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Abstract: Josephson junctions (JJs) in the presence of a magnetic field exhibit qualitatively different 1

interference patterns depending on the spatial distribution of the supercurrent through the junction. 2

In JJs based on two-dimensional topological insulators (2DTIs), the electrons/holes forming a Cooper 3

pair (CP) can either propagate along the same edge or be split into the two edges. The former leads 4

to a SQUID-like interference pattern, with the superconducting flux quantum ϕ0 (where ϕ0 = h/2e) 5

as a fundamental period. If CPs’ splitting is additionally included, the resultant periodicity doubles. 6

Since the edge states are typically considered as being strongly localized, the critical current does 7

not decay as a function of the magnetic field. Here we go beyond this approach and inspect a 8

topological JJ in the tunneling regime featuring extended edge states. We consider the possibility 9

that the two electrons of a CP propagate and explore the junction independently over length scales 10

comparable with the superconducting coherence length. As a consequence of the spatial extension, 11

we obtain a decaying pattern with different possible periods. In particular, we show that, if crossed 12

Andreev reflections (CARs) are dominant and the edge states overlap, the resulting interference 13

pattern features oscillations whose periodicity approaches 2ϕ0. 14

Keywords: edge states; Josephson junctions; topological insulators; interference pattern; 2ϕ0- 15

periodicity 16

1. Introduction 17

Topological phases of quantum systems have been at the forefront of research in 18

condensed matter over the last two decades [1,2]. One of these phases takes place in 19

quantum spin Hall (QSH) insulators, which are two-dimensional topological insulators 20

hosting topologically protected and counter-propagating helical edge states on its boundary 21

[3–10]. The interplay of superconductivity and the QSH effect has been widely studied 22

in view of applications in spintronics and in (topological) quantum computation [11,12]. 23

To this ends, topological Josephson junctions (JJs) appear as fundamental building blocks 24

[13,14]. In a topological JJ, two superconducting electrodes are connected through the helical 25

edge state channels of the QSH insulator. If the junction is pierced by a magnetic flux, it 26

realizes a superconducting quantum interference setup [11,12,15]. The interference pattern, 27

namely the flux dependence of the critical current, characterizes the JJs. Despite many 28

theoretical studies on the interference patterns, there are still open questions, particularly 29

when it comes to comparison with experiments [16–19]. 30

Many established models for JJs usually assume a local transmission of the Cooper 31

pairs (CPs), i.e. the same trajectory for both electrons [20,21]. A non-local transmission 32
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is also considered in the framework of edge transport via CPs’ splitting over opposite 33

edges [22–26] – allowed over length scales comparable with the superconducting coherence 34

length ξ = h̄vF/∆, with vF the Fermi velocity and ∆ the superconducting gap – but usually 35

in the case of narrow edge states (see the upper panel of Figure 1). Although the scenario 36

of extended edge states might be experimentally relevant, a theoretical model is still 37

lacking. We address it in this article by proposing a heuristic approach. An edge state with 38

finite spatial extension can host different trajectories for the two electrons forming the CP, 39

provided that they are not further away from each other than ξ, either injected into a same 40

edge (local Andreev reflection, LAR) or into different edges (crossed Andreev reflection, 41

CAR), see Figure 1. The wider the edges, the more pronounced will be the consequences 42

on the interference pattern, which is highly sensitive to the electrons’ path. 43

Specifically, strongly localized edge states give rise to a sinusoidal double-slit pattern, 44

similar to a SQUID pattern, with no decay and a period ϕ0 = h/2e. However, the presence 45

of interference oscillations with a doubled periodicity has been theoretically predicted 46

[24,27,28] and experimentally observed in different setups [27,29], including 2DTI-based 47

JJs. In this case, the origin of this doubling relies on the CAR processes mentioned above: 48

a non-local transmission of electrons (whose charge quantum is e versus the CP’s charge 49

quantum of 2e) takes place [24,28]. Depending on the amount of CPs’ splitting, the resultant 50

pattern features either alternating lobes with different heights or a weak cosine modulation 51

around a constant value. On top of that, further single-electron effects leading to anomalous 52

periodicities such as back-scattering [30] or forward-scattering [31] have been assessed. 53

Lastly, we recall that a moderate spatial extent of the edge states affects the interference 54

pattern with an overall decay in the magnetic field [11]. 55

In this work, we explore the combined effect of broadened edge channels, possibly 56

overlapping, and the presence of CAR. This introduces new options for the injection process, 57

which are absent in the case of narrow edges and which enrich the possibilities of interfer- 58

ence patterns. Differently from previous approaches assessing 2DTI junctions, we obtain a 59

fast side lobe decay and different oscillation periods. Within this wide phenomenology, we 60

are interested in discussing whether CAR processes can bring along a doubled periodicity 61

as in the case of localized edge states. We find that the answer is affirmative and identify 62

the regime to observe such periodicity, finding that it requires a prevalence of CAR over 63

