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Abstract: In this age of mass media and in particular social media driven perception of reality,
coupling disease and prophylactic opinion dynamics models can provide better insights into disease
evolution than the use of a disease model alone. We develop in this work two disease-opinion
dynamics models based on the epidemiology of the new coronavirus disease (COVID-19), and the
availability or not of imperfect vaccines. We assume that susceptibility to infection decreases with
the level of prophylactic attitude (personal hygiene, social distancing), and changes of prophylactic
attitudes of susceptible individuals occur in response to perceived disease prevalence, and vaccination
coverage and efficacy in the population. We derive and discuss the disease-free equilibriums
and reproduction numbers in the introduced models. We further assess the impacts of the
distribution of opinions at disease introduction, the ability to detect presymptomatic, asymptomatic
and symptomatic positive COVID-19 cases, the behavioural responses to the outbreak and to the
introduction of vaccination, and the effects of distortions of disease prevalence by public policy and
mass media on disease dynamics. The insights highlighted from the proposed models are expected to
make informative contributions to public policy in a context of opinion fluxes in response to perceived
disease prevalence.

Keywords: COVID-19; disease-behaviour dynamics; perceived disease prevalence; vaccination

1. Introduction

The emergence in late 2019 of the new coronavirus disease (COVID-19) caused by the pathogen
SARS-CoV-2 is a devastating example of highly contagious emerging infectious diseases in response
to increases in the magnitude and rate of overexploitation, habitat loss, global loss of biodiversity
and climate change that many studies have warned against during the last decades [1-4]. The
COVID-19 pandemic has impacted social and cultural habits, recreational and economic activities,
laws and rights, among other aspects of the human civilisation. Increases in the levels of personal
hygiene and social distancing from perceived sources of infection have shown significant potential
to reduce the transmission of SARS-CoV-2 and thereby the spread of COVID-19. But the spread of
a contagious disease in this era of mass media and connected populations is inevitably concomitant
with the dissemination of antagonist information and opinions on the related pathogen, disease and
prophylactic measures [5-8].

Modeling disease dynamics is the unique route to circumventing, containing, anticipating and
preventing or reducing the ravages by deadly emerging or re-emerging infectious diseases. The numerous
recent epidemic outbreaks (e.g. MERS, SARS, Ebola) have indeed urged the development of mathematical
and statistical models for the spread dynamics of the particular diseases. Many such models include
opinions regarding vaccination [9-11]. Indeed, vaccines’ safety and use have always and everywhere
raised controversial issues [12-14]. For instance, controversies about COVID-19 vaccines have been
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widely spread once the first trials for safety and effectiveness assessment started, especially in highly
connected social networks [15-20]. The opinions and the related attidudes toward vaccines have obvious
consequences in the spread of diseases and their ability to cause epidemics [21]. Opinions on other
prophylactic measures have however been less considered, although they can directly impact both
transmission dynamics and attitudes toward vaccination. The dynamics of these other prophylactic
behaviours can substantively differ from the dynamics of attitudes toward vaccination, because, for
instance, they demand stronger engagement in terms of the required frequency of affirmation [22]. In the
COVID-19 pandemic context in particular, hands need to be regularly washed when the environment is
full of potentially contaminated areas, face masks need to be worn when using any shared public space,
and minimum social distance needs to be kept in mind when interacting with fellows.

The recent development of models coupling disease, economic and opinion dynamics [23-38]
provides headways towards effective joint modeling of health-related beliefs and attitudes, economic
constraints, public health utility, disease dynamics, and their interactions. Most of the current models
primarily rely on quite simplistic assumptions such as the SIS [24,27,39], SIR [22,23,40-42] and SEIV
models [43] for disease dynamics. However, for highly contagious diseases such as COVID-19, the
world’s reactions to outbreaks generally involved isolating some infectious individuals from the
susceptible population, making the distinction of “quarantined” individuals from other infectious
individuals crucial for sound modeling of this disease [44]. Moreover, the epidemiology of COVID-19
indicates even more complex disease dynamics involving presymptomatic, asymptomatic, and
symptomatic infectious states [45-52]. In such situations, the use of too simplistic models can neglect
crucial characteristics of target diseases, and confound some distinct disease-opinion interactions
important for decision making. In addition, although vaccination is also a prophylactic measure, the
attitude toward vaccination may be inconsistent with other prophylactic behaviours. For instance,
an individual with a low level of prophylactic behaviour may get vaccinated in order to ignore
social distancing. Likewise, an agent with initially high level of prophylactic behaviour may become
overconfident after vaccination and relax personal hygiene and social distancing, lowering its level of
prophylactic behaviour [53]. Once vaccination is introduced in an epidemic context, it indeed becomes
crutial for a sound modeling to account for the potential interactions between opinions on both basic
prophylactic measures and vaccination, including reverse effets.

To tackle this background, we build on the work of Tyson et al. [22], by introducing a
disease-opinion dynamics model framework that modulates the effective contact rate in the target
population based on the perceived disease prevalence generated by public health policymakers and
mass media. Specifically, we propose (1) a disease-opinion dynamics model that accounts for basic
prophylactic measures against emerging infectious diseases, the related beliefs and behaviours, and
important disease states based on COVID-19 epidemiology, and (2) a joint model integrating attitudes
toward vaccination and other prophylactic measures with disease dynamics. It is worth noticing that
Arthur et al. [27] have recently proposed a discrete-time SIR model with an effective contact rate
modulated by an utility function with delayed information, allowing an adaptive and optimal control
of the population’s effective contact rate. In addition to the use herein of a more realistic model for
COVID-19 dynamics, our proposal differs substantially from their model in regards to its construction
joining two different mean field equations related to opinions and disease, and the direct insights it
provides on the processes governing changes regarding opinions or disease, and their interactions.
Moreover, unlike Arthur et al. [27], we do not assume that susceptible individuals rationally find an
optimal contact rate by trading off how many people they want to interact with versus their risk of
becoming infected. We rather consider a social influence approach [22] wherein a susceptible with
a given opinion can change attitude in response to interaction with susceptibles holding a different
opinion, the rate of such influences being determined by the perceived risk of becoming infected.

The objectives of this work are (i) to summarize the population dynamics (as expressed by the
effective reproduction number for each introduced disease-opinion dynamics model) as a function of
influence rate, rates of detection (testing policy) and isolation (“quarantining”), and vaccination rate,
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and (ii) to assess the impacts of the initial distribution of behaviours, nature of behavioural responses,
rates of detection and isolation, initial vaccination coverage, efficacy of vaccines, vaccination rate, and
distorted perception of disease prevalence on disease dynamics. The use of the proposed models is
expected to make informative contributions to public policy in a context of opinion fluxes in response
to perceived disease prevalence.

2. The Disease-Opinion dynamics models

We develop a generalization of the SIR-Opinion dynamics model [22] to suit the epidemiology
of the pathogen SARS-CoV-2, the related coronavirus disease (COVID-19), and the availability of
imperfect COVID-19 vaccines. On the one hand, we consider a disease evolution model distinguishing
the infectious population into presymptomatic, asymptomatic and symptomatic individuals, and
possibly the susceptible population into unvaccinated and vaccinated individuals. On the other hand,
we extend the prophylactic opinion spectrum of Tyson et al. [22], introducing a prophylactic opinion
field where attitudes/opinions toward both standard prophylactic measures (e.g. personal hygiene,
face mask wearing and social distancing) and vaccination, and their interactions are integrated.

2.1. Disease dynamics

We describe disease evolution using a compartmental model in which the target population is
basically structured into Susceptible (S), Exposed (E), Infectious (I), Quarantined (Q), and Recovered
individuals (R) [54-56]. But the infectious population is further distinguished into presymptomatic (I),
asymptomatic (I;), and symptomatic infectious (I;) individuals, whereas the susceptible population (S)
is distinguished into unvaccinated and completely susceptible individuals (U), and vaccinated and
partially immunized individuals (V). The sizes of the susceptible and the infectious compartments
satisfy respectively S(t) = U(t) + V(t) and I(t) = I,(t) + L(t) + L(t) at time ¢, and the total
population size N(t) is given by

N(#) = U(t) + V(1) + E(t) + Ip(t) + La(t) + L(£) + Q(F) + R(H). 1)

In a vaccination-free context (e.g. for a new emerging disease), the size of the vaccinated population is
zero (V(t) = 0) and the susceptible population consists of only unvaccinated individuals (S(t) = U(t)).
We have in this case a SEIQR model which is appropriate for the early phase of the COVID-19 pandemic.
When vaccines become available, we have the more general UVEIQR model.

For simplicity, the susceptible population (5) is assumed homogeneous with regards to factors
such as age and medical conditions. We account for natural human demography;, i.e. we include a
natural death rate (i) for the whole population, and assume a constant timely number of new births
and net immigration (77) entering the class S of susceptibles (i.e. there is no immigration of infectives).
Moreover, because isolated infectious individuals do not mix actively with other classes, we assume
that they do not have adequate contacts (i.e. contacts sufficient for transmission) with susceptible
individuals [57-59]. Under the corresponding “quarantine-adjusted incidence” mechanism [60], the
force of infection A, defined as the expected number of adequate contacts of one susceptible person
with infectives per unit time (i.e. the rate at which new infections (E) are produced), is given at time ¢
for a completely susceptible individual by

_ Bplp(t) + Bala(t) + Bsls(t)
N(t) = Q(t)

where B, B; and Bs are baseline rates of effective contacts by presymptomatic, asymptomatic, and
symptomatic infectious individuals, respectively. The available vaccines are considered imperfect,
with an average efficacy of vaccine-induced protection x € (0,1). In other words, contacts between a
V individual and Iy, I, or I individuals can be sufficient for transmission, but the force of infection is
reduced to (1 — x)A,(t). A detailed description of both the SEIQR and the UVEIQR disease dynamics

Ao(t)

)
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models in line with the known epidemiology of COVID-19 is given in Appendix A, along with
graphical representations and mathematical descriptions based on nonlinear differential equations.

2.2. The Prophylactic attitude spectrum

In a vaccination—free epidemic context, we follow Tyson et al. [22], assuming for simplicity that
opinion dynamics only occur within the susceptible population S. The latter is distinguished into three
groups of individuals that can be identified based on the level of prophylactic behaviour which takes
values in the prophylactic attitude spectrum:

P ={-1,01}. (©)

For any opinioni € P, S; denotes susceptibles with attitude i: 5_; represents individuals with the
highest level of prophylactic behaviour (and thus the least susceptible to the disease), and S; corresponds
to individuals with the lowest level of prophylactic behaviour (and thus the most susceptible to the
disease). Individuals Sy in the middle of the spectrum correspond to an intermediate level of prophylactic
behaviour. Note that if the opinion i = —1 is opposed to i = 1, then our model includes individuals with
completely neutral position (Sp), unlike in the binary voter model based spectrum used by Tyson et al.
[22]. However, the spectum (3) simply defines the intensity of prophylactic behaviour on an ordinal scale,
and high level attitude (i = —1) is not necessarily opposed to low level attitude (i = 1). The identity
S(t) = Y; ep Si(t) holds for the susceptible population at time ¢.

2.3. The source and rate of opinion dynamics

Opinion dynamics results from changes of opinions and behaviours over time, for instance, as the
mass media diffuse information about disease prevalence or evolution of the pathogen, or as disease
surveillance and control policies are introduced or modified. We adapt here the “influence” approach
of Tyson et al. [22], opinions being updated in response to interactions between susceptibles along
the prophylactic opinion spectrum (3). In this framework, opinion dynamics within the susceptible
population is governed by the rates (i.e. amplitudes) and the directions of mutual opinion influences.

The rate w; at which a susceptible individual S; influences the rest of the susceptible population is
referred to as “influence function”. For their SIR-Opinion dynamics model, Tyson et al. [22] introduced
linear and saturating influences as functions of the proportion of the infectious population (I). We
consider here influence functions w; of the form

wilt) = w; (P(1)), (4a)

where w; are Tyson et al. [22]’s fixed-order saturating extreme influence weights, and P(t) is the
“perceived disease prevalence”. The influence weights are given for x € [0,1] by

wi(x) = { w, {1 + e D) (zﬁx)} if i=0 (4b)

with w, € (0,1), the baseline influence rate for extreme opinions; W« > 1, a skewness parameter; and
k > 0, a half-saturation constant (see Appendix B for a graphical overview of w;). In Equation (4a),
we have substituted a perceived disease prevalence to the proportion of infectious (I) used by
Tyson et al. [22], because, in our SEIQR model framework, the true disease prevalence given by
P(t) = [Ip(t) + L.(t) + Is(t) + Q(t)] /N(t) is unknown to any individual in the population (only Q
is observable), and estimates of P reported by the mass media are perceived as disease prevalence
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(see details on recovering P from epidemic and medical data in Appendix (C)). The perceived disease
prevalence P is a determinant of opinion dynamics [61,62], and indeed, a source of changes in the rates
of influences on and by prophylactic opinions, as implied by Equation (4a). Clearly, the under or over
estimation and reporting of disease prevalence by media or public health policymakers play a role in
opinion dynamics.

In regards to the directions of influences, when an S; individual influences an S; individual the S;
individual changes its attitude by moving one step towards 7 [22]. For instance, if the two individuals
are at the opposite sides of the attitude spectrum (i.e. i x j < 0), then the S; individual changes its
attitude by moving one step towards the other side (i.e. S; — So). If on the contrary the interacting
individuals have the same opinion (i.e. i X j > 0), no change occurs. When an §; individual at a
given side of the attitude spectrum (i = +1) influences a moderate opinion holder Sy, then Sy — S;.
Finally, when an §; individual at a side of the spectrum (j = +1) is influenced by an S individual,
then S; — So. These changes of opinions in the susceptible population can be summarized by the rates
¢(i,j) (t) of outgoing flows (opinion change i — j) as:

_ wo(t)So(t) + w1 (t)S1(t)

o NBH-Q) (5a)
fo-ol) = a;\’_(lt()t)—sc_zl((tt))’ (5b)
fnl!) = iy - oty 50
o)) = w_1(t)S_1(t) + wo(t)So(t) "

2.4. The SEIQR-Opinion dynamics model
The proposed SEIQR-Opinion dynamics model is depicted on the flow diagram in Figure 1.

M u

\ J N

Opinion Dynamics Disease Dynamics

Figure 1. Flow-chart of a SEIQR-Opinion dynamics model showing the flow of humans between
different compartments. The susceptible population is distinguished in individuals with the highest
level of prophylactic behaviour (S_1), individuals with the lowest level of prophylactic behaviour
(51) and individuals with middle level of prophylactic behaviour (So), E, I, Is, Is, Q and R denote
respectively the exposed, the presymptomatic infectious, the asymptomatic infectious, the symptomatic
infectious, the quarantined, and the recovered populations. The parameters of the model are described
in Table 1.
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Note the use in Figure 1 of opinion-specific forces of infection (A;). Indeed, since increased levels of
personal hygiene or social distancing from perceived sources of infection can substantively reduce both
contacts and, if any, the sufficiency of contacts for transmission, we assume that an individual’s attitude
determines its susceptibility to infection in a way such that the force of infection for S; individuals has

the form

Biplp(t) + Biala(t) + BisIs(t)
N(t) = Q(#)
where, fori € Pandj € {p,a,s}, B is the rate of contacts sufficient for transmission from an I;
infectious to a S; susceptible. For simplicity, the dependence of infection rate on attitude is modeled

using a single parameter [22]. It is specifically assumed that, for each infectious class I}, the sufficient
contact rate f;; is given by B;; = g},’lﬁj, ie.

