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Abstract: For each t € (—1,1), exact values of the least upper bounds

E|X? Li(X
M= s EXE o Lo
Ex—t,Ex2=1 E|X —#| Ex—t Ex2—1 L1(X —1)

are obtained, where L1 (X) = E|X|?/(EX?)3/2 is the non-cental Lyapunov ratio. It is demonstrated
that these values are attained only at two-point distributions. As a corollary, S. Shorgin’s conjecture is
proved that states that the exact value is

Li(X) V17 4+ 77

sup (X —EX) = 1 =1.4899...,

where the supremum is taken over all non-degenerate distributions of the random variable X with
the finite third moment. Also, in terms of the central Lyapunov ratio L1 (X — EX), an analog of the
Berry—-Esseen inequality is proved for Poisson random sums of independent identically distributed
random variables with the constant

2\ 3/2
0.3031 - H( EX > (1 _ (EX) ) < 0.3031 - #ﬁ < 0.4517.

VEX2 EX2
where .Z(X) is the common distribution of the summands. 1
Keywords: Lyapunov fraction; extreme problem, moment inequality; central limit theorem; 2
Berry—Esseen inequality; compound Poisson distribution; normal approximation. 3
1. Introduction a

Let X, X, Xy, ... be independent identically distributed random variables (i.i.d.r.v.s),
N be ar.v. having the Poisson distribution with parameter A > 0 and independent of the
sequence { X, },,>1 for each A > 0. The r.v.

S/\:X1+X2—|—...—|—XNA,

is called a Poisson random sum and its distribution is called compound Poisson. Here for defi- s
niteness it is assumed that 22:1( -) = 0. Poisson random sums S, are popular mathematic
models in many fields. In particular, in the classical collective risk model [1], ther.v. S, -
has the meaning of the total insurance claim amount per a time unit, if the intensity of the
claim arrivals is A. Many examples of applied problems that assume using Poisson random s
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sums as reasonable models can be found, e. g., in the books [2-4]. As a rule, these problems 1o

can be successfully solved only if the distribution function of the r.v. S is either known, or 1

is estimated accurately enough. 12
Assume that EX? € (0,00). Denote

~  Sy\—ES, S,—AEX

Sy = = ,
YT UUDS, T VAEX?

Fy(x) :=P(S o) = —— [* Py R

W(x) :=P(S) < x), (x) Wi e , xeR

As is well known, under the assumption made above, the compound Poisson distributions
are asymptotically normal:

A)(X) :=sup|Fy(x) —P(x)] =0, A — oo
X

Therefore, irrespective of the common distribution of the summands Xj, the distribution of
the Poisson random sum S, can be approximated by the normal law with the corresponding
location and scale parameters under ‘convenient’ (computable) estimates A, < A for the
uniform distance:

®(x) = Ay < Fr(x) < &(x)+4,, xeR

If no other conditions are imposed, then A, may tend to zero arbitrarily slowly, as was 1
demonstrated in [5, Theorems 5, 8]. Some possible upper bounds for A, in this situation  1s
were presented in [6]. However, under some additional moment-type conditions, the rate of 15
convergence of A, to zero can be rather universally estimated by a ‘convenient’ power-type 16
function. For example, if E|X|?*® < oo for some § € (0,1], then Ay = O(/\"S/z), as A — 0. 17
A particular form of O(...) is determined by the available moment characteristics of the  1s
distribution of X. 10

Main attention was traditionally paid to the case § = 1, since for § > 1, in general, the =0
convergence rate remains the same as for § = 1. Moreover, by analogy with convergence =
rate bounds for sums of a non-random number of independent r.v.’s, central moments 22
were initially used in the moment-type bounds for A, since these bounds themselves were 2
obtained by a more or less ingenious application of the formula of total probability in order  2s
to extend to random sums the bounds initially constructed for non-random sums. These =5
bounds had a rather cumbersome form, e. g. see [7,8]). 26

However, in the construction of the estimates of the accuracy of the normal approxi-
mation to compound Poisson distributions it turned out convenient and reasonable to use
non-central moments. In these terms the bounds take a pretty simple form [9,10]

A\(X) < % LX), A>0, 1)
where 3
E|X
Li(X) = (IE?|<2)|3/2 )

is the so-called non-central Lyapunov ratio or non-central Lyapunov fraction. Estimate (1) isan 27
analog of the Berry—Esseen inequality for Poisson random sums (or for compound Poisson  zs
distributions). 20

First upper bounds for the constant C; [9-11] were greater than the then best upper
bounds for the absolute constant C in the Berry—Esseen inequality

< x), nen,

NG

P<X1+...+Xn—nEX

nDX x) — o)

sup
xeR
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where s
E|X — EX|
Lo(X) = X2

is the central Lyapunov ratio or central Lyapunov fraction. Michel [12] was the first to prove
that C; < C (four years later this result was independently re-proved in [13]). Finally,
the authors of [14] succeeded in proving that actually C; < C. Namely, in that paper
the upper bound C; < 0.345 was obtained which was strictly less than the lower bound
Cr := (V10 +3)/(6v/27) = 0.4097 ... [15] of the absolute constant C. Later this bound
was lowered to C; < 0.3041 [16,17] and C; < 0.3031 [18, Theorem 4]. The first lower bound
C1 > 0.2344 was obtained in the paper [19]. In [5, Theorem 5] and [20, Chapter 3, p. 50] this
estimate was improved to

= L1 (X — EX) 3)

Ak m— -y
Ci > sup ﬁ(e szt)ldcb()) > 0.266012... = +0.0000505.. ...

2
¥>0,meN, Nai 327

(In [5], an intermediate estimate was obtained in terms of the least upper bound in y and m, =0
whereas in [20] exact values v = 6.4206, m = 6, were found that provide the lower bound =
for this supremum. Moreover, if we let v = m — oo, then the limit value is 2/(3v27)) =
only. The lower bound for the constant C; is presented here with the separation of the term a3
2/(3v/27), since this number plays the same asymptotic role in inequality (1) as the Esseen 4
lower bound Cg in the classical Berry—Esseen inequality. For more details concerning the s
asymptotically exact constants see [5,21]). A detailed survey of the moment-type bounds for e
the accuracy of the normal approximation to the compound Poisson distribution including 37
both the case 0 < § < 1 and asymptotic settings, e. g., see [5]. Also see [17, Section3] and 3=
[22, Section 2.4]. 30
It should be noted that the estimate (1) in terms of the non-central Lyapunov ratio
L;(X) implies a similar estimate in terms of the central Lyapunov ratio

Co
AM(X) < —=-Lo(X), A>0, 4
where C is an absolute constant, but not vice versa. Namely, let
Ly (X) E|X? ( DX )3/2
X) = f X = = ,

and let & be the class of all non-degenerate distributions on R with finite third moments.
In 1996 S. Shorgin [23] proved that for any .2 (X) € &

X)<2v2 <282 d inf J(X)=0,
J(X) <2v2 < 28285 an g(%w]() 0

whence, with the account of the upper bound C; < 0.3031 [18], it follows that Cyp < 40
2v/2C; < 0.8573, and also that inequality (4) does not imply (1), that is, bound (1) in =
terms of the non-central Lyapunov ratio is not only more natural than (4), but is also more 4=

accurate. 43
In 2001 S. Shorgin [24] suggested that

Li(X) V17+7V7

sup J(X)= sup = = 1.48997... =: Csy (5)
L(X)eP 2(x)ez Lo(X) 4
and described the hypothetical extreme two-point distribution of the r.v. X. 4
In 2011 in the paper [25] it was demonstrated that it suffices to look for sup J(X)in s
L(X)eP

the class of distributions concentrated in at most three points, and the estimate sup J(X) < 4
ZL(X)e
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1.49 was numerically computed, that implies Cyp < 1.49C; < 1.49-0.3031 < 0.4517, also 47
see [22, Section 2.4]. .
In the present paper, a complete proof of the hypothesis (5) is given, but the main result
consists in the solution of this problem in a somewhat more accurate setting. Namely, it is
suggested here to fix the value of the normalized mathematical expectation EX/VEX? =
t € (—1,1) and, instead of the unconditional optimization problem (5), to solve the problem

of conditional optimization

Li(X 3/2 E|X|?
sup J(X)=  sup X7 1}§ )t = (1-#) sup _EIXI” 5 (6)
ZL(X)eP: 2(x)ew: L(X—1) 2x)ew: E|X -t
EX=tVEX? EX=t,EX?=1 EX=t,EX?=1

that makes it possible to take possible smallness of the centering parameter EX /v EX? into
account and majorize the ratio L1(X)/Lo(X) by a quantity that is close to unity in this case,
that is almost one and a half times more accurate, than is allowed by (5) The values t = +1
are not considered here, because the only solution satisfying the conditions EX =t = +1
and EX? = 1, is the degenerate distribution concentrated in the point ¢. The solution of the
conditional optimization problem (6) reduces to the calculation of the least upper bound

