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Abstract

This article develops applications of the generalized method of lines to numerical solutions of
the time-independent, incompressible Navier-Stokes system in fluid mechanics. We recall that
for such a method, the domain of the partial differential equation in question is discretized in
lines (or more generally in curves), and the concerning solutions are written on these lines as
functions of the boundary conditions and the domain boundary shape. More specifically, in this
text we present softwares and results for a concerning approximate proximal approach as well
as results based on the original conception of the generalized method of lines.
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1 Introduction

In this article, we develop approximate solutions for the time independent incompressible
Navier-Stokes system, through the generalized method of lines. We recall again, for such a
method, the domain of the partial differential equation in question is discretized in lines and
the concerning solution is written on these lines as functions of the boundary conditions and
boundary shape. We emphasize these last main results are established through applications of
the Banach fixed point theorem.

Remark 1.1. We also highlight the first two paragraphs in this article ( a relatively small part)
overlaps with the Chapter 27, starting page 512, in the book by F.S. Botelho, [2], published
in 2020, by CRC Taylor and Francis. However, we emphasize the present article includes
substantial new parts, including a concerning software not included in the previous version
of 2020. Another novelty in the present version is the establishment of appropriate boundary
conditions for an elliptic system equivalent to original Navier-Stokes one. Such new boundary
conditions and concerning results are indicated in section 2.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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At this point we describe the system in question.

Consider 2 C R? an open, bounded and connected set with a regular (Lipschitzian) internal
boundary denoted I'g, and a regular external one is denoted by I'y. For a two-dimensional
motion of a fluid on €2, we denote by u : £ — R the velocity field in the direction = of the
Cartesian system (x,y), by v : Q@ — R, the velocity field in the direction y and by p : Q@ — R,
the pressure one. We define P = p/p, where p is the constant fluid density. Finally, v denotes
the viscosity coefficient and g denotes the gravity field. Under such notation and statements, the
time-independent incompressible Navier-Stokes system of partial differential equations stands
for,

vV2u — udyu — vOyu — O P+ g, =0, in Q,

V20 — ufyv — v0yv — Oy P + g, =0, in Q, (1)
Orxu + Oyv = 0, in Q,
u=v=0, on I'g,
(2)
U=1Us, V=0, P=Py, onl}y

At first we look for solutions (u, v, P) € W22(Q) x W22(Q) x WH2(Q2). We emphasize details
about such Sobolev spaces may be found in [1]. Finally, standard results on finite differences
and existence theory and other results for similar systems may be found in [10, 6, 7, 9, 8] and
[11], respectively.

2  Details about an equivalence of a concerning el-
liptic system
Consider again the Navier-Stokes system

vV2u — udyu — vOyu — 0P+ g, =0, in (),

vV — udpv — vdyv — 9y P+ g, =0, inQ, (3)
Ozu + Oyv = 0, in €,
u=1v=0, on Iy,
(4)
U=1Us, V=0, P= Py, only

As previously mentioned, at first we look for solutions (u,v, P) € W?22(Q) x W22(Q) x
wWh2(Q
().
We are going to obtain an equivalent Elliptic system with appropriate boundary conditions.
Our main result is summarized by the following theorem.

Theorem 2.1. Let Q C R? be an open, bounded, connected set with a regular (Lipschitzian)
boundary.
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Assume u,v, P € W*2(Q) are such that
VV2u—uum—vuy—Px+gx:0, in €,
vV —u v, —v vy — P+ gy, =0, in Q, (5)

V2P +u? —|—U§ + 2uyvy — div g =0, inQ,

u=ug, v =1g, on 0L,
{ Uy + vy = 0, on 0.
Suppose also the unique solution of equation in w
yvzw—uwx—va:(), in Q

with the boundary conditions
w =0 on 0N,

18
w =0, n Q.
Under such hypotheses, u,v, P solve the following Navier-Stokes system
VVZU—uuz—vuy—Px—Fg;c:O, in £,
VW2 —uv, —vvy— Py+g,=0, inQ, (7)

Uy + vy =0, in €,

u=ug, v="1vg, on I,
(8)

Uy + vy = 0, on Of.

Proof. In (5), taking the derivative in x of the first equation and adding with the derivative in
y of the second equation, we obtain

I/VQ(ux + vy) — u(ug + vy)z — v(ugy + vy)y
—V?P —u} — v} = 2uyv, + div g =0, in © (9)

From the hypotheses, u, v, P are such that
V2P —|—ug2ﬁ + vz + 2uyv, — div g =0, in €,
From this and (9), we get
UV (ug + vy) — ulug +vy)s — v(ug +vy)y =0, in Q. (10)
Denoting w = u; + vy, from this last equation we obtain

V2w — uw, — vwy = 0, in €.

3
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From the hypothesis, the unique solution of this last equation with the boundary conditions
w =0, on Jf, is w = 0.
From this and (10) we have
Uy + vy =0,

in Q with the boundary conditions
Uy + vy =0, on 0N.
The proof is complete. O

Remark 2.2. The process of obtaining such a system with a Laplace operator in P in the third
equation is a standard and well known one.

The nowvelty here is the identification of the corrected related boundary conditions obtained
through an appropriate solution of equation (10).

3 An approximate proximal approach

In this section we develop an approximate proximal numerical procedure for the model in
question.

Such results are extensions of previous ones published in F.S. Botelho, [3] now for the Navier-
Stokes system context.

More specifically, neglecting the gravity field, we solve the system of equations

vV2u — udpu — vOyu — 0, P = 0, in €,
V20 — udyv — viyv — Oy P = 0, in Q, (11)

V2P + (0,u)? + (9yv)? + 2(0yu)(0,v) =0, in Q.
We present a software similar to those presented in [3], with v = 0.0177, and with
Q=10,1] x [0, 1]

with the boundary conditions

u=mwup=0.65y(1 —y), v=vy =0, P=py=0.15on [0,y],Vy € [0, 1],
u=v=PFP, =0, on [z,0] and [z,1], Vz € [0, 1],

uy = v, =0, and P =py =0.12 on [1,y], Vy € [0,1].