Ai(t) = (6a)

Bij=Bj, Boj=25oBj, B-1j=53Bj, (6b)

where §; is the baseline rate of sufficient contacts with [; infectious (this applies to Sy susceptible
individuals who have the lowest level of prophylactic behaviour), and ¢, € (0,1). From the structuring
of the susceptible population S in terms of prophylactic opinions i, the overall force of infection
in the whole target population is given by the weighted average A,(t) = ﬁ Yiep Si(£)Ai(t). The
SEIQR-Opinion dynamics model is described at time ¢ by the following system of nonlinear differential

equations:
S-1(t) = 171+ &o,-1) () So(t) — [p—1(t) + u] S_1(t) +e_1R(t), (7a)
So(t) = 10+ G (1,0 (1)S-1(t) + G (1,0)(1)S1(t) — [o(t) + ] So(t) + eoR(t), (7b)
Si1(t) =m +§01() o(t) = [1(t) + p] S1() + e1R(2), (7o)
E(t) = A_1(£)S—1(t) + Ao(t)So(t) + A1(t)S1(t) — (6 + m)E(t), (7d)
Ip(t) = OE(t) — (o + u)Ip(t), (7e)
L(t) = (1 - 1)1 = m)alp(t) — (o + Yo+ 1) a(t), (79)
Is(t) = T(1 = m)alp(t) — (os + s + 05 + u) s(t), (7g)
Q(t) =Ttor ( )+ 0ala(t) + psIs(t) — ('Yq +3d5 + 1)Q(t), (7h)
R(t) = Yala(t) +7sIs(t) +75Q(t) — (€0 + p)R(t), (7i)

with the nonnegative initial conditions S;(0) = Sp;, E(0) = Eo, I,(0) = Ipp, I(0) = Ina, Is(0) = Ips,
Q(0) = Qo, and R(0) = Ry where (Eo, Iop, Ioa, Ios, Qo, Ro) " € [0,00)6, and Sp; > 0 fori € P. In
System (7), the dots represent partial derivatives with respect to time (t), ; denotes the time-dependent
outgoing flows rate from S; susceptibles:

P-1(t) = ¢(—1,0)(t) + A1 (t), (8a)
Po(t) = &(o,—1)(H) +G(0,1) (1) + Ao(t), (8b)
P1(t) = Sa,0)(t) +A1(2), (8c)

Yiepti =1, ep € = €0, and the constant rate parameters of the model are described in Table 1. We
shall use the qualifier “disease-dependent” for any solution for which there exists a finite time t > 0
such that E(t) + I, (t) + Io(t) + I;(t) > 0.
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Table 1. Description and values of parameters in the proposed models

Parameter Description Values Source
N Total recruitment rate (births and net immigration) 35,615.35 [57]
Hu Recruitment rate of non vaccinated individuals 0.9999y  Assumed
Mo Recruitment rate of vaccinated individuals (7 — #) 0.0001y  Assumed
n;* Recruitment rate of susceptibles with opinion i

i Recruitment rate of susceptibles with opinions i and /

U Natural death rate 0.00002 [57]
B;** Baseline contact rate with I; infectious (j = p, 4, )

Bij** Contact rate with an I; infectious with opinion i

G, Prophylaxy-induced infection rate reduction factor 0.5 [22]
0 Exit rate from incubation state (inverse of duration)

o Exit rate from presymptomatic state

s Probability of early detection (presymptomatic stage)

T Proportion of symptomatic infectious

p;** Detection rate of I; infectious (j = 4, s)

v Recovery rate of infectious (j = a,s,q)

o Disease-related death rate of infectious (j = s, q)

€ Lost rate of disease-induced immunity 0.011

€;* Part of recovered individuals with opinion i

€ir* Part of recovered individuals with opinions 7 and !

v Vaccination rate 0.2  Assumed
K Average efficacy of available vaccines 0.65 Assumed
« Lost rate of vaccine-induced immunity 0.015 Assumed
Wo Baseline influence rate (when disease is not perceived) 0.1 [22]
Weo Skewness parameter of influence functions 2 Assumed
k Half-influence saturation constant 0.1 [22]

Table notes: All parameters take nonnegative values. The recruitment rates 1, 1y, 170, 17;, 17;; are in “individuals per
day”, the contact rates f;, B;; are in “effective contacts per day”, and all other rate parameters are in “dayl”. *i =
level of prophylactic attitude defined in Equation (3), and I = u (unfavorable to vaccines), uv (favorable to
vaccines, but unvaccinated), and | = v (favorable to vaccines and vaccinated). **j = p (presymptomatic), a
(asymptomatic), s (symptomatic), or 4 (quanrantined) infectious.

2.5. The prophylactic attitude field

In addition to preventing infectious diseases through immunisation, vaccines have further benefits
such as reduced antimicrobial resistance and herd protection to unvaccinated individuals, including
the elderly with waning immune systems and those who are too young to be vaccinated, or are
immunosuppressed due to particular medical conditions [63,64]. Because vaccines come with potential
safety and efficacy concerns, their obvious advantages do not prevent controversies which feed a
vaccine related opinion dynamics, especially in highly connected social networks [15-20]. As a result,
a disease—opinion dynamics model must account for the impact of vaccination on both attitudes and
disease transmissions once vaccines are introduced into an epidemic context.

The fact that the attitute towards vaccination may be inconsistent with other prophylactic
behaviours advises against the use of one scale between two extreme opinions on prophylactic
measures in an epidemic context involving vaccination. Hence, we consider that the prophylactic
opinion spectrum in Equation (3) excludes opinions on vaccination. A spectrum of vaccination-related
opinion is separately introduced into the model, resulting in a bivariate field of opinions. For simplicity,
we consider only two antagonists opinions toward vaccines: favourable and unfavorable [11]. The
bivariate attitude field is defined as

F_ {—114, Ou, 1u} ©)

—1v, 0v, 1v
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where for each element ij, i € Pandj € {u,v}, j = u indexes individuals unfavourable to
vaccination, and j = v indexes individuals favourable to vaccination. In consequence, a class of
S; susceptibles (i € P) is further structured into three groups: completely susceptible individuals
unfavorable to vaccination (Uj,), completely susceptible individuals favorable to vaccination (U;;,), and
susceptibles with active vaccine-induced immunity (V;). The total susceptible population is then given
by S(t) = U(t) + V(t) where U(t) = U,(t) + U, () denotes all completely susceptible individuals,
U, (t) = Yiep Uiy (t) denotes completely susceptible individuals unfavorable to vaccination, U, (t) =
Yicp Sip(t) denotes completely susceptible individuals favorable to vaccination, and V = Y; cp Vi(t)
denotes vaccinated individuals. The identity S(t) = }_; ¢p S;(#) still holds for the whole susceptible
population, and in addition, S;(t) = U;(t) + V;(t) where U;(t) = Uy, (t) + U, ().

2.6. Changes in prophylactic attitudes in the presence of vaccination

We still assume that opinion dynamics only occur within the susceptible population (S), including
Uy, U, and V individuals. Changes of opinion on prophylactic behaviours (excluding vaccination)
are determined within U,, U, or V individuals by an “influence” process. Assuming for simplicity
that the influence rates are ceteris paribus the same within the pro-vaccine and anti-vaccine susceptible
populations as well as in the vaccinated population, the rates ¢ (i,j) (1) of outgoing flows (opinion
change i — j) are defined by analogy to Equations (5a)-(5d) as:

. _ @o(t)So(t) + @1 (t)5:1(t)

g(—l,O)(ﬂ = NOEXe0) ’ (10a)
g (0,71)(1?) = (x(lt()t)_sgét)), (10b)
‘f(Ol)(t) - ;]U(ltgt)_sgéz)' (10c)
Eo() = @_1(t)S-1(t) +@o(f)50(f)’ (10d)

where @; are influence functions. As the vaccination-free influence function w; defined in
Equation (4a), the influence function @; depends on the perceived disease prevalence P. However,
in a vaccination-dependent epidemic context, vaccine coverage (i.e. the proportion V(t)/N(t) of
vaccinated individuals), which is widely publicised in the mass media, is also expected to impact
prophylactic behaviours. It appears that when the influence of an individual with an opinion i increases
with P, then it will likely decrease with vaccine coverage (see e.g. [53]) and vice-versa. Assuming
independence between the relative importances of P and V in @;, the influence rate is given the form

@;(t) = wom + {1 - X[Eg] w; (ﬁ(t)) (10e)

so that @;(t) = w;(t) if V(t) = 0, i.e. Equation (10e) is reduced to Equation (4a) in a vaccination-free
context, and irrespective of vaccine coverage, w, remains the initial influence rate of an extreme opinion
holder when the disease is not perceived (P(t) = 0, i.e. an actual disease-free context, or a failure to
detect any infectious individual although I(t) > 0). It is worth noting that the basic influence w; is a
decreasing function for i > 0 and an increasing function for i < 0 (see graphics in Appendix B, see also
Figure 1 in [22]). As a result, the influence @; of a high level prophylactic attitude (i = —1) increases
with the perceived disease prevalence P(t) but decreases with vaccine coverage. Conversely, the
influence of a low level prophylactic attitude (i = 1) decreases with P(t) but increases with V (t)/N(t).
It also stems from Equation (10e) that vaccination (V(t) > 0) reduces the slope of the influence rate for
all prophylactic opinions. Specifically, when x% of the population is immunized through vaccination,
the influences of prophylactic opinions become (100 — x)% less responsive to changes in the perceived
disease prevalence P, as compared to the response in a vaccination-free context.
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2.7. Changes in attitudes towards vaccination

We consider that changes of opinion on vaccination within U; individuals (U;;, and U;,) are also
governed by an “influence” process. Assuming that changes of attitude toward vaccines is independant
of the level i of prophylactic behaviour, the rate {(,,,)(t) at which Uj, individuals lose conviction to
vaccination benefits and return to the class Uj;,, and the rate {(,, ) (t) at which U, individuals become
favourable to vaccines and enter the class U, are given for any opinioni € P by

@y (1) Uy ()

Clou) (1) = Nt —0()’ (11a)
Wy U, \%
Clup) (1) = (2,[0) (t)QJEt) (t)], (11b)

where @, and @, are influence functions related to opinions on vaccination. Note that individuals
with vaccine-induced immunity (V) are all assumed to be favourable to vaccines (at least until the
temporary immunity vanishes). To obtain simple expressions for the influence functions @, and @, we
assume that there is no change in vaccine related opinions when the disease is not perceived (P(t) = 0),
and the influence rates of pro-vaccine and anti-vaccine susceptibles are also constants when V () = 0,
i.e. there is no shift in vaccine related opinions until vaccination begins (note that this assumption is
not as restrictive as it may first appear, because we have V(t) > 0 once trials for vaccine safety and
efficacy start in the population, or even when only 7, > 0, i.e. vaccinated individuals only flow in
from abroad). We also assume that an increase of either P(t) or V(t)/N(t) leads to an increase in the
influence of pro-vaccine susceptibles, but to a decrease in the influence of anti-vaccine susceptibles.
From these assumptions, we define the influence functions as:

@y (t) = wy [1 - ﬁ(t)} + P(H)wy (;\/,?3) , and (11c)
@o(t) = wo [1 - ﬁ(t)} +P(Hw_, (‘;]Eg) . 11d)

It appears from these expressions that when the perceived disease prevalence P increases by x%, the
influence of any vaccination related opinion becomes x% more responsive to changes in the vaccine
coverage V(t)/N(t).

2.8. The UVEIQR-Opinion dynamics model

We build a Disease-Opinion dynamics model by integrating prophylactic behaviours and vaccine
related opinions into the UVEIQR model. With the vaccination process, pro-vaccine susceptibles
who have the prophylactic opinion i (U;;) get vaccinated (and enter the class V;) at the same rate v
(irrespective of i). Likewise, the vaccinated individuals in V; lose their immunity and return to the
class Uj, at the rate a. We also assume that anti-vaccine susceptibles (U,,) do not get vaccinated.

The opinion-specific force of infection A; is given by Equation (6a) for U; individuals, and is
(1 —x)A; for V; individuals. The overall force of infection in the whole population is then given by the

weighted average
A(t) = S(lt) Y U () + (1 K)Vi(6)] Auh). (12)

ieP
The flow diagram of the UVEIQR-Opinion dynamics model is shown in Figure 2.
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Figure 2. Flow-chart of a UVEIQR-Opinion dynamics model showing the flow of humans between
different compartments. Susceptibles are distinguished into the unvaccinated (completely susceptible)
population (U), and individuals with vaccine-induced partial immunity (V), the subscripts u
(unfavourable) and v (favourable) indicate attitude of U individuals toward vaccination, the subscripts
i = —1,0,1 indicate level of prophylactic attitude (i = —1 is the highest level of prophylactic behaviour,

= 1 is the lowest level of prophylactic behaviour, and i = 0 is a middle level of prophylactic
behaviour); E, I, I, Is, Q and R denote respectively the exposed, the presymptomatic infectious, the
asymptomatic infectious, the symptomatic infectious, the quarantined, and the recovered populations.
The parameters of the model are as described in Table 1.