3
E[X] -f(X)egﬂ,Ex—t,]Exz—l}, —-1<t<1. 7)

In the present paper, H(t) is calculated for each value of the centering parameter t € (—1,1)
(Theorem 1 and Table 1), and the hypothesis (5) is proved by writing sup J(X) in the form

sup J(X)= sup H(t)(1- )"
L (X)e” te(-1,1)

and calculating this supremum in t € (—1,1) (Theorem 2 and Table 1). In particular,
from (7) it follows that for any .Z(X) € & we have

J(X) < H(\}%) <1 B (E;(;z)wz,

and hence, inequality (4) actually holds for any distribution .#(X) € & with known value
of the normalized first moment EX/VEX2 =t € (—1,1) with a more accurate value of the
constant

32 03031 Y EIVT 4517,

Co = Cy(t) := C1~H(t)(1—t2) 1

The values Cy(t) rounded above up to the fourth digit are presented for some t € [0,1)
in the fourth column of Table 1. Also, in Theorem 3 the form of the constant Cy is presented  so
for the case where only an upper bound |[EX|/VEX? < t is known for the normalized =
expectation for each t € (—1,1). 52
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t H(t) | H)A =) ] Go(t) | p(t)
0 1 1 0.3031 | 3=¥3
0.001 | 1.00111 1.00111 0.3035 | 0.2116
0.01 1.0108 1.0107 0.3064 | 0.21405
0.05 1.057 1.053 0.3192 | 0.2249%
0.1 1.1225 1.1057 0.3352 | 0.23856
0.2 1.285 1.20871 0.3664 | 0.26593
0.3 15034 13051 0.3956 | 0.29365
0.4 1.805 1.389% 0.4212 | 032205
05 2.2392 1.4544 0.4409 | 0.35168
0.6 2.9067 14882 0.4511 | 0.38345
| 14 | VIR oy | 50
0.7 4.04901 14747 0.447 | 041691
0.8 6.4739 1.3984 0.4239 | 0.44833
0.9 15.041 1.2457 0.3776 | 047783
- Foo i 03031 | 05

Table 1. The values of the functions H(t), H(t)(1 — t2)3/2, Co(t) = 0.3031 - H(t)(1 — £2)3/2 and the
mass p(t) of one of the atoms of the extreme distribution rounded above, for some ¢ € [0,1).

—— 15144..{ +— — — H(D(1 - £2)32
1727\’7 =1.4899... == e A1 - £2)32

1.3

1.0

0 0.25 0.5 s_v5 075 1.0
-7
3
t

Figure 1. The plots of the functions H(t)(1 — #*)3/2 and H(t)(1 — t?)%/2.
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Figure 2. The functions p(t) and p(t) defined in (13) and (15) correspondingly.

As regards the methods, computation of the least upper bound in (7) is implemented
in the two steps: reduction to the distributions concentrated in at most two points (see
Section 3) and analysis of two-point distributions (see Section 4), the last step being, in
fact, most difficult one from the technical point of view. It also should be noted here
that the standard technique based on the works [26-28] allows reduction only to three-
point distributions, since there are totally three linear conditions on . (X) in (6) and (7):
two moment conditions EX = t, EX? = 1 plus one probability normalization condition
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EXY = E1 = 1. In fact, the same moments should be fixed in (5) to make the objective
function
E|Xx|? E|X — EX]?

linear with respect to .2 (X), and hence, no further reduction in (5) can be allowed just by the s
standard techniques. Therefore, we used an alternative approach based on the construction  sa
of a special lower bound to |x — ¢|3 with two tangency points as a linear combination of the s
functions 1, x, x2, |x|3 generating the required moment conditions E1 =1, EX = ¢, EX2=1, s
E|X|*> < oo (lemma 1 in Section 3), and than integrating the obtained inequality with respect s
to x (lemma 2 in Section 3). This trick allows immediately to reduce calculation of the least  ss
upper bound in (7) to the analysis of two-point distributions which is implemented in  ss

L1(X) — Csp - Lo(X) =

lemma 4 of Section 4. 60
Section 2 contains accurate formulations of the main results and Section 5 contains e
their proofs. 62

To conclude this introductory overview, note that, as well, an ‘opposite” problem of
comparing central and non-central absolute moments

E|X — EX|

]E|X|p — sup

was considered in the papers [29] with p = 3 and [30] with arbitrary p > 1 and for a wider e
class of functions of X and X — EX including | - |¥, and also in [31] with p = 3 under an e

additional restriction EX/VEX? = t foreach t € (—1,1). o5
2. Formulations of main results 66

Theorem 1. Foreacht € (—1,1)

1, t=0,
2 2
EIX|® 3t 1-z (1)
B = swp XLt gy <<t g
2(x)ez: E[X —t| 5
EX=tVEX? to < |t <1,

2GE-2(0)

where tg = \/ 2= = 0.6263... .,

t), 0<t<ty,
(= MU 0 <t <t ©)
o(t), to<t<1,
u(t),0 <t <+/3/2=0.8660...,is the unique root of the equation
duv/1—u2 42 -3 (10)
3u2 -1 3t/1-£2
on the interval 0 < u < ?, and v(t), t € (0,1), is the unique root of the equation
_2)3/2 o2
2(1—wv%)%% (3 —2t%) 1)

v(B3—02)  (1-12)3/2

on the interval 0 < v < 1. Moreover, the function H(t) continuously and monotonically increases
on [0,1) with
lim H(t) = +oo.

t—1—
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For 0 < t < 1 the supremum in (7) is attained, at that, only on the two-point distribution of the

form
PX=x)=p=1-PX=y)=:1—g, (12)
where
x=x(t) =t+,/11-12), y=ylt)=t—/F1-1),
p=plt) =2 722(0, te(0,2). (13)

If 0 < t < ty, then the function H admits the upper bound

H) < A= 2 +OV2 (14)

21 -2)(BvV2-2t)

moreover H is continuous, monotonically increases on [0, to] and

. H(t) -1
lim ——— =1.
0+ H(E) —1
The values of the functions H(t) and p(t) for some t € [0,1) rounded above up to the
fourth digit are presented in the second and fifth columns of Table 1. Since the function
p(t) is close to linear (see the left graph on Fig. 2), for more clarity, the right graph on Fig. 2
also represents the normalized function

S8 p(t) _ p(t)
R T e R =y =y C b

Theorem 2. Foreacht € (—1,1)

E|X[?
sup J(X)= sup %(1 —12)3/2 = H(t)(1- 12)3/2,
L(X)e: 2(x)ez: E|X —t
EX=tVEX? EX=tVEX?

Moreover, the function H(t)(1 — t2)3/2 is even and continuous on the interval (—1,1), increases

on the interval 0 < t <ty := 4/ S*T\ﬁ = 0.6263. .., decreases on the interval ty < t < 1, and

sup J(X)= sup sup J(X)=H(t)(1—t§)** =
Z(X)ez —1<t<1 Z(X)e2:
EX=tVEX2

2
Vi=h _ V1747V7 — 1.489971 .. ..

1212+ 2t 4

Furthermore, the supremum is attained, at that, only on the two-point distribution of the form
P(X==%t,') =], P(X=0)=1-1£.
The limit values of H(t)(1 — t2)3/2 at the endpoints of the interval (—1,1) are

lim H(t)(1 - 2)%2 = 1.
Jp, O =6)

If0 < t < to, then the function H(t)(1 — t2)3/? admits the upper bound

32 _ V1-12(5t+6V2)

H(H)(1—3)¥2 < A(t)(1—3) TENen

, (16)
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with the function H defined in Theorem 1 (see (14)), moreover, H(t)(1 — t2)3/2 is also continuous,
monotonically increases on [0, to] and

H(t))(1 — )32 = H(tg)(1 — £3)%/? +0.0244 ... = 1.5144.... .,

) _ 42)\3/2 _
i A =221

=1
=0+ H(t)(1—t2)3/2 -1

The values of the function H(t)(1 — t?)3/2 for some t € [0,1), rounded above up to e
the fourth digit, are presented in the third column of Table 1. The plots of the functions s
H(t)(1 —t2)%/2 and H(t)(1 — t*)3/2 are shown on Fig. 1. o0
Theorem 2 and inequality (1) directly imply the following estimate of the accuracy of 7o
the normal approximation to the distribution of a Poisson random sum in terms of central 7.
moments of the summands X;. 72

Theorem 3. For each t € (—1,1) and for any common distribution of summands £ (X) € &
with EX = tVEX2 we have

Co(t)
AM(X) < ‘Lo(X), A >0, 17
A(X) i 0(X) (17)
where
Co(t) = Cq - H(t)(1 — £*)%/2 < 0.3031 - %ﬁ < 04517, te(-1,1).

