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Abstract: We study the Gaudin models with gl(1]1) symmetry that are twisted by a diagonal matrix
and defined on tensor products of polynomial evaluation gl(1]1)[f]-modules, extending all the results
of [11] to the twisted case. Namely, we give an explicit description of the algebra of Hamiltonians
(Gaudin Hamiltonians) acting on tensor products of polynomial evaluation gl(1|1)[t]-modules and
show that there exists a bijection between common eigenvectors (up to proportionality) of the algebra
of Hamiltonians and monic divisors of an explicit polynomial written in terms of the highest weights
and evaluation parameters. In particular, our result implies that each common eigenspace of the
algebra of Hamiltonians has dimension one. We also give dimensions of the generalized eigenspaces.
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1. Introduction

In the last half of a century, Gaudin models for simple Lie algebras have been in-
tensively studied by many mathematicians and physicists using various methods which
produced numerous spectacular results, see e.g. [2,3,20]. In recent years, the Gaudin models
for Lie superalgebras have steadily gained attention within the mathematical community,
see e.g. [5-7,11,15,17,21,24]. In this paper, we study the completeness of Bethe ansatz for
g[(1]|1) Gaudin models with diagonal twists (quasi-periodic gl(1|1) Gaudin models).

The results of this paper are quite similar to those of [11,13] with suitable modifications,
following the strategy of [19,20]. Surprisingly, to the best of my knowledge, most of the
previous work on Gaudin models for Lie superalgebras were done in the periodic case,
except e.g. [5]. Therefore, we also need to establish the results on algebraic Bethe ansatz for
gl(1/1) Gaudin models in the quasi-periodic case, see Section 2.4. In particular, we show
that Bethe ansatz is complete for generic evaluation parameters, see Theorem 2.5. Using the
completeness of Bethe ansatz for generic parameters, we are able to describe the image of
algebra of Hamiltonians (Bethe algebra) explicitly and show that the quasi-periodic gl(1|1)
Gaudin models are perfectly integrable, cf. [9]. Consequently, we obtain the completeness
of Bethe ansatz for quasi-periodic gl(1|1) Gaudin models with pairwise distinct evaluation
parameters.

Note that the perfect integrability for the quasi-periodic gl(m|n) Gaudin models de-
fined on tensor products of symmetric powers of the vector representations was established
in [5, Corollary 5.3] by studying duality between gl(m|n) and gl(k) Gaudin models and
using the known results from [19]. In particular, it gives rise to the perfect integrability
for the quasi-periodic gl(1|1) Gaudin models defined on tensor products of polynomial
modules. However, an explicit description of the image of Bethe algebra and the complete
spectrum of Bethe algebra were not discussed in [5].

The paper is organized as follows. In Section 2, we fix notations and discuss basic
facts of the algebraic Bethe ansatz for quasi-periodic gl(1|1) Gaudin models. Then we recall
the space VV© and Weyl modules, and their properties in Section 3. Section 4 contains the
main theorems where we also discuss the higher Gaudin transfer matrices and the relations
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between higher Gaudin transfer matrices and the first two Gaudin transfer matrices. Section 4o

5 is dedicated to the proofs of main theorems. a
2. Preliminaries a2
2.1. Lie superalgebra gl(1|1) and its representations a

A vector superspace V = Vi @ Vj is a Zy-graded vector space. Elements of Vj; are called 44
even; elements of Vj are called odd. We write |v] € {0,1} for the parity of a homogeneous
elementv € V. Set (—=1)? = 1and (1) = —1. 46

Consider the vector superspace C!I', where dim((Céll) = 1and dim((C%'l) =1 We &«
choose a homogeneous basis v1,v; of C!!! such that [v1| = 0 and |v;| = 1. For brevity we
shall write their parities as |v;| = |i|. Denote by E;; € End(C'") the linear operator of 4o
parity |i| + |j| such that E;jv, = 6;,0; fori,j,r = 1,2. 50

The Lie superalgebra gl(1[1) is spanned by elements ¢;;, i,j = 1,2, with parities
ejj = |i| + |j| and the supercommutator relations are given by

leij, ers] = djreis — (—1)UIHIDNUITHD5ice,

Let h be the commutative Lie subalgebra of gl(1|1) spanned by e11, e22. Denote the universal s

enveloping algebras of gl;j; and h by U(gly|;) and U(h), respectively. 52
We call a pair A = (A1, Ay) of complex numbers a gl(1|1)-weight. Set [A| = A1 + Az. A s3
gl(1|1)-weight A is non-degenerate if A1 + Ay # 0. 54

Let M be a gl(1|1)-module. A non-zero vector v € M is called singular if e;pv = 0. ss
Denote the subspace of all singular vectors of M by (M)*"8. A non-zero vector v € M is s
called of weight A = (A1, A) if e19v = Aqv and exv = Ayv. Denote by (M), the subspace of 57
M spanned by vectors of weight A. 58

