]. The Strang splitting is defined by,

w(t)=51(6t/2)S2(5t)S1(5t/2)wo (17)
The relation that describes the Strang splitting is a palindromic structure (Bou-Rabee

and Sanz-Serna, [23]). For the Strang splitting, the solution operators S, S1 and S: satisty
the relation [22, 23],

51(5t/2) S,(5¢) 5,(56/2) = S(5t) = = [Ay, [Ay, As]] + 2[4y, [41, 4,]] + 0 (5t %)

(18)

Relation (18) shows that Strang splitting is a second-order integrator. If the operator
A is split in many pieces (m pieces), it can be proved by induction [23, 24], that the Strang
splitting

w (1) = S1(5t /2) SASt[2)....Sm1 (5 /2) Sm (SE) Sme1 (5E/2) ... S2 (5 /2) S1 (5t /2) wo

(19)

is second — order accurate. However, it must be mentioned that the increase in the
number of pieces increases the splitting error. The present splitting algorithm (6) belongs
to the classes of algorithms defined by (19).

3. Test Problem

The present test problem is the same as in [20]. It models the mass transfer inside a
sphere of constant radius R when the resistance to the mass transfer outside the sphere is
negligible (the sphere surface concentrations are equal to the free — stream concentrations),
[25-27]. In the absence of chemical reactions and neglecting the Marangoni and buoyancy
effects, the dimensionless convection - diffusion equations read as follows:

T 2 (Ve + 2228 = STV DV Wi, i= 1,2, ..., el (20)
where
VDV = 5 (r2Dye o) + o (sin 6 Dy 55),

d is the diameter of the sphere, Drs the reference diffusion coefficient,  the dimen-
sionless radial coordinate, ¢ the time, Uo the free stream velocity, W the dimensionless
concentration of the chemical species and 0 the polar angle. For the computation of the
dimensionless velocities field (Vz, Vo) we assume incompressible, steady, axisymmetric
flow inside and outside the sphere and constant physical properties.

The boundary conditions are:

-0=0,7
SIiDy it =0 & 2= 0,i=12,., 1 (21a)
-r=1
wi= WR,i=12,..,n1 (21b)
-r=0

Wi = finite, i=1,2,..., n-1 (21¢)
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The dimensionless initial conditions are:

=0, Wi= W', i=12,...,n-1 (22)

Applying the (well-known) transformation,
Z.
W,=—,i=12,...,n-1
r
the mathematical model equations become:

9z; | Pe 9z _ Zi\ Ve dZ] _ yn-19 p Ty = -
A 2 Ve (SR - ) + 22 2h] = 3tV Dy V2, i= 12,00, (23)

op. =2 (p 9)_109Dik ii(,i) ,i]
VD”‘V_ar(D‘kar) y or Tz lae D a0 +COt8D"‘ae’

The boundary and initial conditions are:

-0=0,7
oz,
—LX=0,i=12,...,n1 (24a)
00
-r=1
Zi= ZF,i=12,..., n1 (24b)
-r=0
Zi=0,i=12,...,n-1 (24c¢)
-7=0
Zi=2%i=12,..,nl (24d)

4. Results and Discussions

Uniform meshes with N x N points,

O=n<n<.<ry,<ry=lrn=>k-1)h,,0=0<0,<..<0y <0y =1,

6, =(1-1)h,, k,I=1,N,

hr =1/(N-1)andho =mn/(N-1) being the mesh steps size, were used for the
discretization of the spatial derivatives of equations (23). The diffusion terms were discre-
tized with the second-order finite difference scheme as follows,

6(D (’)Zk>+1 a (D 6Zk)
ar\ % ar) rz2aeo\ "% g0

k+%'l k+1,l Kl k—%'l kL k-1l k'l’f% kl+1 Kl k'l—% K, k-1
NDi,j (Zj —Z; )_Di,j (Zj —Z )_I_iDi,j (Zj —Z )_Di,j (Zi —Z )

2 2 2
h? r hg

(25)

The diffusion coefficients from (25) are the arithmetic averages of the mesh point val-
ues. Appendix A shows the methodology used to calculate the multi-component Fick dif-
fusion coefficients. Appendix B shows the Stefan — Maxwell diffusion coefficients and the
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choice of the reference diffusion coefficients. The convection term and the boundary con-
ditions (24a) were also discretized with the central, second-order accurate scheme.

The time integration of each fractional step from (6) was done by an implicit method.
In each fractional step, a non-linear, tri-diagonal matrix system must be solved. The suc-
cessive substitution method solves the non-linear system. The following error criterion
was used for the non-linear iteration: the difference between the numerical solutions of
two consecutive non-linear iterations, in the discrete L~ norm, must be smaller than 10-8.

The values considered for the dimensionless parameter Pe are, 0 < Pe < 10°. Only the
creeping flow solutions [28, 29] for the dimensionless velocity field were used. Two mass
transfer cases were considered in this work. The first is the usual mass transfer for which

Wko # WkR for all k. The second is the so-called , Multi-component effects without an im-
posed concentration difference of a particular component”, [27]. In this case, for at least one of
the chemical species, the condition Wko = WkR holds. This case is discussed in detail in
[20].