If |[EX| < tVEX?, then inequality (17) holds for each t € [0,1) with Co(t) replaced by Co(t A tg),
where tg = 4/ S%ﬁ = 0.6263. .. was defined in Theorem 1. Moreover, Cy(t) admits the estimate

1 — t2(5¢t 2
Co(t) < 0.3031 - VI-P(5t+ 6\[), 0<t<ty,
2(3v2 —2t)

the right-hand side of which monotonically increases on (0, tp). 73

The values of Cy(t), rounded above up to the fourth digit, are presented for some 7.
t € [0,1) in the fourth column of Table 1. 75
Before turning to the proofs of these theorems note that we obviously have H(0) =1,

E| X[ E|(-X)| E|Y]®
H(t) = sup _EIXI” 5= sup [(=X)] 5 = sup __EMP 5 = H(-t),
2(x)er BX—1"  2x)er E[(=X) = (=0)]7  yez: E[Y — (1)
EX=t, EX=t, EY=-—t,
EX2=1 EX2=1 Ey?=1
and hence, it suffices to consider only t € (0,1). 76
3. Reduction to the case of two-point distributions 77

Lemma 1. Let t € R\ {0}. Then for all u,v € R such that

u+ov>0,
u<l<o,

there holds the inequality

Ix—tP >a+bx+o®+d|x)°, xeR, (18)
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where
a=a(u,0) = |t|3a1(u, ), (19)
b = bi(u,v) = t|t|bi(u,v), (20)
c=ci(u,v) = |te1(u,v), (21)
d =d(u,v), (22)
(2uv — u — v) (2u?0? — 2u?v — u? — 2uv? + 4uv — v?)
_ 3 , uzo,
a1 (u,0) = 42 4 3.2 (L3¢—0)24 2.3 2.2 34
6u*v° — u* — 12u’v* + 4u’v + 6u<v* — 12u“v° + 6u“v° + 4uv°> — v
, u<o,
(u—0)(u+0)(u? — 4uv + 0v2)
3(2u302 — 4uB0 + 1P + 2u%0% — 4P+
+5uv — 4uv® + 5uv? — duv +03) / (u — 0)°, u>0,
by (u,v) =
3(4ulv — u® — 4u?v? — 3u?v + 4uv® — 3uv? + duv — 0°) “0
(1 — 0) (12 — 4uv + 2) o UsT
3(u® — 4u%0? 4 5u%v — 4u? + 5u0? — duv + 2u + v° — 40> + 20) -0
3 7 u = 7
c1(u,v) = 4 3 3 2,2 (u _2?]) 3, .4 3 2
3(u* +4uv — 4’ — 6u?v? + 2u* + 4uv’ + v* — 40’ + 207)
, u<o,
(u—v)(u+0)(u? — 4uv + 0v?)
+v—2)(u? — 4uv + 2u + 0> + 20 — 2
(uto-2)(u (uv )314 v? + 20 ), >0,
d , — u-—o
(,0) (u+0—2)(u? — duv + 2u + v* 4+ 2v — 2)
, u <0,
(u+v)(u2 — 4uv + v2)
with equality attained exactly in the two points ut and vt. 78

Remark 1. In [31, Lemma 1] it was demonstrated that for any t € R\ {0} and real u, v such that

u+ov <0,
v>1,

the inequality
|x — t|3 < ap(u,v) + by (u,v)x + ct(u,v)x2 +di(u, v)|x\3, x € R,

holds with the same functions ay, by, c, dy as in Lemma 1 for the case u < 0 with equality attained 7o
in exactly the two points ut and vt. 80

Let
f(x)=|x—1P7 and g(x)=a+bx+cx®+djx]’>, x€R,

be the left-hand and right-hand sides of (18) with t = 1 correspondingly. Figs. 3-5 illustrate &
that several variants of the location of tangency points of the functions f and g with respect e
to the stationary points of g are possible. On the left side of these figures there are the plots s
of f(x) (solid line) and g(x) (dotted line), whereas on the right side, for clarity, there is the s
plot of the difference f(x) — g(x). a5
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Figure 3. The graphs of the functions f(x) = |x — 1| and g(x) = a + bx + cx? + d|x|? from Lemma 1
(left), and the graph of the difference f — g (right) for u = —5, v = 10 (d > 0). The unique minimum
point of ¢ lies between the tangency points u and v.
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Figure 4. The graphs of the functions f(x) = |x — 1| and g(x) = a + bx + cx? + d|x|? from Lemma 1
(left), and the graph of the difference f — g (right) for u = —1, v = 2 (d < 0). The unique minimum
point of g lies between the tangency points u and v. The maximum points lie to the left from the
point u and to the right from the point v.

12

3.0
B 1 Y [ A 9 2.5 4
2.0 1

151

f(x), g(x)
fix) = g(x)

1.01

0.5 1

0.0

Figure 5. The graphs of the functions f(x) = |x — 1| and g(x) = a + bx + cx? + d|x|? from Lemma 1
(left), and the graph of the difference f — g (right) for u = 0.5, v = 3 (d > 0). The unique minimum
point of g lies between the tangency points u and v. Two more stationary points, minimum and
maximum points, lie to the left from the point u.

Proof. By virtue of relations (19), (20), (21), (22), the problem is reduced to the case f = 1
by the scale transformation. Let

fx)=|x—=1P, gx)=a+bx+cx®+d|x’, h(x)=f(x)—g(x), xeR
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The coefficients g, b, c, d given in the formulation of the lemma, are constructed so that
the points u and v are the tangency points of the functions g(x) and f(x), that is, these
coefficients are the solutions of the system of four linear equations

gu) = f(u), a+butc?+dul® = (1-u)?,
gw) = fl(u), — b+ 2cu + 3du|u| = —3(1—u)?,
g(v) = f(v), a+bo+co®+dv® = (v—-1)3,
¢'(v) = f(v), b+ 2cv + 3dv? = 3(v—-1)%
Prove that h(x) > 0 for any x € R. 86

1.Let0 < u < 1. Then

(2uv — u — v) (2u?0? — 2u?v — u? — 2uv? + 4uv — v?)

mi) = (u—0)° p
by (1,0) = 3(2u302 — 4% + 13 + 2u20° — 4u20? + 5120 — 4uvd + 5uv? — duv + 0°) ,
(u— 0)3
= 3(u? — 4u?0? + 5u%v — 4u? + 5uv? — 4uv + 2u 4 0° — 4v? 4 20)
Rt (u—0)° ,
d(u,0) = _(”+U—2)(u2—4uv+§u+02+2z;_2)'
(u—0)

1a)Letx > 1. We have

2(u —1)*(x — 0)*(2uv + ux — 3u — 3vx + v + 2x)

hix) =
() (u—v)3

Since
20u—1)2*(x—v)2>0, (u—0v)°<0,

it suffices to show that

s1(x) :==2uv + ux — 3u — 3vx + v +2x < 0.

We have
s1(1)=2(u—1)(v—1) <0,
si(x) =u—3v+2<0, sincco>1> u43—2/
therefore s1(x) < 0 and h(x) > 0, moreover, h(x) = 0 if and only if x = v. o7

1b) Let0 < x < 1. Then

2(x — u)*(v — 1)*(2uv — 3ux + u + vx — 30 + 2x)

h(x) =
() (u—v)3

Since
20x —u)*(v—12>0, (u—0)><0,

it suffices to show that
sp(x) = (v—3u+2)x+2uv+u—3v <0.