Let ¢;; denote for I € {u, uv,v} the opinion-related incoming flows for susceptible states:

@—1u(t) = &(0,—1) () Uou(t) + C(ou) () U-15(t), (13a)
Pou(t) = ‘3( 1,0) (DU_14(£) + & 1,0) () U () + L) () Uoo (8), (13b)
@1u(t) = &(0,1) (D) Uou(t) + Crou) (H) Uno(t), (130)

P-1u0(t) = &(0,-1) () Uoo (t )+C (u,0) () U—10 () +0€V—1(f)r (13d)

Poun(t) = 5( 1,0) (DU _10(£) + &1,0) () U0 () + {(u0) () Uou (£) + aVo(t), (13e)

P1uo(t) = G(0,1) (H)Uoo(t) + G0y () Unu(t +0€V1( ) (13f)

P-10(t) = &(o,—1) (D) Vo(t) + vU_1,(t), (13g)
Poo(t) = 5( 1,0) (DV_1(8) + E1,0) (D) VA (F) + vUoo (1), (13h)
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P1o(t) = &(0,1)(£) Voo () + vUio (1), (13i)
and let ¢;; denote the time-dependent outgoing flow rates:

P1u(t) = §(-1,0)(5) + Luo)(8) + A1 (1), (13j)
You(t) = &(o,-1) (1) + 6(01 (6) + C(uv (£) + Ao (), (13k)
P1u(t) = 5 ) () + C o) () + Al(t) (131)
Y1uo(t) = §(-1,0)(#) + o) (H) + A (), (13m)
Pouo () = &(0,-1)(t) + &0y (H) + vu)( )+ Ao(), (13n)
ll’luv(t) = (f) +§ (o (t) +A1(t), (130)
~10(t) =5 o))+ (1 =x)A(t), (13p)
1/’0v(t) = 50 1)(t) + &o1) (1) + (1= x)Ao (1), (139)
P1o(t) = ¢(1,0) (1) + (1 —x)A1(E). (13r)

The proposed model is described at time ¢ by the following system of differential equations:

U1y (t) = 71w + 9-1u(t) = [Y1u () + p] U—1u(t) + 1R (), (14a)
Uou () = 1ou + @ou(t) — [ou(t) + ] Uou (t) + €0uR(8), (14b)
Una(t) = 71 + @1 (t) = [ru () + p] Un (£) + €1y R(1), (140)

U_1o(t) = 1-1u0 + @—1uo(t) = [Y—1u0(t) + v+ p] U—10(t) + €_140R (1), (14d)
Uoo (1) = Mouv + Poun () — [Youn () + v + ] Uoo(t) + €0uoR (1), (14e)
Uio(t) = Mo + 1uo(t) — [Pruo(t) + v+ p] Uro(t) + €140R (1), (14f)
Vaa(t) =110+ 9-10(8) = [$10(t) +a + 4] Voa (b), (14g)

Vo(t) = 1100 + @oo(t) — [oo(t) + o+ p] Vo (8), (14h)
Vi(t) = 110 + @1o(t) = [$10(t) + a +u] V1 (8), (14i)
E(t) = _( )S(8) = (0 + p)E(t), (14)
Ip(5) = OE(t) = (o + 1) Iy (t), (14)
Lo(t) = (1= 1)(1 = m)cLa(t) = (pa + va + W) Ia(t), (141)
I(t) = T(1 = m)olp(t) = (s + s + 05 + p) Is(1), (14m)
Q) = Ip(t) + pala(t) + psIs(t) — (g + 65 + 1) Q(1), (14n)
R() = Yala(t) + 1sIs(t) + 14Q(F) = (€0 + p)R(t), (140)

with the nonnegative initial conditions U;;(0) = Up;;, V;(0) = Vy;, E(0) = Eo, I,(0) = Iop, 12(0) = Iog,
I5(0) = Ips, Q(0) = Qo, and R(0) = Rg where Uy > Oand V; > O fori € Pand ! €
{u, uv,v}, and (Eo, Iop, Ioa, los, Qo RO)T € [0,00)®. In Equations (14a)~(140), ¥ cp Yimuvo il = 1,
Yo ep Licuuv €l = €o (€.8. €] = €,/6 for an equal repartition; or €y = €,/4and €_y; = €1; = €,/8
assuming that 50% of recovered individuals have a moderate prophylactic attitude), and the constant
rate parameters of the model are described in Table 1.

Note that in the special case v = 0 and V; = #;, = 0 for i € P, model (14) is reduced to the
vaccination-free model (7) where S; susceptibles are divided into U;;, and U, with constant mutual
influence rates @, (t) = @, (t) = w, (but with no incidence on disease dynamics or basic prophylactic
opinion dynamics).
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3. Analytical results

The first important property of any mathematical model for a biological process is, of course,
biological meaningfulness. The following result guarantees that the UVEIQR-Opinion model always
has a biological interpretation.

Lemma 1 (Non-negativity and Boundedness). Under the nonnegative initial conditions U;,(0) > 0,
U, (0) >0, V;(0) > 0fori € P, E(0) >0, 1,(0) >0, I,(0) >0, I(0) >0, Q(0) > 0and R(0) > 0, all
solutions of Systems (14) remain nonnegative and are bounded at any time t > 0. The total population size N (t)
is in particular bounded as 0 < N(t) < N where N = max {N(0), N} with N® = 1/ u the carrying capacity
in disease—free conditions.

Since System (7) is a special case of System (14), Lemma 1 also assures that all solutions of the
SEIQR-Opinion model (7) are biologically meaningful. In the remainder of this section, we present
some important properties of disease-opinion dynamics in a population described by the introduced
models. The analogous mathematical properties for the models with no differential opinion are given
in Appendix A.3, and the proofs of all results are given in Appendix D. Unlike in Lemma 1, we start
for clarity with the properties of the simpler model (7) without vaccination (v = 0 and Vy; = 175, = 0
for i € P) and then discuss the changes induced by the introduction of vaccines in both disease and
opinion dynamics in the model (14).

3.1. Vaccination—free disease—free equilibrium and reproduction numbers

To summarize the dynamics of a population described by the SEIQR-Opinion model (7), we find
the disease-free equilibrium (d.f.e.) of the model and use it to obtain the effective reproduction number
by the next-generation matrix approach [65]. We further derive critical detection rates to potentially
achieve disease eradication in the long run.

Proposition 1 (Vaccination—free d.f.e. & Reproduction number). The SEIQR-Opinion model (7) has a
unique d.f.e. given for w, > 0 by

X¢ = (5°,,55,55,0,0,0,0,0,0) " where (15a)
1
sC—'“—(C—’”), (15b)
1 1 2 0 7
1 1 4 —y 2
s=n (L L) [t (o 1)) 59
o W HWo H Wo
1
sc_”l—(s'f—WO). (15d)
1 i 2 0 7

When w, = 0, we have S = % for i € P. Moreover, for a population described by System (7), the basic
reproduction number is given by

Ro(7T, 04, Ps, Wo) = Z 2 Roij where (16a)
i€P j=pas
0 SHe
Roi = oo Ne P
is the contribution of S; susceptibles and I infectious to R, with my, = 1, m; = %, and mg =
T(1-m)o

e Tk Furthermore, the basic reproduction number R decreases with the baseline influence rate w,
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(provided that the prophylaxy-induced infection rate reduction factor ¢, satisfies g, < 1). The time-varying
effective reproduction number is given by

0 Si(t)ea™

= @ &N -Qm L P (16b)

Remark 1. In the absence of opinion dynamics (w, = 0), each class of susceptibles S; approaches its carrying
capacity 1; / y.

Remark 2. The stationary sizes of S_1 and Sy susceptibles decrease with the baseline influence rate w, whereas
So increases with w,. Indeed, the mutual influences of So and S; individuals (i = £1) balance and cancel each
other whereas interactions between individuals on the opposite sides of the attitude spectrum all lead to positive
flows into Sy. As a result, if for instance the recruitment rates are equal across susceptible states (; = 1/3),
then more than the third of the long run population will have a moderate level of prophylactic attitute in the
absence of disease. The decay of the basic reproduction number R as a function of the baseline influence rate w,
is another consequence of this stationary dynamics.

Remark 3. If the prophylaxy-induced infection rate reduction factor ¢, equals one (no substantive differential
prophylactic attitude despite opinion changes), we would expect disease dynamics to be independent of opinion
dynamics. Accordingly, %%g =0ifg, =1

Remark 4. The basic reproduction number R accounts for the implementation of a disease surveillance
mechanism if any (i.e. the detection rates 7, p, and ps can be positive even in a disease-free context). In an
emerging disease context (e.g. right before the report in late December 2020 of the first confirmed COVID-19
case), some symptoms might be unknown, test kits might not be yet developed or available. In the special case
where T~ p, = ps = 0, the basic reproduction number is

Rg:

(1-1)r w H ¢ 1—i
B+ + Ey s 17
Crmerw PP e P e e 171;) i€ 47

which satisfies Ry > Ro (7T, pa, ps, Wo) > Ro(1, pa, ps, wo) ceteris paribus.

The first measures implemented after the epidemic outbreak of a contagious disease is the
identification and isolation of infectious individuals. The detection/isolation effort (targeting and
testing of most susceptible groups, contact tracing, voluntary mass testing campaign, systematic
testing) is critical to the control of the propagation of the disease in the absence of vaccination. Such
measures can be sufficient to contain an epidemic under some conditions detailled in the following
corollary of Proposition 1.

Corollary 1 (Critical Detection Rates). Suppose that Ro(1, pa, ps, wo) < 1.
If Ro(0, pa, ps, wo) > 1, then the critical (minimal) early detection probability required to sufficiently
lower R and ensure disease eradication in the long run is

_Grpleti g
) B 0p(Liep Sics ')
7T (Pas s, Wo) =1 = —= 10 Bs
o |:pa+')/a+]/l + Ps+75+5s+‘ui|

(18a)
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which decreases with the baseline influence rate w,, and the detection rates p, of asymptomatic infectious and ps
of symptomatic infectious. If Ro(,1,ps,w,) <1<Ro (7,0, ps, W, ), then the critical (minimal) detection rate
of asymptomatic infectious is

(1 — 7.[)(1 — T)O'ﬁa
Oy g Gomuwp |- 0TH (18b)
Ou(Tiep Sico ) P syt tp

04 (7, 05, W0) =

which decreases with 7, ps, and w,. Likewise, if Ro (7T, pa, 1, w,) <1 < Ro(7,pa,0,w,), then the critical
(minimal) detection rate of asymptomatic infectious is

(1—rm)tops

(0+p) (c+p)n — By, — (1-m)(1-T)opa
Op(Licp Sico ') patyatp

s (7T, 05, Wo) = —Ys —0s — I (18¢)

which decreases with 7T, p,, and w,.

It appears that if Ry < 1 under an hypothetical (and unrealistic) scenario where all infectious
individuals are isolated at the presymptomatic stage, then mass testing and quanrantining can be
sufficient to ensure that an epidemic is unsustainable in the target population. If Ro(1, pa, s, wo) > 1,
then it is not possible to contain the epidemic of the target contagious disease using isolation measures
only. It remains however possible to break the transmission dynamics by reducing exposition to the
disease, i.e. the rate of sufficient contacts between potentially infectious and susceptible individuals
(for COVID-19, this included e.g. social distancing, face mask wearing, school closing, curfew, ban of
gatherings, lockdown). The introduction of vaccination is the ultimate solution to reduce transmissions
while alleviating the social and economic drawbacks of the first containment measures.

3.2. Disease—free equilibrium and reproduction numbers in a vaccination context

We find the d.f.e. for a population described by the UVEIQR-Opinion model (14), and compute
the related control reproduction number. We further discuss the critical vaccination rate to ensure
disease eradication in the long run.

Proposition 2 (Disease—free Equilibrium & Reproduction Number). The UVEIQR-Opinion model (14)
admits a unique d.f.e. given for w, > 0 by

.
X¢ = ((SC)T,O,O,o,o,o,o) (19a)

where §¢ = (U, Ug,, U, U, US  US,, Ve, VE,VE) s given by

§¢ =M1y with (19b)

1= (10 0w T1ur 11— 10s Houos Maor 1100 00s M10)

y M, —UCI; 0
M= ﬁ‘; — (US4 V) I3 zxzcw —faly | + pl, (190)
0 Mo M,
+ 1)

ug = LG , 19d

" wop(no + oUS) + (e + ) (19d)

W, C . _
(lX"r]i)?]'SZUo’]v if v=0

us = , (19e)

/C2 _
C1+4C0C2 Cy if v 750

2C,
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C
Ve ani v;lv, (19f)
M, = My + (UZC] + Vc) I,
NC
Wo
NC
MT} = MO + wioalga/
S+ 5§ -5, 0
Mo = | —(Sg+57) S44+S7 —(S5,+5p) |,
0 -5 S+ 5§
. . a+v+pu a+v+pu v(p—a)
where we have set C; = v (1 + ﬁ), G = 1 ( o ﬁ) + o (1 t = T V(IHH))
ol o = wth o (et ot 1) B = Tieptho o = replut te)

o = Y. ep Yiv, and I, denotes the n X n identity matrix. In the absence of opinion dynamics (w, = 0),

we have U, = ", Uf, = "2, and V§ = 12 for i € P. Moreover, for a population described by System (14),

the control reproduction number is given by

Re(v,x,a,w) =Y Y Reij where (20a)
i€P j=pas
_ 4 [uf + (-0 Vi]e
IANCESTICEar N P

is the contribution of S; susceptibles and I; infectious to R, with U; = Uj, + Uy, The control reproduction
number R decreases with the vaccination rate v and the baseline influence rate w,, and satisfies

(1—%)Ro < Re(v, %, 0, wp) < Ry. (20b)

The time-varying effective reproduction number is given by

Ret(v, %, 0,w,) = Z Z Reijt where (20c¢)
i€P j=p,a,s
o 4 [Wi()+ (A -m)Vi(t)]go ",
Rt =g me+m  No-0of) oM

Remark 5. The expression of S¢ in matrix notation given by Equation (19b) is developed in Appendix E where
a formula is provided for each of the nine elements of S°.

It appears from Equation (20a) that, as expected, R, decreases with both vaccination rate (v) and
average vaccine efficacy (x), but increases with the immunity lost rate («). Inequality (20b) recognizes
that vaccine efficacy is an important parameter in disease control: R, cannot fall under (1 — «) R even
for a large vaccination rate v. On setting

Ro—1
K= — 21
o> @)
for Ry > 1, a necessary condition for disease eradication is that the average vaccine efficacy must
satisfy x > x* (ensuring (1 — x)Rg < 1). The following corollary gives the critical vaccination rate to
eradicate the disease for a fixed average vaccine efficacy «.
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Corollary 2 (Critical Vaccination Rate). If Ry > 1 and x > «*, then the critical (minimal) vaccination rate
required to sufficiently lower R and ensure disease eradication in the long run is

(@ +p)(Ro — 1) — xpupRo

v (x,a) = = (1—0Re (22a)
which increases with the immunity lost rate «, decreases with x, and satisfies
v* > (a4 pu)(Ro—1) — popRyp. (22b)

3.3. Stability of disease—free equilibriums and persistence of the disease

The following results establish the stability of the disease-free equilibrium (15a).

Lemma 2 (Local Asymptotic Stability of the Disease—free Equilibrium). The disease-free equilibrium X¢
of the SEIQR-Opinion model (7) is locally asymptotically stable if Ry < 1, and unstable if Rg > 1.

Proposition 3 (Global Asymptotic Stability of the Disease—free Equilibrium). The disease-free
equilibrium X of the SEIQR model (7) is globally asymptotically stable, i.e. for any solution X =
(5-1,50,51,E, I, I, I, Q,R) |, limy 00 X (£) = X©, provided that Ry < 1.

If R; > 1, then the d.e.f. (19a) is not stable, and any introduction of infectious individuals has the
potential to kick off and maintain an epidemic outbreak, as per the next proposition.