The equation (11), in partial finite differences, stands for

d? 0y? d

P, — P,
— = 12
d 0? ( )

(unH — Uy + Up_q 62un) (Up, — Up—1) Ouy,
v + — Up,
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Un+1 — 2'Un + Un—1 821}71 (Un - 'Un—l) a'Un
g 7 a2 ) " a T
0P,

_ = 1

Pyi1— 2P, + P,y O%P, (Un — un—1) [ Ovn\?
( 2 + o2 > + (un — un-1) 2 + By
Ouy, (Up — Vp—1
=0. 14
2 Ay ( d ) 0 (14)

After linearizing such a system about Uy, Vy, Py and introducing the proximal formulation,
for an appropriate non-negative real constant K ,we get

Un+1 — 2un + Un—1 azun _ w — %
) ( a2 T o ) (o) d (Vo)n dy
_ (Bo)n _d(PO)”_l — Kuy, + K(Up)n = 0, (15)
Un+1 — 2'Un + Un—1 821)71 _ M — %
g ( iz "oy ) (o d Vo gy
—8(P0)n — Kov, + K(‘/O)n =0, (16)
dy
Poy1 — 2P, + P, 0%P, (Wns1 = (Uo)n) | (8(V0)n?
( &2 T oy > + {tmt1 = (Uo)n) a2 oy
+23(g;)n <Un+1 —d(V(J)"> — K Py + K(Po)n = 0. an

At this point denoting v = e1, we define

B (un, — (Up)n—1) Oup  (Po)n — (Po)n—1\ @*  O%u,
(1), = (-~ 2= Ght) g, B (B (Pt ) £ Con
o (vn - (‘/O)n—l) 87)71, 8(‘PO)n d2 827)71
(1) = (~@), 2= Uet) i, S ) £ T

and

(T3)n = (un+1— (Uo)n)

((Wn+1 — (Uo)n) (Vo) \?
gl (1)
9(Uo)n (Un-i-l - (Vo)n> a2 + @dZ.

2
+ Oy d Oy

(18)
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Therefore, we may write

d2
Up+1 — 2up + up—1 — K uy a + (Tl)n + (fl)n =0,
where
d2
(f1)n = KUo)n—,
€1

Vn e {l,---,N —1}.
In particular for n = 1, we obtain

d2
ug — 2uy 4+ up — K uy ot (Ti)1+ (fi)1 =0,

so that
U] = ai1ug + brug + Cl(Tl)l + (hl)l + (Er)h

a2\t
a1=<2+K—> R

where

€1
by = a1
c1 = ay
(h1)1 = a1(fi)1,
(Br)1 =

Similarly, for n = 2 we get
d2
uz — 2ug +uy — KU26—2 + (T1)2+ (f1)2 =0,

so that
up = agus + baug + c2(11)2 + (h1)2 + (Er)2,

d? -
a2:(2+K——a1) s
€1

where

by = asby
co = ag(c1 +1)
(h1)2 = az2((ha)1 + (f1)2),
(E1)2 = az(er((Ti)1r — (T1)2))-
Reasoning inductively, having

Up—1 = Ap—1Up + bp—1u0 + cn—1(T1)n—1 + (h1)n—1 + (Er)n—1,

we obtain
Up = GpUp+1 + bpug + Cn(Tl)n + (hl)n + (Er)ny (19)
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where
2 -1
an:<2+K_an—1> s
€1

bn = anbp—1
en = ap(cn—1+1)
(h)n = an((h1)n-1+ (f1)n),
(Er) = an((Er)n-1+ cn—1((T1)n—1 — (T1)n)),
Vne{l,---,N—1}.
Observe now that n = N — 1 we have uy_1 = uy, so that
un—1 =~ ay-1un-1+by_1uo+cen_1(T1)v—1 + (h1)N—1

anN—1UuN—1 + bn_1up

Pun_
—l—CALl%dQ
_ (un - (UO)n—l) - 8un _ (PO)TL - (PO)n—l d72
enor ( (@ e Dt) (i, S . g
+(h1)n-1 (20)

This last equation is a second order ODE in uy_1 which must be solved with the boundary
conditions

un-1(0) = uny—_1(1) = 0.

Summarizing we have obtained uy_1.

Similarly, we may obtain vy_1 and Pn_1.

Having ux_1 we may obtain uy_o with n = N — 2 in equation (19) (neglecting (E,)n—2.)

Similarly, we may obtain vy_o and Pn_s.

Having un_92 we may obtain uy_3 with n = N — 3 in equation (19) (neglecting (E,)n—3.)

Similarly, we may obtain vy_3 and Py_s.

And so on up to obtaining u,v; and P;.

The next step is to replace {(Up)n, (Vo)n, (Po)n} by {un, vn, Pr} and repeat the process until
an appropriate convergence criterion is satisfied.

Here we present a concerning software in MATLAB based in this last algorithm (with small
changes and differences where we have set K = 0)

Kk sk sk ok ok ok sk ok ok skok ok ok ok sk sk sk ok kokosk sk ok kokoskoskokokok