We have

$2(0) =2uv+u—3v <0, sincev>1> 3_%,

s5(1)=2(u—1)(v—-1) <0,
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min{s;(0),s2(1)} < s2(x) < max{s(0),s2(1)},
therefore s;(x) < 0and h(x) > 0, moreover, h(x) = 0 if and only if x = u. o8
1c¢)Letx < 0. Then
W(x) = —3(1—x)% —b—2cx + 3dx?,
W'(x) =6(d—1)x+2(3—c),
h(0) >0,

moreover, 1(0) = 0if and only if # = 0 (as it was proved above),

6u(v — 1) (u? + uv — 20)

W0)=-b—-3= ,
(0) o)
2
d_1:2(u 1) (u 3304—2),
(0—u)
6(v —1)*(2u® — u —v)
3—c= 3
(u—0)
With the account of relations )
6u(v—1) >0,
(0 —u)
U2
u2+uv—20<0, sincev>1>2_u,

we have 1/(0) < 0, moreover, 1’ (0) = 0 if and only if u = 0. Note that

2 —_1)\2
M>O,
(v —u)3
2
u—3v+2<0, sincev>1>u;r ,
_1\2
6(v—1) <0
(u—0)3

208 —u—v<0, sincev>1>2u®—u,

therefored —1 < 0, 3— ¢ > 0 and h’(x) > 0. Hence, I’(x) increases, whence with the s
account of 1'(0) < 0 we obtain that #’'(x) < 0 for x < 0, that is, h(x) monotonically
decreases for x < 0. Since h(0) > 0, we have h(x) > 0 for x < 0.

91

2. Now let u < 0. We have

6u*v? — u* — 12u30? + 4uBv + 6u20v* — 12120° + 6u2v? + 4uvd — vt

a1 (w,0) = (u—v)(u+0)(u? — 4uv + v?) ’
3(4uPv — u® — 4uv? — 3u?v + 4uv® — 3uv? + duv — v3)
bl (u/ U) - - ’
(u—0)(u? — 4uv 4 v?2)
3(u4 + 41y — 4u® — 6u%v? 4 2u? + 4uv® + vt — 403 + 202)
c1(u,v) = ,
(u—v)(u+v)(u? — 4uv + v?)
d(u,0) = (u+v—2)(u2—4uv+2u+vz+20—2)‘

(u+v)(u? — 4uv + v2)

2 a) Letx > 1. Then
2(x — v)’s3(x)

h(x) = (v—u)(u+0)(u? —4uv + v2)’
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where
s3(x) = 3u* — 61 + 3u%0? + 6uvx — 6uv — 3u’x + 3u* — 6uv?x + 4uv + 2ux + 30 x — v* — 2vx.
Note that

2(x — v)?
(v —u)(u+v)(u? — 4uv + 02)

20,

moreover, the left-hand side of this inequality turns into zero if and only if x = v. Therefore,
it suffices to show that s3(x) > 0. But this follows from the relations

s3(1) = 3u* — 6u° + 3uv® —2u(v —1)(Bv+1) + 20(v — 1) > 0,
sh(x) = 3u?(20 — 1) — 2u(3v* — 1) + v(3v — 2) > 0.
2b) Let x < 0. Then

2(x — u)?sq(x)
(v —u)(u+0)(u2 —4uv + v2)’

h(x) =
where
sq(x) = 3u?0? — 6ulox + 3ux — u® + 6uv*x — 6uv® + 4uv — 2ux + 3v* — 6v° — 30%x + 30> 4 20x.
Note that

2(x — u)?
(v —u)(u+v)(u? — 4uv + 02)

/0/

moreover, the left-hand side of this inequality turns into zero if and only if x = u. Therefore,
it suffices to show that s4(x) > 0. But this follows from the relations

54(0) = u?(30v* — 1) — 2uv(3v — 2) + 3v*(v —1)2 > 0,

sy(x) = (v—u)(Bu(2v—1) — (3v —2)) < 0.

2¢)Llet0<x < 1. Forallu <0,v>1, u+v>0wehave

2u? <u2(302 —1) — 2uv(3v — 2) + 30%(v — 1)2>
h(0) =

(v —u)(u+v)(u2 — duv + v2) >0,

2(v—1)2 <3u4 — 6u3 + 3u?0? — 2u(3v? — 2v — 1) +2v(v — 1))

h(1) = (v —u)(u+0)(u?— 4uv + v?) >0,

6u <u2(2v —1) —uv(2v—1) +2v(v — 1)2)

") =~ (v —u)(u? — 4uv + v?2) > 0.

Moreover,

12(1 —u—o)(u? +u(l — 40) + 0> + v —2)
(u+0)(u? — 4uv + 0v2)

W (x) = >0 <= u+ov<l

Consider the case u 4+ v > 1. Since I"’(x) < 0, the function &’ is concave in this case. Since
h'(0) > 0, the function I’ has at most one root xg on the interval 0 < x < 1, moreover,
I(x) = 0for0 < x < xpand /' (x) < 0 for xg < x < 1. Therefore, either h(x) does not
decrease on 0 < x < 1 (if /' is nonnegative), or it does not decrease on 0 < x < xp and does
not increase on xg < x < 1. Hence it follows that

min h(x) = min{h(0),h(1)}.

0<x<1
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Since 1(0) > 0 and k(1) > 0, we have h(x) > 0. o2
Now consider the case 0 < u + v < 1. In this case /' is convex. Note that

6(0—1)(2—u—v)(2u3—2u20+u(202—v—1) —v(v—l))

H1) = (v —u)(u+0)(u2 — 4uv + v2) <0

Since 1'(0) > 0, 1'(1) < 0and /' is convex, the function /4’ has exactly one root x; on the
interval 0 < x < 1, moreover, h’'(x) > 0for 0 < x < x; and #’(x) < 0forx; < x < 1.
So, the function & does not decrease on the interval 0 < x < x; and does not increase on
x1 < x < 1. Therefore

min h(x) = min{h(0),h(1)}.

0<x<1
With the account of (0) > 0 and (1) > O wehave h(x) > O0forall0 < x <1. O 03
Lemma 1 obviously implies the following statement. o4

Lemma 2. Forany £ (X) € &,t € R\ {0} and any u,v € R such that

ut+ov>0,
u<l<ouo,

there holds the inequality
E|X — 1> > a;(u,0) + by (1, 0)EX + ¢ (1, 0)EX? + d(u,0)E| X[,

with equality attained if and only if the distribution of the r.v. X is concentrated in two points ut s
and vt. %

By &7, we denote the class of all non-degenerate two-point distributions. Obviously, o7
P C P 08

Lemma 3. Foranyt € (0,1)

E[x? E/x?
. CEXP _,,  EXE
2x)e: B X =7 gx)ez, E[X —t
EX=t, EX=t,
EX%2=1 EX?=1

moreovet, the supremum on the right-hand side can be attained only on the two-point distributions.  ee
Proof. It suffices to prove that for any ¢ > 1 and any r.v. X with

EX=t EX*=1, E|XP=o0
there exists a two-point r.v. Y with

EY=t, EY?=1, E|YP=o,

satisfying the inequality
E|X —t®>Ely —t],
since these conditions imply
_ Q 9
H(t) = sup sup < sup sup 0<t<l,

3 = 37
0>1 2(X)ez: Ex=t, E|X —t]7 o1 vez, Ey=t, E|Y —{]
EX?=1,E|X[*=¢ EY?=1,E|Y|3=¢
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where actually only the equality is possible, since &, C Z. 100

1) Let ¢ > 1. Consider the two-point r.v. Y, taking values x > y with probabilities p and
g = 1 — p correspondingly. Assume that EY), = ¢, EY% = 1. Then we necessarily have

x=x(p)=t+\/(1—=1)q/p, y=ylp)=t—/(1-12)p/q.

Show that x +y > 0 if and only if p < % We have

2t\/pq+ V1 —1t2(q —p)
VPa

The last inequality obviously holds for 0 < p < 1, since the left-hand side is positive,
whereas the right-hand side is non-positive. If % < p < 1, then both sides of the inequality
are positive, therefore, they can be squared:

x+y>0 <

>0 <= 2t/p(1—p) > V1-12(2p—-1).

