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the Nagel-Schreckenberg Model with v, > 1
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Abstract: An exact solution for the Nagel-Schreckenberg model for vimax = 1 is known since the 90s, yet for vmax > 1 it remains an open
question. It is conjectured here that this general solution can be generated from the basic solution (for vimax = 1) by a linear coordinate
transformation, the shear mapping, which requires no additional parameters in the deterministic case, and two additional parameters
otherwise. The proposed solutions show remarkable agreement with existing numerical solutions, except in the congested regime where
the Monte Carlo data shows more concavity than the more linear congested branches predicted by the theory. More research is needed to
investigate this bias.
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1. Introduction

The influential Nagel-Schreckenberg (NaSch) model [1] has become a pivotal model for traffic science to
this day. In its deterministic form, it encapsulates the simplest microscopic driving rules: “Travel at the
maximum speed vpax unless impeded by the downstream car”. The resulting steady-state equilibrium
relationship between the flow, f, and the density, p, of vehicles on a link—known as the fundamental diagram of
traffic flow—is triangular in shape, and has been used extensively in the literature. These canonical driving
rules are shared by a large family of well-known deterministic traffic flow models, both continuum and
discrete, and therefore are fundamentally equivalent. These models include: the kinematic wave theory of [2, 3]
with triangular fundamental diagram, or KW' for short, the celebrated Newell’s car-following
model [4], Daganzo’s cellular automaton [5], and elementary cellular automata rule 184 [6] when vyax = 1.
The NaSch model adds two more rules at each discrete time step: (i) bounded acceleration: a vehicle
driving at a speed v < vpax may only increase its speed by one unit, and (ii) a probability p of slowing
down by one speed unit for moving vehicles, v > 0.

The focus here is an analytical expression for the fundamental diagram of the NaSch model, namely
f“"(p), as a function of model parameters viax = v and p = r. An exact solution for the NaSch model for
Vmax = 1 has been known since the 70s [7, 8] thanks to the analogy to the TASEP with parallel dynamics
[9, 10]:

P70 =5 (1= I 10=pA=p)p) . (= 1) g

Yet for vipax > 1, this remains an open question. According to [11] the main reasons for the difficulties
is that “For vipax > 1 the particle-hole symmetry of the TASEP is lost and as a result the fundamental
diagram is no longer symmetric around p = 1/2”

It is shown here that both the particle-hole symmetry and the symmetry of the fundamental diagram can
be restored thanks to a linear coordinate transformation, the shear mapping, first described in the traffic
flow context in [12]. This transformation constitutes a symmetry of conservation laws: a solution under a
given set of transformation parameters can be mapped to the solution under another parameter set. The
significance here is that depending on these parameters, one may slant the shape of the fundamental diagram
until it becomes symmetric and Eq. (1) may be applied. Notice that the spirit of this solution method is in
line with the intuition that “TASEP is the mother of all traffic flow models" per Schadschneider’s book [13].
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2. The shear symmetry of conservation laws

The Galilean transformation x — x + vgt,t — t, expresses the invariance of the physical world to inertial
frames of reference moving at a constant velocity vg, by leaving most physical laws, including conservation
laws, identical. A lesser-used linear symmetry that also leaves conservation laws invariant is the shear (or
skewing) mapping:

x—ex, t—t+x/vy, 2]

which can be interpreted as using asynchronous time [14], where clocks start running at each location
according to the passage of an observer moving at a constant velocity vg. The parameter € represents a
spatial scale parameter. [12] shows that applying the same transformation to flows and densities, i.e.:

f—ef, p—=p+flu 3]

leaves delays and total distance traveled unchanged. The significance of the shear mapping Eq. (2)-Eq. (3)
is that one can make the shape of fundamental diagrams mirror-symmetric with respect to the line p = 1/2
by using the appropriate value of vy.