1. clear all

mg = 3000;
d=1/m8§;
me = 120;
dy = 1/my;
€1 = 0.1;
K =0.0;

my = zeros(m9 — 1, m9 — 1);
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2. fori=2:mg—2

m2(i,i) = —2.0;
mg(i, 1+ 1) =1.0;
ma(i, i — 1) = 1.0;
end,;

ma(1,1) = —1.0;
ma(1,2) = 1.0;

ma(m9 —1,m9 —1) = —1.0;

m2(m9 — 1, m9 — 2) = 1.0;

mag = zeros(mg — 1, mg — 1);
3. fori=2:mg—2

mag(i,i) = —2.0;

maa(i, i+ 1) = 1.0;

maa(i,i — 1) = 1.0;

end,;

mas(1,1) = —2.0;

mas(1,2) = 1.0;

maa(mg — 1,mg — 1) = —2.0;

maa(mg — 1, mg — 2) = 1.0;

mla = zeros(mg — 1,mg — 1);

mlb = zeros(mg — 1,mg — 1);
4. fori=1:mg—2

mla(i,i) = —1.0;

mla(i,i+ 1) = 1.0;

end,

mla(mg —1,mg — 1) = —1.0;
5. fori=2:mg—1

mlb(i, i) = 1.0;
mlb(i,i — 1) = —1.0;
end,;

mlb(1,1) = 1.0;

ml = (mla+ mlb)/2;
Id = eye(m9 — 1);
a(l) =1/(2+ K % d?/el);
b(1) =1/(2+ K * d?/el);
c(1) =1/(2+ K = d?*/el);
6. fori=2:m8—1
a(i) =1/(2 —a(i — 1) + K % d?/el);
b(i) = a(i) x b(i — 1);
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c(i) = (e(t = 1)+ 1) xa(i);
end;
7. fori=1:mg—1
ub(i,1) = 0.65 % i x dl x (1 — i *dl);

end,;
Pf =0.12 % ones(mg — 1,1);
U0 = ud;

vo = zeros(mg — 1,1);
po = 0.15 % ones(mg — 1,1);
Uo = 0.25 % ones(mg — 1,1);
Vo =0.05* ones(mg — 1,1);

Po =0.05* ones(mg — 1,1)
8. fori=1:m8—-1

Ul(:,i) =Uo;

V1(:,1)

P1(:,1)

end;
9. fork7=1:28

el = el x.94;

b14 = 1.0;

k1l =1,

klmax = 500;

while (b14 > 107%) and (k1 < 1000)

k1= k14 1;

b12 = 1.0;

kmax = 100;

k=1;i=1;

while (b12 > 107%) and (k < kmax)

k=k+1;

M50 = (Id — a(m8 — 1) * Id — c¢(m8 — 1) x m22/d1? % d?)

M50 = M50 + ¢(m8 — 1) * diag(Vo) * m1/dl x d?/el;

21 =b(m8 — 1) xuo+ K+ UL(:;m8 — 1) * d? * ¢(m8 — i) /el;

M60 = (Id — a(m8 — 1) * Id — ¢(m8 — 1) x m22/d1? x d?)

M60 = M60 + c(m8 — 1) * diag(Vo) * m1/dl x d?/el;

22 =b(m8 — 1) xvo+ K x V1(:,m8 — 1) * d? x ¢(m8 — i) /el;

M70 = (Id — c¢(m8 — 1) * m2/d1? * d?);

23=a(m8 — 1) x Pf + b(m8 — 1) * po + ¢(m8 — 1) * ((m1/d1 * Vo). * (m1/d1l * Vo) * d?)

23 =23+ K * P1(:;m8 — 1) * d? * ¢(m8 — i) Jel;

U(:,m8 — 1) = inv(M50) * 21,

I

Vo;
Po;
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V(:,m8 — 1) = inv(M60) * 22;
P(:,m8 — 1) = inv(M70) * z3;
b12 = max(abs(U(:,m8 — 1) — Uo));
Uo=U(:,m8 —1);

Vo=V(;,m8 —1);

Po=P(:,m8 —1);

end,
10. fori=2:m8—1
b12 = 1.0;

kmazx2 = 100; k = 1;

while (b12 > 107%) and (k < kmax2)
k=Fk+1;

M50 = (Id — c(m8 — i) * m22/d1? x d?)

d0i:10.20944/preprints202302.0422.v2

M50 = M50 + c(m8 — i) * (—diag(Uo) * d + diag(V o) x m1/d1 * d*)/el;

21 =b(m8 —i)*xuo+a(m8—1i)«U(:;m8 —i+1)

21=214+¢(m8 —1i) x (—=Uo.xU(:,m8 —i+1)xd+ (P(:;m8 —i+ 1) — Po) xd)/el;

21 =21+ K *U1(:,;m8 — i) * d* * c(m8 — i) /el;
M60 = (Id — c(m8 — i) * m22/d1? x d?)

M60 = M60 + c(m8 — i) * (—diag(Uo) * d + diag(V o) x m1/d1 * d*)/el;

22=b(m8 —i)*xvo+a(m8—1i)xV(;,;m8 —i+ 1)

22 =22+ c(m8 —i)* (—Uo.* V(;,m8 —i + 1) d +ml x Po/dl  d?)/el;

22 =22+ K * V1(:,m8 — i) * d* x c(m8 — i) /el;
M70 = (Id — c(m8 — i) * m2/d1? % d?);
23 =0b(m8 — i) *xpo+ a(m8 —i)*x P(:;m8 —i+1)

23=23+c¢(m8—14)* (U(:;m8 —i+1)—Uo).x(U(:;m8—i+1)—Uo)

23 = 23+ (m1/d1 % Vo). (ml/dl * Vo) * d*);

23=23+2%(ml/dlxUo).* (V(:,m8—i+1)— Vo)«

23 =23+ K * P1(:,m8 — i) x d? x c(m8 — i) /el;
U(:,m8 — i) = inv(M50) * z1;
V(:,m8 — i) = inv(M60) * 22;
P(:,m8 — i) = inv(MT70)  23;

b12 = max(abs(U(:,m8 — i) — Uo));
Uo=U(:,m8 —1);

Vo=V(;,m8 —i);

Po = P(:,m8 —i);

end; end,;

b14 = max(max(abs(U — U1)));

Ul =U,

Vi=V;

10
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Figure 1: solution U(x,y) for the case v = 0.0177.

Pl =P;

k1
U(m9/2,10)
end,;

k7

end,;

fori=1:mg—1

y(i) =i xdl;

end,;
fori=1:m8—-1
x(i) =i d;

end,;
mesh(z,y,U)

K3k ok sk ok koK ok sk ok skook sk ok ok skok sk sk sk okok skook kokokoskosk kokosk sk >k

For the field of velocities U, V and the pressure field P, please see figures 1, 2 and 3, respectively.