LAR. 64

Figure 1. Comparison between LAR and CAR processes for the case of narrow edges (upper panel)
and extended edges (lower panel). The latter allows different trajectories for electrons injected in LAR
and a wider range of possibilities for CAR. For clarity, both panels show LAR processes involving
only the upper edge.
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The article is structured as follows: In Sec. 2 we review the way of calculating the 65

Josephson current through a junction by introducing the gauge-invariant phase. We address 66

both, local and non-local transfer of CPs. In Sec. 3, we introduce our model and approach 67

to determine the supercurrent. In Sec. 4, we present and discuss our results. Finally, in 68

Sec. 5, we draw our conclusions. 69

2. Local and non-local transport of Cooper pairs 70

We consider a two-dimensional JJ of length L and width w. The intermediate region 71

is tunnel-coupled to two superconductors on either side and for now, it is not needed to 72

further specify its properties. A magnetic field is applied perpendicularly to the plane, 73

B = Bez. We assume that the field is screened from the superconducting electrodes, and 74

choose the gauge A = −Byex, where A is the vector potential. 75

For the evaluation of the supercurrent, it is convenient to introduce the gauge-invariant 76

phase difference, δθ = δφ− (2π/ϕ0)
∫

A · dr, with δφ the superconducting phase difference 77

[20,32]. The gauge-invariant phase picked by a CP being transmitted across the junction 78

along a horizontal (ballistic) path y, with −w/2 < y < w/2, is then given by 79

δθ(y) = (φr − φl) +
2πϕ

ϕ0

y
w

. (1)

Here, φr/l labels the right/left superconducting phase and ϕ = BLw. The second term in 80

Eq. (1) stems for the Aharonov-Bohm contribution, which for a single electron reads as 81

δθAB(y) = πϕ
ϕ0

y
w . 82

Concerning the computation of supercurrents, a standard approach is the Dynes and 83

Fulton description [33], which holds in the tunneling regime (low-transparency interfaces) 84

between the superconductors and their link under the assumption of the local nature of the 85

supercurrent, flowing perpendicularly to the superconducting contacts. This means that 86

the supercurrent density only depends on the y coordinate while the current flows in the x 87

direction. In this case, for the junction just introduced, the total current is given by 88

I(ϕ, φr − φl) =
∫ w/2

−w/2
dy j(y) sin

[
(φr − φl) +

2πϕ

ϕ0

y
w

]
, (2)

with j(y) the current density profile of the JJ. The total current hence results from a weighted 89

integration over sinusoidal current-phase-relations (stemming from the tunneling regime). 90

Maximizing with respect to (φr − φl) and getting the absolute value, one obtains the critical 91

current or interference pattern IC(ϕ). This procedure recovers well-known examples of 92

interference patterns [21]. 93

Non-local transmission has been previously addressed in different realizations of 94

JJs [27,34–37]. We are here interested in JJs featuring edge states, usually modeled as 95

strongly localized. In these setups, a sample’s width w comparable with the superconduct- 96

ing coherence length ξ allows an effective splitting of the CP via CAR. In this case, the 97

Aharonov-Bohm phases acquired by the electrons propagating on opposite edges cancel, 98

resulting in a flux-independent process. This leads to the 2ϕ0-periodic even-odd effect 99

in SQUID-like patterns, which has been experimentally observed [12,23,38] and theoreti- 100

cally addressed [24,26,28] in several works. Such phenomenology is shared by helical and 101

non-helical edge channels, though remarkable qualitative differences emerge in response 102

to variations of the parameters [28]. Besides the even-odd effect, it has been discussed 103

how inter-channel scattering events give rise to anomalous flux dependencies, leading for 104

instance to multi-periodic magnetic oscillations [30] or to a further doubling of the period 105

up to 4ϕ0 [31]. 106

In the following, we discuss how the current can be calculated in 2D systems with 107

extended edge states. We find different interference patterns which depend on the extension 108

of the edge states, and on the width of the junction. The finite extension of the edge states 109

leads to a Fraunhofer-like interference pattern, with a main central lobe and decaying side 110
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lobes. In particular, we show that, if CARs are dominant and the edge states overlap, the 111

resulting periodicity approaches 2ϕ0. 112

3. Model for extended edge channels 113

We model a junction as the one depicted in the lower panel of Figure 1, consisting of a 114

two-dimensional JJ where the weak link is a topological insulator sample of length L and 115

width w. This region is tunnel-coupled to the right and left superconductors. As previously, 116

we denote as φr/l the phases of the right/left superconductors. Due to the proximity effect, 117

in the superconducting parts the edge states are gapped out. In the center region, the edge 118

states are helical. In Figure 1, each boundary hosts two counter-propagating channels with 119

identical profile. For clarity, only one colored shape per boundary is shown. 120

