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Abstract: In the era of big data with increasingly complex data structures and ever-larger data 1
scales, matrix-type data are becoming highly valued and their applications in the fields of medicine, =
industry, education, geography, and astronomy are growing in extent. In recent years, significant 3
progress has been made in the practical use of matrix variable t-distribution finite mixture models 4
for handling data in order to address the issues of multi-subgroup structures and long data tails. In s
this paper, the expectation-maximization (EM) algorithm with penalized maximum likelihood is
proposed to resolve the problem of the unbounded nature of the likelihood function applied to the 7
model by considering the degeneracy of the variance-covariance matrix of this model. Our data were s
analyzed through simulations and real data, and the results demonstrate that our model is effective o
in both preventing the likelihood function from being unbounded and in ensuring the accuracy of 1o

the estimated parameters of the EM algorithm. 11
Keywords: Matrix variate distribution; Mixture models; EM-algorithm; Penalized likelihood 12
1. Introduction 13

Finite mixture models are of great importance in the field of statistics, with the 1
renowned statistician Pearson advocating the use of mixture models to study data with s
subgroup properties since the introduction of the mixed-normal model. For more than 16
a century, it has been proven through persistent research that the application of mixture 17
models to heterogeneous data and multiple subgroups of data can achieve remarkable s
results in areas including classification, clustering, and machine-learning (see McLachlan 1.
and Basford 1988[1] and Fruhwirth-Schnatter 2006 [21] for more information on this area of 20
research). 21

The matrix variable t-distribution was proposed by Gupta A K. in 2013[20]. It canbe 22
considered as a special case of the Pearson type VII distribution that can be regarded asa  =s
matrix variable normal distribution when the degrees of freedom tend to infinity. Dogru, 2a
Fatma Zehra[24] provided parameter estimates for the finite mixture matrix t-distribution  2s
(MMVT) in 2016 using the classic expectation-maximization (EM) algorithm to obtain 26
asymptotic solutions of the parameters after iteration. They serve as a useful tool for =7
describing the long-tail property. We observed that although the long-tail problem with 2.
multiple subgroups can be effectively described using MMVT, the MMVT model shares 2o
the same problems of unbounded likelihood function, infinite Fisher information, and o
unsatisfied strong identifiability as the normal mixed model. Therefore, the maximum s
likelihood estimate is difficult to define in the case of likelihood function degeneracy. 32

For this reason, we had drawn on the idea of a penalized likelihood in the 2009 finite s
normal mixed model [3] to penalize the variance-covariance matrices for the rows and .
columns of the components in the MMVT model to prevent degeneracy of its likelihood s
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function [13][19],as well as designed an ECM-type algorithm that combines EM with 16
channel matching (CM) to ensure the validity of the estimation through a hierarchical 7
representation of the random variables and a Bayesian approach[2][3][4][17]. 38

The remainder of this article is organized as follows: We show the foundation of matrix e
variate t distribution in the section 2. In Section 3, the MMVT model is introduced and 4o
its degenerate properties are discussed, along with the design of the penalized ECM type  «
algorithm for the MMVT model. In Section 4, simulations are performed with the model
and actual data is analyzed to verify the effectiveness of the algorithm. Finally, the ideas 43
behind our model are discussed and future prospects are discussed in Section 5. 4s

2. Preliminaries and Methods 45

In this section, the definition of the matrix variable t-distribution in Section 2.1, fol- 4
lowed by the introduction of the concept of MMVT in Section 2.2. a7

2.1. Matrix variate t distribution 48

In this section, we introduce a novel mixture modeling using an original matrix variate s
t (MVT) distribution[19][22][20]. The density function of the normalized MVT distribution  so

is given by 51
The k x n dimensional random matrix X called matrix variate t distribution with mean s
matrix M and row covariance ¥ and column covariance %, if the pdf of X is given by 53
r(knye) 1 -1 -1 Ty - hote
fin(X MY @%) = — ro L oep{r(Y (X -MZ (X -M)"}]" 2 (1)
(o) 2 T()[Z2[¥]z - ©
M is a k x n constant matrix, X and ¥ are k x k and n x n positive definite matrix.E(X) =  sa

