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Abstract: Pattern recognition techniques form the heart of most, if not all, incoherent linear 

shift-invariant systems. When an object is recorded using a camera, the object information 

gets sampled by the point spread function (PSF) of the system, replacing every object point 

with the PSF in the sensor. The PSF is a sharp Kronecker Delta-like function when the 

numerical aperture (NA) is large with no aberrations. When the NA is small, and the sys-

tem has aberrations, the PSF appears blurred. In the above case, if the PSF is known, then 

the object information can be obtained by scanning the PSF over the recorded object in-

tensity pattern and looking for pattern matching conditions through a mathematical pro-

cess called correlation. In this study, a recently developed deconvolution method, the 

Lucy-Richardson-Rosen algorithm (LR2A), has been implemented to computationally re-

focus images recorded in the presence of spatio-spectral aberrations. The performance of  

LR2A was compared against the Lucy-Richardson algorithm and non-linear reconstruc-

tion. LR2A exhibits a superior deconvolution capability even in extreme cases of spatio-

spectral aberrations and blur. Experimental results of deblurring a picture captured using 

high-resolution smartphone cameras are presented. LR2A was implemented to signifi-

cantly improve the performances of the widely used deep convolutional neural networks 

for image classification. 

Keywords: imaging; deblurring; deep learning; image classification; Lucy-Richardson algorithm; 

holography; aberrations; diffraction; incoherent optics; smart phone. 

 

1. Introduction 

Images are one of the necessary forms of data in the modern era. They are used to 

capture a variety of physical projections ranging from scientific images to personal mem-

ories. Nevertheless, the recorded images are not always in the ideal composition and often 

require post-processing techniques to enhance their quality. These techniques include 

brightness and contrast enhancement, saturation and chromaticity adjustments, and arti-

ficial high dynamic range image creation, which are now accessible through easily acces-

sible software and smartphone applications [1,2]. With the recent development in diffrac-

tive lenses and metalenses, it is highly likely that future cameras will utilize such flat 

lenses for digital imaging [3,4]. Two main problems foreseen with the above lenses are 
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their sensitivity to wavelength changes and technical constraints in manufacturing such 

lenses with a large diameter. In addition to the above, spatial aberrations are expected, as 

with any imaging lens. The recorded information in a linear, shift-invariant incoherent 

imaging system can be expressed as 𝐼 = 𝑃𝑆𝐹⨂𝑂 + 𝑁, where O is the object function, PSF 

is the point spread function, N is the noise, and ‘⨂’ is a 2D convolutional operator. The 

task is to extract O from I as close as possible to reality. As seen from the equation, if PSF 

is a sharp Kronecker Delta-like function, then I is a copy of O with a minimum feature size 

given as ~/NA. However, due to aberrations and limited NA, the recorded information 

is not an exact copy of O but a modified version. The modified version can either be a blur 

or a distortion. Therefore, computational post-processing is required to correct the rec-

orded information of spatial and spectral aberrations digitally, and also to enhance the 

resolution. In addition to spatio-spectral aberrations, there are other areas and situations 

where deblurring is essential. Like with human vision, where there is the least distance of 

distinct vision, there is a distance limit beyond which it is difficult to image an object with 

the maximum resolution of a smartphone camera. In such cases, the recorded image ap-

pears blurred. It is necessary to develop computational imaging solutions to the above 

problems. The concept figure is shown in Figure 1. 

 
Figure 1. Schematic of the imaging system 

 

Deep-learning based pattern recognition methods are gradually overtaking signal-

processing based pattern recognition approaches during the past years [5]. In deep learn-

ing, the first training step where the network is trained using a large data set, focused 

images are used. The performances of deep learning methods are affected by the degree 

of blur and distortion occurring during recording. It has been proven that invasive indi-

rect imaging methods have abilities to deblur images in the presence of stronger distortion 

in comparison to non-invasive approaches [6] and most the imaging situations are linear 

by nature, so it is possible to apply invasive methods wherever possible. Therefore, 

deblurring can also improve the performance of deep learning methods. If the aberrations 

of the imaging system are thoroughly studied and understood, then it is possible to apply 

even non-invasive methods that can use synthetic PSFs for image deblurring. This manu-

script investigates a recently developed invasive computational reconstruction method 

called Lucy-Richardson-Rosen algorithm (LR2A) for deblurring images affected by spatial 

and spectral aberrations. LR2A was used to digitally extend the imaging range of 

smartphone cameras and to improve the performances of a deep learning network. 

