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Article

Extrinsic Quaternion Spin

Bryan Sanctuarym

Abstract

We present an analysis of the Dirac equation when the spin symmetry is
changed from SU(2) to the quaternion group, @s, afforded b y m ultiplying one
of the y-matrices by the imaginary number i. The reason for doing this is to
introduce a bivector into the spin algebra. The resulting spin equation separates
into distinct and complementary spaces, one describing polarization and the
other coherence. The former describes a 2D structured spin and the latter its
helicity, generated by a unit quaternion. We discuss some consequences.

Introduction

Spin, first observed by Stern and Gerlach , reveals two states of up and down.

Spin is measured to be angular momentum of 3§h magnitude, a vector quan-
tity, belonging to the SU(2) group. Spin is a fundamental property of Nature,
purely quantum with no classical analogue. The mathematical basis for spin is
the Dirac equation [2]. Dirac’s analysis introduces his relativistic equation by
linearizing the Klein-Gordon Equation while respecting conservation of mass
and energy. He was led to his gamma matrices with four states rather than the
two that are measured [3]. He surmised that his equation described two spins
rather than one. The second spin with negative energy and opposite sign is
interpreted as the antimatter twin to the other spin [2]. From this hole theory,
antimatter production, and the sea of electron model followed [4].

In this paper a small change is made whereby one of the gamma matri-
ces is multiplied by the imaginary number ¢ and the effect is to change the
symmetry from SU(2) to the quaternion group Qg. The gamma matrices still
anti-commute, but the modified Dirac equation reveals a single spin has four
states, rather than two: spin has structure under Qg, [5], [6]. The two point
particles that Dirac found are replaced by quaternion spin, or Q-spin, that car-
ries two complementary properties: polarization and coherence. The former
describe polarization, whereas the coherence is generated by a unit quaternion.
This quaternion spins the spin axis in free-flight making the intrinsic angular
momentum of Dirac spin extrinsic. In addition, two mirror states, [7] emerge
from the Dirac field which describe two orthogonal polarization axes that are
perpendicular to the axis of linear momentum. Figure shows that a Q-spin
is geometrically equivalent to that of a photon.

To motivate the discussion here, consider the well know equation for a dyadic
of Pauli spin components,

005 = (Sij + 5ijki0k (1)

Arising from Geometric Algebra, [§], [9] the first term describes a symmetric
component that gives rise to polarization and measured Dirac spin. The second
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term is anti-symmetric and depends upon a bivector, io} and the Levi Civita
third rank anti-symmetric tensor. This term describes coherence of a spin.
Since ¢ cannot be simultaneously equal and not-equal to j, the equation is
complementary. Dirac spin does not treat the second component which requires
a bivector, 102 = o301. The only way to get the bivector is to change the spin
symmetry to the quaternion group. In this change, the helicity of a spin is
formulated. It is the purpose of this paper to include this anti-symmetric term.

Spin coherence, expressed by a quaternion [10], exists on the S® hypersphere
[T, [12], [13] beyond Minkowski spacetime. It describes spin hyper-helicity
as an additional property of spin. The name hyper-helicity is used formally
to distinguish it from the usual helicity found in particle physics [I4]. The
two are formulated differently, albeit both describe spinning the axis of linear
momentum. Here hyper-helicity is in S® hyper-space while particle helicity is
constructed in Minkowski spacetime. We generally call hyper-helicity simply
the helicity.

The existence of a bivector allows us to formulate the two complementary
attributes of spin that are consistent with Eq.. The focus of this paper is on
characterizing Q-spin due to its structure which replaces the point particle spin
that Dirac found.

This paper is the first of three in which the mathematical foundations of Q-
spin are presented. A second paper, “Spin with hyper-helicity” [I5] follows in
which the ideas of this paper are used to study the geometry and conservation
of correlation. Applied to an EPR pair, [16], it is responsible for the correlation
that gives the observed violaton of Bell’s inequalities (BI) without non-local
connectivity. The third paper, [I7] presents a computer simulation which shows
that both polarization and coherent states are responsible for the violation of
BI.

Formally this four state spin is called Q-spin to distinguish it from the usual
Dirac spin. A modified form of the Dirac equation is presented that admits
both polarization and helicity. It describes spin as it exists in the absence of
interactions including measurement, and therefore in free-flight.