3. The conjecture

This paper entertains the conjecture that the general fundamental diagram f*“"(p) for model parameters
Vmax = v and p = r can be obtained from the basic solution f'P(p) in Eq. (1) by the shear mapping
Eq. (3), denoted by S(+;vo,€), with (u,r)-specific non-universal parameters —oo < vy < —1,€*" > 1 and
0 < p®" < 1, which are allowed to be arbitrary functions of u,r in this paper, i.e.:

£ (p) = S(F (p);ug ", €) [4]

Under this conjecture f%7(p) corresponds to €“"q where q solves ¢ = f17"" (p — q/vy’"). It turns out that
this solution can be expressed as:

[ (p) = €7 (=b+ Vb? — dac) /2a, [5]

where a = p*" + (v5"")? = 1/vy" b = 2(1 = p“")p+ p*" — 05" = 1,c = (1= p)pvy” (1 =p“"). o

In the deterministic case this conjecture can be easily verified and the non-universal parameters easily
determined; see the appendix. Unfortunately, this deterministic recipe does not work in the general case,
and the challenge now is to formulate the non-universal parameters vy, €%" and p*“" as a function of both
Vmax = v and p = 7.

To understand the type of predictions made by the proposed framework, Fig. 1 shows Eq. (5) for a few
values of vy’ and p*", and using €*" =1 —1/vy"", a relationship that arises in the deterministic model (see
appendix), and is used for illustration purposes only. It can be seen that: (i) the fundamental diagram gains
curvature around the critical density as the slowdown probability increases, but the congested branch is
mostly linear in accordance with empirical evidence, (ii) the capacity and wave speed (slope of the congested
branch) decreases with the slowdown probability.

4. Comparison with existing results

Fig. 2 presents a comparison of the analytical solution proposed here (black curves) and the numerical
results using Monte Carlo simulation (color thick lines) reported in [11] for p = 0.25 and for viax = 2,3, 5.
In each case, the parameters vy, €*", p"" were chosen to minimize the total sum of squared errors, and
the result is shown in the bottom panels of the figure.

It can be seen that the fit is excellent under free-flow, but deteriorates under congestion. This is most
visible for the case vinax = 5 where the model predicts a congested branch that is much more linear than
the Monte Carlo simulation.
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Fig. 1. f*'"(p) per of Eq. (5) for a few values of vg = ug’r andp, = p“ " and e*? =1 — 1/vg obtained by eliminating the maximum speed from Eq. (9)-Eq. (10).

5. Discussion in Outlook

This paper conjectures that the general solution for the NaSch model can be obtained from the basic
solution for viax = 1 by a shear mapping. While this was not proven conclusively here, we can conclude
that the shear mapping Eq. (3) will be a key ingredient of the solution, as it accounts for the universal
properties of the problem across different values of vi,ax. More precisely, the shear mapping captures the
correct scaling behavior of the system with respect to the size parameter vy,x.

The challenge is to formulate the non-universal parameters vy, €*" and p“" as a function of both
Vmax = 4 and p = r. From the optimization procedure in this paper, we can conjecture the following general

forms of these functions for » = 0.25 only:

T

vy = —(0.83 4+ 2.17/u) [6a]
" =1+ (1 —exp(—1.14(u — 1))/12.5 6]
p"" = exp(—1.15u — 0.23) [6c]

as suggested by the lower panel in Fig. 2.

The Monte Carlo data reported in [11] shows more concavity than the more linear congested branches
predicted by the theory. This indicates that there might be a missing ingredient in the theory. An
important candidate at this point is the bounded acceleration that takes place in the model only for u > 1,
currently not being captured in the theory. Another source of discrepancy might be the discrete nature of
cellular automata compared to the continuum nature of the proposed theory. It may be possible that the
discrepancies can be seen as a type of numerical error when approximating continuum problems; perhaps
the system size of 10* cells used in [11] is not large enough?

Interestingly, Eq. (5) implies that f*" is a solution to the elementary quadratic polynomial equation
aq? + bq + ¢ = 0, whose determinant is always positive. Naturally, the basic solution Eq. (1) also possesses
this property, in which case a = 1,b = —1,¢ = (1 — p)(1 — p)p. This property of the solution might hint to
a connection with the variational solution of traffic flow [15, 16], where flows are obtained by minimizing a
cost function. It is possible that this quadratic equation represents the first-order optimality conditions.
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Fig. 2. Comparison of the analytical solution proposed here (black curves) and the numerical results using Monte Carlo simulation (color thick lines) reported in [11] for
p = 0.25 and for vimax = 2, 3, 5. In each case, the parameters vy = vgvr, e =¢"" ps = p"" were chosen to minimize the total sum of squared errors, and the result is
shown in the bottom panels of the figure. (Superscripts u, r have been omitted for clarity.)