2. Materials and Methods 

There are numerous deconvolution techniques developed to process the captured 

distorted information into high-resolution images [7-9]. One straightforward approach to 

deconvolution is given as 𝑂′ = 𝐼 ∗ 𝑃𝑆𝐹 = (𝑃𝑆𝐹⨂𝑂 + 𝑁) ∗ 𝑃𝑆𝐹, where ‘∗’ is a 2D correla-

tional operator and O’ is the reconstructed image. As seen, the object information is sam-

pled by 𝑃𝑆𝐹 ∗ 𝑃𝑆𝐹 with some background noise. The above method of reconstruction is 

commonly called the matched filter, which generates significant background noise, and 
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in many cases, a phase-only filter or a Weiner filter was used to improve the signal-to-

noise ratio [10, 11]. All the above filters work on the fundamental principle of pattern 

recognition, where the PSF is scanned over the object intensity, and every time a pattern 

matching is achieved, a peak is generated. In this way, the object information is recon-

structed. Recently, a non-linear reconstruction (NLR) method has been developed, which 

is given as 𝑂′ = ℱ−1 {|𝑃𝑆𝐹̃|
𝛼
exp[𝑗 ∙ arg(𝑃𝑆𝐹̃)]|𝐼|

𝛽
exp[−𝑗 ∙ arg(𝐼)]}, where  and  were 

tuned between -1 to 1 until a minimum entropy is obtained [12]. Even though NLR has a 

wide applicability range involving different optical modulators, the resolution is limited 

by the autocorrelation function 𝑃𝑆𝐹 ∗ 𝑃𝑆𝐹 [13]. This imposes a constraint on the nature 

of PSF and, therefore on the type of aberrations that can be corrected. So NLR is expected 

to work better with PSFs with intensity localizations than PSFs that are blurred versions 

of point images. 

 

 
Figure 2. Schematic of LR2A algorithm; OTF – Optical transfer function; n—number of 

iterations; ⊗—2D convolutional operator; 𝕴∗—refers to complex conjugate following a 

Fourier transform; Rn is the nth solution, when n = 1, Rn = I.  

 

Another widely used deconvolution method is the iterative Lucy-Richardson algo-

rithm (LRA) [14, 15]. The (n+1)th solution is given as 𝑂′(𝑛 + 1) = 𝑂′(𝑛) {
𝐼

𝑂′(𝑛)⊗𝑃𝑆𝐹
⨂𝑃𝑆𝐹′} 

, where PSF’ is the flipped version and complex conjugate of PSF. The loop begins with 

an initial guess which is I, and gradually converges to the maximum likelihood solution. 

Unlike NLR, the resolution of LRA is not constrained by the autocorrelation function. 

However, LRA has only a limited application range and cannot be implemented for a 

wide range of optical modulators such as NLR. Recently, a new deconvolution method 

LR2A was developed by replacing the correlation in LRA by NLR [16]. The schematic of 

the reconstruction method is shown in Figure 2. The algorithm begins with a convolution 

between the PSF and I, with I as the initial guess coefficient, which results in I’. The ratio 

between the two matrices I and I’ was correlated with the PSF, and this correlation is re-

placed by NLR, and the resulting residue is multiplied to the first guess, and this process 

is continued until a maximum likelihood solution is obtained. 

In the present work, we have used the LR2A to deblur images captured using lenses 

with low NA and spatial and spectral aberrations. Further, we compared the results with 

the parent benchmarking algorithms, such as the classical LRA and NLR, to verify their 

effectiveness. The simulation was carried out in MATLAB with a matrix size of 500 × 500 

pixels, pixel size of 8 µm, and central wavelength of  = 632.8 nm. The object and image 

distances were set as 30 cm, and a diffractive lens was designed with a focal length of 15 

cm for the central wavelength with the radius of the zones given as 𝑟𝑠 = √2𝑠𝑓𝜆. This dif-

fractive lens is representative of both diffractive as well as metalens that works based on 

the Pancharatnam Berry phase [17]. A standard test object ‘Lena’ in greyscale, has been 

used for this study. 