M, Var(vec(X)) = ¥ ® L are mean and covariance respectively.If variable X has the density  ss
(1), we denoted by X ~ MVTj, ,(M, %, ¥,v). The following lemma gives the relationship s
between the matrix variate t distribution and the t distribution, which will be used later -
in the parameter estimation. (Theorem 6.1 of [12]) X ~ MVTy ,,(M, %, ¥,v) if and only s

if vec(X) ~ t,(vec(M), ¥ ® £, v).Further more,E[X] = M, forv > 1 and Cov(X) = =
ﬁ(‘i’@Z),forv>2. 60
2.2. The MMVT models 61
Given ii.d. k x n observations Y7, Y, -, Yy, from the mixture of matrix variate t e
(MMVT) distribution with G subgroups[24][14], the pdf of the MMVT is as follows: 63
G
fumvr(Y1©) = Y 7o fnvr(Y16y), )
g=1

where 0, is the set of parameters for the g-th components, we write 6 = (01, -, GG),where,Gg o
(ng, Mg, Zg, ‘I’g, vg), g=1,---,G, or we can write the parameter space as 65

@ = {7T1,' o ,7Tg_]_,M1,' o /MGlz‘ll' o IZG/‘Y:lI' o ITG/V]./. o /VG}' (3)

where 0 < 7y <1, 25:1.7% =1is n.lixing weight, Mg € ka,zg € Rka,‘I’g € R"™ ™ are o6

local parameter,row variance-covariance and column variance-covariance parameters of e

the g-th components respectively. o8
The matrix variate t distribution have additional representation as follows:

X=M+V¥YizZsiu s,
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where Z ~ Ni, (0, It, In), U ~ Gamma(5, %). Furthermore, we can use hierarchical repre- o
sentation 0

X|U =u~ N, (M,u"¥,%)

v v
u -~ Gamma(i,i) @)
k?’l—l—l/ ]. 1 Te—1
ujx ~ Gamma(T, E(V +tr{¥  (X—M) 2 (X—M)})).
Take conditional expectation for the random variable U|X and log U|X 7
(kn+v)/2
EU|X] =
[u1x] v+tr{¥1(X-MTE-(X-M)})/2
kn+v )

TV Y (X - M) (X — M)}

Ellog U[X] = DG( ) “log (v + tr{¥ (X~ M)"E (X — M)})
where DG(x) = % log I'(x). 72
3. PMLE 73

Firstly, we show illustration of how an unbounded likelihood function for MMVT 7
is possible through a concrete example provided in Section 3.1. Secondly, a new method s
of a penalized likelihood function is given in Section 3.2, and finally, an EM algorithm 7
is designed in Section 3.3 to estimate the parameters based on the penalized likelihood 7

function. 78
3.1. Undesirable properties of MMV'T models and the PMLE 70
We now present undesirable property of MMVT models, and then introduce the =0
penalty functions to counter these problems. o1
Suppose Yi,Ys, -+, Yy, from a random sample of size n from the MMVT model (2), e
the log-likelihood function is given by 83
m m G
gn (@) = 2 1ng(Yi,‘ 6) = Z log Z nngVT(Yi; Hg) . (6)
i=1 i=1 g=1

Given the sample Yi, Yo, -, Yy, let the location parameter of first component be  es

M; = Y;. Clearly, when |%1]| — 0,|¥1| — 0, we have o
I kn+vq 1 B _ _ kntoq
fmvr(Yis 01) =—— (ﬂ = )kl (14 —exp{tr(¥;' (Y1 — M) ' (Y — M) T} 2
[Za[2[¥q)2 (mo1) 2T(F) @ ;
F(kn;rm) ( )
= k n kn 0.
[Z4]2[¥1]2 (1) 2T(F)

Let the other component parametersbe Mgy = My, X¢ = I, ¥Y¢ = [, forg = 2,3, - - ,G,where s
My # Y foranyi = 2,3,---,m. Itis clear that the component density fyyr(Yj;0q) is e

