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Abstract: A quantum Otto engine with a single ion harmonic oscillator as its working substance 1

is studied for an adiabatic operation at high and low temperature limits. Using the universal 2

optimization method, the heat engine is effectively optimized and found to yield better working 3

conditions in some ranges of temperature ratios. Accordingly, the figure of merit, ψ, is found to 4

be greater than unity in the range: 0 <
β2
β1

≤ 0.12; showing that the heat engine performs better 5

in the optimized condition than in the maximum power working condition. ψ is determined to be 6

less than one in the range 0.12 ≤ β2
β1

≤ 0.35 under the same temperature limit ; depicting that the 7

maximum power working condition is preferred to the optimized working condition. On the other 8

hand, in the low temperature limit, the figure of merit, ψ, is found to be greater than unity in the 9

range 3.7 < ω1
ω2

≤ 18; revealing that optimized working condition is better than the maximum power 10

working condition for the heat engine. In the same temperature limit, ψ is found to be less than 11

one in the range 0 ≤ ω1
ω2

≤ 3.7; showing that maximum power working condition is preferred to 12

the optimized one. For the model of heat engine studied, in some ranges of temperature ratio, it 13

is found to work better in the optimized condition, whereas in the other ranges it performs better 14

under the maximum power working condition. So, it is possible to switch the engine between the 15

two conditions depending on one’s need. 16

Keywords: Adiabatic; figure of merit ; Heat engine ; Single 17

1. Introduction 18

Physics has many divisions that deal with different natural phenomena. Thermody- 19

namics is one of these fields that investigates the interaction between heat and work, as 20

well as their interconversions. Though work can be directly and fully transferred to heat, 21

transferring heat to work requires the use of a device called a heat engine. A heat engine’s 22

three crucial elements are the working matter, the operating cycle, and the energetic that 23

regulate the operation cycle. Efficiency is one of the energetics of a heat engine which 24

quantifies how much useful work is extracted from a given amount of input heat, and it 25

is the ratio of total work done by the heat engine to heat energy flowing into it from the 26

hot reservoir [1]. It became a fundamental topic of thermodynamics when Sadi Carnot 27

calculated the maximum efficiency of a reversible heat engine in 1824 [2]. Carnot was a 28

pioneer in proposing the concept of efficiency. However, heat engines with Carnot efficiency 29

require qua-static processes that take an infinite amount of time to complete a unit cycle. 30

But, such extremely slow processes have no practical power output [3]. To overcome this 31

problem, RS. Berry et al. developed Finite Time Thermodynamics (FTT) [4]. Following the 32

invention of FTT in 1975, Curzon and Ahlborn reported the efficiency of a heat engine that 33

went through a Carnot-like loop at maximum power, and their work contributed to the 34

recognition of FTT[5]. They verified that, unlike the Carnot engine, such a heat engine 35

produces nonzero power output [6]. Since then, several studies have been conducted on 36

various models of heat engines in order to determine their efficiency at maximum power. 37
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One of these was a Brownian heat engine operating in a changing harmonic potential, which 38

Schmiedl and Seifert investigated to determine the efficiency at maximum power[7]. They 39

showed that the heat engine works at the Carnot efficiency limit and produces zero power 40

output. Their expression of efficiency at maximum power, on the other hand, differed from 41

the Curzon-Ahlborn efficiency [8]. Several investigations have also been performed in 42

the wake of Schmiedl and Seifert’s work to develop a quantum model of heat engines in 43

order to construct miniaturized devices that utilize energy resources at the microscopic 44

scale [9]-[10]. Quantum heat engines are excellent model systems for understanding the 45

formation of fundamental thermodynamic descriptions at the microscopic level. It also 46

describes briefly the connection of classical and quantum thermodynamic systems [11]. One 47

of the investigations devoted to develop models of quantum heat engines was a quantum 48

Otto cycle for a harmonic oscillator [12]. The study developed a quantum Otto engine 49

model , which is a quantum generalization of the two adiabats and two isochores of a 50

typical four-stroke car engine [13]-[15]. A recent publication described an optimization 51

study of a quantum Otto engine whose working substance is a two-atomic system [16]. 52

However, the applicability of this research to the Otto engine, which employs various kinds 53

of quantum systems rather than two atomic-systems, raises an intriguing question that 54

merits more exploration. To deal with this problem, the researchers developed a quantum 55

Otto engine model with two isochores and two adiabats processes using a single ion and a 56

harmonic system working substance [17]. Recent research has shown that the efficiency 57

at maximum power (EMP) of this heat engine corresponds to the Curzon-Ahlborn result 58

for an adiabatic process [18]. Running at maximum power, however, wastes a substantial 59

amount of the input energy[19]. Hence, there must be a question of how to make a trade-off 60

between maximum efficiency and maximum power of the heat engine using a universal 61

optimization method. 62

2. Model and methods 63

2.1. Model of the Heat engine 64

A model of quantum Otto engine whose working substance is a single ion harmonic 65

oscillator with a modulating frequency of ωt, is considered. The frequency of the oscillator 66

changes over time and switches between ω1 and ω2. The engine uses the quantum Otto 67

cycle and has four different stages, as seen in Fig. 1.