3. Simulation studies 

In the first study, the NA of the system was varied by introducing an iris in the plane 

of the diffractive lens and varying its’ diameter. The images of the PSF and object intensity 

distributions for the radius of the aperture R = 250, 125, 50, and 25 pixels are shown in 
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Figure 3. Deblurring results with NLR ( = 0.2,  = 1) are shown in Figure 3. The deblurring 

results of LRA and LR2A are shown for the above cases, where the number of iterations p 

required for LRA was at least 10 times that of LR2A, with the last case requiring 100 for 

LRA and only 8 for LR2A (( = 0,  = 0.9). Comparing the results of NLR, LRA, and LR2A, 

it appears that the performances of LRA and LR2A are similar, while NLR does not deblur 

due to not sharp autocorrelation function.  

 

 
Figure 3. Deblurring results of NLR, LRA, and LR2A for different radii of the aperture R 

= 250, 125, 50, and 25 pixels. 

 

In the next study, once again, spatial aberrations in the form of axial aberrations were 

introduced into the system. The imaging condition (1/u+1/v=1/f), where u and v are object 

and image distances, was disturbed by changing u to u+z, where z = 0, 25 mm, 50 mm, 

75 mm, and 100 mm. The images of the PSF, object intensity patterns, and deblurring re-

sults with NLR, LRA, and LR2A are shown in Figure 4. It is evident that the results of NLR 

are better than LRA, and the results of LR2A are better than both for large aberrations. 

However, when z = 25 mm, LRA is better than NLR, once again due to the lower sharp-

ness of the autocorrelation function. 

 To understand the spectral aberrations effect, the illumination wavelength was var-

ied from the design wavelength as  = 400 nm, 500 nm, 600 nm, and 700 nm. Since the 

optical modulator is a diffractive lens, unlike a refractive lens exhibits chromatic aberra-

tions. The images of the PSFs, object intensity patterns, and deblurring results with NLR, 

LRA, and LR2A are shown in Figure 5. As seen from the figures, the results obtained from 

LR2A are significantly better than LRA and NLR. Another interesting observation can be 

made from the results. When the intensity distribution is concentrated in a small area, 

LRA performs better than NLR and vice versa. In all cases, the optimal value of LR2A 

aligns with one of the cases of NLR or LRA. For concentrated intensity distributions, the 

results of LR2A align towards LRA; in other cases, the results of LR2A align with NLR. In 

all cases, LR2A performs better than NLR and LRA. It must be noted that in the case of 

focusing error due to change in distance and wavelength, the deblurring with different 

methods improve the results. But for the first case, when the lateral resolution is low due 

to low NA, the deblurring methods did not improve the results as expected.  
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Figure 4. Deblurring results of NLR, LRA and LR2A for different axial aberrations values 

z = 0, 25, 50, 75 and 100 mm. 

 

 
Figure 5. Deblurring results of NLR, LRA, and LR2A for different wavelengths  = 400, 

500, 600, and 700 nm resulting in different chromatic aberrations. 

 

From the results shown in Figs. 3-Fig. 5, it is seen that the performance of LR2A is 

better than LRA and NLR. The number of possible solutions for LR2A is higher than that 

of NLR and LRA. The control parameter in the original LRA is limited to one, which is the 

number of iterations p. The number of control parameters of NLR is two -  and  resulting 

in a total of m2 solutions, where m is the number of states from (min, min) to (max, max). 

The number of control parameters in LR2A is m2n. Quantitative studies were carried out 

next for two cases that are aligned towards the solutions of NLR and LRA using structural 

similarity (SSIM) and mean square error (MSE).  

The data from the first column of Figure 5 was used for quantitative comparative 

studies. As seen from the results, the maximum SSIM obtained using LRA, NLR and LR2A 

are 0.595, 0.75, and 0.86, respectively. The minimum value of the MSE for LRA, NLR, and 

LR2A are 0.028, 0.01, and 0.001, respectively. The above values confirm LR2A performed 

better than both LRA and NLR and NLR better than LRA. The regions of overlap between 

SSIM and MSE reassure the validity of this analysis. 
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Figure 6. Comparison of SSIM (a) LRA, (c) NLR and (e) LR2A and MSE for (b) LRA, (d) NLR and (f) LR2A for spectral 

aberration with  = 232.8 nm corresponding to first column of Figure 5. The number of iterations is n. 