The error for the discrete approximation is the first issue analysed in this section. The
following methodology is used to investigate the accuracy of the spatial discretization:

e  compute the numerical solutions on the following spatial meshes: 33 x 33, 65 x 65, 129
x 129 and 257 x 257, numbered by m =1, 2, 3, 4;

e denote by Z0") and Z the solutions computed on the two consecutive meshes m —
1 and m, respectively; compute the difference between Z¢*) and Z by,

Err(™ :H z(m _z(m) (26)

,
where ||, [|,is the discrete p norm; the difference between Z(") and Z( is computed for
the common grid points;

e the spatial convergence rate is computed as,

Epr(™V j

(27)
Err(™

R™ =log, (

From the numerical simulations made in order to compute the spatial convergence
rate, a selection is presented in Tables 1 and 2. The discrete Euclidean norm (p = 2) was
used in relation (26). The time step used to compute the results presented in Tables 1 and
2 was constant and equal to A T = 10 Similar results were obtained for values of the di-
mensionless time 7 smaller or greater than 0.085 (Table 1) and 0.075 (Table 2). The numer-
ical simulations made and the data presented in tables 1 and 2 show that:

Table 1. Analysis of the spatial convergence rate; n = 4, Wf = 0.02, Wf = 0.3, WE = 0.01, W =
0.3, WY =0.02, W =0.01, T =0.085, set Q1 of Stefan — Maxwell diffusion coefficients.

Err(m R(m)
" N Pe=1 Pe=10 Pe=102 Pe=103 Pe=1 Pe=10 Pe=102 Pe=103
1 33 - - - - - - - -
2 65 0.6x103 0.67x103 0.29x102 0.22x102 - - - -
3 129 0.16x103 0.18x103 0.79x103 0.57x103 1.9 1.89 1.87 1.96
4 257 0.45x104 0.7x104 0.21x103 0.15x103 1.85 1.87 1.89 1.95
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Table 2. Analysis of the spatial convergence rate; n=5, Wt = 0.2, Wf = 0.05, Wf = 0.2, Wt =0.1,
WP =0.05 WP =03, W =0.01, W2 = 0.3, © = 0.075, set P2 of Stefan-Maxwell diffusion coeffi-
cients.

Err(m) Rm)
" N Pe=1 Pe=10 Pe=102 Pe=103 Pe=1 Pe=10 Pe=102 Pe=103
1 33 - - - - - - - -
2 65 0.14x102 0.16x102 0.68x102 0.82x102 - - - -
3 129 0.36x10-3 0.42x10°3 0.18x102 0.21x102 1.97 1.96 1.95 1.95
4 257 0.93x10+4 0.11x103 0.46x103 0.56x103 1.96 1.95 1.95 1.93

e Rm=2 for all Pe values used in this work; this means second — order spatial accuracy
for the present numerical solutions;

. the number of chemical species, 1, does not affect the convergence rate;

e  the values of Wko p WkR and the Stefan - Maxwell diffusion coefficients do not influ-
ence the convergence rate.

The error for the time discretization was investigated following the approach pre-
sented in [10], (because the present test problem does not have an analytical solution). To
apply the approach presented in [10], a reference solution must be first calculated. The
reference solution was computed numerically as “the Richardson extrapolation of two
solutions obtained with the smallest A 7 values”,[10]. The error used to approximate the
convergence rate is the discrete Euclidean norm of the difference between the current so-
lution and the reference solution.

Figure 1 shows one case selected from the present computations. This selection can
be viewed as a typical one for the present results. The spatial mesh has 129 x 129 points.
Figure 1 shows that, as expected, the increase in Pe increases the numerical error. How-
ever, regardless the Pe numbers values, the numerical solutions converge with the de-
crease in the time step and are second — order accurate in time.
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- - second-order slope reference
first-order slope reference

|
-
o
o

Lol

Euclidean norm of error

Arl T

Figure 1. Analysis of the temporal convergence on a spatial mesh with hr=1/128, he=m/128; n=5,
matrix P1 and Pe in the range 10 + 103 the final time is = = 1.0; W = 0.2, W5 = 0.05, Wf = 0.2,
WE =01, w? =0.05 W =03, WP =0.01, W =03.

A stable solution was obtained in all numerical simulations for all the combinations
of parameters, initial and boundary values for Wk. The numerical simulations also shown
that the number of chemical species 7 and the Stefan - Maxwell diffusion coefficients do
not affect the stability of the present algorithm.

To verify the splitting error, the present test problem was also solved numerically
using the fully implicit method from [30, 31] combined with the defect — correction itera-
tion [32] (in order to achieve second-order accuracy). The values of the relative differences
between the present results (average concentrations) and those provided by the fully im-
plicit method are smaller than 1%.