Spin spacetime algebra

Dirac spin is measured in a direction fi and has states with outcomes of +1.
These are expressed as usual by |+,A). Q-spin, however, is more than a polar-
ization vector and must include helicity with additional two states of hy = £1.
To repeat, this leads to the 4x4 space of the Dirac field that describes one
particle with two axes rather than the matter-antimatter pair of two separate
particles.

A point particle spin % is described by the three Pauli spin components
which along with the identity, gives the set (I,0x,0y,0z), which belongs to
the SU(2) group. Simply by multiplying one gamma matrices by the imaginary
number 4, here chosen to be 72, changes the spin components to (I, 01,09, 03),
giving two spatial axes of polarization, and the needed bivector, ioy = 0307.
This set forms a normal subgroup of the quaternion group, QQs. This requires
defining a different Cartesian basis set (e, es, e3), called the Body Fixed Frame,
BFF, since every structured spin can have a different orientation relative to the
Laboratory Fixed Frame of (X,Y, Z), see see Fig. (Z2)).

The two spatial components, (o3,01) denoted by (3,1), are, up to a phase,
simply a rotation away from Minkowski spacetime. This structure is shown in
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A spin 3 in free-flight.

o;

Figure 1: Two properties of spin: its polarization, o;, perpendicular to its helicity. The helicity is
in the direction of propagation and spins R or L. The polarization carries a spin of magnitude 1
from the coupling of the two axes o3 and o1. These properties show spin is geometrically equivalent
to that of a photon.

Fig. in the bottom right insert which contrasts Q-spin with the usual Dirac
spin vector. Note that the two axes of Q-spin couple to form a resonance spin
of magnitude 1 which is a pure coherent state. The bivector, ios, denoted by
(2), orients the two orthogonal spin axes, formed from (3,1), by its normal
component to the plane. We assume here that the particle propagates in the
Y = es direction. Whereas (8, X,Y, Z) with 8 = ¢t is usual Minkowski space-
time, the set (8, es,e1,e2) is spin spacetime. The spin polarized structure can
be expressed in Minkowski spacetime. The bivector cannot.

The bivector (2), is introduced by choosing to multiply 72 by the imaginary
number i,

weiz=( o ) ®

7210'82

rendering 42 Hermitian. The Pauli components become bivectors. The set of
gamma matrices in spin space, indicated by subscript s, (72,73,73,&3), anti-
commute. They have a different signature from Minkowski spacetime,

+1 0 0 0
0 -1 0 0

o

T o 0 -1 0 ®)
0 0 0 +1

The order of the components is (0,3,1,2) and the term 72 is not a spatial
component but a frequency. This dimension is the origin of quantum coherence
that leads to the formulation of helicity.

The commutation relations are changed from the usual three dimensional
generator of rotations in Minkowski spacetime,

N 1
SZ;J»,) =1 [V, 7] = §5ijk0kl4 (4)
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Minkowski and spin spacetime.

s? hypersph?'f;

= o=t

Minkowski spacetime

Figure 2: spin is oriented in spin spacetime by the BFF basis vectors (e1, e2, e3) which spins about
the axis ez so that in Minkowski spacetime, with components (X,Y, Z), only a smeared out image
of the precessing spin is projected. The lower right insert contrasts Dirac spin and Q-spin, which is
displayed as the resonance formed from the coupling of the (3,1) axes.

to ones that generate rotations in only two dimensions in spin spacetime

g bl b -

Sy = 7 63 = 32025821 (5)
i U~ i

S(g) = 1 [’75»73] = 551'23'05]'[4 (6)

The former equation describes rotations in the 31 plane about the direction 2;
whereas the imaginary term in the latter equation damps all rotation attempts
out of the 31 plane.

Mirror states and parity

The new equation in spin-space follows from the gamma algebra as usual which
gives a non-Hermitian equation by virtue of 42,

(17000 — i7101 + 1720y — in20s — m) Y =0 (1)

and we suppress the subscript s on the derivatives. By treating a spin in free-
flight in an isotropic environment, the two axes (1,3) are indistinguishable.
Therefore, permutation with the parity operator, Pi3 does not change the (1, 3)
dependence in Eq.@), but the bivector, ico = o307 is anti-symmetric to 13
permutation. Therefore the above equations admits two solutions in left and
right handed coordinate frames, which are mirror states, see Fig., Pigyp* =
T, [, [18]. The anti-commutation of the v/ matrices ensures that energy is
conserved and the Klein-Gordon equation is recovered.