4. Optical experiments 

A preliminary invasive study was carried out on simple objects consisting of a few 

points using a quasi-monochromatic light source and a single refractive lens [18]. How-

ever, the performance was not high due to the weak intensity distributions from a pinhole, 

scattering, and experimental errors. In this study, the method is evaluated again in both 

invasive as well as non-invasive mode. In invasive mode, the PSF was obtained from the 

recorded image of the object from isolated points and by creating a guide star in the form 

of a point object added to the object. In non-invasive mode, the PSF was synthesized 

within the computer for different spatio-spectral aberrations using Fresnel propagation as 

described in section – 3. To examine the method for practical applications, we have pro-

jected a test image – Lena, on a computer monitor and captured it using two smartphone 

cameras (Samsung Galaxy A71 with 64-megapixel (f/1.8) primary camera and Oneplus 

Nord 2CE with 64-megapixel (f/1.7) primary camera). The object projection was adjusted 

to a point where the device’s autofocus software can no longer adjust the focus. To record 

PSF, a small white dot was added to the image and then extracted manually. The images 

were recorded ~ 4 cm from the screen with different point sizes, 0.3, 0.4, and 0.5 cm, re-

spectively. They were then fed back to our algorithm and reconstructed using LR2A ( = 

0.1,  = 0.98, and 2 iterations). The recorded raw images and the reconstructed ones of the 

hair region of the test sample are shown in Figure 7. Line data were extracted from the 

images as indicated by the lines and plotted for comparison. In all the cases, LR2A im-

proved the image resolution. What appears in the recorded image as a single entity can 

be clearly discriminated as multiple entities using LR2A, indicating a significant perfor-

mance as seen in the plots where a single peak is replaced by multiple peaks. 
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Figure 7. Images recorded using a smartphone (a) using a Samsung Galaxy A7 (b) and (c) 

using a Oneplus Nord 2CE with different point sizes of (0.4 and 0.5 cm). (d), (e) and (f) are 

corresponding LR2A deblurred images. Line data (orange line) from the cropped images 

were plotted and given in (g), (h) and (i). 

 

For non-invasive mode, Lena image was displayed on the monitor and recorded us-

ing Samsung Galaxy A7. The image of the fully resolved image, blurred image due to 

recording close to the screen are shown in Figs. 8(a) and 8(b) respectively. One of the re-

construction results using NLR ( = 0,  = 0.9), LRA (10 iterations) and LR2A ( = 0,  = 1 

and 3 iterations) are shown in Figs. 8(c), 8(d) and 8(e) respectively. Two areas with inter-

esting features are magnified for all the three cases. The results indicate a better quality of 

reconstruction with LR2A. The image could not be completely deblurred but can be im-

proved without invasively recording PSF. The deblurred images are sharper and have 

more information than the blurred image. The proposed method can be converted into an 

application for deblurring images recorded using smart phone cameras.  
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Figure 8. Deblurring of blurred images using NLR, LRA and LR2A using synthetic PSF. 

5. Deep Learning Experiments 

Deep learning experiments rely on the quality of the training data sets which in many 

cases may be blurred due to different types of aberrations. In many deep learning-based 

approaches, adding a diverse data sets consisting of focused and blurred images may af-

fect the convergence of the network. In such cases, it might be useful to attach a signal 

processing based deblurring method to reduce the time of training, data sets and improve 

classification. In this study, deep learning experiments were carried for classification of 

images with diverse spatio-spectral aberrations with LRA, NLR and LR2A. A "bell paper" 

image was blurred for different spatio-spectral aberrations and deblurred using the above 

algorithms. The images obtained from LR2A was much clearer, with sharper edges and 

fine details in comparison to the other two algorithms. The NLR method resulted in an 

image reconstruction that were slightly oversmoothed, with some loss of fine details. The 

LRA method produced a better result than NLR, but it was relatively slower than the other 

two methods, and the improvement was not as significant as with LR2A. Overall, the LR2A 

algorithm was the most effective of all three in removing the blur and preserving the fine 

details in the image.  

Also, several pretrained deep learning models were tested to prove the efficiency of 

LR2A[19]. Pretrained models are highly complex neural networks that have been trained 

on enormous datasets of images, allowing them to recognize a wide range of objects and 

features in images. MATLAB offers a variety of these models that can be used for image 

classification, each with its own unique characteristics and strengths. One such model is 

Darknet53, a neural network architecture used for object detection. Comprised of 53 lay-

ers, this network is known for its high accuracy in detecting objects. It first came to prom-

inence in the revolutionary YOLOv3 object detection algorithm. Another powerful model 

is EfficientNetB0, a family of neural networks specifically designed for performance and 

efficiency. These models use a unique scaling approach that balances model depth, width, 

and resolution, producing significant results in image classification tasks.  