This connection should be explored, as it might pave the way for using the NaSch model as an aggregated
model for cities.
A. Appendix

A. The deterministic case, p — 0.In the deterministic case the fundamental diagram in the NaSch model
with viax = u becomes triangular; Fig. 1:

F*%(p) = minfup, 1 - p}, [7]
whose critical density and capacity are given by:
1
p0 = ita and i H—Lu respectevly. 8]

To perform the shear transformation one might proceed in two steps. First, we slant the isosceles triangle
to the left by increasing the value of the parameter vg, which in this deterministic case also represents the
speed scaling. This procedure yields vg’o = (1/2)/(p*° — 1/2), or:

4,0 1 +u
’Uo ==

[9]

T 1-u

The second step is to scale the flows appropriately by setting the parameter € to:

€0 = ¢ /g0 = 243" [10]
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With this, it is straightforward to check that the conjecture in this case is exact:

F0%p) = S(F0(p); v, €0) [11]

i.e., that f“9(p) is given by the shear-transformed version of f°(p). To see this, the first step just
described gives a function ¢ that satisfies ¢ = f10(p — q/vy ’0), while the second steps simply says that
f%%(p) corresponds to €“Yq.

References

K Nagel, M Schreckenberg, A cellular automaton model for freeway traffic. J. de physique |2, 2221-2229 (1992).
MJ Lighthill, GB Whitham, On kinematic waves ii. a theory of traffic flow on long crowded roads. Proc. Royal Soc. London. Ser. A. Math. Phys. Sci. 229, 317-345 (1955).
PI Richards, Shock waves on the highway. Oper. research 4, 42-51 (1956).
GF Newell, A simplified car-following theory : a lower order model. Transp. Res. Part B 36, 195-205 (2002).
CF Daganzo, In traffic flow, cellular automata = kinematic waves. Transp. Res. Part B 40, 396—403 (2006).
S Wolfram, Cellular automata as models of complexity. Nature 311, 419 (1984).
A Schadschneider, M Schreckenberg, Cellular automation models and traffic flow. J. Phys. A: Math. Gen. 26, L679 (1993).
M Schreckenberg, A Schadschneider, K Nagel, N Ito, Discrete stochastic models for traffic flow. Phys. Rev. E 51, 2939 (1995).
9. F Spitzer, Interaction of markov processes. Adv. Math. 5, 246-290 (1970).
10. K Mallick, Some exact results for the exclusion process. J. Stat. Mech. Theory Exp. 2011, P01024 (2011).
11. J de Gier, A Schadschneider, J Schmidt, GM Schiitz, Kardar-parisi-zhang universality of the nagel-schreckenberg model. Phys. Rev. E 100, 052111 (2019).
12. JA Laval, BR Chilukuri, Symmetries in the kinematic wave model and a parameter-free representation of traffic flow. Transp. Res. Part B: Methodol. 89, 168 — 177 (2016).
13. A Schadschneider, D Chowdhury, K Nishinari, Stochastic transport in complex systems: from molecules to vehicles. (Elsevier), (2010).
14. CF Daganzo, A Ziegler, A theory of supply chains. (Springer Science & Business Media), (2003).
15.  E Hopf, On the right weak solution of the cauchy problem for a quasilinear equation of first order. Indiana Univ. Math. J. 19, 483-487 (1970).
16. CF Daganzo, A variational formulation of kinematic wave theory: basic theory and complex boundary conditions. Transp. Res. Part B 39, 187—196 (2005).

©NO oA WD

ACKNOWLEDGMENTS. This research was partially funded by NSF Awards #1932451, #1826003 and by the
TOMNET University Transportation Center at Georgia Tech.

Laval 5


https://doi.org/10.20944/preprints202302.0514.v1

	Introduction
	The shear symmetry of conservation laws
	The conjecture
	Comparison with existing results
	Discussion in Outlook
	Appendix
	The deterministic case, p0