4Pp(1—p) > (1 —2)@p> —4p+1) «— > (2p—-1)? = p< %

Unifying the intervals under consideration, we obtain the desired statement. Note that on
the interval 0 < p < 4 the function

ap) = E|Y, " = p(t+ \/m)gﬂi\t* \/m\g

takes all values from the interval (1, +o0), because for any 0 < t < 1 we have

(1+t .~
Q(z) =1 lim op) = e

and ¢(p) is continuous, whence for any ¢ > 1 there exists py € (0, 15%) such that E| Yy, |3 =
o0. Further, note that

{y<po> <t <x(po),
x(po) +y(po) >0,

and hence the couple

u =

satisfies the conditions of Lemma 2, according to which with the account of the definition
of the r.v. Yp, we have

3

7

E|X — t > a;(u,0) + by (u, 0)t + ¢t (1,0) + d(u,0)0 = E| Yy, — t

with the inequality turning into equality if and only if the distribution of the r.v. X is 10
concentrated in exactly two points ut and vt. But with the account of the moment conditions 102

this is possible if and only if X 4 Yy,. Therefore, the desired statement holds for the r.v. 103
YLy,.

2) Now let ¢ = 1. By virtue of the Jensen inequality, for the convex function f(x) =
x3/2, x > 0, we have

L=EIXP =Ef(X*) > f(EX?) = f(1) = 1,
moreover, since f is strictly convex, the equality is possible if and only if

P(X> =EX?) =1, ie P(|X|=1)=1,
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whence with the account of the condition EX = ¢ it follows that X has the two-point
distribution of the form

P(le):¥, p(X:_1):ﬁ‘
So, the desired statement holds for Y 4 X. O 105
4. The analysis of two-point distributions 106

Recall that by &, we denoted the class of all nondegenerate two-point distributions. 107

Lemma 4. (a) Forany t € (0,1) 108
E[X|?
#3 = max M(z,t) = M(z(¢),1), (23)
Z(x)ezy B[ X —t[7  —1<z<1
EX=t,
EX2=1

where the function z(t), t € (0,1), was defined in Theorem 1 (see (9))

Mi(z,t), -1 1-2¢2,
M(z,t) = 1(=8) <ZZ <
M;y(z,t), 1-2r<z<]1,
32 1—u? —a(t)uv1l—u?
Mi(u,t) =1 . , -1,1),
1 t) +1—t2 1+u? ue )
b(t)V1—0v2 420
M ,t - 7 S _1/1 7
2(0 ) 02 +1 ( )
42 -3 t(3 —2%)
t) = _—, — /< ’ te 011 7
o) = = b= g 1O
moreovet, the supremum in (23) is attained only on the two-point distribution defined in Theorem 1 100
(See (12)) 110
(b) The functions M, My, My are differentiable in the domain (z,t) € (—1,1) x (0,1) and 1
have continuous derivatives there. 112

(c) There hold the equalities

lim M;i(z,t) = lim M(z,t)=1, te(0,1),

z——1+ z—1—

lim My(z,t) = =1, lim My(z,t)=1, te€(0,1),

z——1+ z—1—

2z
1. t - 1 1' t =
50 Mz t) =1, (50 Ma(zt) Z2+17

lim My(z,t) = +o0, z € (—1,1).
t—1

ze(-1,1),

(d) The function z(t) is continuously differentiable and monotonically decreases on the interval
t € (0,1) taking the values

3 7—2
z(04) = l, z(ty) = V7 , z(1-)=0.
3 3
Moreover, the inequalities
z(£) <1-212, t€(0,t)],
z(8) =122, t€ [t 1),
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hold so that the equality in each of them is attained only in the point t = ty := 4/ S%ﬁ =0.6263..., 11
defined in Theorem 1. 114

Proof. (a) Consider the two-point distribution
PX=x)=p=1-P(X=y)=1—4, (24)
with some x >t >y, p € (0,1). From the conditions

EX=t EX?=1

we find that
x=t+\/11-1), y=t—,/E1-1) (25)
Denote
= E|X[’ plx® + qlyl’
H(p,t) = = , €(0,1), te(0,1). (26)
(p1) ExX—tf  pr—nF+qt—y? P O1), re O
Then s
~ FIxX _
H(t):= sup #3 = sup H(p,t). (27)
L(X)ezy: EIX — 7 o0<p<t
EX=t,
EX?=1
Show that the last supremum can be written in the form (23) with z(t) defined in (9). 115

For0<p<t2wehavey>0and

_op2) 4 92P (1 _ 2)3/2
fp.t) 3+ gy B tH(3 —2t%) + \/W( —1%) b(t)/p7+ (9 — p)
4 - _ 3 _ 3 2 2
plx—1)°+q(t—y) PR (1 2)32 PP+ g

For t? < p < 1 wehave y < 0 and

(42 =3)(p —q) + 6t2V1 — 12, /PG P 32 a(t)/pa(p — q)+2pq

p? _12)3/2 1—#2 2+
(-1 PP+

H(p,t) =1+

Introduce the new variable
z=q—p=1-2p, (28)
then

1-22 s o 1422
Pa=—— 7 +q =Ty

and the maximization of the function H(p, t) with respect to p € (0,1) is equivalent to that
of the function H (1%2, t) with respect to z € (—1,1). Note that

H(lgz,t> = M(z,1t), (29)
therefore, there holds the equality

H(t)= sup M(zt), te(0,1).

—1<z<1

Show that z(t) is the unique global maximum point of the function M(-,t) for each 1
€ (0,1), whence with the account of relations (24), (25), (28) the item (a) of the lemma 117
follows. 118
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For M; we have
OMi(u,t) 32 a(t)(3u?—1) —4uv1—u?
ou  1-# VI— 12 (1+u2)2
and hence, the stationary points of M ( -,t) can be determined from the equation
() = 2V o)
SW= gy TR
which coincides with (10). 110

10.0

7.5 1

5.0 1

2.5 1

0.0 1

g(u)

_25 -

—5.0

_75 -

-10.0

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
u

Figure 6. The plot of the function g(u) = 4”3:‘21:1”2.

Note that the function g(u) is even, continuously differentiable and monotonically
decreasing on the intervals (—1, —v/3/3), (—v/3/3,v/3/3), (v/3/3,1) and has discontinuity
points of the second kind in the points u = ++/3/3 (see the plot of g(u) on Fig. 6). Therefore,
there exist the inverse functions

g7t (—00,0) = (—1,-+/3/3),

& iR = (—V3/3,V3/3),
g5 (0,400) = (V3/3,1),

each of which is differentiable and monotonically decreases on its domain. 120
If a(t) = O (that is, t = v/3/2), then it is easy to make sure that u = 0 is the unique 1
maximum point and unique stationary point of the function M;(-,t) on (—1,1). 122
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10 A

Ma(u,t)

—1.00 -0.75 —-0.50 —-0.25 0.00 0.25 0.50 0.75 1.00 —1.00 -0.75 —-0.50 —-0.25 0.00 0.25 0.50 0.75 1.00
u u

Figure 7. The plots of the functions M ( -, t) for some ¢.

Now let a(t) # 0. By uq(t) < uy(t) denote the roots of the equation g(u) = a(t) on
the interval u € (—1,1). If a(t) > 0 (thatis, t > v/3/2), then u1(t) = g, '(a(t)), ua(t) =
g3_ L(a(t)) are respectively the points of local maximum and minimum of the function

M;j (-, t) (see the plots of the function M ( -, t) for some t on Fig. 7), moreover, a(t)u(t) < 0
and M (uq(t),t) > 1. Since a(t) is continuously differentiable and monotonically increases,
then 11 (-) and uy(-) are continuously differentiable and monotonically decrease. Moreover,

u1(V3/2+) =0, uy(1—) =—v3/3,

up(V3/24) =1, up(1-) =+/3/3.