Proposition 4 (Disease Persistence). Let us consider the UVEIQR-Opinion model (14).
If Re > 1, then the disease persists uniformly, ie.  there exists a positive real constant
0 independent of the initial data, such that for any disease-dependent solution X =

(U1, Ugu, Unyy, U 19, Ugy, Uny, V1, Vo, Vi, E, I, I, Is, Q, R) ", we have:

}l}m x(t) 2 Q fOf xe {u—lu/ UOMI Ulu/ u—lZiI UO?}/ ulv/ El Ip/ Ia/ IS/ Q/ R} 7 (23&)
tlim Vi(t) >0 when 7, >0 or v>0, and (23b)
—> 00

tli_)rn Vi(t) =0 when 75, =v=0. (23¢)

4. Numerical results

4.1. Impacts of the initial distribution of behaviours

Responses: e = E/N, iyix = (Iy + I, +I)/N,q= Q/N,v=V/N

Responses: (true) peak time T, = arg maxi,,;,(t), observable peak time t, = argmaxq(t),
t t
Responses: (true) epidemic peak size iy (Ty), observable epidemic peak size q(tp),

Responses: epidemic duration t, final (true) epidemic size, observed epidemic size
Responses: basic, control and effective reproduction numbers

4.1.1. Vaccination-free dynamics

Vary presence/absence of opinions; influence functions/parameters
Vary the initial proportion of different prophylactic opinions

4.1.2. Vaccination-dependent dynamics

Vary the initial vaccine coverage (proportion of vaccinated individuals)
Vary the initial proportion of pro-vaccine susceptibles
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Vary the initial proportion of different prophylactic opinions (by vaccine-opinion)
Vary vaccination rate

4.2. Impacts of the nature of behavioural responses

The above responses
Vary influence parameters w, (relative to B k and wypay
(Also vary the initial proportion of different prophylactic opinions)

4.3. Impacts of detection rates and distorted perceived disease prevalence

The above responses

Vary early detection probability 7t and late detection rates p,; and ps.

Vary the estimates of mean residential times 7y, 7s,

and 7s around their true values so that the perceived disease prevalence under/over estimates the true
disease prevalence.

5. Discussion and conclusion

5.1. The impact of opinions on disease dynamics

5.2. The behavioural response to vaccination

5.3. The impact of distorted perceived disease prevalence

5.4. Limits and perspectives

Because of the relatively large number of possible states given the considered disease and opinion
dynamics, some simple assumptions were made in the model construction in order to reduce the
number of model parameters on the one hand, and mostly to obtain a minimum of analytical closed
form results on the other hand. Ahead is the use of a unique class of exposed individuals, irrespective
of the vaccination status of the individuals before exposition. Although this assumption may hold for
some diseases, it is not realistic in the ongoing COVID-19 pandemic context, because the effects of the
currently available vaccines are beyond a mere reduction in the force of infection. Indeed, the vaccines
also reduce the risk of severe forms of the disease (requiring respiratory assistance), transmission
from vaccinated infected, risk of long term sequels, and disease-related mortality [66,67], so that the
paths from exposition to recovery should be different for vaccinated individuals as compared to non
vaccinated individuals. In addition, no age structure is included in the proposed models, although
COVID-19 transmission and mortality rates, as well as vaccination scenarios are highly age dependent
[68-71]. Another source of complexity we did not account for is the co-existence of many variants of
SARS-CoV-2 with different transmission and mortality rates in a target human population [72,73].

Many strong assumptions were also made in regards to opinion dynamics. The strongest one
is likely that opinion dynamics only occur in the susceptible population. As in Tyson et al. [22], this
assumption simplifies model equations a lot. Though, all individuals in disease-dependent states,
including the non-mixing population Q (which can interract with susceptibles by e.g. cell phone, social
media, ...), can obviously influence the opinions of susceptibles. For instance, the prophylactic opinions
of physically isolated (Q) and recovered (R) individuals can change in response to being aware of
their current or past infectious states. These opinion dynamics can then contribute to the overall
influence of a given opinion 7 holders on susceptibles who have a different opinion j # i. Clearly, as
for susceptibles, disease-dependent classes should also be differentiated according to opinions, and
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their interactions with other classes allowed to influence, to some extent, the attitude of susceptible
individuals. Another strong assumption is the consideration of only one prophylactic attitude level
for each prophylactic opinion. This hypothesis supposes that all individuals with a given opinion
have the same prophylactic attitude level (same degree of opinion), and thereby hides interactions
between like-minded individuals. In consequence, the assumption neglects amplification of opinion, a
phenomenon which can substantially impact opinion dynamics [22].

In reality, the actual attitude of a susceptible individual depends not only on its opinion, but
also on the enforcement of any restriction by local and national governements. The restrictions, often
referred to as non-pharmaceutical interventions (NPIs) can significanly affect effective contact rates
depending on the stringency of the measures. A more realistic model should indeed account for the
NPIs enforced by governements in the baseline contact rate ; by each infectious class j. Since NPIs are
functions of time, so should be the contact rates. A more general model could thus consider contact
rates of the form B;;(t) = g},_iﬁj(t) with B;(t) = By; exp(z:(-)]-), where f,; is the baseline contact rate
when no NPI is implemented, z; is a vector of uncorrelated indexes measuring the intensity of NPIs,
and 0 is a vector of regression parameters linking z; to f3;.

An additional key assumption is that all individuals have the same baseline influence rate w,
in disease—free conditions, irrespective of prophylactic opinion. Instead of Equation (4b), the basic
influence weights w; could have, for x € [0, 1], the more general form

Wo [1+w°°(12+xx)] if i=-1
w;(x) = { w, [¢+ (wes —¢) (ij)} if i=0 (24a)
Wo [1 - (ij)} if i=1

where ¢ € (0,1] is a baseline influence rate reduction factor for a moderate opinion. In Equation (24a),
the parameter ¢ allows to reduce the influence rate of moderate prophylactic opinion holders (i = 0)
relative to extreme opinion holders (i = £1). The model presented in Section 2 corresponds to the
special case ¢ = 1. In this modified influence process based on Equations (4a) and (24a), Equation (10e)
defining influence rates in a vaccination-dependent context becomes

@;(t) = w"‘/’l_'iz\r((g + {1 - X]E?)] wi (P(t)) . (24b)

The resulting extended SEIQR-Opinion model admits, for w, > 0 and ¢ < 1, disease-free equilibriums
of the form X¢ = (5, 5§, 5¢,0,0,0,0,0,0) T where

e _na i oo 7 c wo(1 —1-1) 1o

§ =11 - IN“+ L — VA (1-¢)S§ |1 -1, 25

T + e (1—-¢)Sg +u[71—wf)(1—4>)56]] y] (25a)
58:1% [ZZ—Proot(a)}, (25b)
c M 1 ¢ Ul c Wo (771 — 77—1) 1o
S{="— S |IN“+-- —VA-(1-9)S5 |1 il 25

2 _ 2 ”
where A = 2N° ('7’207:”71) + [wlo —(1- 4))56} + [WM} , Proot(+) returns the positive
roots of the quartic polynomial defined for x as Y_, axx*~!, with a; the kth element of the

(4 2 —_ —
vector a, a; = (1 — ¢)? (&) %, a =0, a4 = 252? {(1—4))NC— lo}, a5 = 1, and

W, w,

Wo w,

2
a3 = ﬁ [[(1 — ¢)N° — l} —2(1—¢)>N°¢ ('71?71)}. For ¢ < 1, Remark 2 does not hold in
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general. Indeed, it turns out that the extended model can admit up to three DFEs, so that, as in
the SIR-Opinion model of Tyson et al. [22], the basic reproduction number depends on the initial
distribution of the population along the attitude spectrum. Nevertheless, in the special case 7_1 = 11
(i.e. when the recruitment rates of individuals holding the two extreme opinions have the same shares
in the total recruitment rate #) with opinion dynamics (w, > 0), the extended SEIQR-Opinion model
has a unique d.f.e. where we have §¢ | = §{ = % (N¢ — S§) and Equation (25b) is simplified to

1

S5 = 3755 |2 ON+ o= VDo (25d)
with Dy = [(2 — )N + 57/w,)* — (3 — 2¢)N° (N + 2579 /w,). Here, the number Si of moderate
opinion holders at the d.f.e. increases not only with the baseline influence rate w, (as in Remark 2), but
also with the influence rate reduction factor ¢, so that the basic reproduction number R decreases
with both w, and ¢. The study of the extended model could thus uncover interesting changes in
opinion and disease dynamics.
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Appendix A. The disease dynamics models

Appendix A.1. The extended SEIQR model

The models considered for disease dynamics distinguish two different states during the pathogen
incubation period when exposed individuals do not develop any COVID-19 symptom: the simple
Exposed (E) state for non-infectious individuals, and the presymptomatic state (I,,) for infectious
individuals. The simple exposition period lasts 1/6 (up to 14 days [48], but generally short, i.e. about
six days) and is followed by the presymptomatic period (which lasts 1/¢0) during which incubating
individuals become infectious but remain without symptom [47-52]. Contacts between susceptibles
and presymptomatic infectious (I) can be sufficient for transmission (see e.g. [45] and [46]). When
control measures such as contact tracing and systematic tests on target groups are implemented, some
presymptomatic infectious are detected with probability 7z and “quarantined” (i.e. isolated) at home,
hospitals or dedicated places. The remaining (undetected) presymptomatic infectious individuals
evolve into two groups based on the development or not of COVID-19 symptoms: 1007% symptomatic
infectious (I;) and 100(1 — 7)% asymptomatic infectious (I;). Some of the symptomatic infectious
individuals self-isolate or are detected and enter the class Q of quarantined at the rate p;. Again,
contact tracing and systematic tests on target groups can lead to the detection and isolation of some
asymptomatic infectious individuals at the rate p,. Symptomatic infectious (Is) and isolated individuals
(Q) die of COVID-19 at the rates 5 and J, respectively. The alive asymptomatic infectious, symptomatic
infectious, and quarantined individuals finally recover from COVID-19, at the rates 7,, 7s and 7y,
respectively, and form the class of recovered individuals (R) who acquire a temporary immunity to
SARS-CoV-2. Recovered individuals lose their immunity at the rate €, and become again susceptible
to the pathogen. The flow diagram of the SEIQR model is depicted in Figure A1l. The total population
size N(t) at time t > 0 is given by

N(t) = S(t) + E(t) + Ip(t) + La(t) + L (t) + Q(£) + R(¥). (A1)
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Figure A1l. Flow-chart of a SEIQR model showing the flow of humans between different compartments.
The susceptible population is denoted by S, and E, Ip, I, I, Q and R denote respectively the
exposed, the presymptomatic infectious, the asymptomatic infectious, the symptomatic infectious, the
quarantined infectious, and the recovered populations. The parameters of the model are described in
Table 1.

The SEIQR model is described at time ¢ by the following system of differential equations:

S(t) =n—Ao(£)S(t) — uS(t) + €oR(t), (A2a)
E(t) = Ao (£)S(t) — (0 + n)E(t), (A2Db)
I(t) = 0E(t) — (o + u) (1), (A2¢)
I(t)=(1-1)(1— ) lp(t) — (0a + va + w)Ia(t), (A2d)
L(t) = 1(1 = m)aly(t) — (s + vs + s + ) Is(t), (A2e)
Q(t) = 7oly(t) + pala(t) + psIs(t) — (7 + 05+ pu)Q(), (A2f)
R(t) = Yala(t) +vsLs(t) +74Q(t) — (€0 + m)R(1), (A2g)

with the nonnegative initial conditions S(0) = So, E(0) = Eo, I(0) = Iop, I2(0) = Ioa, Is(0) = Ips,
Q(0) = Qo, and R(0) = Rg where (So, Eo, Iop, Ioa, Ios, Qo, Ro) | € [0,00)7. In System (A2), Ao(t) is the
force of infection, and the constant rate parameters of the model are described in Table 1.

Appendix A.2. The UVEIQR model

Since many COVID-19 vaccines are currently distributed at various rates across the world, we
allow the disease dynamics model to account for vaccine-induced immunity. For simplicity, we do not
distinguish age groups although COVID-19 vaccination is widely implemented with different strategies
and at different rates for childreen and adults [74-76]. Vaccines are primarily designed to prevent
infectious diseases through the immunisation of vaccinated individuals [77,78], and thus increase the
heterogeneity of the susceptible population S. Specifically, susceptible individuals are distinguished
into an unvaccinated (and completely susceptible) population (U) which gets vaccinated at the rate v,
and a vaccinated (with active vaccine-induced partial immunity) susceptible population (V) which
loses vaccine-induced immunity at the rate « (the so called resusceptibility probability [79,80]). The
timely number of net immigration (and new births) which enters the class of susceptibles is accordingly
distinguished into unvaccinated (7,,) and vaccinated individuals (7,) such that # = #, + #7,. The flow
diagram of the UVEIQR model is shown in Figure A2 and the disease dynamics is described by the
following system of differential equations:
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Figure A2. Flow-chart of a UVEIQR model showing the flow of humans between different
compartments. U is the unvaccinated (completely susceptible) population, V is the healthy vaccinated
but partially susceptible population, E, I, I, I, Q and R denote respectively the exposed, the
presymptomatic infectious, the asymptomatic infectious, the symptomatic infectious, the quarantined,
and the recovered populations. The parameters of the model are described in Table 1.

U(t) = g — oU(t) + aV(t) — Ao (1)U (t) — uU(t) + €oR(H), (A3a)
V(t) =10+ oU(t) —aV(t) = (1 = 1)Ao () V() — pV(t), (A3b)
E(t) = Ao(HU() + (1 =)Ao () V(£) — (0 + p) E(t), (A30)
I,(t) = 6E(t) — (0 + u) (1), (A3d)
L(t) = (1= 1)1 = m)ely(t) = (oa + va + 1) La(t), (A3e)
I(t) = t(1 — m)al,(t) — (ps + s + s + u) I (t), (A3f)
Q(t) = 7oly(£) + pala(t) + psLs() — (79 + 8, + w)Q(D), (A3g)
R(t) = Yala(t) + vsLs(t) +79Q(t) — (€0 + p)R(t), (A3h)

with the nonnegative initial conditions U(0) = Uy, V(0) = Vy, E(0) = Eo, I;(0) = Ipj;, Q(0) = Qo, and
R(0) = Ry where (Uy, Vo, Eo, Qo, Ro)—r € [0,00)% and Ipj > 0 forany j € {p,a,s}. In System (A3), Ao (t)
is the force of infection in the completely susceptible population as given by Equation (2), i1, + o = 7,
and the constant rate parameters are as described in Table 1. The total population size N(t) is given at
time ¢ by
N(#) = U(t) + V() + E(t) + Ip(t) + La(8) + L(£) + Q(¢) + R(H).

Note that the UVEIQR model (A3) includes the SEIQR model (A2) as a special case when Vy = v =
v = 0 so that V(t) = 0 and S(t) = U(t) for any > 0. Also note that for the general UVEIQR model,
the force of infection is reduced by a factor (1 — «) in the vaccinated population.