4 A software in MATHEMATICA related to the
previous algorithm

In this section we develop the solution for the Navier-Stokes system through the generalized

method of lines, similarly as the results presented in [3], but now in a Navier-Stokes system
context.

11
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0.04

Figure 2: solution V(x,y) for the case v = 0.0177.

0.15 |

Figure 3: solution P(z,y) for the case v = 0.0177.
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We present a software in MATHEMATICA for N = 10 lines for the case in which

vV2u — udpu — vOyu — 0, P = 0, in Q,
vV — ulv — vOyv — Oy P = 0, in Q,
V2P + (0,u)? + (9yv)? + 2(0yu)(0,v) =0, in Q,
We consider it in polar coordinates, with v = e; = 0.1, and with
Q={(r0)cR* : 1<r<2 0<60<2n},

o ={(1,0) € R?* : 0 <0 < 2r},

and
00 = {(2,0) e R?* : 0 <6 <27}

The boundary conditions are
u=v=0, P=0.15 on 9,

u=uslz], v=0, P=0.12 on 0€s.

From now and on, x stands for 6.

d0i:10.20944/preprints202302.0422.v2

(21)

We remark some changes have been made, concerning the original conception, in order to

make it suitable through the software MATHEMATICA for such a Navier-Stokes system.

We highlight, as K > 0 is larger, the related approximation is of a better quality. However

if K > 0 is too much large, the converging process gets slower.
Here the concerning software.

>k 3k sk sk sk sk sk sk sk sk skosk sk sk sk sk sk sk sk sk skosk sk sk skoskoskokoskoskokok kR kR SRR SRR R R R R R Rk kk

1. m8 = 10;
Clear[t3, t4];
d =1.0/m8;
K =4.0;
el =0.1;
Uoolz_] = 0.0;
Voolz_] = 0.0;
Poolz_] = 0.15;
2. For[i=1,i<m8+1, i+ +,
uoli] = 0.05;
voli] = 0.05;
Poli] = 0.05];

13
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3. Forlk =1, k <80, k+ +, (here we have fixed the number of iterations)

Print[k];
a[l] =1/(2.0 + K x d?/el);

] = a[l] * (K *uo[1]) * d?/el;
c2[1] = a[1] * (K *vo[1]) x d?/el;
] = a[l] * (K * Po[1] + P1) x d?/el;

For[i=2,i<m8, i++,
ali] = 1/(2.0 + K % d?/el — afi — 1]);
bli] = ali] + (b[l—1]+1)

* (cl[z’ -1+ (K * uoli]) * d?/el);

* (e2[i — 1] + (K * voli]) * d?/el);

* (e3[i — 1]+ (K * Poli]) * d?/el)];

[ [ | % t3; v[m8] = v f[z] * t3; P[m8] = 0.12;d1 = 1.0;
. For[i=1,i <m8,i+ +,

Printli];

t{m8 —i] = 1.0+ (m8 — i) * d;

Dzu = (uo[m8 — i+ 1] — uo[m8 —i]) /d = f1[z] x t4 — D[uo[m8 — i], x] * f2[x]/t[m8 — i| x t4
Dyu = (uo[m8 — i+ 1] — uo[m8 —i])/d * f2[x] x t4 + Duo[m8 — 1], x] * f1l]x]/t[m8 — i| x t4
Dzv = (vo[m8 — i+ 1] —vo[m8 — i) /d * f1[x] *x t4 — Dvo[m8 — i, x] * f2[x]/t[m8 — i] = t4;
Dyv = (vo[m8 — i + 1] —vo[m8 —i]) /d x f2[x] * t4 + D[vo[m8 —i], x| * f1[x]/t[m8 — i] = t4;

Dz P = (Polm8 —i+ 1] — Polm8 —i])/d* f1[x] xt4d — D[Po[m8 —i], x| * f2
DyP = (Polm8 —i+ 1] — Polm8 —i])/d x f2[x] xt4d + D[Po[m8 —i], x] * f1
T1 = —(u[m8 — i+ 1] * Dzu + v[m8 — i + 1] * Dyu + Dz P) x d?/el
+(uo[m8 — i + 1] — uo[m8 —i]) /d/t{m8 — i] x d* + D[uo[m8 — i + 1], {x, 2}] /t[m8 — i]? * d?;
T2 = —(u[m8 — i + 1] * Dzv + v[m8 — i + 1] * Dyv + DyP) * d*/el + (volm8 — i + 1] —
vo[m8 —i])/d/t[m8 — i] x d*

+Dlvolm8 — i + 1], {z,2}]/t[m8 — i]* x d*;

T3 = (Dxu?® + Dyv? + 2 * Dyu * Dxv) * d?

+(Po[m8 — i+ 1] — Po[m8 —i]) /d/t{m8 — i] x d* + D[Po[m8 — i + 1], {x, 2}] /t|{m8 — i]? x d?;
. Al =a[m8 — i] xu[m8 — i+ 1] + b[m8 — ] * T1 + c1[m8 — iJ;

Al = Expand[Al];

Al = Series[A1,{t4,0,1},{t3,0,2}, {uf[x],0,2}, {uf'[z],0,1}, {uf"[x],0,1},

{uf/”[x]v 0, 0}7 {uf””[x], 0, 0}7 {Uf[w]v 0, 1}? {Uf/[x]’ 0, 1}7 {Uf"[.%'], 0, 1}’

{vf"[x],0,0}, {vf"[x],0,0},

{£1z],0,1},{f2[x],0,1}, {f1"[x], 0,0}, {f2'[z], 0,0}, {f1"[x], 0,0}, {f2"[x], 0, 0}];