And if a(t) < 0 (thatis, t < v/3/2), then uy(t) = g7 (a(t)), ua(t) = g, ' (a(t)) are
the points of local minimum and maximum respectively. Moreover a(t)uy(t) < 0 and
My (uy(t),t) > 1. Since a(t) is continuously differentiable and monotonically increases,
then 11 (t) and u;(t) are continuously differentiable and monotonically decrease on the
interval t € (0, 3/ 2),and

u (0+) = —v/3/3, u(V/3/2—) = —
up(04) = V3/3, up(V/3/2—) =

Since M7 (%1, t) = 1, then the local maximum point of the function M ( -, ) is the point of 123
its global maximum on the whole interval u € (—1,1). 124
So, for an arbitrary s € (—1,1) we have

M1(0As, ), a(t) =0,
sup Mi(u,t) = ¢ My(uq(t) As,t), a(t) >0,
—1<u<s

My (up(t) As, £) V1, a(t) <0

(here the symbols V and A correspondingly denote maximum and minimum). For s =
1 — 22 we obtain

Ml( %173)*5/ t:\/§/2/
sup  My(u,t) = § My(ur(t) A (1—22),t), V3/2 <t <1,
—l<u<1-212
My(ua(t) A(1=22),6) V1, 0<t<+/3/2

Compare 1 — 22 with uy(t) for 0 < t < ‘[andw1thu1( t) for % V3ot < 1 If \[ <t<1,
then, as it has already been noted, —v/3/3 < u;(t) < 0, and hence, ur(t) > —v3/3 =

1262 obviously for \/ + %2 <t < 1. And ift € (2, \/4+ ) = (0.866...,0888...),
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then1— 212 € (—?, —%) C (—?, ?), that is, the point 1 — 212 belongs to the same

interval ( — @, @) of the monotonic decrease of the function g(u) as u1(t), and hence, on
the interval of the values of t under consideration we have

1-228<u(t) & g(1—2t%)>gu(t) =alt) <

4t(2t2 —1)vV1 -2 S 4t> -3
—6tr+612—1 T 3 /1-R
s 12222 -1)(1-12) > (42 -3)(—6t* +62 —1) & 61 —1024+3<0 &

o te [VERAEE|n ($1 8) - (£1+ D)
(On the third step here we also took into account that —6t* + 6t> — 1 > 0 for t € ( % - ?,

\/ % + @) D) (?, A/ % + %) ). So, unifying the obtained interval with the domain ¢t >

% + ?, we finally arrive at

uy(t) >1—2t*forallt € (@,1).

S

It remains to compare 1 — 2t with u(t) for 0 < t < %°. For these t, as it has already
been noted, 0 < uy(t) < @, and hence, u(t) > 0 > 1 — 2#? a fortiori for 0.707... =

V<t < Landup(t) < V3/3<1—2Rfor0 < t < /1 —¥2 = 0459... And if
te (Vi-% ) then1-22 € (0,%2) C (-2, %?), that is, the point 1 — 212

belongs to the same interval ( — ?, ?) of the monotonic decrease of the function g(u)
as up(t), and hence,

1228 <up(t) <  g(1—2t%) > g(ux(t)) = a(t).

Further calculations completely coincide with what has been done for the comparison
of uy(t) and 1 — 2#2, including the remark concerning the positiveness of the polynomial

—6t* + 612 — 1 on the interval ¢ 6( %— @,%). Therefore, for these t we have
w(t)>1-20 & e[RRI (Vi-22) = [V 2,
m(t) <1-20 & te(Vi-2/=4).

Unifying the obtained domains of the values of ¢, we finally arrive at
uy(t) > 1— 2% on the interval t € (0,@) Y. S*T\ﬁ =ty <t < @,

with equality attained only in the point t = f. 126
Taking into account that u,(t) is the global maximum point of the function M; (-, t)

for 0 < t < v/3/2, and also that
1
= Ml(— > \@>,

_ 042 vy
M1(1 2t°,1) 5

t=+/3/2
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we conclude that
M (ua(t), 1), 0<t<ty,
max  M(ut) = { My(1—222,0) V1, to<t<, (30)
—l<u<1-2t2
My (1—2£2,t), V<1

Now consider the behaviour of the function My ( -, t). Since the functions v'1 — 02/ (v? +1) 12
and v/(v* + 1) increase for v € (—1,0], then M(v,t) increases in v € (—1,0] for each 127
t e (0,1) 128

My(v, t)

-1.00 -0.75 —0.50 -0.25 0.00 0.25 0.50 0.75 1.00
v

Figure 8. The plots of the function M( -, t) for some ¢.

The numerator of the derivative

OM;(v,t)  b(t)v(v? —3) +2(1 —0?)%/2

0v V1—12. (02 41)2

monotonically decreases on the interval v € (0, 1), moreover, its values in the endpoints of

the interval are respectively equal to 2 > 0 and —2b(t) < 0. The equation aa% = 0 takes

the form ( 2)3/2
2(1—v
f(v) = 0B b(t) (31)

and coincides with (11). The function f(v) is continuously differentiable and monotonically
decreasing on the interval v € (0,1), moreover, f(4+0) = +co, f(1—) = 0. Therefore, there
exists the inverse function

f71:(0,+) — (0,1),

which is also continuously differentiable and monotonically decreasing. The function
b(t) is continuously differentiable and monotonically increases on the interval t € (0,1).
Therefore, equation (31) has the unique root

o(t) = fH(b(1),

which is the global maximum point of the function Mj( -,t) on the whole interval (—1,1) 12
(see the plots of the function M;( -, t) for some t on Fig. 8). Moreover, v(t) is continuously 13
differentiable and monotonically decreases for t € (0,1) as a superposition of two continu-  1a:
ously differentiable functions, one of which (b(f)) monotonically increases, whereas the 132
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other (f ~1(b)) monotonically decreases. By direct calculations we make sure that b(0) = 0, 133
b(1—) = 400, and hence, v(0+) = 1, v(1—) = 0. 134
So, for an arbitrary s € (—1,1) we have

sup My(v,t) = Mp(v(t) Vs, t).

s<o<1

In particular, for s = 1 — 2¢* we obtain
sup  Ma(v,t) = Mp(v(t) V (1 —2%),t).
1-212<0<1
Compare v(t) and 1 — 2t2. Since v(t) € (0,1) for all t € (0,1) by definition, then a fortiori

v(t) >0>=1 —2t2 for @ <t <1l.Inthedomain0 < t < %wehave
1-22<o(t) & f(1-22%>fw®)=bt) <«

- 813(1 — 12)3/2 t(3 — 2t%)
(22 —1)(2t4 —22 - 1) ~ (1 —12)3/2
& 6P =102 4+3<0

& 82(1-£)° > (B -22)(22 —1)(2t* — 2> — 1)
& te [V =) n(0,R) = [, %) = [0626...,0707..).

(On the third step here we also took into account the fact that 2¢> — 1 < 0, 2t* — 21> —1 < 0
in the domain of the values of f under consideration). Thus, unifying the obtained interval

with the domain t > v/2/2, we arrive at

o(t) >1 -2t ontheinterval t € (0,1) & ty<t<]1,

135

with equality attained only in the point t = f.
So, for s = 1 — 2t2 we finally obtain

My(1—2t2,t), 0<t<ty,
(32)

max My(v,t) =
fo <t <1,

1-22<v<1 Mz(?](t),t)/

As a by-product we showed that

us(to) = o(ty) =1 — 22 = f; 2 021525, . (33)

Also immediately note that

1
1-2%1) = = My(1—28t), t 1 4
Ml( ’ ) (1 _ tz)(2t4 — 212 ¢ 1) MZ( ’ )/ € (0/ )/ (34)
moreover, the function
1
(1—12)(2t* — 212+ 1)

136

V3

monotonically increases on the interval #y < t <
Finally, from (27), (29), (30), (32), (34) it follows that

- _/1—
H(t) = sup H(Z,t) = max{ max  Mj(u,t), max Mz(v,t)} =
_1<z<1 —1<u<1-2£2 1-22<ov<1
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My (ua(t),t) vV Ma(1 —2t2,t), 0 <t<ty,
= {M(1=222,6) vV My(o(t), ) V1, to<t<?, =
Mi(1—22,0)V My(o(t),t), R <t<l
My (ua(t),t) vV My(1—282,t),  0<t<ty,
= { My(1—22,6) V My(o(t),£) V1, to<t<¥,
My(1 =228V My(0(t),t), R <t<l

Taking into account that

My (1 =283, tg) = Mp(1 —2£3,t0) = =3.14575... > 1,

54
87 —4
we obtain

M (ua(t),t) vV My (1 —2£2,1), 0<t<ty,
Mo(1—22,t)V Ma(ov(t),t), to<t<l.