bounded by a8
kn+v
]_"( 3) 1 -~ _ _kn+vg
fuavr (Vi) =——p—— 2L ——exp{tr(Yg ' (Yi = M) (Y; = M) T} 7
Ze|2[¥g|2 (r0g) 2T(F) 8
kn+v (8)
I'(=+*)
k n kn
Sl 2[¥g|2 (rog) 7T ()
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fori=2,3,---,mg=23,---,G. 80
Let 6 = (Mo, I, In, vp), and the mixing proportion be 71y = 1/2, and 7y = ﬁ for oo
g=2,3,---,G,wehave o1
G
(n(©) =log? Y 7 fmvr(Y1;05) ¢ + Zlog Z g fmvr(Yi; Og)
g=1
G
>log{m fmyr(Y1;01)} + Zlog Y e fmvr(Yii6o)
i=2 g=2
m
= —mlog2+log fuyr(Y1;61) + ) log fasyr(Yi;60) — o0
i=2
as |21] — 0,]¥1| — 0. Therefore, the MLE of © is inconsistent. 02
3.2. The PMLE of parameter in MMVT models 93
In this part, to overcome both of the likelihood function’s undesirable properties, we e
introduce the penalty function to the log-likelihood, which is defined as o5
G
n(©) = pu¥)+pu(X) = L, Pn(¥) +me Xe),

where pp, (YY), pu(X) are the penalty terms for covariance matrix parameters to avoid the s

likelihood function are unbounded. o7
Then, we define the penalized log-likelihood function as follows: o8
Pln(@®) = Ln(O) + pm(Z) + pm(F), )

and the PMLE of ® would be obtained by ©® = arg maxgpl,(©). The PMLE also canbe
computed using ECM algorithm. In order to obtain the consistent estimator, we select 100
Pm(Xg), Pm(¥g) such that it goes to negative infinity when [L¢| and [¥¢| goes to 0 or 101
to infinity. There are several options for the penalty function. For example, we can 102

assume that the expression for the penalty function is f;,(Zg) = —am(tr(Sg(Z)Zgl) + 10
log(|Zg))), pm(¥g) = —bm(tr(Sg(‘I’)‘I’gl) +1log(|¥¢|), where the S¢(X) and S¢(¥) are the  10s
sample row and column variance-covariance of the g-th components respectively. 108
3.3. The Penalized EM Algorithms 106

Like Geoffrey Z. Thompson(2020)[25],we known the ECM algorithm then proceeds 107
as follows: Consider the complete data (Y, Z) = {Y;, Z;}!" ;, where the latent component-  10s
indicators vector Z; = (Zy;, Zyi, -+ , Zg;i) follows a multinomial distribution with 1 trial 1ee
and cell probabilities 7r1, 71p, - - - , 7wg. Write it as Z; ~ Multi(1; 71y, 71p, - - -, 71g). Note that 110
21,2y, - - Zy are mutually independent. 111

By the hierarchical representation 112

Yi|U; = uj, Zgi = 1 ~ Ny (M, u; ' ¥g, ),

Vg U
U|Zgl—1~Gamma(2g 2g>

Zgi ~ Multi(1: 711, 71G).

We denote the condition expectation on current iteration parameters as 113
kn +wv
&) & E[U|Y;, Zgi = 1] = 8
vg +tr(¥, Yy - Mg)X, Ly, — My)T)
d _ kn+vg

:B( ) - [lOg( i)|Yi/Zgi = 1]

gt r(

)~ 1og<5<vg + (¥ (Yi = M) (Y = Mg)T))).

dog 2
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E-step: The Q function can be written as 114

Q(ele") =E(pt5(®)|y,0)

S ) k n
=) ) E[zgl |Yi]{ log(mg) — log |Zg| — 5 log |¥|
i=1g=1
kn gy _ %g,%8y _ Z’g % 1yg® _ Y8,
1 _ _
—Etr(zx(t.)(‘lf )Y - M) (Y'fMg))—an(tr(Sz 1)+ log (1% (S3) ™)

ba(tr(S5,¥5 1) +log(|¥g(S7) 7).

M-Step: Let us maximize Q(®|0@")) with respect to ® under the restriction with 115

Z =1 ng - 1 116
1. Update né) by nétﬂ m-tym, gl : ur
2. Update Mé) by 118
2() (1)
M) — == 1Zgl Poi ti Vi
i=1 qi
3. Fix Mg) = M(tH) then update ‘I’(tH) Zgﬂ) by 110
(‘I’gH), Zg,tﬂ)) — argmax Q(©|0")
(e z)
m G
= arg max { Y Z {log(ng) _fn log(27m) — log |Z§t)| - log |‘I’g)|
R == 2

kn () Og O¢ Ug Vg (t) Vg ()
+ 5 Bgi =5 1og(5) —1og(T(5)) + (5 — DBy — o'y
_ ftr(a(?) (‘I’g))‘l(Yi _ M§t+1))TZg—1(Yi _ Métﬂ)))}

— an(tr(S2(E) 1) +log (12 (52) )

4.The conditional maximization of v given (Mgﬂ), Zgﬂ), ‘I’gﬂ)) through solve the 120

following equation 121

kn ) g Ug 0 _Yg () _
> By f*log( £) —log(r(% ) (5 = DBy — 5y =0.