Figures 2 and 3 show the time variation of the present numerical solutions. The quan-
tity depicted in these figures is the sphere dimensionless average (geometric average) con-
centration. The cases presented in figures 2 and 3 refer only to usual mass transfer, i.e.
mass transfers from the surrounding fluid into the sphere when W&> W and mass
transfers from the sphere to the surrounding fluid when Wf< W. Time variation of the
dimensionless concentrations for “mass transfer without an imposed concentration dif-
ference of a particular component”, [27], is not presented here. This case was fully dis-
cussed in [20].
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(c)
n=4, setQ2
0.10 -+
—_—Pe =1
-— - =100
- - = 1000
0.08 -

W' =0.01, W) =0.3
W, =0.3, W, = 0.05

0.06 - W, =0.1, W, = 0.05

10° 10 10" 10

Figure 2. Bulk dimensionless concentrations vs. dimensionless time for a quaternary system at var-
ious Pe numbers and set Q2 of Stefan - Maxwell diffusion coefficients; W= 0.01, W = 0.3, Wf =

0.3, W0 = 0.05, WK = 0.1, WP = 0.05; (a) W, (1); (b) W, (1);(c) Wy(1).
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Figure 3. Time evolution of the bulk dimensionless concentrations for n = 5, various Pe numbers, set

P1 of Stefan - Maxwell diffusion coefficients; W = 0.1, W = 0.01, Wf = 0.01,W;? = 0.1, VV3R =
0.01, W3°=0.2, W4R=0.2, W4°=0.01; @ W, (t);®) W,(1); () V73 (7);(d) V73 (7).

Figures 2 and 3 show that the dimensionless sphere average concentrations vary mo-
notonously, from the initial value to the surface value. As expected, the mass transfer rate
increases with the increase in Pe. The effect of Pe is stronger in the range 100 < Pe < 1000.
The results presented in figures 2 and 3 show that the numerical solutions converge to the
correct solution.

5. Conclusions

In this work, the splitting algorithm developed in [20, 21] for linear convection — dif-
fusion equations was extended to non-linear convection — diffusion equations. For the
present algorithm, only block-triangular algebraic systems must be solved. Each block
contains a tridiagonal system. The stability and accuracy of this algorithm were analysed
both theoretically and numerically.

Theoretically, we showed that a second-order splitting error can be provided by
Strang splitting. Also, the numerical simulations made have shown that the discrete ap-
proximation is stable and second — order accurate in space and time.

The splitting techniques applied to multi-component mass transfer equations can be
further developed. First, the chemical reaction term must be added. An operator (physi-
cal) splitting can be applied to the convection-diffusion-reaction equations. The present
splitting algorithm can be applied to the diffusion step.
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Appendix A.

The following steps must be followed in order to compute D (mass-base diffusion coefficients matrix with the
elements D)), [33]:
1. Compute the matrix B (the so-called drag effects matrix) by,

n
X, X,

B,=" 4 i=1mun—1 (A1)
791'n k=1 Blk
k#i
B . =—x 1o Lj=1,...,n=1i#j (A2)
ii i Blj Bm }J yeeeey ) ]

In the previous relations, B is the Stefan — Maxwell diffusion coefficient and xi the molar fraction.

2. Compute the matrix DM by,

DM=BT (A3)
where I' (the matrix of the thermodynamic effects) is equal to the identity matrix for ideal mixtures. D™ is the mole-
based diffusion coefficients matrix.

3. Compute the matrix D by,
D=Clw][*xD¥[x][w] C (A4)
where [ x | and [ w ] are diagonal matrices whose the elements on the main diagonal are the mole fractions xi and the

mass fractions w;, respectively. The matrix C is computed as

X X
J
C; =0, —w 4. (A5)

W, W,

where i is the Kronecker symbol.
In the present computations, one assumed that the molar mass of the chemical species is the same. In this situ-

ation, xi = wi and D = DM. Also, constant values for the Stefan — Maxwell diffusion coefficients were assumed.
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Appendix B.

In section 4, the Stefan — Maxwell diffusion coefficients used are:

- n=4;
set Q1
Blz = 0.647, B_13 = 0.415, B—14 = 1.0,
Bz3 = 0.628, B_24 = 1.4897,
B34 = 0.969.
set Q2
Blz = 0.915, B_13 = 0.782, B—14 = 1.0,

Bz3 = 972, B-24_ = 1.34‘4‘,

B34 = 1.165.

The diffusion coefficient Py, isequal to Dy, =1 because D;j, was considered the reference diffusion coefficient.

-n= 5;
set P1

D, =022, B,=031, B,=025 D =10,
D,; =035, D,,=0.1, D,;=1.18,

D,, =043, Dy=12,

D, =1.3.

set P2

Dy, =6.326, B;=42523, B,,=0247, D;;=1.0,
D,,=4978, D,,=0.189, D, =5.178,

D,, =3.325, Dys=1.27,

D,;=0.987.

The diffusion coefficient B,5 isequalto B,;5 =1Dbecause, forn=>5 B is the reference diffusion coefficient. It must

be mentioned that the following relation
Bij = Dy, 1 # J,

holds for the Stefan — Maxwell diffusion coefficients,
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