Let A = (A(), ..., 1)) be a sequence of gl(1]1)-weights. Set |A| = Y¥_; [A0)]. 50

Denote by L, the irreducible gl(1|1)-module generated by an even singular vector o
v, of weight A. Then L, is two-dimensional if A is non-degenerate and one-dimensional e
otherwise. Clearly, Clt o Le,, where w1 = (1,0), if we identify the action of ejj on cit
with the operator E;;. 63

A gl(1|1)-module M is called a polynomial module if M is a submodule of (C1)®" for s
some n € Zxq. We say that A is a polynomial weight if L) is a polynomial module. Weight s
A = (A1, Ap) is a polynomial weight if and only if A1, Ay € Z>( and either Ay > 0 or s
Ay = Ay = 0. We also write L(,, »,) for L. o7

For non-degenerate polynomial weights A = (A1, Ay) and p = (y1, 42), we have

Lriag) @ L pn) = Lt Aa+102) D L+ =1, 00410 +1) -

2.2. Current superalgebra gl(1|1)]t] o
Denote by gl(1|1)[f] the Lie superalgebra gl(1|1) ® C[t] of gl;|;-valued polynomials e

with the point-wise supercommutator. Call gl(1|1)[¢] the current superalgebra of gl(1|1). We o

identify gl(1|1) with the subalgebra gl(1|1) ® 1 of constant polynomials in gl(1|1)[¢]. 7
We write e;j[r] for ej; @ t', r € Z>o. A basis of gl(1|1)[t] is given by e;;[r], i,j = 1,2 and

r € Zg. They satisfy the supercommutator relations

leij 7], eals]] = djeeirr + ] — (—1) FIHINIRHID 5017 + 5.
In particular, one has

(612 [1’])2 = (621 [1’])2 = 0, €21 [7’]621 [S] = —€21 [8]821 [1’] (2.1)


https://doi.org/10.20944/preprints202211.0501.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 November 2022 d0i:10.20944/preprints202211.0501.v1

Version November 16, 2022 submitted to Journal Not Specified 30f19

in the universal enveloping superalgebra U(gl(1]|1)[¢]). The universal enveloping superal-
gebra U(gl(1|1)[t]) is a Hopf superalgebra with the coproduct given by

AX)=X®1+1®X, for X € gl(1]1)[t].
Let e;j(x) = Y2 ¢;i[r]x "1, where x is a formal variable. Then we have
(u—v)e;j(u), ers(0)] = —leij, ers) (1) + [esj, ers] (0). 2.2)
In particular,

[eij(x),ers(x)] = —0y [eij,ers](x). (2.3)

For each a € C, there exists an automorphism of U(gl(1|1)[t]), pa : €;j(x) — ejj(x —a). 7
Given a gl(1]1)[t]-module M, denote by M(a) the pull-back of M through the automor- s
phism p,. 78

For each a € C, we have the evaluation map

U(gl(1[1)[t]) = U(al(1]1)),  eij(x) = eij/ (x — a).

For a gl(1|1)-module L, denote by L(a) the gl(1|1)[t]-module obtained by pulling back L s
through the evaluation map ev,. We call L(a) an evaluation module at a. 70

Given any series {(x) € x~'C[x~!], we have the one-dimensional gl(1|1)[t]-module 7
generated by an even vector v satisfying e;;(x)v = J;;(—1) 1z (x)v. We denote this module 7

by CC . 79
If by, ..., by are pairwise distinct complex numbers and Ly, . . ., L, are finite-dimensional o
irreducible gl(1]|1)-modules, then the gl(1|1)[t]-module ®!_; L;(bs) is irreducible. 81

There is a natural Zxo-gradation on U(gl(1|1)[t]) such that deg(e;;[r]) = r which s
induces the filtration ZU(gl(1|1)[t]) C Z1U(gl(1]1)[t]) C --- C U(gl(1]1)[t]), where s
ZsU(gl(1|1)[t]) be the subspace of U(gl(1|1)[¢]) spanned by all elements of degree < s. 84

Let M be a Z>(-graded space with finite-dimensional homogeneous components. Let
M; C M be the homogeneous component of degree j. We call the formal power series in
variable g,

= i dim(M;) ¢/, (2.4)
j=0

the graded character of M. o5

2.3. Gaudin Hamiltonians 86

In this section, we discuss the inhomogeneous Gaudin Hamiltonians. Throughout the e
paper, we shall fix two complex numbers g = (41, 42). Moreover, we assume that g1 # g2, s

see the end of this section. 8
Let A = (A, ..., A0)) be a sequence ofpolynomlal gl(1]1)-weights and b = (by,..., by)
a sequence of distinct complex numbers, where A5) = (a5, B5). Setn = |A| = Y5, (as + Bs)
and Ly = @, L, - The quadratic Gaudin Hamiltonians are the linear maps Hr € End(Lp)
given by
ko oels) _ (0 s) 4 o(n) (5) _ (1) (s)
H, = 111351 +q2622 y, Tt T A 22 <<k (25)
br bs
s=1,5#r

where elgz) =180-1) @ ey @19k, %0
Lemma 2.1. The Gaudin Hamiltonians H, o1
1. are mutually commuting: [H,, Hs] = 0 for all v, s; 02