For the given initial value ®(*), we can repeat the E-step and M-step and stop the iteration 122
until the penalized log-likelihood p#,,(®) does not increase or remains in a satisfactory iz
condition |pl,, (@+1)) — pr,, (©1))| < 1073, Then, we can obtain the PMLE of the MSNM 124
models. Generally, the EM algorithm requires the setting of more initial values to allow the 125
model’s estimator to arrive at the maximum. 126


https://doi.org/10.20944/preprints202301.0524.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 January 2023 d0i:10.20944/preprints202301.0524.v1

60f12

4. Numerical studies 127

Our experimental implemented in R version 4.2.1 based on R (R Core Team 2019) 12s
package MatrixMixtures and MatrixXLDA to get PMLE results, and all experiments are 12

performed on a laptop with Intel Core i7-9750H and 2.60 GHz CPU and 6.00 RAM. 130
4.1. Simulation studies 131
For convenient, we denote elements of parameters M = (mg“’;)),Z = ((Ti(}g)),‘l’ = 1
(1/)5‘? ) ),v = v(8) for the g-th component respectively. We given three types model of MMVT 13
as follows, 134
Model I: 135

0.6MVT2,2<M1, 21, ¥y, 1/1) + 0.4MVT2/2(M2, 20, ¥, 1/2),

where, 136

Model II: 137

where, 138
1 00 2 00 14 15 12
M=l 02 0|, M=[010]%=¥%=|15 17 15 |,
0 0 3 0 01 12 15 19
1 00
ZQZ‘Yz: 01 0 ,1/121/2—2
0 0 1
Model III: 139

0.3MVT33(M1,%1,¥1,v1) +02MVT33(Mp, Xo, ¥, v2) + 0.5MVT53(Ms, X3, ¥3,v3),

where, 140
0 00 -1 0 0 1 00
Mi=100 0 |, M= 0 -1 0 |,Mg=(01 0],
0 00 o 0 -1 0 01
14 15 12 100
L=%=15 17 15 |, L=%= 01 0 |,
12 15 19 0 01
213
Z3=‘Y3= 1 4 2 ,1/1—5,1/2—10,1/3220
3 25
Consider the penalized function as follows: 141

Pm(Zg) = —”m(t”(sg(z)zgl) +1og(|Z¢)), pm(¥g) = —bm(tr(Sg(‘I’)‘I’ng) +log([¥¢l)-

The constant in penalized term as a,, = 1/m, by, = 1/ log(m),sample size as g x 100, X a2
200, and g x 500,we set g =2,k =n =2inmodel ], set ¢ =2,k =n =3 inmodel Il and 1
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set ¢ = 3,k = n = 3 in model III. The initial parameter size is g X (2kn +

we need the number of estimate parameter is ¢ x (2kn + k”X(Si"H) +1) + 1 because of the
weight parameter’s freedom is g — 1. We repeat 100 times for every models and compute

(MSE).

From Table 1 we known the MSE of all parameters are small. From Table 2, we can see
MSE of parameter v(!) in component 1 and v(?) are 1.235,0.630,0.507 and 1.354, 0.712,0.143.
These results all showed that MSE decreased with the increase of sample size. Similar

results are presented in Table 3 of the 3 components mixtures model.