Following the line of reasoning in the previous section, we write a phenomenological 121

expression for the supercurrent which generalizes Eq. (2) with two different coordinates for 122

the two electrons: 123

I(ϕ, φr − φl) =
∫ w/2

−w/2
dy↑ dy↓ j(y↑, y↓) sin

(
φr − φl +

πϕ

ϕ0

(y↑ + y↓)
w

)
= Im

[
ei(φr−φl)

∫ w/2

−w/2
dy↑ dy↓ j(y↑, y↓)e

i πϕ
ϕ0

y↑
w ei πϕ

ϕ0

y↓
w

]
, (3)

where the fundamental ingredient is j(y↑, y↓), the weight function for the supercurrent, 124

and y↑, y↓ label the horizontal trajectories of the two electrons of the CP, ↑ / ↓ denoting the 125

spin projection.1 The function j(y↑, y↓) parametrizes how each specific path contributes to 126

the total supercurrent and encodes physical properties of the normal region, such as the 127

supercurrent density profile, the number of transport channels and the helical nature of 128

the junction. If the size of the CP is comparable with the junction’s width, the CP can be 129

split into the two edges. Since we consider here broadened edge states, we assume that the 130

CP can also be split into different trajectories within the same edge. To do so, we include 131

an overall constraint function to take into account the CP’s extent. We hence make the 132

following ansatz 133

j(y↑, y↓) = e−|y↑−y↓ |/ξ [sg(y↑)g(y↓) + sg(−y↑)g(−y↓)︸ ︷︷ ︸
LAR

+ g(−y↑)g(y↓)︸ ︷︷ ︸
CAR

], (4)

where g(±y) describes the spatial extension of the upper/lower edge state, which we 134

assume to be symmetric around y = 0 (see Figure 2 for a schematic view). Since j is 135

a probability density, we argue that g(y) ≡ |ψl(−y)| = |ψu(y)|, where ψu/l(y) is the 136

wavefunction of the upper/lower edge state. Our approach allows us to identify the CAR 137

and LAR processes generalized to the case of extended edge states, as marked in Eq. (4). 138

There are two parameters to be discussed in the following: the coherence length ξ and the 139

ratio of the amplitudes of LAR and CAR processes, denoted by s. Indeed, due to helicity, 140

LAR and CAR are clearly different processes. Since we do not consider spin-flips, in the 141

LAR case, spin-up and spin-down electrons have opposite directions of propagation. By 142

contrast, in the CAR case, they are either right-movers or left-movers [28,31]. 143

Eqs. (3)-(4) show two main features: (1) the electrons can tunnel into the same edge but 144

at different positions; (2) the electrons can tunnel into different edges acquiring Aharonov- 145

Bohm phases that do not cancel each other. The latter implies the unconventional possibility 146

of flux-dependent CAR processes. 147

1 For now, we neither include diagonal trajectories nor any inter-edge tunneling.
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Figure 2. The colored broadened shapes represent the edges’ profiles: g(y) for the upper edge (pink)
and g(−y) for the lower edge (green). They are hence symmetric around y = 0, and overlap to some
extent.

We can check some limiting cases of Eqs. (3)-(4). Firstly, as to LAR, we notice that 148

they recover the Dynes and Fulton approach for ξ ≪ w [33]. We can rewrite e−|y↑−y↓ |/ξ = 149

e−
|y↑−y↓|

w
w
ξ , where the first fraction takes values between 0 and 1. Then e−|y↑−y↓ |/ξ ξ≪w−→ 0 150

and the current density vanishes unless y↑ = y↓ ≡ y. In this case 151

j(y↑, y↓) = j(y) ∝ |ψu(y)|2 + |ψl(y)|2, (5)

and the supercurrent recovers the form 152

I(ϕ, φr − φl) ∝ Im
[

ei(φr−φl)
∫ w/2

−w/2
dy

(
|ψu(y)|2 + |ψl(y)|2

)
ei 2πϕ

ϕ0
y
w

]
, (6)

which is the Dynes and Fulton description in Eq. (2). On the other hand, if ξ ≫ w 153

e−|y↑−y↓ |/ξ ξ≫w−→ 1 and 154

j(y↑, y↓) ∝ |ψu(y↑)||ψu(y↓)|+ |ψl(y↑)||ψl(y↓)|. (7)