Remembering that v(t) is the unique point of global maximum of M (v, t) on the interval
v € (—1,1), and u,(t) is the unique point of global maximum of M;(u,t) on the interval

ue(—1,1)fort e (0,t] C (O, ?) (when a(t) < 0), we conclude that

~ {M1(u2(f)rf)r Csish e

H(t) =
M2(U(t>,t>, to <t <1,

Thus, the function uy(t) defined for t € (0,/3/2) (that corresponds to the case a(t) < 0) 137
and monotonically decreasing in its domain, acts as the function u(t) mentioned in the 13s
formulation of the lemma being proved and Theorem 1, whereas the function u(t) = up(t) 13
(for t € (0,tp)) and the function v(t) (for t € [ty,1)) act as the point z(t) of the global 10
maximum of the function M( -, t) which completely agrees with (9). 141

(b) The functions M; and M, are obviously differentiable in the domain (z,¢) € (—1,1) X 1
(0,1) and have continuous partial derivatives. From (25) and (26) it is obvious that the 1as
function H(p, t) is differentiable in the domain (p,t) € (0,1) x (0,1) and has continuous 14
partial derivatives. By virtue of (29) we obtain that M is differentiable in the domain 1
(z,t) € (—1,1) x (0,1) and has continuous partial derivatives there. 146

(c) This statement can be verified directly. 147

(d) Show that z(t) is continuously differentiable and decreases on the interval t € (0,1).
Since uy(t) is continuously differentiable and monotonically decreases on the interval

te (0, ?) D (0, tp] and the function v(t) is continuously differentiable and monotonically
decreases on the interval t € (0,1) D [to, 1], then, taking into account (33) we obtain that
the function z(t) continuously and monotonically decreases on the interval t € (0,1).
Furthermore, the function z(t) is continuously differentiable on each of the intervals (0, fo)
and (tp,1). Show that u}(ty) = v'(tg), whence it will follow that the function z is contin-
uously differentiable in the point fj, and hence, on the whole interval t € (0,1). In the
neighbourhood of ty we have

uz(to) = g '(a(ty)), v(to) = f'(b(to)),
therefore,
a'(t)
g’ (uz(t))’

ey (k)
v'(t) = W’?O))’

uy(to) =
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whence by virtue of (33) we obtain

b'(to)

MIZ(tO) == ? (tO) m

g-2m "=

By direct calculations we make sure that

wh(to) = ' () = =21/ 337 = —0.687263....

Thus, the function z(t) is differentiable on the interval t € (0,1). 148
Now to complete the proof of item (d) it remains to remember that

z(04) = up(0+) = ?, z(1-) =0(1-) =0, z(ty) = ux(ty) = v(ty) = V7 -2

and that (see the proof of item (a)) each of the equations
up(t) =1-212, te (0,v3/2),

o(t)=1-2t3, te(0,1),
has the unique root t = ty. O 140

5. Proofs of main results 150

Proof of Theorem 1. It is obvious that H(0) = 1 and H is an even function. Since J(X)
is invariant with respect to a scale transform of X, the single non-linear condition in (8)
can be replaced by the two linear conditions: EX = t, EX? = 1. Further, from Lemmas 3
and 4, (a), (d) it follows that for t € (0,1) we have

_ B Ml(Z(t),t), -1< Z(t) <1 _thl B
H(t) = M(z(t), 1) = {Mz(z(t),t), e <1,

3t2 1 —z%(t) —a(t)z(t) /1 —22(¢)

1 . t<t
AR 1+ 22() o O<i<h
b(t)\/1—z2(t) + 2z(t)
2 ’ t() S t < 1
z2(t) +1
By the definition of the function z(t),
4z(t)\/1 —2%(t)
t) = <t
ﬂ() 322(t)—1 ’ 0<t< 0s
2(1—22(1))3/2
b(t) = ——— 57—, fh<t<l,
W =Zme-2m "
hence,
3t 1—2%(t)
1+ 5 LYY 0<t<ty,
H(E) = 1—2t 1-322(1)
to <t <1,

2(5)(3—2(t)

that coincides with (8). The form and uniqueness of the extreme distribution were proved s

in Lemma 4 (a). 152
It remains to prove that the function H continuously and monotonically increases on
the interval t € [0,1), and that H(1—) = +oc0. By virtue of Lemma 4 (a) for t € (0,1) we
have H(t) = M(z(t), t), moreover, M is continuous in the domain (z,¢) € (—1,1) x (0,1),


https://doi.org/10.20944/preprints202212.0474.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 December 2022 d0i:10.20944/preprints202212.0474.v1

25 of 31

whereas z is continuous on the interval ¢t € (0,1), hence H(t) is continuous on the interval
€ (0,1). Since
H(0+) = M(z(0+),0+) =1 = H(0),

then H is also continuous in zero. 153
Finally, prove that the function H monotonically increases. From the definition of the
function z(t) it follows that

1 B 3 —4t? Fe (0, to)
1-32(t)  1262(1)/(1 - 2)(1 - 2(1)) o
and hence, we can write
t(3 —4t2)\/1 — 22(t)
1+ , 0 <t<ty,
Ho-{  EO0-P
fo <t <1,

z2(H) (8 —22(1))

Note that the function (3 — 4t%)(1 — t2)~3/2 is positive and monotonically increases on 1ss
the interval 0 < t < ty, whereas the function z~ /1 — 22 is positive and monotonically 1ss
decreases on the interval 0 < z < 1. Since the function z(#) monotonically decreases on  1se
the interval 0 < t < t( as well, we conclude that H monotonically increases on the interval sz
(0, to) as a product of two positive monotonically increasing functions (up to an additive 1se
constant). Further, since the function 2/ (z(3 — z%)) monotonically decreases on the interval s
0 < z < 1 and the function z(t) monotonically decreases on the interval t) < t < 1, the 10
function H(t) monotonically increases on the interval t) < t < 1 as a superposition of two e
decreasing functions. Finally, the existence of infinite limit of H(t) as t — 1— follows from ez
thatz(t) —+0+ast— 1—. 163
Now prove the upper estimate for the function H(t) as t € [0,tp|. By virtue of
continuity of H and H it suffices to prove the desired inequality only on the interval (0, ty).
By the definition of z(t) for 0 < t < g as a unique root of the equation

 4zV1-22 42 -3

: = =:a(t
g(Z) 322_1 3tm a( )'
on the interval 0 < z < v/3/3 we have
!
lim z(t) = ﬁ, lim Z/(t) = lim /a () = —2\/6,
=0+ 37 =0+ =0+ §'(z(t)) 9
hence, by the Lagrange theorem we obtain
- - 2
z@ﬂMHszzg—%g

Show that z(t) < z(t) for 0 < t < tp. By virtue of the monotonic decrease of g(u) for
0 < u < /3/3 we have

z2(t) <zZ(t) = g(z(t) >g(z(t)) <

3 a2 (3v2—4t) V412 + 6v2t +9
— — > — —

3tv/1—12 3¢ (3\@ - 2t)

— (3—4t2)(3\f272t)<(3\674t)\/(—4t2+6\@+9)(1ftZ) —

= 96V2F +1*(— 328 —96V'2) + *(24/2 + 288) + (306 — 12v/2) +
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+t(— 288 — 108v/2) + 108v2 =: 5(t) > 0.
Show thats(t) > 0 for 0 < t < ty. We have

s/ (£) = 480V/2t* + 2 — 1312 — 384V/2) + 2(72v/2 4 864) + (612 — 241/2) — 288 — 108V/2,
s"(1) = 1920v/2F + 12 ( — 3936 — 1152/2) + £(144v/2 + 1728) — 24v/2 + 612,
sG)(t) = 5760vV21? 4 t( — 7872 — 2304V/2) + 144V/2 + 1728,

s (1) = 11520v/2t — 7872 —2304v2 < 0, t € (0, ),

therefore, 53 (t) decreases for t € (0, ty). Since
s (04) = 144v2+1728 > 0, s (tg—) = —1844.1499... < 0,

then s’ (t) has a unique stationary point on the interval t € (0,ty), namely, the local
maximum point. Taking into account that

s"(04) = 612 —24v2 >0, s"(ty—) =271.7769... > 0,

we conclude that s (t) > 0 for t € (0,ty), and hence, s'(t) increases for t € (0,t]. Since 1ea

s'(tg) = —51.1066 < 0, then s'(t) < 0 for all t+ € (0,#y] and hence, s(t) decreases for 1es
t € (0,to]. Finally, s(to) = 10.8876.. ., therefore, s(t) > 0 for t € (0, to]. So, the inequality 1es
z(t) < z(t) is proved for t € (0, ty). 167
Note that
32 1—2%(t)

H(t) = M(z(t), ) =1+ 175 —322(t)

for 0 < t < ty, moreover, the function M( -,t) increases on the interval 0 < z < V3/3,
therefore, taking into account that 0 < z(t) < Z(t) < v/3/3 and

1 42 24
2 2
f)= > — Yy 22
Fh =39 ttg
we obtain
32 P42 5462 .