Al = Normal[Al];

u[m8 —i] = Expand[Al];
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7. A2 = a[m8 — i] x v[m8 — i + 1] + b[m8 — 7] * T2 + 2[m8 — iJ;
A2 = Expand]A2];
A2 = Series[A2,{t4,0,1},{t3,0,2}, {uf[x],0,1}, {uf[z],0,1}, {uf"[x],0,1},
{uf"[2],0,0}, {uf™[z],0,0},{vflz], 0,2}, {vf'[z],0,1}, {vf"[2], 0,1},
{vf"[z],0,0}, {vf""[x], 0,0},
{f1[z],0,1},{f2[z], 0,1}, {f1[2], 0,0}, {f2'[«], 0,0},
{fll,[x]’ 0, 0}7 {f2”[33]7 0, 0}]5
A2 = Normal[A2];
v[m8 — i] = Expand|A2];

8. A3 =alm8 —i] x Plm8 — i + 1] 4+ b[m8 — i| * T3 + ¢3|m8 — i] + b11[m8 — i] x Poolx];
A3 = Expand|A3];
A3 = Series[A3,{t4,0,2},{t3,0,2}, {uf[x],0,1}, {uf[z],0,1}, {uf"[x],0,0}, {uf"[z],0,0},
{uf"[2],0,0},{vflz],0,1}, {vf'[z], 0,1}, {v f"[2], 0,0}, {vf"[2], 0,0},
{vf"™[x],0,0}, {f1[], 0,1}, {f2[x], 0,1},
{f1'[x],0,0}, {f2'[z], 0,0}, {f1"[2],0,0},{f2"[2], 0,0}];
A3 = Normal[A3];
P[m8 —i| = Expand[A3]];

9. Forli=1,i<m8+1,i++,
wol] = uli;
voli] = ol
Poli] = Pli]];d1 = 1.0;

10. Print|Expand[U[m8/2]]]]
11. For[i=1,i < mg,i+ +,
Print["u[”,,”] =7, ult][z]]]
Here we present the related line expressions obtained for the lines n = 1, n = 5 and n=9 of
a total of N = 10 lines.

1. Linen=1

u[l] = 1.58658 % 1072 4 0.019216 f1[2] + 3.68259 * 10~ fo[x] + 0.132814u ¢ [z]
+2.28545 % 1078 fy [z]u s [x] — 1.69037 % 1075 fo[z]us[z] — 0.263288 f1 [2]u f[2]?
—6.02845 x 10~ fy [2](uy) [2] + 6.02845 107 fo[z] (u);) [2]
+0.104284 fo [x]u s [z] (u])[x] + 0.0127544(u'})[]
+9.39885 % 10~ f1 [2](u'f)[x] — 5.26303 x 10~ fo[z] (uf) 2]

—0.0340276 f1 [x]u g [2] (u'f) [x] + 0.0239544 fo[x] () [2] (u'f) [] (22)

2. Linen=5
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ul5] = 4.25933 % 1077 4 0.0436523 f1 [z] + 9.88625 * 10~ fo[2] + 0.572969u ¢ [z]
+6.87985 % 1075 f [z]u s [x] — 4.40534 x 10~ fo[z]uf[x] — 0.765222 f1 []u f[2]?
—1.61319 % 10~ fy [2](u;) [2] + 1.61319  10~° fo[z] (u);) [2]
+0.363471 fo[w]ug[x] (us) [2] + 0.0333685(u’f) [z]
+2.39576 + 107° f [2](uf) [z] — 1.27491  10~° fola] (u'f)[2]

—0.0342544 fy [z]us[x] (u} ) [x] + 0.0509889 folz] (uy) ] (u} )] (23)

3. Linen=9

ul9] = 1.15848 x 1077 4 0.0136828 f1 [z] + 2.68892 * 10~ fo[2] + 0.922534u ¢ [z]
+2.16498 % 1075 f1 [z]u s [z] — 1.16065 * 10~ fo[z]us[z] — 0.278966 f1 []u s [2]?
—4.25263 % 10~ fy [z](uf') [2] + 4.25263 * 1077 fo[a] (u) ]
+0.154642 fo[x]u [z (us) [x] 4 0.0110114(u'f)[2]
+6.13523 % 10" fy [2](uf) [] — 3.23081  10~° fola](u'f)[2]
+0.0146222 f1 [x]uy [x](uf) [z] + 0.0090088 fola] () [x] (u} ) [2] (24)

5 The software and numerical results for a more
specific example

In this section we present numerical results for the same Navier-Stokes system and domain
as in the previous one, but now with different boundary conditions.
In this example, the boundary conditions are

u=v=0, P=0.15 on 9,

u = —1.0sin[z], v = 1.0cos[z], P = 0.12 on 0.

Here the concerning software:

>k 3k sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skosk sk sk skoskoskokoskoskokok kR kR SRR SRR SRR R R R Rk kR

1. m8 = 10;
Clear[t3, t4];
d=1.0/m8;
K =4.0;
el =0.1;
Uoolz_] = 0.0;
Voo[ _]=0.0;

oo[z_] = 0.15;
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2. Forli=1,i<m8+1, i++,

uoli] = 0.05;
voli] = 0.05;
Poli] = 0.05];
fl[z_] = Cos[z]
f2z-] = Sinz]
. Forlk =1, k <80, k+ +, (here we have fixed the number of iterations)
Printlk];
all] =1/(2.0+ K = d?/el);
b[1] = all];
b11[1] = a[1];
clfl 1] % (K * uo[1]) x d?/el;

] = all] *
c2[1] = a[1] * (K *vo[1]) x d?/el;
|=aq| ] * (K Po[l] + P1) x d?/el;

afi] * (clfi — 1] + (K * uoli]) x d?/el);

ali] * (e2[i — 1] + (K x voli]) * d*/el);

ali] * (e3[i — 1] + (K * Poli]) x d?/el)];
[x_] = —1.0 % Sinz];

vflz] = 1.0 * Cos[z];

u[m8] = uflz] % t3;

v[m8| = v flz] * t3;

P[m8] = 0.12;
. Forli=1, i <m8, i+ +,

Printl[i];

t{m8 —i] = 1.0 + (m8 — i) *x d;

Dzu = (uo[m8 — i + 1] —uo[m8 —i|) /d x f1[z] * t4 — D[uo[m8 —i], x| * f2[z]/t[m8 — ] x t4;