Appendix A.3. Mathematical properties

Since the SEIQR model (A2) is nested into the UVEIQR model (A3), we restrict attention to the
latter, and then discuss the results in the special case Vy = v = 7, = 0. The proofs of the results are
given in Appendix D.1.

do0i:10.20944/preprints202212.0067.v2
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e Non-negativity and boundedness

Lemma A1 (Non-negativity and Boundedness). Under the nonnegative initial conditions U(0) > 0,
V(0) >0, E(0) >0, 1,(0) >0, 1,(0) > 0, I;(0) >0, Q(0) > 0and R(0) > 0, all solutions of System (A3)
remain nonnegative and are bounded for all t > 0.

e Disease-Free Equilibrium and Reproduction Number

Proposition A1 (Disease-Free Equilibrium & Reproduction Number). Set p, = #,/1. The UVEIQR
model (A3) admits the unique disease-free equilibrium

X¢ = (U°,V<,0,0,0,0,0,0)"  where (Ada)
uc = et up and V¢ = _v il (A4b)
ula+v+mu) pula+v+mu)

with the total population size at the carrying capacity N© = U + V° = 5 /u. Moreover, for a population
described by System (A3), the basic reproduction number in a vaccination-free context (i.e. Vo =1, = v =0)
is given by

6 1-7)(1-m)o T(1—m)o
Ro=— |B,+ + , Aba
R CEATICEaY [ﬁ” TR S Tl (45
and once vaccination is introduced, the control reproduction number is given by
r(v+ Pvﬂ)]
Re(v,x,0) =Ro |1 = —————= A5b
((oyx0) = Ry |1 = SEEE (A5b)
and satisfies
(1-%)Ro < Re(v,x,a) < Ryo. (A5c¢)
The time-varying effective reproduction number is given by
u(t) +(1— K)V(t)]
R(t,v,x,a) =R, A5d
o) = o [ S0 (A5

It appears from Equation (A5b) that, as expected, R, decreases with both vaccination rate (v)
and average vaccine efficacy (x), but increases with the immunity lost rate («). The inequality (A5c)
recognizes that vaccine efficacy is an important parameter in disease control: R, cannot fall under
(1 — )R even for a large vaccination rate v. On setting

o _Ro-1
=

(A6)

for Ry > 1, a necessary condition for disease eradication is that the average vaccine efficacy must
satisfy x > x* (ensuring (1 — x)Rg < 1). The following corollary gives the critical vaccination rate to
eradicate the disease for a fixed average vaccine efficacy «.

Corollary A1 (Critical Vaccination Rate). If Ro > 1and x > «*, then the critical (minimal) vaccination rate
required to sufficiently lower R, and ensure disease eradication in the long run is

(0 +p)(Ro — 1) — kpopRo
1-— (1 — K)R()

v (k) = (A7a)

do0i:10.20944/preprints202212.0067.v2
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which increases with the immunity lost rate «, decreases with x, and satisfies
v > (a+u)(Ro—1) — poptRo. (A7b)

Note that v* also decreases with py, so that a positive net immigration of vaccinated individuals
lowers the minimal required vaccination rate. The following lemma establishes local asymptotic
stability conditions for the disease-free equilibrium point, and is further used to find global asymptotic
stability conditions for the disease-free steady-state.

Lemma A2 (Local Asymptotic Stability of the Disease-Free Equilibrium). The disease-free equilibrium X¢
of the UVEIQR model (A3) is locally asymptotically stable if R, < 1, and unstable if R. > 1.

Proposition A2 (Global Asymptotic Stability of the Disease-Free Equilibrium). The disease-free
equilibrium X¢ of the UVEIQR model (A3) is globally asymptotically stable, i.e. lim;_co X(t) = X for
any solution X = (U, V,E, Iy, 15,15, Q, R)T, provided that R. < 1.

By Proposition A2, ensuring R, < 1 by for instance reducing contacts, susceptibility and
transmissibility, or vaccinating a large part of the population, garrantees that the disease will die out
shortly. If however R, > 1, then any introduction of infectious individuals has the potential to kick off
and maintain an epidemic outbreak, as per the next lemma.

® Persistence of the Disease and Endemic Equilibrium

Lemma A3 (Persistence of the Disease). Let us consider the UVEIQR model (A3) Let U = 4,/ (v + u +
max { By, Ba, Bs }). If Rc > 1, then the disease persists uniformly, i.e. there exists a positive real constant ¢ €

(0, U) independent of the initial data, such that any disease-dependent solution X = (U, V,E, Ip,Is, 15, Q, R) T

satisfies:
tli_)n; x(t) > ¢ for xe{UEI,I,L QR}, (A8a)
tlim V(t)>o when #,>0 or v>0, and (A8Db)
— 00
lim V(t) =0 when #,=v=0. (A8c)
t—o0
From Equation (A8a), it appears that in both vaccination-free (ie. 7, = v = 0) and
vaccination-dependent contexts, the susceptible population size S(t) = U(t) + V(t) satisfies

lim¢ 00 S(t) > o for any R, > 0 (since U < N¢). This is ensured by the positive rates of net
recruitement (77, > 0), recovery (7ya, ¥s, vq > 0), and immunity lost («, €, > 0). The persistence the of
disease when R, > 1 implies positive disease endemism whose equilibrium is next characterized.

Proposition A3 (Endemic Equilibrium). If R, < 1, then the UVEIQR model (A3) has no endemic
equilibrium. When R, > 1, the model admits the unique endemic equilibrium

.
X* = (u*, Vv EN I I I, Q, R*) with (A9a)
o+ =x)AS] (u + €0bdpod, EX) + angy (A%b)
et A=A (v AY) e
* __ o + U~
v Catp+ (1—x)AY (A9¢)
CCNJC
* >N (A9d)

E* = _ A%,
Re(0+ 1) + 50d A3 °
I5 = 6d,E*, (A%)


https://doi.org/10.20944/preprints202212.0067.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 May 2023 do0i:10.20944/preprints202212.0067.v2

24 of 45
I} = 0d,0d,E¥, (A9f)
Q* = 0d,od,E*, (A9h)
R* = 0d,od,E*, (A9i)
1 _ (1-1(1-n) _ 1(1-n) _ nt+dapa+dsps _ dayatdsystdgy
where we have set dy = 7, do = 5= ds = oo, dg = Yo koot 7 dy = =,
dy = dy +dpody, dy = d:,l(dsés +dgoy), and 5¢ =1 — Kl(xlj:f_’fg); the endemic force of infection A} is given

by

Ay = % (w/K% + 4Ky — Kl) where (A9j)
platv+p)@+p) (Re—1)
(1—x) [(0+n) — 0 (dmp +dpodre,) ]|’
(6 + ) [guo + (1 = k)] — 0 (dmp + dpodreo) guv — (1 — x)8dppBo + Kpobdmp?
(=1 [0+ 1) = 0 (dups + dpodres)]

and

Ky =

Ky =

with guy = & + (1 —x)v + p, and B = By + 0daf, + 0dsBs; and the total population size is
N* = N —60d,E*. (A9K)
The following results establish stability for the endemic equilibrium X*.

Lemma A4 (Local Asymptotic Stability of the Endemic Equilibrium). When it exists (R, > 1), the
endemic equilibrium X* of the UVEIQR model (A3) is locally asymptotically stable.

Proposition A4 (Global Asymptotic Stability of the Endemic Equilibrium). When it exists, the endemic
equilibrium X* of the UVEIQR model (A3) is globally asymptotically stable, i.e. im;_,o, X (t) = X* for any
disease-dependent solution X = (U, V,E, Iy, 1,,Is,Q, R) T

Note from Proposition A4 and Equation (A9k) that the persistence of disease (R, > 1) and the
positive disease related death rates (Js5,J; > 0) reduce the long run population size below the carrying
capacity N°.

Appendix B. Overview of fixed-order saturating influence functions

Appendix B.1. Vaccination—free influence functions

Plot the 3 influences for we = 1,2, 3.

Appendix B.2. Influence functions accounting for vaccination

Build 3D plots of influences in terms of P and V to support the claims.

Appendix C. Perceived disease prevalence

During epidemic outbreak times, many pieces of information related to the incidence of the
disease are oftentimes publicised in mass media, social media, or in the streets. We indicate here how a
consistent estimate of disease prevalence can be computed based on medical data, and highlight some
alternative quantities that may be perceived as disease prevalence or risk.


https://doi.org/10.20944/preprints202212.0067.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 May 2023 do0i:10.20944/preprints202212.0067.v2

25 of 45

Appendix C.1. Inferring Disease Prevalence from Medical Data

A variety of approaches have been used to estimate disease prevalence (see e.g. [81-85]). In this
work, we assume that the perceived disease prevalence P is equal to a consistent estimate of the true
disease prevalence P, based on some consistent estimates of I, (t), I,(t), and I5(t). From our disease
dynamics models (see Appendix A), the total number of timely new confirmed (positive) cases is

C(t) = maly(t) + pala(t) + psIs(t), (A10)

where 1/0 is the mean residential time of infectious individuals in the class I, 7t is the early detection
probability (during the presymptomatic incubation period), and p, and ps are late detection rates from
the asymptomatic and symptomatic classes, respectively. We assume that the additive elements of C(t)
are available based on medical surveys of newly identified cases, i.e. we have the presymptomatic
new confirmed cases C,(t), the asymptomatic new confirmed cases C,(t), and the symptomatic new
confirmed cases Cs(t), such that C(t) = Cp(t) + Ca(t) + Cs(t). Likewise, we assume that medical
surveys and observational data are available to compute some consistent estimates 7, of the mean
residential time of identified presymptomatic infectious in the class I, of presymptomatic infectives
(i.e. 1/(7t0)), 7, of the mean residential time of identified asymptomatic infectious in the class I, of
asymptomatic infectives (i.e. 1/p;), and 7s of the mean residential time of identified symptomatic
infectious in the class I; of symptomatic infectives (i.e. 1/ps). Then, I,(t), I;(t), and I(t) can be
consistently estimated as

I,(t) =7,Cp(t), IL(t) =7Ca(t), and I (t) = F:Cs(t), (Alla)

P(t) = ' . (A11b)

where Q(t) — C(t) = Q(t — 1) has been substituted for Q(t) to avoid doubly accounting for C(t) (since
observations are always discrete although the UVEIQR model (A3) is continuous).

Appendix C.2. Common measures of perceived disease prevalence

The daily number of positive new cases C is a common measure of disease perceived disease risk
[1. Other common measures include but C(t) = fot C(s)ds[], aQ(t), a ~ 10 [85],

Appendix D. Proofs of lemmas and propositions

Appendix D.1. Proofs of lemmas and propositions related to disease dynamics Only

Proof of Lemma A1. From Equation (A3a), we have U(t) > —(v+ B+ u)U(t) where f =
max {Bp, Ba, Ps } (note from Equation (2) that B is a majorant of A, (t)). This leads to:

U(t) > Uge (HAHIME > 0,

The same argument gives V(t) > 0, E(t) > 0, I,(t) > 0, I,(t) > 0, I(t) > 0, Q(t) > 0 and
R(t) > 0 and proves nonnegativity. Next, let Ny = N(0). Then, by the nonnegative initial conditions
and Ng = Up + Vo + Eo + lop + Ioa + Ios + Qo + Ro, we have Ny > 0. From Equation (1) and the
System (A3), we have

N() =1 = uN(t) = 85 I5(t) — 55Q(t).
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The last equation implies that N(¢) < 57 — uN(t). Integrating the later yields
N(t) < N°+ (No — N e

with N¢ = 5 /. It appears that as t increases, the upper bound of N(f) increases (when Ny < N°¢)
or decreases (when Ny > N¢) to eventually approach the carrying capacity N as t — oo. Thus
N(t) < max {Np, N°}. Hence we overall have

0 < N(t) < max{Np, N}.

The nonnegativity of U(t), V(t), E(t), I,(t), 1,(t), Is(t), Q(t) and R(t) then implies that these quantities
are all bounded, since their sum N(t) is bounded. O

Proof of Proposition A1l. Adding the disease-free restriction E = I, = I, = Is = Q = 0 to System (A3)
implies that Ao () = 0. Setting all the derivatives to zero then gives E¢ = [ = [7 = I[{ = Q° =R =0
and we are left with the system

My — (+pus +  aVve =0
o + U — (a+u)Ve =0

which is solved for U° and V¢ through substitution, and the disease-free equilibrium (d.f.e.) in
Equation (A4a) is obtained using # = 7, + #,. Next, let I the vector of the compartments involved
in the production of new infections or receiving new infections: I = (E, Ip, Lo, IS). The corresponding
subset of System (A3) has the form I = F(I) — W(I) where

Bplp + Bala + Bsls @+ BE
) 0 —0E + (0 +p)lp
F(I)=35 d W)=
(1) 0 nd W= (=01 = )ty + (pu + 70+ 1)1
; R A

on setting S = %:Q’{)‘/.Then,lettingggze—i-y,gp =0+ U8 =0a+Ya+t 1 g =ps+ Vs + s+ 1,

fa=0-1)(1—m)o,and fs = 7(1 — 7)o, the Jacobian matrices of F and W evaluated at the d.f.e. are

respectively given by
0 :BP ﬁﬂ ﬁS ge 0 0 0
<|0 0 0 0 -0 g» O s U+ (1—x)VE
FC=5° d W= b th = —————.
o0 o0 of™ 0 —fi g of ™ Ne — @
0 0 0 O 0 —fs 0 gs

Following [65], the basic reproduction number is defined as the spectral radius s, (largest eigenvalue)
of the next-generation matrix FFW !, and we find

0
&e&p

cya7—1 ﬁ E ac
sp(Pw ) [ﬁp+gaﬁa+gsﬁs g
Under the restriction Vo = #, = v = 0, we have V¢ = 0 and U° = N°. We thus have in

this case 5S¢ = 1 (since Q° = 0), and Equation (A5a) follows. Using the Equations (A4b) gives
Ge — et nupt (=) (potrop)

and Equation (A5b) follows. The expression (A5c) results from noting that

(at+v+p)
Re(v,x,a) decreases with x and evaluating the limit R.(v,0, «) to get an upper bound, and noting that
R also decreases with v since W = —Ro%@p”)) < 0, and evaluating the limit R (oo, x, &)

to obtain a lower bound. Finally, evaluating the Jacobian matrices of F and W at general values of U,
V, Q, and N instead of the d.f.e. (i.e. replacing 5S¢ by S), results in Equation (A5d). O
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Proof of Corollary A1. We obtain v*(k, a) by setting the expression (A5b) of R, to one, and solving
for v. It is obvious that v* increases with «. From Equation (A7a), we get
v (k@) _ [t (1 - po)] (Ro— )Ry

w A—(-nRl

hence v*(k, a) decreases with x € (0,1), and is lower bounded by v*(1,«). O

Proof of Lemma A2. A necessary and sufficient condition for an equilibrium to have local asymptotic
stability (l.a.s.) is that all eigenvalues of the Jacobian matrix have negative real parts [86]. The Jacobian
matrix of model (A3) at the d.f.e. has the block structure