The integrals over y↑ and y↓ factorize 155

I(ϕ, φr − φl) ∝ Im
[

ei(φr−φl)

( ∫ w/2

−w/2
dy↑ |ψu(y↑)|e

i πϕ
ϕ0

y↑
w

∫ w/2

−w/2
dy↓ |ψu(y↓)|e

i πϕ
ϕ0

y↓
w +∫ w/2

−w/2
dy↑ |ψl(y↑)|e

i πϕ
ϕ0

y↑
w

∫ w/2

−w/2
dy↓ |ψl(y↓)|e

i πϕ
ϕ0

y↓
w

)]
, (8)

corresponding to completely independent trajectories. 156

Regarding CAR, if the conduction can only happen on narrow edges (such as in the 157

upper panel of Figure 1), then |ψu/l(y)| ∝ δ(y ∓ w/2), which results in a flux-independent 158

contribution to the critical current, as expected. 159

We do not specify the dependence of s on temperature, bias or length of the junction. 160

Instead, we treat it as a phenomenological parameter. Our next aim is to identify a pa- 161

rameter regime, where the interference pattern is 2ϕ0-periodic. Indeed, being the doubled 162

periodicity a widely studied signature, it is interesting to investigate new mechanisms that 163

can give rise to it. We have discussed that it usually emerges in the presence of Cooper 164

pair splitting, which is a main feature of our description of broadened edge states. We 165

hence expect it to arise in our system. It turns out that, in our model, CAR-dominated 166

transport is required to obtain this unusual periodicity of the maximal critical current. We 167

hence assume s < 1 from now on.2 Notably, it has been experimentally revealed in InSb JJs 168

[23] that CAR processes are larger than expected and increase at a lower temperature. It 169

2 Notice that one of the two CAR contributions should be proportional to s2. Since s < 1, we will neglect it and
work up to the first order in s.
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is interesting to identify rather general conditions under which CAR processes are more 170

important than LAR processes but this analysis goes beyond the scope of the present work. 171

So far we have constructed a formula that generalizes the computation of a supercur- 172

rent given the current density to the case of extended edges and shown that it recovers the 173

expected limiting cases. In the next section, we show that, in an appropriate parameter 174

range and for wide edge states, our model features an interference pattern approaching a 175

2ϕ0-Fraunhofer pattern. 176

4. Results and discussion 177

Here we analyze the interference pattern of the JJ discussing the role of the edges’ 178

profile g(y) and the two parameters ξ and s. Given Eq. (3), the pattern reads 179

IC(ϕ) =

∣∣∣∣∫ w/2

−w/2
dy↑ dy↓ j(y↑, y↓)e

i πϕ
ϕ0

y↑
w ei πϕ

ϕ0

y↓
w

∣∣∣∣, (9)

with j(y↑, y↓) from Eq. (4). 180
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Figure 3. Resultant interference pattern IC(ϕ) (panel (b)) and the separated contributions of LARs
(panel (c)) and CARs (panels (d)) for the edge profile in panel (a), ξ/w = 0.85 and s = 0.2.

Figure 3 illustrates our results. We assume the edge profile depicted in panel (a), 181

ξ/w = 0.85 and s = 0.2. In Figure 3(b), we show the total interference pattern: it exhibits 182

minima approaching multiples of 2ϕ0 and a fast decay. In panels (c)-(d) we plot the LAR 183

contribution and the CAR term (s = 0) alone, respectively, in order to point out the essential 184

interplay of the two processes. On the one hand, the LAR pattern qualitatively resembles 185

a standard Fraunhofer pattern, although its minima are shifted away from ϕ0-multiples 186

as a consequence of the spatial extent of the edges. On the other hand, CAR processes 187

feature a strong decay with a mild 2ϕ0-modulation on top. The 2ϕ0-oscillatory behavior in 188

Figure 3(b) results from the interaction of these two terms. 189

In the Appendix, we discuss the robustness of the effect by providing plots of the 190

interference pattern for different values of the parameters. From such analysis, we can infer 191

the optimal parameter range for the doubled minima periodicity, which is summarized 192

as follows. A high coherence length ξ (ξ ≳ w) is necessary because short values of ξ/w 193

suppress the occurrence of CARs. This first requirement depends on the choice of the 194

superconductors and on the sample width, and is not hard to fulfill. The ratio s has to be 195

low (at least s < 1/2), which means that CARs are dominant over LARs. A significant 196
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overlap of the edge states is needed. Indeed, it can be shown that, if the edge states do not 197

overlap, the full interference pattern exhibits the features expected for perfectly localized 198

edges: it is a SQUID-like pattern with the additional even-odd effect, which is overall 199