The separation of the Dirac field into reflective states identifies each axis as
carrying a spin such that they precesses in opposite directions. These two polar-
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Mirror states of spin %

Figure 3: The mirror states of a Q-spin with 4™ on the left and ¢~ on the right. Note that adding
these states is independent of ez and subtracting them is independent of e; and es.

Resonant Q-spin.

Figure 4: The two polarization axes form Q-spin of even parity from the coupling of two mirror
states.

ization axes, each with a magnetic moment p, constructively interfere producing
a resonance which is a purely coherent spin, see Fig.(4).

Adding and subtracting the two equations in Eq.g leads to separation into
a Hermitian part and an anti-Hermitian part,

(iv00 — ivL01 — 7305 —m) ¥ =0 (8)
720,07 =0 (9)
where the two mirror states combine into those with odd and even parity,
Pi3¥* = +0U* with the definition,
1
Ut = — (pt £ 10
75 (T £7) (10)

We identify the even parity state with 2D structured Q-spin. The odd parity
state describes its helicity.
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Therefore spin spacetime separates into two distinct spaces: polarization
spacetime, (0,3,1), Eq.(8); and coherent space (not spacetime) (2), Eq.@.
The Hermitian part, Eq., is the same as the usual Dirac equation, but in two
dimensions rather than three. This is depicted in Fig..

The bivector component, (2), describes a massless Weyl spinor in coherent
space, Eq.@. Below it is shown that the spinning of the axis is generated
by a unit quaternion, which has one real dimension, (2) and three imaginary
axes. This describes the helicity in the 4th dimension hypersphere S3. Within
coherent space, (2), time does not exist beyond the constant frequency of its
spinning. Time and rest mass remain in polarization space.

Polarization spacetime reflects diagonal elements of the state operator, |+) (£|
which support magnetic moments, charge, etc.; coherent space reflects off-
diagonal elements of the state operator, |£) (F| which support chirality or
helicity. Similar to the two complementary inverse spaces of position and mo-
mentum, here the two spin spaces carry the two complementary properties of
spin, polarization and coherence.

Redefine the spinor mirror states as ¥ = ¢ and ¥~ = .

The Weyl spinor

From Eq.([9) and using reference [3], [19] a Weyl spinor transforms under boosts
and rotations as

vr— (1=ixZ +i8% ) vr (0) (1)

v = (1-ix% = i85 ) vu. (0) (12)

Since time exists only in polarization space, Eq., a boost of polarizations
carries along the spinor. There are no boosts in coherent space; the left and
right components are equal;

Yr =YL (13)

and the state is a unit quaternion which spins the axis of linear momentum in
coherence space (2) by angle x, thereby generating the helicity.

Yr(x) = exp (—%ag) 1, (0) = (cosg — iy sin %) YL (0)  (14)

The usual definition [I4] identifies helicity as the projection of the spin vec-
tor onto the axis of linear momentum in Minkowski spacetime. Here helicity
is defined only in quaternion space, the S hyper-sphere, where there is no
momentum with which to contract. Choosing Y = ey, then the component,
109, drives the quaternion in Eq.7 and spins the symmetry axis like usual
helicity. Hyper-helicity is a distinct element of reality and complementary to
observed polarized spin. All we observe of the hyper-helicity in our spacetime
is its stereographic projection which is the spinning of the Y axis of a spin.
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The 2D spin equation.
Transform from the BFF of the spin, the LFF giving,

7L = (—sin6+® + cos 0 cos ¢y' + cos 0 sin ¢v°)

73 = (cos 07° + sin 6 cos ¢y + sin O sin ¢y?)

p3 =P ez = (cosbpz + sinf cos ppx + sin O sin gpy )
p1=p-e = (—sinfpz + cosb cos ppx + cos b sin ppy)

P N N N
-
~
2T 2

which gives the following expression independent of 6,

Yip1 +92ps = ¥’pz + (cos ¢y' +sin¢y?) (cosgpx +singpy)  (19)

Taking the linear momentum in the direction Y = es requires setting ¢ = 0,

Y+ 933 = v'px + 7%z (20)

The polarization in spin spacetime is projected onto Minkowski spacetime, and
is all that can be observed of Q-spin. The spinning from helicity is in coherent
space and its effect in Minkowski spacetime is to spin the polarization. In free-
flight from our spacetime, a spin is a spinning plane, or worldsheet, [20], with
mass and energy only. This changes when it encounters a measuring probe.