Figure 1. Energy-frequency diagram of a single ion heat engine

68

1. Isentropic compression, A(ω1, β1) → B(ω2, β1) : While the system is isolated, the 69

frequency is modulated over time t1. The oscillator’s entropy is not varying with time since 70

the evolution is single. 71
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2. Hot isochore, B(ω2, β1) → C(ω2, β2) : At a fixed frequency, the oscillator is weakly 72

linked to a reservoir at inverse temperature β2 and allowed to relax to the thermal state C 73

at time t2. 74

3. Isentropic expansion, C(ω2, β2) → D(ω1, β2): During time t3, the frequency is reset to 75

its initial value. At constant entropy, the isolated oscillator develops unitarily toward the 76

non-thermal state D. 77

4. Cold isochore, D(ω1, β2) → A(ω1, β1): The system is poorly linked to a reservoir during 78

t4 and soon relaxes to its initial thermal state. The frequency is maintained steady once 79

more. 80

81

From the model, the mean energy of the oscillator is varying from one stroke to the other
while the frequency of oscillator is varied. Hence, the model of heat engine can be taken as
canonical ensemble whose energy varies. The quantum mechanical condition is used to
calculate the energy eigenvalues of a one-dimensional quantum harmonic oscillator [20],
and are given by

En = (n +
1
2
)h̄ω, n = 0, 1, 2, 3, ... (1)

For a single oscillator, the partition function, Q1(β), is given by

Q1(β) =
∞

∑
0

e−βEn . (2)

The partition function for the heat engine is obtained by employing Equation (1) into
Equation (2).

Q1(β) =
(

e
1
2 βh̄ω − e−

1
2 βh̄ω

)−1
. (3)

The mean quantum energies, U, of the oscillators during the four phases of the cycle for the
adiabatic process (where the modulating frequencies of the oscillator are quasi-statically
changed) are calculated using Equation (3), and are given by:

UA =
h̄ω1

2
coth

(
β1h̄ω1

2

)
, (4)

UB =
h̄ω2

2
coth

(
β1h̄ω1

2

)
, (5)

UC =
h̄ω2

2
coth

(
β2h̄ω2

2

)
, (6)

and

UD =
h̄ω1

2
coth

(
β2h̄ω2

2

)
. (7)

No work is done during the second and fourth strokes as isochoric processes are involved.
However, there is mean work done by system during the first and the third strokes since
the heat engine is operating adiabatically. The mean work done during the first and third
strokes are, respectively given by:

W1 = UB − UA =

[
h̄ω2

2
− h̄ω1

2

]
coth

(
β1h̄ω1

2

)
, (8)

and

W3 = UD − UC =

[
h̄ω2

2
− h̄ω2

2

]
coth

(
β1h̄ω2

2

)
. (9)
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The heat energy supplied into the heat engine from the hot reservoir during the second
stroke and the heat energy discharged from the heat engine to the cold reservoir during the
fourth stroke are, respectively given by:

Q2 = UC − UB =
h̄ω2

2

[
coth

(
β2h̄ω2

2

)
− coth

(
β1h̄ω1

2

)]
, (10)

and

Q4 = UA − UD =
h̄ω1

2

[
coth

(
β1h̄ω1

2

)
− coth

(
β2h̄ω2

2

)]
. (11)

The power and efficiency of a heat engine are its two most important qualities.. Power
output is the rate of change of total work done per-cycle, and is given by:

P = − (W1 + W3)

T
. (12)

,where T = t1 + t2 + t3 + t4, is the total amount of time spent relaxing. For high temperature
regime, βi h̄ωi

2 ≪ 1. Hence, using Taylor’s series expansion, coth
(

βi h̄ωi
2

)
≈ 2

βi h̄ωi
. The power

output of the heat engine, at its classical limit, calculated by employing Equations (8) and
(9) into Equuation (12), and given by

P = − 1
τ

(
ω2

β1ω1
− 1

β1
+

ω1

β2ω2
− 1

β2

)
. (13)

The efficiency of a heat engine is denoted by η, and it is the ratio of total work done by the
heat engine to heat energy flowing into it from the hot reservoir.