Is T Jsa (o) .
Jo=(0 J5 o where Jg = v i)
0 Jor Jo #
1 (0 g,Uc BalU° BsU°¢ 0 e
c _— —1 P — C — FC_ W, JS. —
]SI N¢ (0 (1_K)’prc (1—K)/3,1VC (1—K)/35VC ’ ]SQ 0o 0/ ][ ’ ]QI
0 7o paps ,and Jg = ~(rg+ 9+ ) 0 . From this structure, the eigenvalues
0 0 7 7 Yq —(e0 + 1)
of J¢ are those of Js, Jf and Jg (using Schur complements). We get the eigenvalues d; = —u and

dy = —(v+a+p) from Js, and d3 = — (74 + 6y + p) and dy = — (€, + p) from Jo. Since d < 0 for
k =1,2,3,4, we can next restrict attention to J; whose four eigenvalues must have negative real parts
to ensure l.a.s.:
—8e 5_C5p $°Ba SBs
Ic — 0 —8p 0 0
I 0 fi —-g 0
0 fs 0 —gs

The characteristic polynomial P; of J{ is
Pc<d) = d4 + K3d3 + K2d2 + K]d + 8e8p&als (1 - Rc) ’

where K3 = g¢ + g + 80 + 85, K2 = 8e(8p + 80 + 85) + 8p(8a + &) + 8ags — 05°Bp, and Ky = geg(a +
gs) + 8a8s(8e + &p) — 05 [(8a + &5)Bp + faPa + fsPs]. The Routh-Hurwitz stability conditions (see
Equation (A.22) in May [87, page 196]) corresponding to this polynomial are:

K3 >0, K; >0, and K.,>0,

where K¢ = g.gpgags (1 — Rc). Since g; > 0 for any j € {¢, p,a,s}, we have (i): K3 > 0 by definition
(for any value of R.). If R > 1, then K. < 0. It follows that at least one eigenvalue of J{ has a positive
real part when R, > 1, and unstability is established. When R, < 1 on the contrary, we have (ii):

K. > 0. Next, notice that R, < 1 is equivalent to 1 > % (Bp + é% Ba+ g—z /35) This implies that

05° a s . o
1> e (ﬁp + gaigs Ba + gafrgs ,Bs) since g, > 0 and gs > 0. Writing K; as

Ge

0S
K1 = ge8p(ga + 8s) [1 - 328

fo_g ok

2+ 25 ga—i-gsﬁs)} + 8a8s(8e + 8p),

(ﬁp +
then shows that (iii): K; > 0if R, < 1. The statements (i), (ii) and (iii) ensure that all the four
eigenvalues of J; have negative real parts when R, < 1 and La.s. is established. [

Proof of Proposition A2. The proof uses a global stability result derived by Castillo-Chavez et al.
[88]. LetY = (U, V, R)T and I = (E, Ip, 1o, I, Q)T be the vectors of uninfected and infected classes,
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respectively, and set G(Y,I) = ala—(tt) and Y¢ = (U, V¢,0)". To establish global asymptotic stability

(g.a.s.), we first show that the following conditions hold for the UVEIQR model (A3):

(Hy): lim Y(t) =Y (i.e. Y is globally asymptotically stable) when I = 0,

t—o0

(Hy): G(Y,I)=AT—G(Y,I), G(Y,I)>0 (ie. allentriesof G are nonnegative),

where A° = 9G(Y¢,0) /91" is a Metzeler matrix (all off diagonal elements are nonnegative). To check
(H;p), we set I = 01in System (A3) and get the reduced system

U=1ny— (+p)U+aV+eR,
V=np+ovl—(a+u)V,
R = —(e, + u)R.

It comes that R(t) = Roe~ (€1, and N(t) = N¢ + (Np — N¢) e M. Replacing the expression U(t) =
N(t) — R(t) — V(t) in V(t) and integrating the result leads to

e (et Mo FUNS T o] L VNo = N T e ] o
V(t) = Voe +¢x+v+y[1 ¢ }—i_ a+v {1 € }e

— VR - t- e~ (atvtmt ifa+v=¢, and

_ yre—(atome Mo FON T o] VN0 = NO) 1 (apop] e
V() = Voe +a+v+y[1 ¢ }Jr a+v {1 ¢ ]e

UR _ _ - .
- WO—GO |:e €t _ e (0(+U)t:| e ut if +v 7é €o.
It appears that lim; ;e R(f) = 0 = R and lim; o V() = Z:’:UUJ?]C = V¢, both when a + v = ¢, (since

a+v+u > 0)and when o + v # €,. Then, U(t) = N(t) — R(t) — V(t) leads to lim; o U(t) =
N¢ — V¢ — R = UC, hence (H;) holds. Next, using System (A3) and G(Y,I) = A°I — G(Y,I), and
setting ¢4 = vq + 5 + p, we get

~8 SBp SBa SPBs O Bply + Bala + Bsls
6 -g, 0 0 0 0
A= 0 fi —-ga 0 0 [andG(Y,I)=(5-5) 0
0 fs 0 —8s 0 0
0 o pg Ps  —&; 0

The matrix A€ is obviously Metzeler. Moreover, the whole population is in the susceptible class S at
the d.f.e., hence the maximal value of the average effective susceptibility in the mixing population
S = %:QK)V, is §¢ = W We thus have § < §¢ and G(Y, I) > 0 so that (Hp) holds. Then, by
the Theorem in [88], the validity of the two conditions ((H;) and (Hy)) ensures that the d.f.e. X° is
g.a.s. provided that X¢is La.s., i.e. R, <1 (by Lemma A2). O

Proof of Lemma A3. The proof is an adaptation of the proof of Theorem 3.3 in [89], originally built
for dissipative dynamical systems. The primary aim is to find a positive sub-solution of the UVEIQR
model (A3). Let I = (E, Iy, I, Is)T and set G(t,I) = ag—(:). Note that the subset of System (A3)
corresponding to I (i.e. Equations (A3c)—(A3f)) can be compactly expressed as I = G(t,I). We first
show the existence of a pair of positive principal eigenvalue and eigenvector of this subset when
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Rc > 1. Linearizing the target subset of the system around the d.f.e. X gives I = A°I, where
A =0G(t,0)/01",ie.
—8 SBp SBa SPBs
0 —g 0 0
AC = P
0 fa _ga 0
0 fs 0 —gs

Substituting a solution of the form I(t) = ®e?*! with d € R, we get d® = A°®. Note that A° is
a Metzeler matrix (i.e. (A°);; > 0 fori # j). Therefore, A° is irreducible if and only if the matrix
A, = A+ clg (with ¢ any large real such that (A+)ij > 0for1 < i,j,< 4) is irreducible [90].
We pick ¢ = v + max {gg,gp,ga,gs,gq,gr} with v a positive real, and let gi=c+g=zv>0 for
je{ep as,q,r}. Then,

S SPBp SPa SPs

_|? & 0 0
A, = 0 1, z. 0 , and
0 fs 0 3s
g§—|—95_5,8p S_Cg_gﬁp +g_p,8p +fa,3a +fsﬁs S-Cﬁu(ge +g_a) S_Cﬁs(g_€+g_s)
22— | 9+ 35 +05B, 058, 0SB,
: 0fa fa(8p + &) g 0
0fs fs(&p + &) 0 3

We observe that (A%r )3a = (Ai )az = 0. However, it appears that the corresponding elements in Ai are
positive, and therefore Ai > 0 (all elements are positive), so that A is irreducible. It follows that A€
is irreducible, and by Corollary 4.3.2 in [90], there exists a real eigenvalue d of A° and a corresponding
eigenvector ® = (E, I, I, I;) " satisfying @ >> 0. Since R, > 1, the principal eigenvalue d of A® is
positive (by Lemma A2).

To find a sub-solution of System (A3), notice that by Lemma A2, any solution of the system
satisfies lim; .0 X 7# X° (since R, > 1). Along with the irreducibility of A¢, this implies that,
in the presence of the disease, for a small constant v > 0, there exists a large time T such that
v < E(t),L,(t), La(t), L(t) < max{Ny, N} for t > T. On setting i = u + max {B,, Ba, Bs} and

§u = v+ i, the solution of the Cauchy problem

aL%t(t) Mu - guub(t), t>T,
Uy(T) = U(T),

is a sub-solution of Equation (A3a). We find Uy, (t) = U + [U(T) — U] e 8(=T) with U = 1,/§u > 0,
hence lim;_,o Uy, (t) = U. Similarly, on setting i, = 17, + v with 0 = min {U, U(T)},and §, = a + fi,
a sub-solution of Equation (A3b) is given by the solution of the Cauchy problem,

Wl — g~ W), t>T,
Vo(T) = V(T).

We find lim;_e V3(t) = V with V. = 7,/3, > 0. Next, let I(t) = 7® fort > Tand 7 > 0 a
small constant. Substituting I(t) into Equations (A3c)—(A3f), exploiting the positivity of d and & =
(E, I, 1, TS)T, and setting @ = E+ I, + I, + I; + R result in:

. oWE) _, - - - Uu+1-x)v =
E(t) - =L = i I I LA S A A — 9¢,E,
(t) ot 1/(ﬁ”"”Lﬁ"”JrﬁsS)u+V+17(E+I,g+Ia+IS+R) v8e
- - ~ - U+1-x)V _ -
— v(ﬁplp + Bals + ‘[3515)7( ) — Ug.E

U+V+ii
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ﬁ(ﬁPIP ﬁpfp‘i‘ﬁafa—,Baia—FﬁsTs—,Bsfs) S_C,
7 [(Bplp + Bala + Bss)S° — g E]
M _ S_C}

+o(Byly + Pala + ) |

e u e

+ 01 = 8) (Bplp + Pl + BoT) <U+\‘//+17& B UC‘ZVC)
> 0 for a sufficiently small 7 > 0,
I,(t) — a(gf”) = 0vE — g0, = vdl, > 0
I,(t) — a(gf“) = fal, — ga¥1, = vdI;, > 0,
Is(t) — a(gtfs) = f. ¢Vl = 7dl; > 0

It appears that I(t) = 7® is a sub-solution of I = G(t, I). Next, we consider the Cauchy problem,

{agb() = P(noly+pala+psl) — gQu(t), t>T,
Q(T) = Q(T),

whose solution is a sub-solution of Equation (A3g). We find lim; 0 Qp(t) = Q with Q =
v (o ly + pala + psIs) /gy > 0. Likewise, we set Q = min{Q,Q(T)} and consider the Cauchy
problem,

aRgt(t) = v (')’afa + ')’sfs + 'ng) — ¢rRy, t>T,
Ry(T) = R(T),
whose solution is a sub-solution of Equation (A3h). We find lim; o Ry(t) = R with R =

('ya I+ vsls + ’qu) /gr > 0. In a vaccination-dependent situation where 77, > 0 or v > 0, we
have 7j, = 17, + vl > 0, and thus V > 0. This allows to pick a ¢ value satisfying

0 <o <min{U,V,VE,vl, 71, 7L, Q,R},

so as to obtain lim; e U(t) > @, limse0 V(t) > 0, limy oo E(t) > 0, lim¢ye0 Iy(£) > @, limy o0 Io(t) >
0, im0 Is(£) > 0, lim; 00 Q(t) > 0, and lim;_,c R(t) > 0. When 17, = 0 and v = 0, Equation (A3b)
gives V(1) = — [a+ (1 —x)Ao(t) + #] V(t) < —(a + u)V(t). Any positive solution to 9(t) = —(a +
w)o(t), ie. o(t) = Voe @Mt is thus a super-solution to Equation (A3b). We here pick a ¢ value
satisfying

0 < 0 <min{U,VE,vl,, 71, 7L, Q,R},

as a lower bound for the limits of the state variables, except lim; s V() = 0. O

Proof of Proposition A3. The equilibrium point (A9a) follows from setting all the derivatives in
System (A3) to zero. Given A, and E*, we first solve the system for all other state variables. Indeed,

we get Equations (A%)-(A9i) by solving Equations (A3d)-(A3h) for I, I;, I, Q and R. We then solve
(A3Db) for V to obtain Equation (A9c), i.e. V* = % where g, = « + p. Substituting V* for V
and the expression (A9i) for R into Equation (A3a), and solving for U leads to Equation (A9D), i.e.

« _ 180+ (1 —%)Ao] (17u + €0rE™) + o
8o+ (1= x)A0) (gu+ Ao) —av
(8u +Ao) 1o + v (17u + €0erE¥)

(g0 + (1= %)Ao] (§u + Ao) —av’

, and

V=

do0i:10.20944/preprints202212.0067.v2
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where ¢, = v+ p and e, = 0d,0d,. The next step consists in solving Equation (A3c), i.e.
U+ (1—x)V*]A, — gE* =0,

where g, = 6 4y, for A,. To this end, we compute:

. Nk 8o+ (1 —x)(v+ Ao)] (7u + €0erE*) + [a + (1 — 1) (gu + Ao)] 10
== 8o+ (1—)0] (30 + A0) — a0 ‘

From the definition of A, in Equation (2), we have A, = 0dy By ﬂ;?ff‘gfdsﬂs]y which reads A, =

RS£§€ N*E—*Q* from using R, = ed” [Bp + 0daPa + 0dsPs| 5, 5 = %;x)vf Summing all the

derivatives in System (A3) gives N 17— uN* = &I — 5,Q* = 0 from which we obtain

wzwuéwg+@@y

giving Equation (A9k). We thus have N* — Q* = N¢ — 6d,,E*, so that A, = ngg”’ #;E*. It follows
that

o EN
T Rege + 50dnA,
resulting in Equation (A9d). Equation (A3c) then reads

S°N°g,

u* 1-x) VI — =——=5
[ +( K) ] 0 che—FSCQdm}\o

Ao =0.

The obvious solution A, = 0 corresponds to the d.f.e., and we here consider A, > 0 as implied by the
presence of disease. Hence we have

80 + (1 —K) (4 Ao)] (17 + €0erE*) + [ + (1 — %) (§u + Ao)] 70 S_CN_Cge _
[g0 + (1= %) Ao] (§u + Ao) — av Rege + 50dmA,

Using the identity 7, (g0 + (1 —x)v] + 1o @+ (1 —x)gu] = S°N(gugo —av) and setting
Ly = SENC [0 [dmp + dpodre,] guo — kpoddmu® + (1 — )0dpuBs — (60 + 1) [guo + (1 — ) p]],
and L, = (1 — «)S°N[0(dmp +dpodre,) — (04 u)] with guo = a+ (1 —x)v + p, and
Bo = Bp +0daPa + 0dsPs, we get the quadratic equation

LoA2 + L1, + S°Ng, (gugo — av) (Re — 1) = 0.