Define a momentum vector p = pzZ + pxX = pses + pie; and the 2D
polarization equation becomes

(Gon ) () =0 e

+
where the even parity state is written as ¥+ = (:j +). This leads to the same

Klein-Gordon equation in Minkowski and spin spacetime,

(05 — 0% —0% —m?) =0 (22)
(00> =05 —0f —m*) ' =0 (23)

E = 44/m?2 + p? + p?. (24)

We interpret the two energy states as the left and right spinning of the two
spin axes on the same particle, see Fig.. As mirror states, they are in phase
giving the m = 41 component of this magnitude 1 Q-spin. Reversing these give
the m = —1 component. The m = 0 component cannot form since it would
violated the reflective symmetry between the mirror states.

with eigenvalues,

Quaternion spin

Quaternion spin with two axes and helicity covers the 4x4 Dirac field and is
represented by the gamma matrices, v*. Expressing one spin axis as one of
its spatial components, ¢;, and taking the direct product with a helicity 2x2
matrix, Hg, leads to the spatial gamma matrices,

|, &) [hy) — oiHy = ’Y; (25)
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with
- 0 I
Hg = 717273 = (I 0) (26)

The term +° = 'yOHg usually projects the R and L handed chiral states from
a Dirac field. Here the odd and even parity states, Eq. are projected from
the mirror Q-spin states of Eq. (7)),

Tt = i% (I £~0Hy) (f) (27)

The two spin axes on the same particle have equal but opposite energy, opposite
magnetic moments, and constructively interfere to form the Q-spin.

This is substantially different from the matter-antimatter interpretation of
Dirac. Without the bivector, spin has no structure so the second spin led Dirac
to identify the 4x4 field as evidence for two distinct particles with spin: opposite
from each other like the mirror states, one with positive energy and the other
with negative energy. He defined the vacuum state and antimatter and hole
theory resulted [4]. Whereas the infinite negative energy states are present in
Dirac’s approach, here there is no problem since the two mirror axes carry the
same, but opposite energy, Eq..

The 2D Dirac equation gives a different view of spin from currently accepted.
The 2D Hermitian part, Eq.7 gives an even parity spin which is the sum of
its two mirror states as seen in Fig.@). Now that a bivector is included in the
Dirac field, we can define a quaternion spin by including the helicity given by an
anti-symmetric, anti-Hermitian, odd to parity, second rank helicity operator,

b, =c-io (28)
We define each mirror spin component of Q-spin, ¥, as possessing its two com-
plementary attributes, Eq.. Each polarization axis carries both polarization
and coherence, thereby defining a spin helicity carried by both twins,

Sk=0" + 1 (29)
These superpose to give the Q-spin of magnitude 1,
1
V2

In spin calculations when approaching a filter, this leads directly to unit quater-
nions, [I5] carried by each spin axis.

S5 = —= (S5 £ %)) (30)

Measured spin

Quaternion spin, with elements of reality in both polarization and coherent
spaces, projects only its stereographic image onto our spacetime, Eq.. Whereas
both the (1) and (3) axes are projected as an intact Q-spin of magnitude 1, upon
measurement only one of these two vector components is observed.

Dirac spin is obtained when the projected polarization, Eq. is measured,
Fig. (b)). Whereas in free-flight the polarization of Q-spin is averaged by the
helicity, when it encounters an anisotropic field, the two axes are no longer
indistinguishable under permutation by P;3. Q-spin then decouples into two
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Spin decoupling

Figure 5: In the presence of a probe field, one polarization axis aligns with the field while the other
axis and the helicity are averaged away. On the left and right sides, the Q-spin is decoupled by a
field that is oriented either on the left or on the right. If the field is more aligned with the Q-spin,
it spins without decoupling.

spin 1/2 components, and the helicity stops. The spin polarization only appear
upon measurement. Figure , shows the es axis aligned and its orthogonal
components are randomized. Either spatial axis can align, and the one closer
to the field is more strongly coupled and more easily aligned. If, however, the
field is aligned with the Q-spin, then it does not readily decouple leading to it
persisting as a spin of magnitude 1 as it moves towards the filter.