η = − (W1 + W2)

Q2
(14)

The efficiency of the heat engine at high temperature limit is calculated by inserting
Equations (8), (9), and (10) into this equation, and is given by

η = 1 − ω1

ω2
. (15)

The maximum power of the heat engine is obtained by differentiating Equation (14) with
respect to ω2.

Pmax = − 1
τ

(
2β1β2 −

√
β1β2(β1 + β2)

β1β2
√

β1β2

)
. (16)

The corresponding efficiency at maximum power for the heat engine at high temperature
regime is given as

ηmaxP = 1 −
√

β2

β1
. (17)

Equation (17) indicates that the efficiency at maximum Power (EMP) for a single ion heat
engine coincides to the Curzon-Ahlborn finding, for a sudden switching frequency of
oscillators, at the classical limit.
For low temperature regime, where β1h̄ω1 ≫ 1 and β2h̄ω2 ≪ 1, coth

(
β1 h̄ω1

2

)
= 1 and

coth
(

β2 h̄ω2
2

)
≈ 2

β2 h̄ω2
. Then, using these conditions, the power and efficiency of the heat

engine, at low temperature limit, are given by:

P = − 1
τ

[
h̄
2
(ω2 − ω1) +

ω1

β2ω2
− 1

β2

]
, (18)
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and
η = 1 − ω1

ω2
. (19)

Following the same steps, gives the maximum power and the corresponding efficiency at
maximum power for the heat engine at low temperature limit, respectively as

Pmax = − 1
τ

4
√

h̄ω1 −
√

2β2

(
h̄ω1 − 1

β2

)
2
√

2β2

, (20)

and

ηmaxP = 1 −
√

h̄ω1β2

2
. (21)

3. Techniques of optimization 82

The optimization approach proposed by A. C Hernandez etal. was utilized in this
study to find the optimal balance between maximum efficiency and maximum power of
the heat engine. A. C Hernandez et al. proposed an objective function that provides the
optimal balance of usable energy and lost useful energy [21]. Their method applies to all
types of heat engines. They developed the objective function, Ω, which is given by

Ω = (2η − ηmax − ηmin)Pi. (22)

, where η is the efficiency, ηmax is the maximum efficiency, ηmin is the minimum efficiency 83

and Pi = Q2
τ is the input power of the heat engine. This paper used equation (22) to 84

make optimization between maximum efficiency and maximum power of a single ion heat 85

engine for adiabatic operation at classical limit. First, the developed objective function of 86

the heat engine was optimized in terms of the parameter(s) of the heat engine. Next, the 87

optimized quantities and scaled quantities of the heat engine were calculated. Finally, the 88

figure of merit, a quantity that determines the overall performance of the heat engine, was 89

determined. If the figure of merit is greater than unit, the heat engine better operates in 90

the optimum working condition, and if it is less than one, it better performs in maximum 91

power working condition [22]. 92

4. Result and Discussion 93

The case where the maximum efficiency is one (Carnot efficiency when the temperature
of the hot reservoir is much greater than that of the cold reservoir) and the minimum
efficiency is zero (Carnot efficiency when the two reservoirs are in thermal equilibrium
with each other) was used to find the objective function for the heat engine in this work.
Equation (22) was used to calculate the heat engine’s objective function, at both temperature
limits. For high temperature limit, the objective function of the heat engine is calculated
and given by

Ω =

(
1 − 2

ω1

ω2

)(
β1ω1 − β2ω2

τβ1β2ω1

)
. (23)

Optimizing the objective function, Ω, with respsect to ω2, gives optimized power and
optimized efficiency of the heat engine, respectively, for an adiabatic process at high
temperature limit.

Popt = − 1
τ

(
3
√

β1β2 − (β1 + β2)
√

2

β1β2
√

2

)
. (24)

and

ηopt = 1 −
√

β2

2β1
, (25)
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Figure 2. Plot of figure of merit versus β2
β1

for high temeprature regime

In the present work, a scaled quantity is the ratio of the optimized quantity to the maximum
quantity or the quantity at maximum power [22]. Hence, employing Equations (16), (17),
(24) and (25) gives the scaled quantities of the heat engine at high temeprature limit,
respectively as

Pscaled =
3β2 − β1

√
2β2
β1

(
1 + β2

β1

)
2
√

2β2 − β1

√
2β2
β1

(
1 + β2

β1

) , (26)

and 94

ηscaled =
1 −

√
β2

2β1

1 −
√

β2
β1

. (27)

The figure of merit, ψ, is a number that describes the overall performance of a heat engine
[22]. It is defined as the product of scaled power and scaled efficiency of the heat engine.
Hence, the figure of merit of the heat engine, ψ, at high temperature limit and for adiabatic
operation is determined by using equations (26) and (27).