H(E) < M2(t), ) =14 17— Ve A-Aeviom = H(t).

The function H(t) obviously increases on (0, t). Now it remains to note that, as t — 0,

2= (52— "t+o == — —"t+o(t) =Z(t),

V3 2v6 2 1 42 ~
(3 9 (1) =379 ’

32 1-22(1) 32 E+2t1o()

H(t)—1= 5 S = 5 —
1—12 1-322(t) 1-—t¢ %H—o(t)
2 ) A
_ 3t 2+40(1) _ 31 Z%(t) _ A -1, 35
1—2 42+0(1) 1-1 1-322(t)
and hence,

i O -1 _ . 240(1)  4v2+0(1)
0 H(t)—1 50k 4/240(1) 2+40(1)

Theorem 1 is completely proved. [J 168
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Proof of Theorem 2. Lemma 4 (a) implies that H(t) = M(z(t),t), where z(t), t € (0,1), is
the unique global maximum point of the function M( -, t), t € (0,1), moreover, the function
M(z, t) is differentiable in the domain (z,t) € (—1,1) x (0,1) and has continuous partial
derivatives there, whereas the function z(t) is continuously differentiable on the interval

t € (0,1) and takes values from the interval (0, ?) So,

sup H(t)(1—2)3% = sup h(t),
0<t<1 0<t<1

where h(t) = M(z(t),t)(1 — t?)3/2,t € (0,1). It is obvious that 1 is continuously differen- 1eo
tiable on the interval t € (0,1). 170
Find the stationary points of the function / on the interval t € (0,1). We have

W () = (1—2)32(M(z(t),1)), — 3tv/1 — 2M(z(t), t),
(M(Z(t),t)); = M; (z, t)}zzz(t) 'Z,(t) + M;(z, t)|zzz(t) = MQ(Z/ t)|z:z(t)'
For t € [ty,1) we have

(1—212)/1—22(t) — 2tz()V1 — 12

Z2(t) +1

W (t) =

Q=

In the domain (z,t) € (0, @) X [to, 1) the equation

(1-2)V1—22=2tz2/1 -2 =0

is satisfied only by the couples (1 — 212, t)fort € [to, @), whence with the account of that 171

z(t) = 1 — 2t only for t = ty (see Lemma 4 (d)), we obtain that t = t; is a stationary point 7
of the function h. 173
For t € (0,ty] we have

28 4 22(t) (482 = 3)t+z(t) (1 — 482) V1 — 12/1 — 22(t)
B VI —2(22(F) +1) '

40

Find the solutions to the equation
z(l - 4t2) V1— 82122 = (2> — 1 - 22(4* - 3))

in the domain (z,t) € (O, @) x (0, to]. If a point (z, t) satisfies this equation, it also satisfies
the equation

22(1—42)2(1 - 12)(1 — 2%) = 2 (212 — 1 — 22(4t* - 3))?,
which is equivalent to
(t—z2)(t+z)(z =22 +1)(z+2t2 —1) =0,
therefore, the original equation can be satisfied only by the points
(1), (=tt), (1—=2821), (=142, 0<t<l.

By direct calculations we make sure that in the domain (z,t) € (0, ?) x (0, to] the original

=

equation is satisfied only by the couples (1 — 22, t) for t € ( S_T, to| and the couple
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(%, %) Since z(t) = 1 — 22 only for t = tO, we obtain that t = ¢ is the stationary point of

the function k. It remains to show that t = 1 is not a stationary point of the function h. For
this purpose it suffices to show that z( ) ;é . Recall (see Theorem 1), that z(t) turns the

equation
(2) = 4zv1—22 42 -3
U732 Taioe
into identity on the interval t € (0,ty). By direct verification we make sure that (z,t) = 17
(%, %) is not a root of this equation. 175
Thus, the function / has a unique stationary point t = ty on the interval t € (0,1),
moreover,
V1-14 17 +7V7
h(t =1.489971... .
(fo) = 1-22+268 4
Also note that
limh(t) = h(0) =1 < h(tp),
t—0
1—12)32(b(t)/1 22 2
ity = (= PP GOVT =20 +22)
t—1 22(t) +1
3
1—22(t)(3—2t2) +2z(t) (1 — #2)?
=1l =1<h(t
] 2() +1 < hito),

therefore the point ¢ is point of global maximum of the function  on the interval (0,1), 176
whereas the function / increases on the interval [0, t] and decreases on the interval [tp,1). 177
The fact that the maximum is attained on the two-point distribution follows from Theorem 1. 178

The upper bound H(t)(1 — t?)%/2 < H(t)(1 — t2)3/2,0 < t < tg, obviously follows
from Theorem 1. Prove the equivalence of the left-hand and right-hand sides of this
inequality as t — 0. From the proof of Theorem 1 (see (35)) we have

H(t) =1+ itﬂ : 4\2/;‘:(01()1) —A(t), t—0,

whence with the account of the asymptotics (1 — t2)¥ = 1+ o(t), t — 0, it follows that

H(t)(l—t2)3/2 (1— 3/2_’_3t\/7 \z/j_—i 0 _

= 1+0() +3H(1+0(1)) (2 +0(1) (15 +0(1)) =
:1+o()+3t(4\[ (1)) :1+3}szt+o(t):H(t)(l_tz)?)/z/

and hence,

A1 -2)¥2 -1 32t yo(t)
m 1 _—
t—0+ H(t)(l — t2)3/2 — 1 t—0-+ 3\[t _|_ O(t)

It is obvious that the function

P/ — V1 —£2(5t +6v2)

An - 2(3v/2 — 2t)

=:5(t)
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is continuous on [0, ty] by virtue of continuity of H. Prove that H(t)(1 — t2)3/2 monotoni-
cally increases on (0, ty). We have

10#% — 30V/22 — 36t +27V/2
2v1 —12(2t — 3v/2)2

With the account of the positiveness of the denominator for ¢ € (0, tp) it suffices to prove
that the numerator of s/(#) is positive, that is,

s'(t)

s1(t) := 1083 — 30v/2t% — 36t + 272 >0, t € (0,t).
Since 5t> — 6 < —1forall t € (0,1), we have
sh(t) = 6(5t2 —10vV2t — 6) < 6(—1—10v2t) <0, te (0,t),
therefore, s1(t) decreases on the interval t € (0, fp) and hence, for all ¢ € (0, fp)
s1(t) = s1(t) = 1.4442... > 0. O

Proof of Theorem 3. According to the Berry—-Esseen inequality (1), the following estimate
in terms of the non-central Lyapunov ratio holds:

LX)
o

From Theorem 2 it follows that for any .Z(X) € £ withEX/VEX?2 =t € (—1,1)

M(X) <G A>0.

L (X) E[X|? <IDX )3/2 _EXP- 2)>2

EX? E|X - EX]?

t2>3/2< 17 +7V7
Lo(X) E|X-EXP

< H(t) (1 - <

and hence,

m(x) <Cr-HB(1 _t2>3/2L(2/(%<) < 17I7ﬁcl . Lf}?/

that is, iequality (17) holds with Co(t) = C; - H(t) (1 — t2)3/2 < 7WC1. The estimate 17
C; £ 0.3031 was obtained in [18, Theorem 4]. 180

In Theorem 2 it was also shown that H(t)(1 — t2)3/2 monotonically increases for
0 < t < tp and monotonically decreases for ty < t < 1. Therefore,

Co(t) < Co(tnty), 0<t<1,

and the function Cy(f A ty) does not decrease for 0 < t < 1. Hence, for |[EX|/VEX? =s < ¢
in accordance with what has just been proven we have

Lo(X) Lo(X)
VA VA

Finally, the upper bound of Cy(t) for 0 < t < g declared in the formulation of the
theorem, trivially follows from the inequality H(t) < H(t) obtained in Theorem 1 with the
account of the particular upper bound for the constant C; < 0.3031:

V1 —12(5t +6v/2)
23v2-2t) '

< Co(s Ato) -

< Co(tAto) -

Co(t) < Cy- H(#)(1—£2)3/2 < 0.3031 - 0<t <ty
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The monotonicity of this upper bound follows from that of the function H(t)(1 — t2)3/2

proved in Theorem 2. [
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