InceptionResNetV2 is another noteworthy model, combining the Inception and Res-

Net modules to create a deep neural network that is both accurate and efficient. It first 

gained widespread recognition in the ImageNet Large Scale Visual Recognition Challenge 

of 2016, where it achieved state-of-the-art performance in the classification 

task. NASNetLarge and NASNetMobile are additional models that were discovered using 

neural architecture search (NAS). These models are highly adaptable, with the flexibility 

to be customized for a wide range of image classification tasks. Finally, ResNet101 and 

ResNet50 are neural network architectures that belong to the ResNet family of models. 

With 50 and 101 layers, respectively, these models have been widely used in image 
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classification tasks and are renowned for achieving state-of-the-art performance on many 

benchmark datasets. Overall, the diverse range of pretrained models available in 

MATLAB provides a wealth of possibilities for performing complex image classification 

tasks. Detailed analysis of different networks and computational algorithms such as NLR, 

LRA and LR2A are given in the supplementary materials. 

GoogleLeNet is a convolutional neural network developed by researchers at Google, 

which is one of the widely used methods for image classification [20]. Feeding a focused 

image is as important as feeding a correct image into the deep learning network for opti-

mal performance. This is because a blur can cause significant distortion to an image that 

may be mistaken for another image. A trained google net in MATLAB accepts only color 

images (RGB) with a size of 224×224 for classification. In this experiment, a color test im-

age, ‘bell pepper,’’’ was used. However, the LR2A method was shown only for a single 

wavelength. In this case, red, green, and blue channels were extracted from the color im-

age, different degrees of spatial and spectral blurs were applied to the image, and the 

resulting images were fused back into a color image. Blurred and reconstructed images 

obtained from LR2A of a standard image ‘pepper’ is loaded, and its classification has been 

done. The results obtained for a typical case of blur and the reconstructed images are 

shown in Figures 9(a) and 9(b), respectively. It can be seen from Figure 9(a) that the algo-

rithm cannot identify the pepper and classified it as a spotlight. In fact, the label ‘bell pep-

per’ does not appear in the top 25 classification labels (25th with the probability of 0.3%), 

whereas for the LR2A reconstructed, the classification results have been improved by mul-

tifold, and the classification probability was about 36%. Some other blurring cases are also 

considered (Figure 8(c) A(R=100 pixels), B(R=200 pixels), C(z=0.37 mm), D(z=0.38 mm) 

and E(z=0.42 mm), F(=32.8 nm), G(=132.8 nm). In all the cases, image classification 

probability was significantly improved. 

 

Figure 9. Image classification using GoogleLeNet deep learning module (a) object inten-

sity for image at  = 132.8 nm, (b) LR2A reconstructed image of the case (a), (c) Classifi-

cation probabilities of blurred images (BI) vs reconstructed images (LR2A). 

6. Summary and conclusion 

LR2A is a recently developed computational reconstruction method that integrates 

two well-known algorithms, namely LRA and NLR [16]. In this study, LR2A was imple-

mented for the deblurring of images captured by a monochrome camera in the presence 

of spatial and spectral aberrations and with a limited numerical aperture. Simulation stud-

ies were carried out for different values of numerical apertures and axial and chromatic 

aberrations, and in every case, LR2A was found to perform better than both LRA and NLR. 

In the cases where the energy is concentrated in a smaller area, LRA performed better than 

NLR and vice versa. But in all cases, LR2A aligned towards one of NLR or LRA and was 
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better than both. The convergence rate of LR2A was also at least an order better than LRA, 

and in some cases, the ratio of the number of iterations between LRA and LR2A was >50 

times which is significant. We believe that these preliminary results are promising, and 

LR2A can be an attractive tool for pattern recognition applications and image deblurring 

in incoherent linear shift-invariant imaging systems. Optical experiments were carried out 

using the camera from smartphones, and the recorded images were significantly en-

hanced with LR2A. Similar improvement was also observed in the case of deep learning-

based image classification. The current research outcome also indicates the need for an 

integrated approach involving signal processing, optical methods, and deep learning to 

achieve optimal performance [21]. 
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