ψ(β1, β2) =
−2 β2

2
β2

1
+ β2

β1

(
5
√

β2
β1

− 4
√

2
)
+ 2
√

β2
β1

−2 β2
2

β2
1
+ 6 β2

β1

(√
β2
β1

− 1
)
+ 2
√

β2
β1

. (28)

Using Equation (28), the plot of ψ versus β2
β1

is plotted within the interval 0 < β2
β1

≤ 0.35 as 95

shown in Fig. 2. 96

97

As it can be seen from the plot, the figure of merit is increasing as β2
β1

increases from zero 98

to 0.0117, at which it becomes maximum. Then, it starts to decrease afterward for the 99

remaining ratio of the two temperature values. Even though it is starts to decrease from 100

this point, the figure of merit remains greater than one in the range: 0 < β2
β1

≤ 0.12, in 101

which the heat engine performs best under the optimized working condition. For the range 102

0.12 < β2
β1

≤ 0.35, the figure of merit is not only decreasing with the temperature ratios, but 103

it is also less than one in which the heat engine performs its task in the maximum power 104

working condition. 105

106
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Figure 3. Plot of figure of merit versus ω1
ω2

for high low regime

For low temperature limit, the objective fuction of the heat engine is calculated and is given
by

Ω =

(
1 − 2

ω1

ω2

)(
2 − β2h̄ω2

2τβ2

)
. (29)

Optimizing the objective function, Ω, with respsect to ω2 gives the optimized power and
the corresponding optimized efficiency of the heat engine, for an adiabatic process at low
temperature limit, respectively as

Popt = −
[

3
√

β2h̄ω1 − (β2h̄ω1 + 1)
2τβ2

]
, (30)

and

ηopt = 1 −
√

β2h̄ω1

4
. (31)

The scaled quantities of the heat engines at low temeprature limit can be obtained by
employing equations (20) (21) (30) and (31), which are given by

Pscaled =
3
√

2
(√

β2h̄ω1 − β2h̄ω1 − 1
)

4
√

2β2h̄ω1 − 2β2h̄ω1 + 2
, (32)

and

ηscaled =
2
√

2 −
√

2β2h̄ω1

2
√

2 −
√

β2h̄ω1
. (33)

The figure of merit for the heat engine at low temperature limit is the product of equations
(32) and (33) and is given by

ψ(ω1, ω2) =
4
√

2 ω3
1

ω3
2
−
(

6 + 4
√

2
)

ω2
1

ω2
2
+ 7 ω1

ω2
− 1

4
√

2 ω3
1

ω3
2
− 4

√
2 ω2

1
ω2

2
+ 7 ω1

ω2
+
√

2
. (34)

As it can been observed from Fig. 3, ψ is monotonously increasing as the frequency ratio 107

increases from small values to nearly 6, and then tends to saturate afterwards. In particular, 108

as ω1
ω2

increases from 0 to 3.7, even though ψ is increasing, it is still less than one. This 109

can be interpreted as the region in which the heat engine performs better in its maximum 110

power working condition than the optimized one. Contrary to this assertion, for higher 111

values of the frequency ratio, 3.7 < ω1
ω2

≤ 18, the numerical value of ψ is greater than one. 112

Here, the heat engine yields overall performance in the optimized working condition. So, it 113
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is possible to switch values of ω1
ω2

to change one mode of operation to another(maximum 114

power condition ⇌ optimum condition). 115

5. Conclusions 116

The figure of merit of the heat engine, ψ, determines the overall performance of the 117

heat engine, and its plot versus the parameters of the heat engine identifies the region of 118

optimum working condition as well as that of maximum power working condition. For both 119

temperature limits, the result depicted that working under optimum working condition is 120

better than working at maximum power in some intervals and working at maximum power 121

is better than working under optimum working condition in some other intervals under 122

the plot. This indicates that, the heat engine is successfully optimized, and revealed mixed 123

conditions (optimum working condition and maximum power working condition). So, it is 124

possible to switch the heat engine between the two conditions depending on one’s need. 125

This study focused mainly on making the best compromise between maximum efficiency 126

and maximum power of a single ion heat engine for an adiabatic process at high and low 127

temperature limits. Future studies may focus on the case of non-adiabatic processes at high 128

and low temperature limits. 129
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