Note that the definitions of dy, dy;, and d, imply that:

— €o €o

<@a%%+@5ﬁwa+%@+%+%ﬂ

< dpo[da(va+pa) +ds (85 + s +ps) + 7],
<dpor[(1-1)1—-m)+1(1—-m)+ 7],
<dpo,

<1

It follows that L, < 0. For R, < 1, on using S > 1 — «, we have (1 — K)deﬁg < g, which implies that
Ly <0, and since (g48o — av) = p(a+v+pu) > 0, the constant term Ly = S N°g, (gugo — av) (R — 1)
also satisfies Ly < 0. Therefore, the above quadratic equation in A, has no positive solution when
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Re < 1. As a result, a positive endemic equilibrium exists only if R, > 1. Since Ly > 0 when R, > 1,
the quadratic then has a unique positive root A; given by

/\g = % (—Kl + \/K%+4K0>

where Ko = —Ly/Lyand Ky = L1 /L. O

Proof of Lemma A4. Let U* = N*Uf*Q*, Ve = N*Vf*Q*, Ve = (1—x)V*, S = U+ Vg,
v = v+ VAL, af = a+UAY, e = e +UMAY, b = 1—-8§, b = 1—x— 5%
e = v+u+ A -U9NA, ¢ = a+pu+ (1 —x)(1—-V)AL, ¢ = 0+ u+ S*A, and

gr = €0 + . Then, the Jacobian matrix J* of the UVEIQR model (A3) evaluated at the endemic
equilibrium (e.e.) point X* has the block structure

-gp 0 0 0 0
* * _g; o* U*)\; fﬂ —&a 0 0 0
ﬁ(? ?)Hr g WA= A 0 g 0 0 |,
2 72 WGAs WA =gy TT Pqg ps  —8& O
N (A
0 0 6
000 05 —By) T (A—Bo) T (A—B) 0 e
Jn=10 0 0 andJi=| Vi(A;—Bp) V(AT —Ba) Vi(AG—Bs) O VEAT
000 S*(Bp—A3) S*(Ba—=A3) S*(Bs—A5) 0 —=S*A7
0 00
Let k be an arbitrary complex number and Z = (z1,- - -, 28)T be a nonzero complex vector. To establish

lLa.s. for the e.e. point X*, we use Krasnoselskii [91]’s sublinearity trick, a technique described for
stability analysis in Hethcote and Thieme [92], to show that any solution of the form Zj = Ze for
System (A3) linearized around X* (i.e. X = J*X) satisfies Re(k) < 0. Substituting Z into the linear
system results in kZ = J*Z. Following Hethcote and Thieme [92], we use contradiction to show that
Re(k) < 0 for any Z solution of kZ = J*Z.

First assume that k = 0. Then J*Z = 0 and the system has a nonzero solution Z only if
det(J*) = 0. From the block structure of J*, we have det(J*) = det (Jx) x det (C,) where C, is the
Schur complement of J3, in J*: Cu = J§; — 1, [Hz]fl J3,- We obtain det (J22) = —¢p8u8s848r and

—gn ar WAL — g0 (ryg + f+(0)g, eo)
Co=| v° g VEAS — 8, 0V s
WAL A g+ g,105"y

where we have set y§ = Ay (1 + faga ' + fsgs ' + fr(0)8; 1) — (Bp + faga 'Ba + f585 ' Bs), and fr (k) =
a Pa’Y s PsY
ALy, + k«(@ (’Yu 4+ k+g2) + k‘{gs (rys + ﬁ) It turns out that

det (C.) = (gugs —a*v") (g, 108" s — &¢ ) — 08, fr(0)gr 'AS (sv* + Iigh) €o
+ (50" + Iigy) O + (s + ki) VA% (A — 02w

hence det (C.) < 0 and det (J*) > 0. Therefore k # 0. Next, assume that Re(k) > 0. The eigen
equation kZ = J*Z reads

kzi=—giz1 + a*zp + U Ayzz + U (A —Bp)za + U (Ay —Ba)zs + U (A —Bs)ze + €} 28,
kzy=v"z1 — gp20 + VEA z3 + V(A —Bp)za + Vi (A —Ba)zs + V(A —Bs)ze + ViAyzs,


https://doi.org/10.20944/preprints202212.0067.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 May 2023 do0i:10.20944/preprints202212.0067.v2

33 0f 45

Kz —IiAsz1 + W2 — 8223 + 8% (Bp —A%)z4 + 8% (Ba —A3)2s + 5 (Bs —AZ)z6 —§*Aszs,
kzy=0z3 — gpz4,
kzs = faz4 — gazs,
kze = fsz4 — gs26,
kz7 =mozy + pazs + psz6 — 427,
kzs=yaz5 + vsze6 + V427 — &rZs-
Subsequently solving the last five equations of the previous system for z; (j = 4,---,8) leads to

zg =0 (k+gp) ! fr(k) (k4 ) "' z3. Then, setting z,, = zg + 2]6:1 zj, and rearranging the first three
equations yield:

(k4 gu+Ay)z1 = azp + U Ajzy — U (Bpza + Bazs + PBsze) + €028, (A14)
[k + 8o+ (1 = K)Aj] 22 = vz1 4+ ViA Zm — Vi (Bpza + Bazs + Bszs) (A15)
(k4 8e)z3 = Ay [z1 + (1 — 6)z2) — S*Aszm + S* (Bpza + Pazs + Psze) - (A16)

Summing Equations (A14)-(A16) leads after some additional algebra to

(k+p) (z1+22) = — (k+p+0) 23+ (k+8p) " frlk) (k+gr) " 0z,

. k)
= k 1 1 fﬂ fS fr( )6
z (k+8p) ( +k+ga+k+gs+k+gr 3

1— €ofr(k)
(k +gp) (k+gr)

— (k+ y)_l 0z3, and

[Zl + (1 _ K)ZZ] — S_*Zm + W (ﬁpz4 + ﬁaZS + ﬁsz6) - <1 o k ‘:‘ﬂ(;ﬁv> 23
i ef) I U €31 a0 BN
[1 (k+gp) (k+gr) { k+gho ° ] T

- fa fs fr(k)> 4
—-S* 11 p
( +k+gu+k+g5+k+gr k+gpz3

where g7, = a + v+ p + (1 — k)A%. Equation (A16) then becomes:

kV*(1—x)AS
k+gio
€ofr(k) [1K[v+(1K)V*] S_*] AsO

(k+gp) (k+gr) k+ g0 k+u

fa fs fr(k) ) 5*)\39 ( Kv ) *
1 1—— .
+( +k+gu+k+gs+k+g1’ k+g,,Jr k+gt,) " °

[ge + k+az(k)]z3 = [5* + ] (Bpza + Bazs + Bsz6)  where

az(k) =

J— - - 7*(1_ * -1 .
On defining Z = (z3,--- ,28)T, by = S* [S*+%} ,bj = 1forj =4,.-,8, E(k) =

ge_lbg, [k+a3(k)}, F4(k) = g;lk, F5(k) = ga_lk, Fé(k) = gs_lk, F7(k) = gq_lk, and Fg(k) = gr_lk, we
obtain the system

[b] + F](k)] (Z)]_z = (HZ)]_z for ] =3,4,---,8, with
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0 g 'SBp 8 'S*Ba & 'S*Bs O 0
Sy 1o 0 0 0 0 0
0 g fa 0 0 0 0
H= 1
0 &l 0 0 0 0
0 g/'moc gi'ea gl 00
0 0 &' &' &m0
Note that the matrix H is nonnegative and satisfies HE* = E* where E* contains the endemic

5
sizes of infected classes, i.e. E* = (E*, I;, Ix, Ir, Q% R*) . Taking norms elementwise and setting

F(k) = inf {Re(F;(k)),j = 3,--- ,8} and by = Re(b3), we get
[bo + F(k)] |Z| < H|Z| (A17)

where |Z| = (|z3],-- -, |28|)T. It appears that Re(az(k)) > 0 and by € (0,1] for Re(k) > 0. Therefore,
Re(Fj(k)) > O forallj = 3,---,8, hence F(k) > 0. Let o denote the minimum number such that
|Z| < roboE*. The positivity of byE* ensures that r( is positive and finite, and r = ryby is the minimum
number such that |Z| < rE*. The inequality (A17) then implies that [by + F(k)] |Z| < H|Z| < rHE* =

roboE* which leads to |Z| < %E“. From by > 0 and F(k) > 0, we have bofig(k) < b, hence

|Z| < boffleo(k) E* < rE* contradicts the minimality of . Therefore, Re(k) < 0 (i.e. all eigenvalues of J*
have negative real parts) and La.s. is established for X*. [J

Proof of Proposition A4. Let X = (U,V,E, I, 1,1, Q, R)T be the vector of the states of the
model (A3). For simplicity, we relabel the state variables X; G = 1,2,---,8) such that X =

(x1,X2,--- ,xg) . Let us define the function L given for t > 0 by

8

L(t)= Zi (xj —x] logx]-> .
=

We claim that L is a strict Lyapunov function [93] as we next show. It first appears that L is continuous
everywhere and has first order partial derivatives with respect to X (i.e. system (A3)). Thus, we are
only required to show that the first derivative L of L with respect to time satisfies L(¢) < 0 for any
solution X as t — oo. To this end, we have

8 X
L) =Y (x—x) 2
0=2(v-%)
j=1 ]
Note that L (#) = 0 for X = X*. By Lemma (A3), each x; is bounded and there exists x = min x; such
that x > 0 as t — oo (in the vaccination-free context where #, = v = 0, the same argument holds by
ignoring the state V which satisfies V(t) — V* = 0 as t — co). This implies that

8
. 1 .
Lity<x 'Y (xj —xj*) Xj.
j=1
Since the derivatives ¥; in system (A3) are additive functions of constant parameters and bounded
variables xj, it also follows that each X; is bounded so that there exists ¥ > 0 such that X <X for
j=1,2,---,8. This impslies that

8
L(t)<xx ') (xj —xj*> for X # X”*.
=1
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Since N is bounded, it follows from Barbalat’s lemma [94] that N(t) — 0 as t — oo, so that we have
from N(t) =5 — uN(t) — 6 I5(t) — 6,Q(t):

1
: e Lo
tlggo N(t) =N . tlgg [0s1s(t) +6,Q(1)] -
We also have lim;_, I5(t) = lim¢e Q(t) = 0 by Barbalat’s lemma and the boundedness of I(t)
and Q(t), so that lim;_,« L;(#) and lim;_,. Q(#) are stationary points for Equations (A3f) and (A3g).
Since these limits are nonzero when R, > 1 (by Lemma (A3)), the d.f.e. (I = 0and Q° = 0) is
excluded, and lim;_,« Is(t) = I and lim; ;. Q(t) = Q* (the unique e.e. alternative). It follows, by

Equation (A9Kk), that lim; . N(t) = N*, so that lim;_, 2?:1 (x]- — x]*) = limy0 N(t) = N* = 0. As
aresult, L () < 0for X # X* ast — oo, hence L is a strict Lyapunov function, and by Proposition (A3),
X* is its unique stationary point: X* is a global minimum and therefore g.a.s. when R, > 1. O

Appendix D.2. Proofs of lemmas and propositions related to Disease-Opinion dynamics

Proof of Lemma 1. A proof of Lemma 1 is straightforward following the argument detailled in the

proof of Lemma A1 (see Appendix D.1). Each compartment size x;(t) satisfies axgit) > —zg;x;(t) where

20} is a positive real constant. This gives x;(t) > xgje” *', which establishes nonnegativity from xo; > 0.
This implies that the total population size N(t) = }_; x;(t) satisfies N(t) > 0. Then, ag—gt) <n—uN(t)
leads to 0 < N(t) < max {Ny, N°} where N° = 5/ is the carrying capacity of the biological system.
This finally results in 0 < x;(t) < max {Np, N°}. O

Proof of Proposition 1. Adding the disease-free restriction E = [, = [, = Is = Q = 0 to System (7)
implies that A;(t) = 0. Setting all the derivatives to zero then gives E° = I;, = Iy = I[{ = Q° = R* = 0.
Since w, > 0, we are left with the system

1 — 52451 —aS1 =0,
o +2S%,S{ — S5 =0,
f-1— 5155, —uS, =0,

where 77; = 171-;\;’—;, fi= yg—; with N = 5, + §( + S{. Summing the three equations gives 7 — uN°¢ = 0,

i.e. N° = 5/u. Solving the third equation for S¢; gives S, = , and inserting this in the

7
S
first equation yields the quadratic fi (Si)2 — (71 — f—1 — 71%) S§ — 71 fi which has the unique positive
solution

1 _ _ o2 _ _ _ _
Si—zﬁ[\/(m—m—ﬂz) + AR A+ T — T — P

Further simplifications result in Equations (15b)-(15d). The computations of the reproduction
numbers (16a) and (16b) follow the steps in the proof of Proposition Al (see Appendix D.1), except
that F(I) and F¢ are here defined as

Zj:p,a,S ﬁl]l] . 0 ﬁip ﬁiﬂ ‘BiS
1 0 1 00 0 0

F(I)= Si dF=— S§
1) Nle.;)l 0 andF=ge LSl 0 0 o
0 00 0 0

To obtain the direction of variation of the basic reproduction number R (16a) as a function of the

baseline influence rate w,, we find its derivative with respect to w,. To this end, notice that, by

95, 954
Jdw, ~ Jdw, )’

Equations (15d)-(15b), the derivatives of S ; and S{ with respect to w, are the same (
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95§ 0S¢
and 5t = 25 Hence =Roo (63 —2¢, + 1) o L with Roo = W Z] pa,s Bjmj. Setting
¢ ¢
A = ZZ}D + (”1 Z 1 %) we obtain after basic algebra g%a = 5 [1 — %] < 0. Hence
05§
%532(1*%) Rooggr <0. O

Proof of Proposition 2. Adding the disease-free restriction E = [, = [; = Iy = Q = 0 to System (14)
implies that A;(t) = 0 for i € P. Setting all the derivatives to zero then gives E® = I}, = If = [ =
Q° = R =0, and we are left with the system

MS =y

where S¢, M, and # are as defined in Equation (19b). Summing the partial derivatives for all S;
individuals gives U;, + Uj, + V; = S;, i.e. the susceptible states in the SEIQR-Opinion model (7). It
follows that S, S¢ ;, and S are given by Equations (15b)-(15d). Likewise, summing the first three
equations, the fourth to sixth equations, and the seventh to last equations results in the system

Tuu + u,, s, - (U +vouy - ﬁubct =0 (a)'
Tw — WUy, + (Ug+vou, + ave — oU, — jal;=0 (b),

o - ave + o, — jav-=0 (o),
where 7uu = Yiepfiw, Tuwo = YiepTiwws To = YLiepTi i = 771‘1%/ po= ]/l;\%,
s = l’é& U = UM, ll,ﬁ = Zi cPp llfu, UZC; = Zi cp va, and V¢ = Zi cPp ‘/ic.

75 _uU _MU _uu x ji
From (c), we have V¢ = %, and we get U; = V’Z = M% from (a).

Inserting these results in (b) leads to Cp(US)? + CiUS — Cp = 0 where C; = v (1+ a+y>'

o+ o+ + v v _
Cr =1y (“ ngH*%)J“”” [1+“ ; ”ﬂﬁawﬂ Co = 1uv s + (’7“ fﬂu+m) Whenv =0,
we have C; =0,C; > 0and Cy > 0; hence U§ = Cy/Cy. Forv > 0, we have Cp,C; > 0. If yy, < 77 (i.e.