Table 1. MLE and PMLEs:model I

knx (kn+1)

n=100 n=200 n=500

m mse m mse m mse

model I component 1
m=06 0600 0002 059% 0001 0602 0.000
m) =1 1166 0306 1151 0331 1..030 0.020
my) =1 1138 0342 1104 0294 1019 0.014
ol =3 2756 1492 2650 0231 2917 0.141
ol,=1 0823 1293 0781 0.094 0935 0.047
ol =3 2699 1410 2827 0331 2917 0.134
gl =3 2675 162 2832 0161 2944 0101
g, =1 0841 1193 0799 0114 0945 0.037
P, =3 2704 1349 2866 0312 2922 0.106
v() =5 4278 0250 4.638 0320 4451 0.259
model I component 2

m =2 2087 0293 2048 0328 2038 0.023
myy =2 2114 0348 2039 0295 2024 0017
o =2 1717 0331 1797 0195 1947 0.106
o, =1 0711 0232 0754 0114 0938 0.051
ol =2 1721 0329 1813 0217 1955 0.106
g3 =2 1720 0301 1800 0190 1947 0.103
P =1 0717 0202 0791 0110 0950 0.047
P2 =2 1733 0314 1841 0207 1969 0.089
v(?) =5 2561 0441 2704 0421 2981 0.340
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Table 2. MLE and PMLEs:model II

n=100 n=200 n=500
m mse m mse m  mse
model II component 1
m=03 0.309 0.005 0.300 0.002 0.304 0.001

m) =1 1166 0160 1147 0097 1.056 0.037
myy =2 2088 0270 2161 0088 2055 0.033
myy =3 2977 0308 3.095 0068 3.020 0.033
o) =14 1182 0253 1177 0117 1314 0.063
ol =15 1200 0344 1239 0131 1402 0.069
ol =12 0924 0314 0944 0148 1106 0.062
oiy =17 1537 0691 1402 01532 1594 0078
oi) =15 1179 0667 1223 0187 1409 0.083
o) =19 1729 0606 1712 0283 1868 0.148
pll =14 1191 0251 1185 0101 1360 0.058
ply =15 1310 0332 1251 0111 1424 0.057
gl =12 0985 0301 0947 0.119 1134 0.058
Py =17 1541 0672 1456 0135 1603 0.064
Py =15 1188 0.641 1231 0164 1433 0.074
Py =19 1751 0593 1742 0264 1890 0.133
v =2 2214 1235 2040 0630 2003 0.507
model IT component 2
mi =2 1801 0182 1917 0109 1991 0.026
miy =1 1003 0276 0925 0135 0986 0.047
mi=1 1186 0222 1122 0116 1004 0.034
o} =1 1051 0075 1031 0046 1009 0.014
o) =0 0184 0121 003 0070 -0.001 0.015
o) =0 0209 0210 0136 0087 0025 0035
of) =2 2146 0317 2142 0226 2033 0.063
0f) =0 0133 0527 -0027 0148 -0.026 0.055
o2 =3 2832 0664 2783 0414 2981 0.171
g =1 1089 0073 1027 0041 1007 0013
pa=0 0181 0119 0030 0051 0002 0.011
Py =0 0201 0201 0132 0078 0019 0.027
Py =2 2016 0287 2001 0201 2011 0.033
P9 =0 0145 0515 -0.016 0128 0.002 0.003
Py =3 2912 0114 2923 0111 298 0.09
v® =2 1817 1354 1899 0712 2060 0.143
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Table 3. MLE and PMLEs:model III

=100 n=200 n=500

m mse m mse m mse
m =03 0266 0007 0280 0014 0298 0014
m) =0 0695 1262 -0971 0651 -0.751 1257
myy) =0 0824 0443 0871 0892 0853 0.855
my) =0 0636 0576 0411 1429 0404 1459
o) =14 0868 0613 1114 0730 1100 0553
ol =15 0421 0242 0356 0447 0457 0212
ol =12 0431 0518 0647 0992 0593 0.854
ol =17 1181 1040 1701 1527 1650 1555
ol =15 0416 0403 0475 0679 0435 0563
o) =19 1667 1033 2190 1843 2141 1928
pl) 14 0802 0521 1014 0638 1055 0513
pl) =15 0421 0242 0356 0447 0457 0212
Pl =12 0431 0518 0647 0992 0593 0854
gy =17 1181 1040 1701 1527 1650 1555
P =15 0416 0403 0475 0679 0435 0563
Py =19 1667 1033 2190 1.843 2141 1928
vl =—1 0245 2566 -0.309 3.443 -0.468 3.453
m =02 038 0012 0346 0015 0371 0017
m =—1 -1.023 0693 -0.801 1495 -0.798 1.139
myy=-1 0949 0570 1008 0619 0824 0.783
m{y=-1 0867 0642 1239 0959 1142 0982
o) =1 1253 0702 1198 0557 1078 0361
o) =0 0085 0544 0333 0671 0228 0375
o) =0 0851 0820 0773 049% 0922 0616
0f) =2 2425 1821 1984 1295 2145 1540
of) =0 0239 0711 0276 0629 0274 0525
o) =3 2052 1171 1975 0837 2141 1.082
p@ =1 1253 0702 1198 0557 1078 0361
P9 =0 0085 0544 0333 0671 0228 0375
P =0 0851 0820 0773 049 0922 0616
Py =2 2425 1821 1984 1295 2145 1540
Py =0 -0239 0711 0276 0629 0274 0525
o) =3 2052 1171 1975 0837 2141 1.082