This feature of Q-spin is crucial, [I5], to the understanding the extra cor-
relation found in coincidence EPR experiments, [21], [22], [24], which depend
upon the different orientations of the filters at Alice and Bob. When (6, — 6;)
is odd multiples of 7, both Alice and Bob simultaneously encounter the uncou-
ple Q-spins, whereas at others, either Alice or Bob’s spin might be uncoupled.
That is the orientation and the strength of the filter fields either decouples the
Q-spin or leaves it intact. The former gives correlation from polarization and
the latter from coherence. The complementarity shows a free-flight spin is a
boson with spin 1, and when measured, it becomes a fermion of spin %

Correlation between the Q-spin at Alice and Bob is the source of the quan-
tum coherence that gives an observed violation of Bell’s inequalities, [23]. Even-
tually, however, only one polarization axis lines up with the probe field, Fig. (5]
and this is the two state measured Dirac spin. EPR coincidence experiments
observe the transition from a boson to a fermion.

Discussion

Introducing the bivector into spin algebra significantly changes our view of
a spin from a structureless point particle of intrinsic angular momentum in
Minkowski spacetime to a four dimensional structured spin with extrinsic an-
gular momentum in spin spacetime. Any structured particle can be expressed
in its own coordinate frame and we find that the three spatial components of
Minkowski spacetime become a 2D plane of spin polarization which is spun
about its axis of linear momentum producing L or R handed helicity. The
spinning 2D plane forms only in the isotropy of free-flight.

The bivector component leads to the massless Weyl spinor which in turn
is a unit quaternion and generates the helicity. Quaternions do not exist in
polarization space, but rather in the 4th dimensional hypersphere of S3 [I1]
which cannot be completely observed from any spacetime frame. Only the
stereographic projection, [10], is visible.

The question arises as to whether the Q-spin exists and is more fundamental
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than measured spin. That the geometric structure of spin is equivalent to that
of a photon, Fig. ; both with a spin of magnitude 1 with no zero component,
is compelling. Other quantum observables come in complementary pairs, like
position and momentum etc, in spaces that are the inverse of each other. It is
therefore reasonable that spin also has two complementary properties, polariza-
tion in it spin spacetime, and coherence on the 52 hyper-sphere. Furthermore,
spin is described by its Dirac gamma matrices, and we changed (I,71,72,73);
to (I,7v1,%7v2,73), with the first giving Dirac SU(2) spin and the second leading
to the quaternion group with two axes of precession. Finally the experimental
proof for the existence of Q-spin is given by the violation of BI . This is usually
attributed as proof of non-locality. Q-spin, however, accounts for the violation
locally as shown in the other papers, [I5] and [I7].

Measurement has a central premise that the act of observation perturbs
the system. Q-spin makes a distinction between measurement (polarized) and
free-flight (coherence). They epitomize the particle-wave duality.

EPR believed that QM is incomplete [I6] since it does not simultaneously
describe two complementary elements of reality. In support of Einstein, both
polarization and coherence are found to exist simultaneously on the same parti-
cle. On the other hand, supporting Bohr’s complementarity, in free-flight only
the coherence is present since the spinning axis averages out the polarization.
Upon measurement, the helicity stops and only the polarization is realized. Al-
though both properties exist simultaneously, only one is manifest at any instant.

QM is, therefore, incomplete because it is a theory of measurement restricted
to our space-time. QM does not include elements of reality that are anti-
Hermitian on the S hypersphere.

These results are confirmed in companion papers, [15], [I7]. The former de-
scribes an EPR pair and shows that the helicity introduces an anti-symmetric
component to spin which accounts for the apparent violation of BI, [21], [22],[24].
This is confirmed in the third paper which gives a computer simulation that
evaluates the two contributions to spin from the polarization, (CHSH=2), [21],
and from the coherence (CHSH=1), [I7] for a total of CHSH=3. Neither polar-
ization nor coherence violates Bell’s theorem [25].

It was unforeseen that Q-spin would give an alternate interpretation con-
trary to antimatter production. Although the existence of antimatter is not
disputed, its manner of production is. In the Standard Model with symmetry,
[14] SU(3)SU(2)U(1) this work suggests that SU(2) be replaced by Qs. Perhaps
then neutrinos, both matter and antimatter types would not be needed to bal-
ance some of the lepton equations because the quarks would have an addition
property of chirality, a conserved quantity, on decay.
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