Huw 7 0 or 1, # 0), then Cy > 0 and we have only one sign change in the coefficient of the quadratic

which, therefore, has the unique nonnegative solution Uj = (\ / C% +4CyCy — Cl) /(2C). If nuy =11
(i.e. #y» = 1o = 0), then Cy = 0 and the quadratic has the unique nonnegative solution U5 = 0, which
is consistent with U when 7, < 1. Equations (19d)-(19f) then follow. We thus have the constants Uy,
U5 and V¢, and in consequence, the matrix M is available prior to the computation of the sizes of the
nine susceptible states. It follows that MS® = y is a linear system in S¢. The step-wise resolution of the
system MS® = g in Appendix E shows that the matrix M is always non-singular, and Equation (19b)

follows. The computations of the reproduction numbers (20a) and (20c) follow the steps in the proof of
U+(1-x)V;

Proposition Al (see Appendix D.1), except that F(I) and F¢ are here defined with §; = =g and
5c U +(1—x) V¥
Si=—"nc -as
Li=pas Bijlj 0 Bip PBia Pis
=Y'5 0 and FF'=)_ & 0 0 00
icP 0 ieP 0 0 0 0
0 0 0 0 O

The derivatives of f;(M) = Uf + (1 — x)V¢ with respect to v is, by the Chain rule, given by

1

) . T
% = trace{(agé(]\y)) aazzl}' Note that f;(M) = E;'S°, where E; = E;, + (1 —x)E;,, E}, =

3,i+27
k and zeros elsewhere. Writing f;(M) = E;' M~ 'y, it follows that % =— (M_l)T En' (M_l)T,

-
thus (%) = -8 ElT ML, It then remains to find the derivative aa—]\f. O

(eT. e; Iy 0, ) and E; = (06 /€3 +2) and ey,  is the single-entry m-vector with one at the position
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Proof of Lemma 2. A proof of Lemma 2 follows the steps in Proof 2 of Lemma A2. Indeed, the Jacobian
matrix of model (7) at the d.f.e. also has the block structure

Js Jsi Jso
JJ={0 Ji o0
0 Jor Jo

From this structure, the eigenvalues of J° are those of Js, J{ and Jg. The blocks J; and ] are as defined
in the proof of Lemma A2, but J¢ is here given as

S (1 S\ S.1 8 S (1 S
N¢ N© M N° N¢ N© N¢
S48 S48 1S
Js = wo -2 = 23— H 25§k
S (15 5.15 5.1 S
N (T we N© N¢ —N© — N ) T H

From Lemma A2, we know that the eigenvalues of ] are all negative, and J; has one or more positive
eigenvalues only if R, > 1. We thus restrict attention to Js whose three eigenvalues must have
negative real parts to ensure La.s. when R, < 1. We find dy = —p,

dy = — B <a+b+\/(a+b)(a+b8ab))+y] and

dy = — E <a+b—\/(a+b)(a+b—8ab))+y]

where a =
O

Proof of Proposition 4. scdgfhgjhkjk O

Appendix E. Details on the disease—free state of the UVEIQR-Opinion model

We provide a formula for each of the nine elements of the susceptible states of the d.f.e. X¢ (19a)
of the UVEIQR-Opinion model (14), i.e. the expression of S¢ given in matrix notation by Equation (19b)
is developed here. The result is summarized as follows.

Result A1l (Disease—free Equilibrium of the UVEIQR-Opinion Model). The susceptible states §¢ =
(ue,,, ug,, us,, uc ,  us, us,, ve,, Ve, Ve) T o the d.fe. of the UVEIQR-Opinion model (14) are given by
(the superscript © is dropped for simplicity):

E
Uy = 1?3 (Al8a)
A_1B1+ A1B(_1 1)+ [313(71,0) + B(f1,1)B(1,0)} Uoo
U_1p, = , (A18Db)
B_1By — B(_11)B;1,-1)
Ale(l,—l) + A1B_1+ [B(l,—l)B(—l,O) + B*lB(l,O)} Uy,
Uy, = , (A18c)
B_1By — B(_11)B@1,-1)
(Vi +a)~1 S-S _
Uy, = J(r: TZ:: {[D 1uf—1u + S—17ou + Tvlfhu]
554
+ |D_1, U, + S_1Upy + T U | Uy ¢, (A18d)
e
(V. + ! S _
Uy, = s 'u) { [ —1u T Tou + 771u:|
Ty
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S, S
+ U_1o + U + = Uio | Uu ¢, (A18e)
Tv—i— T-U_
(Ve+a)~t [[S4S ; ) )
Uy, = ~— i + Y714 + S17l0u + D1ufiu
CuTy—
S S
[ ’;+lu 10+ 5- luOv+D1uulv:| Uu}/ (A18f)
v
_@+p! _ 5.5,
Vo= CoTos D—1v77—1v + S 1700 + T, Tw
[ 5-51 _
+ D—lvu—lv + S—luOv + T ulv vy, (A18g)
I —
(54+ﬁ)1{'5+_ _ S ]
W=-—F"— “1o + oo + =—
0 C, Ty N—1v T Hov Ta,nlv
N S_ i
+ |7 U1o+Uop+ U | 0 ¢, (A18h)
| Tot Ty
+) (S48 _ )
Vi ( Cﬂf:), { [ ]j’; “7i-10+ St7io0 + Dlvﬂ10:|
S.S i .
+ | ——U-10 + S1Uop + D1olas | T ¢, (A18i)
Tar
where S— =S 1+ 50,5+ =S80+ 51, Vi =Up +V, 7jj = 771‘]'%:/ & = az—c, 0= v—, = To- = S_+
Vit i, Tor =S4+ Vi+ i, Toe =S +a+f, Tor =St +a+f, Cy= (NC+V£+VT)H a8 D=
Cu(Vie +71) + =1 +S L, Dy = Cu(Vi + 1) + 52, Co = W D 1, = Co(a+f)+ S*il,
Dy, = Cy(a + ;4) S Sl
A= +17- luv"‘ 77 1o
Vi To- S 1 [ St n S_ _ :|
(V+ + M)[(NC +Vy+ y)z 151] Tv+;7 1u + fou + T, —Mu

N &T,— S 4 [ S,
@+mN+a+p)? =S5 [Ter

UM |: V+vas_1 :|
B.1=8414+—|1-— - -
! +{ Tor [ (Vi + @) [N+ Vi + )2 = S45]]
U

+ [1— ATa—51 ]}+‘<1+u + ﬁ)
Tas (@+7)[(N+a+)%—5_15] ¥ Tor  Tay )’

S_
10 + oo + _le] ,

VT,
B [1 T NV, 58]
&T,— }
( + ) [(NC+a+m)2—S515]]"
&

B =S5_415_|Uy 7
(-11) 1 [ (Vi +7) [(N°+ V4 + )2 — S_1S4]

o

+ﬁ(ﬁé+ﬂ)[(Nc+5¢+ﬁ)z—S151}}'

Al Tv— 77114 + 77111'0 + T 7710

do0i:10.20944/preprints202212.0067.v2
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VTS, ERTTS
TV N A Ve 4 )2 =S 8] [Tor 1w ot g 2
Ty 51 |:S+ _ _ - :|
T AT N+ a1 =88] [Tag 10 T I0 o]
Uy |: V+Tv+51 }
Bi=S {1+—-%|1—
! { To- (Vi +7) [((N®+ V4 + )2 — S_151]
Y &Ty1+Sq } } _ [ u, Y }
1-— 1 ,
T { @i rarp?—sasg) S P T T T T
V+Tv+
B =5 |1+ U
o=t [ TV N Ve 4 2 - 58]
aT,
SIS ]
(@+7) [(NC+a+p)?—S15]
| &
B =515 |U
oy = [ C(Vi 4 @) [(NF 4+ Vi + 1)7 = S 18]
_ X
TR DN Fa T ) 5_151]] /
(B1 + B(l,fl)) A1+ (B_1 + B(fl,l)) Aq
Ey=U, — and,
B_1B1 = B(-11)B(1,-1)
(31 + 3(1,—1)) B(_10) + (Bfl + B(_1,1)) B(1,0)
E1 =1+ .
B_1B1 — B(_11)B(1,-1)
Proof. The developed form of the linear system MS® = y is
-1+ S1Upy + Uy U 15 — [S-i- +Vi+ ﬁ]uflu =0 (A19a)
fou + S+U_1, + S_Uy, + U, Ugy, — [S.1+S5+Vi+ ﬁ]U()u =0 (A19Db)
M1y + SUp, + U, Uy — [S, + Vi + "I/_l]ulu =0 (A19C)
T tup+S 1Upp+ Vil 1y +aVq—[Se + U, + 0+ alU_1, =0 (A19d)
oo + S+U_1o + S_Uyp + Vil +&Vo — [S_1 + S1 + Uy + 0+ fi]Up, = 0 (A19e)
10+ S 4Vo+0U_1, — [S+ +a+ V-1 =0 (A19g)
oo +S+V 1+S_Vi+oUp—[S 1+S1+a+i]Vop=0 (A19h)
1o + S1Vo + 01, — [S, +a+ ﬁ]V,l =0 (A19i)
We first solve Equations (A19a)-(A19c¢) for Uy, (i € P) and get:
Uy, = et Vet i) [D Tt + S1fou + =0t g ]
—1u CulVy + ) —1ull—1u —17ou S +V+ ]/—l771u
Uy(S+ + Vi +a) ! [ S_S_4 ]
D_q,U_ S_1U —— Uy, |,
Cu(V++}7) 1u 10 + 1 Ov+s—+V++ﬁ 1o
_— 1 { S, e S_ i ]
= C Ve + 1) | Ss - vy w1t ow T gy g e
uM S+ S_
u_ U ——— U4, |,
A [S++V++ﬁ R S v 1”]
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u :(S“/*“_‘)_l[ St51 g+ Sifiou + Duaf }
1u CoalVy + 1) S++V++ﬁn_1” 11ou 1ul1u
Uu(S—+ Vi + )" [ 5+51 ]
u S1U D1, U1y | -
(Ve +70) St + Vo4 10 + 51Uoy + D1y Uiy
We likewise solve Equations (A19g)-(A19i) for V; (i € P) and get:
(5++5¢+ﬂ)71 |:|: _ _ S+S5 4 }_ _ S-S 41 _ ]
V1= C — | 7_ S_ _—
L= @+ q) @) g T TSl g T
0(Sy +a+p)! H L S¢Sy } S ]
C — | U_ S_1U — Uy |,
LN ey o(@+7) Sytatp) et T e
1 S, S_
Vi — 5=
T @t p) [S++a+ﬁ'7 to oo S_+a+ﬁ77“’]
o S,
u_ Uy + ————Uqy |,
T @) [S++Ea+y ottt s R 1”]
T, ! S.S S_S
S e 11 S+ [cute 1 ]
V7 Co@+q) [S++a+ﬁ" o+ 5100 + ”(“+V)+S_+5¢+;z o
o(S_ +a+p) ! [ S+S1 { o S_S1 } }
u_ S1U C — | Uyp| -
+ Cola+ 7) Sita+i 10+ S51Uop + U(a+y)+s,+&+ﬁ 1o
Using the above expressions of U;;, and V; (i € P), Equations (A19d) and (A19f) become
A_1—=B_qU_1p+ B_10Uoo + B(_1,1)U1o =0 (A20a)
A1+ By, 1yU-10 + B(1,0)Uo0 — B3, =0 (A20b)

Next, we jointly solve Equations (A20a) and (A20b) for U_1, and Uj,, and obtain:

U — BiA_1+ B N BiB(_10) + B(~1,1)B1,0)
—1 —_—
v B_1B1 — B(fl,l)B(l,*l) B_1By — B(fl,l)B(l,fl)
B(l,—l)Afl + B,1A1 B(],—l)B(—l,O) + BilB(er) 0o-
B_1By — B(fl,l)B(lﬁl) B_1By — B(fl,l)B(l,fl)

Uy, and

Uy =

Since the coefficients A;, B;, and B(,»,i/) (i,i" € P, i’ # i) are all nonnegative and both U_1, and Uy,
must also be nonnegative, the last equations hold only if B_1By — B(_11)B(1,—1) > 0 as we next show.
Notice that,

B_1>54¢

[ (S Ve+E)Sa }
++V++V (NC+ Vi +71)2 =515
B (57 +5é+‘ﬂ)571
5++“+V{ (NC+5‘+ﬁ)2—5151]}
[ (5+ + V4 + F‘)Sl }
( 5-15

+
B1 > S_ {
_|_

+i N¢+Vy +f)? -
{ S++a+#)sl ]}
Yar+ (Ne+a+)2—S_151])"
Y
B <55 {(NC+V++V)2 —151+(Nc+5‘+ﬁ)25—151}1 and
Uy v
Ba-y < 515+ [(Nc+w AP —Sas (N FET - 151} '

From (N°+a+ )2 —S5_151=5_1(S_ 4+a+a)+S1(S.+a+n)
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+(S_+a+p)(Sy+a+p) and
(N“+ Vi +)? =S 151 =S 1(S- + Vi + ) + S1(S4 + Vi + 1)
+(S—+ Ve +a)(S+ + Ve +1),

we get 1 [ (Ve +R)S ]: S1+S +V,+f
S+ Vi+if (NC+Vy+i1)2—S5 15 (N +Vy +7)?—S_45;"
> 51
(Ne+Vy +7)?—S_45;"
1 [1_ (S++V++ﬁ)51 ]: S 4+S5++Vi+g
S-+Vi+p (NC+ Vi +1)2 =S5 15 (NC+Vy+7)> =515
> 51
(Ne+ Vi +7)?—S_15;"
1 '1_ (S-+a+m)sS1 | S1+S +a+q
Si+a+p | (N+a+)2—S 1S (Ne+a+p)2—S5 15
S1
~ (NC+5C+]2)2—S,151,
1 '1_ (Sy+a+p)S ] _ S 1+Sy+a+p
S_+a+p| (N°+a+)2—S1S1] (N +a+f)2—S515
> 51

(N‘+a+@)2—S 15

u,s 0S
hence B_; >S+{ 121 21 ],

(N + Vi + )7 —5181  (No+a+)2—545
> B(,-1), and
u,S_1 0S_1
N+ Vi + )7 — 5181 (No+at - s_lsl] ’
> By

B1>S|:

It follows that B_1By > B(y _1)B(_1 1) (since all the coefficients are positive). From
(Bl + B(l,—l)) A+ (B—l + B(—1,1)) Aq
B_1B1 — B(_11)B(1,-1)

(31 + B(l,fl)) B(10)+ (Bfl + BHA)) B0
B_1B1 —B(_11)B(1,-1)

uflv + Ulv =

+

(o

and the equality U, = U_1, + Upy + Uyy, we get Eg = EjlUy,, hence Uy, = Ey/E;, provided that
Ey >0 (since E1 > 1, Ey < Uy, and weneed 0 < Uy, < Uy). O
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