Dyu = (uo[m8 — i+ 1] — uo[m8 —i])/d * f2[x] x t4 + Duo[m8 — 1], x] * f1]x]/t[m8 — i| x t4

Dzv = (vo[m8 — i+ 1] — vo[m8 —i]) /d * f1[z] * t4 — D[vo[m8 — i], x] x f2[x]/t[m8 — i] x t4
= (vo[m8 — i+ 1] — vo[m8 — i])/d * f2[z] x t4 + D[vo[m8 — i], x| * f1[x]/t[m8 — 7] * t4;

Da:P (Po[m8 —i+1] — Po[m8 —i]) /d f1[x] xt4 — D[Po[m8 —i], x| * f2[x]/t[m8 — i] x t4;

DyP = (Polm8 —i+ 1] — Po[m8 —i])/d * f2[x] xt4+ D[Po[m8 —i|, x| * f1[x]/t[m8 — i] * t4;

T1 = —(u[m8 — i+ 1] * Dzu + v[m8 — i + 1] * Dyu + Dz P) * d?/el

+(uo[m8 — i + 1] — uo[m8 — i) /d/t[m8 — i] x d*
+Dluo[m8 — i + 1], {x, 2}]/t[m8 — 4] * d?;
T2 = —(u[m8 — i+ 1] * Dzv + v[m8 — i + 1] x Dyv + DyP) x d*/el

17
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+(vo[m8 — i + 1] — vo[m8 — i])/d/t{m8 — i] * d* + D[vo[m8 — i + 1], {z, 2}]/t[m8 — i]? * d?;
T3 = (Dxu? + Dyv? + 2 * Dyu * Dzv) * d?
+(Po[m8 — i+ 1] — Polm8 —i]) /d/t[m8 — i] x d* + D[Po[m8 — i + 1], {x, 2}] /t[m8 — i]? x d?;
Al = a[m8 —i] xu[m8 — i + 1] + bm8 — i] * T'1 + c1[m8 — i];
Al = Expand[Al];
Al = Series[A1,{t4,0,1},{t3,0,2}, {Sin|x],0, 2}, {Cos[z], 0, 2}];
Al = Normal[Al];
u[m8 — i] = Expand[Al];
A2 = a[m8 — i] x vm8 — i + 1] + b[m8 — i] * T2 + c2[m8 — i};
A2 = Expand[A2];
A2 = Series[A2,{t4,0,1},{t3,0, 2}, {Sin[z], 0,2}, {Cos|x], 0, 2}];
A2 = Normal[A2];
v[m8 — i) = Expand[A2];
A3 = a[m8 —i| * P[m8 — i + 1] + blm8 — i] * T3 4+ ¢3[m8 — i] + b11[m8 — i] * Poo[x];
A3 = Expand|A3]; A3 = Series[A3,{t4,0,2},{t3,0,2}, {Sin[x],0, 2}, {Cos[z], 0, 2}];
A3 = Normal[A3];
P[m8 — i] = Expand[A3]];
6. Forli=1,i<m8+1, i+ +,

woli] = uli;
voli] = ofil;
Poli] = Pil);

Print[Expand[P[m8/2]]]]
7. For[i=1,i < mg,i+ +,
Print[?ul”,i,”] =", uli][z]]]

Here the corresponding line expressions for N = 10 lines

1. Linen=1
u[l] = 1.445%107'° 4 0.0183921Cos[z] + 1.01021 * 10~?Cos[z]* — 0.120676Sin|z]
+3.62358 * 10~ 19C0s[x] Sin[z] + 1.37257 * 10~ Sin|x]?
40.0620534C 0s|x] Sin[z]? (25)
2. Linen =2
u[2] = 2.60007 x 1071% 4 0.0307976Cos[z] + 1.81088 * 10~ Cos[z]* — 0.233061Sin[z]
16.53242 x 107 19C0s[z]Sin[x] + 2.46412 x 107 Sin[x]?
40.123121C0s[z] Sin|x]? (26)
3. Linen =3
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uf3] = 3.40796 x 10710 4+ 0.0384482C0s[x] + 2.36167 * 10~ 2Cos[x]* — 0.339657Sin[z]
+8.5759 % 107 1°Cos[z]Sin[x] 4 3.21926 * 10~ Sin[z]?

40.180891C0s[z] Sin|x]? (27)
4. Linen =4
ul4] = 3.83612 % 10710 + 0.0420843C0s[z] + 2.64262 * 10~ ?Cos[z]* — 0.441913Sin|x]
49.66336 * 10~ 19Cos[x])Sin[z] + 3.60895 * 10~° Sin[x]?
+0.230559C 05[] Sin[z)> (28)
5. Linen =25
ul5] = 3.87923 % 10710 + 0.0421948C0s[z] + 2.65457 * 10~ 2Cos[z]? — 0.540729Sin|x]
+9.77606 * 10~ 19Cos[x])Sin[z] + 3.63217 107 Sin[x]?
40.266239C0s[z] Sin|x]? (29)
6. Linen =26
ul6] = 3.56064 % 10710 + 0.0391334C0s[z] + 2.419 * 10~ Cos[z]* — 0.636718Sin|x]
+8.97185 x 10~ 19Cos[x]Sin[z] + 3.31618 * 10~ Sin|x]?
+0.281514Cos[z] Sin|z]? (30)
7. Linen=17
u[7] = 2.93128 % 1071° 4 0.033175C0s[x] 4+ 1.97614 * 10~°Cos[z]* — 0.730328Sin[x]
+7.38127 % 10~ 9Cos[x])Sin[z] + 2.71426 * 107 Sin[z)?
+0.269642C0s[z] Sin[x)* (31)
8. Linen =38
u[8] = 2.0656 * 10710 +0.0245445C0s[x] 4 1.38127 * 10~°Cos[z]* — 0.821902Sin[x]
+5.19585 % 10~ 19Cos[x)Sin[z] + 1.90085 * 1072 Sin[x])>
40.22362C 05[] Sin[z]? (32)
9. Linen=29
u[9] = 1.05509 % 1071 + 0.0134316Cos[z] + 6.99554 * 10~ °Cos[z]* — 0.911718Sin[z]
42.65019 * 10~ 19Cos[x])Sin[z] + 9.64573 * 10710Sin[z]?
40.13622C 0s|x] Sin[z]? (33)
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6 Numerical results through the original conception
of the generalized method of lines for the Navier-
Stokes system

In this section we develop the solution for the Navier-Stokes system through the generalized
method of lines, as originally introduced in [4], with further developments in [5].
We present a software in MATHEMATICA for N = 10 lines for the case in which

vV2u — udpu — vOyu — 0, P = 0, in Q,
V20 — udyv — viyv — Oy P = 0, in Q, (34)
V2P + (9,u)? + (0yv)? + 2(0yu)(0yv) = 0, in Q.