2ϕ0-periodic but not decaying. 200

5. Conclusions 201

We have provided a way of computing the supercurrent across a helical Josephson 202

junction which generalizes the previous theoretical approaches by assuming spatially 203

extended edge states. We have presented a heuristic expression that allows for a simple 204

calculation of the Josephson current as a function of the magnetic flux through the junction. 205

We have argued how, as a consequence of their spatial extension, the edge states can host 206

different trajectories for the two electrons. 207

We have analyzed the role played by LAR and CAR processes in determining the 208

interference pattern. Their periodicity may vary from ϕ0 to 2ϕ0, depending on the domi- 209

nating process. In particular, we identify the cause for the doubled periodicity with the 210

non-local transport arrangement. In our case, such non-locality is allowed by the extent 211

of the edges. More specifically, the effects we predict are relevant when the two electrons 212

within a pair can separately explore the two edges and the latter are widely broadened 213

through the junction. 214
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Abbreviations 235

The following abbreviations are used in this manuscript: 236

237

JJ Josephson junction
2DTI two-dimensional topological insulator
CP Cooper pair
SQUID superconducting quantum interference device
CAR crossed Andreev reflection
QSH quantum spin Hall
LAR local Andreev reflection

238
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Appendix A. General discussion 239

We provide here a more general discussion, commenting on the interference pattern 240

we obtain for a wider range of parameters. This allows us to substantiate the optimal 241

ranges we stated in the main text. 242

In Figure A1, we take into consideration two different shapes for the edge states, 243

which we plot in the first column (the upper edge in pink, the lower one in green). They 244

are both peaked at the opposite ends of the junction, around y = ±w/2, but feature a 245

decreasing overlap from the top row to the bottom row. In the second column, we plot the 246

full interference pattern arising from both LAR and CAR. Each colored line corresponds to 247

a different combination of ξ/w and s, given the edge profile. 248

The functional forms we use for the edge shape are the following.3 249

Panel (a) in Figure A1: 250

g(−y) =
0.05

|y/w + 0.4|2 + 0.05
θ(−y + 0.5)θ(y + 0.5). (A1)

Panel (c) in Figure A1: 251

g(−y) = e−(y/w−0.45)2/(2∗0.22)θ(−y + 0.5)θ(y + 0.5). (A2)

The upper edge (pink in Figures 1 and 2) is simply given by g(y). 252

Let us start from the first row, where the same edge shape as in the main text is 253

considered. In panel (b), the orange curve is the one presented in Sec. 4, with a high 254

coherence length and a prominent presence of CAR. We use it here as a reference plot. 255

The black curve shows the opposite regime, where CAR is almost missing. Due to 256

ξ/w ≪ 1, we fall back into the Dynes and Fulton description, with the interference pattern 257

approaching the one of a supercurrent density g(y)2 + g(−y)2. This tends to give rise 258

to a standard Fraunhofer-like pattern, with more minima. If s is decreased, also LAR is 259

suppressed and the entire pattern is lowered. 260

Increasing the coherence length, we enhance the possibility of a nonlocal propagation 261

of the two electrons, but it is not sufficient to get a well visible 2ϕ0-periodicity. A LAR- 262

dominated scenario (a weak suppression s ∼ 1), despite high coherence lengths, still leads 263

to a Fraunhofer-like behaviour with more minima and a slower decay (light blue curve). 264

This pinpoints the additional demand for a prominent presence of CAR (small s, at least 265

s < 1/2). 266

The second row allows to discuss the importance of the overlap of edge states, which is 267

quite small in panel (c). Tuning the parameters as in the black and light blue curves gives a 268

result similar to panel (b). This is expected to be the case, since we already commented they 269

are not in the appropriate parameter regime. Hence, a more or less pronounced overlap 270

becomes irrelevant. However, using the optimal parameters (orange curve), the periodicity 271

just starts to approach 2ϕ0, but the minima are shallow. This shows the need for highly 272

extended states to see the 2ϕ0-periodicity. 273

3 Fine details about the functional form describing the edge profile are not crucial.
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Figure A1. Flux-dependence of the critical supercurrent considering different values of coherence
length, a more or less prevalent role played by LARs and CARs (represented by the parameter s),
and different profiles for the edge states. In each row, the first panel ((a), (c)) shows such profile g(y)
and the symmetric g(−y). In the second column (panels (b), (d)), we plot the full interference pattern
arising from both LARs and CARs. Different colors are associated with different values of ξ and s,
see the plot legend.
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