v = -1 -0410 2518 -0215 2598 -0417 3.342
=05 0345 0019 0375 0025 0331 0019
m =1 1370 0825 -1445 0992 -1415 1221
ms)=1 0773 0784 0388 1031 0625 1.253
m) =1 1078 0729 0740 1784 0763 1.604
o) =2 1167 0524 1411 0459 1420 0393
o) =1 0033 0501 0191 0.665 0479 0.500
o) =3 0838 0595 1226 1099 1059 1247
o) =4 2142 1186 2726 1454 2665 1.250
o) =2 0039 0897 0445 0998 0565 1.137
o) =5 2281 1840 2799 1962 3.027 1.49%
pP) =2 1167 0524 1411 0459 1420 0.393
1

N =

-0.033 0501 0191 0.665 0.479 0.500

=
otz e
Il

)
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4.2. Application example

The actual data we used is a classic multivariate data set — the data of the Australian
Institute of Sport (AIS). This data set contains 13 physical indicators of 102 men and 100
women exercising. We took variables BMI and Bfat to form a binary sample, where BMI
represents the body quality index. Bfat represents the percentage of body fat. It can be
seen that this data has an obvious mixed structure. We divided AIS data into two cases
of two-component fitting and three-component fitting, and the results are shown in Table
4-Table 5. It can be found from Table 4-5 that the parameter estimates of the first component
and the third component of the three-component model are similar in data fitting, and their
MSE is slightly larger than the results of the two components. Therefore, the fitting effect of
the two-component MMVT model for AIS data is better. The PMLE of MMVT model is
-1070.055, which is larger than the MLE of -1097.79 in MMVT.

Table 4. The results of two components MMVT model for AIS dataset

(M

71 mlll H’Zz,
mle 0.36 21.88 8.3
pmle 0.38 2153 58

o) o) oy W pl

443 101 230 276 -1070.037
6.01 577 790 024 -1070.055

vl ool ol

mle 0.64 1941 1834 23.13 -0.60 3358 8.10
pmle 0.62 1942 1840 2223 0.13 33.17 7.69

Table 5. The results of three components MMVT model for AIS dataset

S T O A NG

mle 020 2712 1755 1584 6.07 2459 -040 -1069.994
pmle 0.15 18.01 13.01 731 -3.04 728 882 -1070.01

2 2 2 2 2
moomy my ol o op v

mle 0.39 24.05 854 366 199 256 -0.77
pmle 0.37 2392 835 354 190 239 012

3 3 3 3 3
Y I v T

mle 041 2288 19.02 6.38 11.15 34.68 -1.67
pmle 0.48 20.34 2154 2179 978 3450 7.72
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5. Conclusions

In this paper, penalizing the MMVT row and column covariances is proposed to over-
come the parameter degeneracy of the model. Meanwhile, proof of the PMLE consistency
is also provided. This approach ensures parameter consistency and estimation validity
while overcoming the traditional drawback of having to impose additional restrictions on
the parameter space.

There remain several unresolved issues regarding matrix-variable mixed models that
must be solved in the future. First, the convergence rate of the EM algorithm is very
slow, and especially for matrix variable models, which makes it a priority to reduce the
computational complexity of the algorithm. Second, most of the mixed matrix variable
distribution models face problems such as likelihood degeneracy, e.g., a matrix variable
skewed normal distribution, matrix variable skewed t-distribution, and other skewed
ellipsoidal distribution mixtures. The possibility of further generalization of our method to
these models is promising.
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