Such a software refers to an algorithm presented in Chapter 27, in [2], in polar coordinates,
with v = 1.0, and with

Q={(r,0) eR* : 1<r<2,0<6<2n},

oM ={(1,0) € R* : 0<6<2r},

and
00 ={(2,0) € R? : 0<6<2r}).

The boundary conditions are
u=v=0, P=0.15 on 9,

u = —1.0sin(f), v =1.0cos(f), P = 0.10 on 9.

We remark some changes have been made, concerning the original conception, in order to
make it suitable through the software MATHEMATICA for such a Navier-Stokes system.

We highlight the nature of this approximation is qualitative.

Here the concerning software in MATHEMATICA.

Kok ok ok ok ok ok ok ok sk skok ok sk sk kok sk sk sk oskokook sk ok skok sk sk kokok skoskokokokoskoskokok

1. mg = 10;

2. Clear|z1, z2, 23, u1, ug, P,b1, b, b3, a1, az, asl;
3. Clear[Py,t,a11,a12,a13,bi1, bi2, bi3, t3];

4. d=1.0/m8;

5. e1 = 1.0;

6. a; = 0.0;

7. a3 = 0.0;

8. az = 0.15;
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9. For[i=1,i <m8,i+ +,
Printli];
Clearlby, ba, b3, u1, ug, PJ;
bi[z—] = wi[i + 1][z];
balz_] = wali + 1][z];
b3[z_] = Pli + 1][x];

ti] = 1+ixd;

dulz = Cos[z] * (bi[x] — a1)/d = t3 — 1/t[i] * Sin[z] *x D[by[z], x]  t3;
duly = Sin[z] % (b1[z] — a1)/d * t3 + 1/t[i] * Cos[x] * D[bi[x], x] * t3;
du2zx = Cos[z] % (ba[x] — ag2)/d x t3 — 1/t[i] x Sin[z] *x D[bs|z], x] * t3
du2y = Sin[z] * (be[z] — ag)/d * t3 + 1/t[i] x Cos[x] * D[ba]x], x] * t3;
dPx = Cos[z] * (b3[x] — ag)/d * t3 — 1/t[i] x Sin[x] * D[bs]z], z] * t3;
dPy = Sin[x] x (b3[z] — a3)/d x t3 + 1/t[i] * Cos[z] * D[bs[z], x] * ts;

10. Forlk = 1,k < 6,k + +, (in this example, we have fixed a relatively small number of
iterations )

Printlk];

21 = (ur[i + 1][x] + bi[z] + a1 + 1/t[i] * (b1[x] — a1) * d + 1/t[i]? x D[by[x], x, 2] * d*
—(b1[x] * dulzx + bo[z] * duly) * d?/el — dPx * d?/eq)/3.0;

29 = (uz[i + 1][x] + be[z] + ag + 1/t[i] * (b2[x] — ag) * d + 1/t[i]?  D[ba[x], x,2] * d>
—(b1[x] * du2x + bo[z] * duy) * d?/el — dPy * d*/e1)/3.0;

z3 = (Pli +1][2] + bs[a] + as + 1/t[i] * (bs[a] — as) = d + 1/t[i]* » D[bs[a], ,2]  d*
+(dulz * dulz + du2y * du2y + 2.0 * duly * du2z) * d?)/3.0;

11. z; = Series|z1, {ui[i + 1][x],0, 2}, {u1[i + 1]'[z],0, 1}, {uq[i + 1)"[2], 0,1},
furfi + 1]7[a], 0,0}, eali + 1], 0, 0}, {uali + 1a, 0, 1},

fusli + 11 [z], 0,0}, {uali + 11"[z], 0,0}, {usli + 1}"[z],0,0},

{ugli +1]""[x],0,0},{P[i + 1][x],0,1},{P[i + 1]'[z], 0,0},

{Pli +1]"[2],0,0},{P[i + 1]"[2], 0,0}, { P[i + 1]""[2], 0, 0},

{Sin[z],0,1},{Cos|z],0,1}];

z1 = Normal[z1];
z1 = Expand|z];
Print[z1];
12. 29 = Series|zo, {ui[i + 1][x], 0,1}, {u1 [t + 1]'[x], 0,1}, {uq[i + 1]"[2], 0,1},
{u1[i +1]"[x],0,0}, {u1 [z + 1]""[x], 0,0}, {us[i + 1][z], 0,2},
{ugli + 1]'[z],0,0}, {uz[i + 1]"[x], 0,0}, {uszli + 1]"[],0,0},
{ugli +1]""[x],0,0},{P[i + 1][x],0,1},{P[i + 1]'[z], 0,0},
{Pli+1)"[2],0,0},{P[i + 1]"[x],0,0}, { P[i + 1]""[x], 0,0},
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13.

14.

15.

{Sin[z],0,1},{Cos|x],0,1}];

zo = Normal[za);

z9 = Expand|zs];

Print|zs];

zg = Series|zs, {u1[i + 1][z], 0,2}, {ua[¢ + 1)'[x],0, 1}, {u1[i + 1]"[x], 0,1},
{w i +1]"[2], 0,0}, {ua[i + 1)"[2], 0,0}, {ua[i + 1][2], 0, 2},

{uali +1]'[z], 0,1}, {uz[i + 1]"[x], 0,0}, {ua[i + 1]"[x], 0,0},

{ugli + 1)"[x],0,0}, {P[i + 1][z], 0,1}, {P[i + 1]'[z],0,1},

{Pli +1]"[2], 0,0}, {Pli + 1"[a], 0,0}, {Pli + 11""[x], 0,0},
{Sin[z],0,1},{Cos[z],0,1}];

z3 = Normal|zs);

zg3 = Expand|zs];

Print|z3];

bilz_] = 21;

ba[z_] = zo9;

bg[x_] = Z3;

b = z1;

bi2 = 22;

bis = 23;];

a11li] = bis;

aiz[i] = biz;

a13[i] = bis;

Print[ai1[i]];

C’lear[bl, bz, bg];

uyfi + 1][z—] = b [a];

ugli + 1][z_] = bo[x];

Pli + 1][z_] = bs[z];

a; = Series[bi1, {t3,0,1}; {b1[z], 0,1}, {b2]x], 0,1}, {b3[x],0, 1},
{8[2],0,0}, {8 2], 0,0}, {#4[x], 0, 0}, {b{[z],0, 0}, {B4[z], 0,0}, {#z], 0, 0}};
a1 = Normalla];

a1 = Expand|a;];

ay = Series[bia, {t3,0,1}; {b1]x],0, 1}, {b2[x], 0,1}, {b3[z], 0,1},

{04121, 0,0}, {Bh], 0,0}, {#4[z], 0,0}, {b{[z], 0, 0}, {B4[z], 0, 0}, {B4a], 0, 0};
az = Normallas];

az = Expand|as];

as = Series|bis, {t3,0,1}; {b1[z],0,1}, {b2]z], 0,1}, {b3[x],0, 1},
{¥[2],0,0}, {85 z], 0,0}, {#4[x], 0, 0}, {B{[x],0, 0}, {B4[z], 0,0}, {#4a], 0, 0}};
a3 = Normallas];

a3 = Fxpand[as];
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16. bi[r) = —1.0 * Sin[z];
bo[r) = 1.0 * Cos[x];
bg[:E] = 0.10;
17. Forli =1,i < m8,i+ +,
A1 = a1 [m8 —if;
A1 = Series[A11,{Sin[z],0,2}, {Cos[z], 0, 2}];
A11 = Normal[Aq];
A1 = Expand[Aq];
Ajp = aja[mg —i;
Ayp = Series[A12,{Sin[z],0,2}, {Cos[z], 0, 2}];
Ao = Normal[Ais];
Ao = Expand[Ais];
Aiz = aiz[mg —i;
A3 = Series[A1s, {Sin[z],0,2}, {Cos[z], 0, 2}];
A3 = Normal[Ai3];
A3 = Expand[Ai3];
18. u1[m8 —i|[x_] = Ai1;
ug[m8 — i][x_] = Aig;
P[m8 —i|[z_] = Expand[A13];
19. t3 = 1.0;
20. Print["ui[",mg —1i,”] =7, An1];
Clearlts];
bi[z) = A1y;
bolr) = A1z;
bslr) = Aus; |;
1. t5 = 1.0;
22. For[i=1,i <mg,i++,
Print["ui[”,1,”] =7, uq[i][x]]]
sk KRR koo
Here the line expressions for the field of velocity u = {u1[n](z)}, where again we emphasize

N =10 lines and v = e; = 1.0:
1.

ui[l](z) = 0.0044548Cos[x] — 0.174091Sin[x] + 0.00041254C0s[x]*Sin|[x]
40.0260471C 0s[x]Sin[z]* — 0.000188598C 0s[x)>Sin ] (35)

u1[2)(z) = 0.00680614Cos[z] — 0.331937Sin[z] 4+ 0.000676383C 0s[x]|*Sin|z]
40.0501544C 0s(x] Sin[z]* — 0.000176433Cos|x])* Sin[z]? (36)
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3.
wi[3)(z) = 0.00775103Cos[z] — 0.470361Sin[z] + 0.000863068Cos[x]? Sin[z]
40.0682792C 0sz] Sin[z]* — 0.000121656Cos|x])* Sin[z]? (37)
4.
ui[4](z) = 0.00771379C0s[z] — 0.589227Sin[x] + 0.000994973Cos[x]* Sin[z]
40.0781784C 0s[x]|Sin[z]* — 0.00006958Cos[z]? Sin[z]> (38)
5.
ui[5](z) = 0.00701567Cos[z] — 0.690152Sin[x] + 0.00106158Cos|x]* Sin[z]
+0.0796091Cos|z]Sin[z]* — 0.0000330485C0s[z]2 Sin|x]? (39)
6.
ui[6](x) = 0.00589597Cos[z] — 0.775316Sin[z] 4+ 0.00104499C0s[z]> Sin[z]
+0.0734277C 0s|x] Sin[z]* — 0.0000121648C0s[z] Sin|x]? (40)
7.
wi[7)(z) = 0.00452865C0s[z] — 0.846947Sin[z] + 0.000931782C0s[z]>Sin|x]
40.0609739C 0s[z]Sin[z]* — 2.74137 x 10~°Cos[z]?Sin[z]? (41)
8.
ui[8](z) = 0.00303746Cos[z] — 0.907103Sin[z] + 0.000716865C0s[x]* Sin[z]
+0.0437018C 0s[x) Sin|x]? (42)
9.

ui[9)(z) = 0.00150848C0s[z] — 0.957599Sin[x] 4+ 0.000403216C 0s|x])*Sin|z]
40.0229802C 05[] Sin[z]? (43)

7 Conclusion

In this article, we develop solutions for two-dimensional examples also for the time-independent
incompressible Navier-Stokes system, through the generalized method of lines. We also obtain
the appropriate boundary conditions for a equivalent elliptic system. Finally, the extension of
such results to R3, compressible and time dependent cases is planned for a future work.
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