2. commute with the action of b: [H,, X] = 0 for all r and X € §. o3
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Proof. This follows immediately from [21, Proposition 3.1] for non-twisted (i.e. g1 = g2 = oa
0) Gaudin Hamiltonians. [ o5

Instead of working on Gaudin Hamiltonians #s, we work on the generating function
of Gaudin Hamiltonians,

) 2
H(x) =Y Ax"" = qrenn (x) + qaexn(x) + % Y ean(x)epy(x)(—1)". (2.6)
r=1 ab=1

The operator .7 (x) acts on the tensor product of the evaluation gl(1|1)[t]-modules

Note that Ly (b) and L are isomorphic as gl(1|1)-modules via the identity map, then we

have . .
1 & as(as—1) — Bs(Bs + 1) 1
H(x) = = Id+ ) —H,, 2.7
() 25221 (x_bs)z S:le_bs S ( )
as operators in End(Ls) = End(LA (b)). We call H(x) the Gaudin transfer matrix. %

We are interested in finding the eigenvalues and eigenvectors of the Gaudin transfer
matrix in L (b). To be more precise, we call

Ex)=Y¢&x', & eC, 2.8)
r=1

an eigenvalue of 7 (x) if there exists a non-zero vector v € L (b) such that #4v = {,vforall o
r € Z>1. If &(x) is a rational function, we consider it as a power series in x ! asin (2.8). The s
vector v is called an eigenvector of .7 (x) corresponding to eigenvalue ¢(x). We also define s
the eigenspace of 7 (x) in L (b) corresponding to eigenvalue §(x) as ;24 ker(J| 1, (5) — Gr)- 100

It is sufficient to consider Ly with Bs = 0 for all s. Indeed, if L (b) is an arbitrary
tensor product and

k
_ Ps
g(x) _Szzl x_bs/

then ~
LA(b) ®(C§ = LT\(b)’ /\(s) = (le +ﬁs/0)-

Identify La (b) ® Cg with L (b) as vector spaces. Then .7#(x) acting on L (b) ® C¢
coincides with 7 (x) + {(x)(e11(x) + exn(x)) + (91 — g2)&(x) acting on L (b). Note that
the coefficients of e1(x) + ex(x) are central in U(gl(1]1)[¢]) and hence e11(x) + ex(x) acts
on L (b) by the scalar series

i“s“‘ﬁs

7
s=1 x_bs

therefore the problem of diagonalization of the Gaudin transfer matrix in L (b) is reduced 101
to diagonalization of the Gaudin transfer matrix in L (b). 102

Again by the fact that the coefficients of e11(x) + ep2(x) are central, if g1 = g, then the 103
diagonalization problem of #(x) is the same as the one for homogeneous case g1 = g2 =0 10
which has been discussed in [11]. Thus, for the rest of the paper, we shall assume that 1o
q1 # q2- 106

Since L, is one-dimensional if A is degenerate, similarly, it suffices to consider the case o7
that all participant gl(1|1)-weights are non-degenerate. Hence, we shall always assume 1o
throughout the paper that A(®) are non-degenerate for all 1 < s < k. 100
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2.4. Bethe ansatz 110

The main method to find eigenvalues and eigenvectors of the Gaudin transfer matrix 1.
in Ly is the algebraic Bethe ansatz. We give the results for algebraic Bethe ansatz of 11

quasi-periodic gl(1|1) Gaudin models in this section, following e.g. [21, Section VI]. 113
Fix a non-negative integer I. Let t = (#1,...,1;) be a sequence of complex numbers. 11
Define the polynomial y; = [T._; (x — t;). We say that polynomial y; represents t. 115
Set
+
Cap(3) = 01—+ 2 nEP 29
S

A sequence of complex numbers t is called a solution to the Bethe ansatz equation
associated to A\, b, [ if

k

ye(x) divides the polynomial @ p(x) := Zap(x) [ J(x — bs). (2.10)
s=1

We do not distinguish solutions which differ by a permutation of coordinates (that is 11s

represented by the same polynomial). 117
Let v be the highest weight vector of L, ), and set [0) = 91 ® - - - ® v. We call |0) the 11
vacuum vector. 110

Define the off-shell Bethe vector B)(t) € (LA)(,—1,) by

By (t) = ex(t1) - ea(t;)[0). (2.11)
Since ey1(x)e1 (1) = —ep1(1t)eny (x), the order of ¢; is not important. Moreover, the off-shell 120
Bethe vector is zero if t; = t forsomel <i#j<I 121
If ¢ is a solution of the Bethe ansatz equation (2.10), we call B;(t) an on-shell Bethe 12
vector. 123
Let t be a solution of the Bethe ansatz equation associated to A, b, [. 124

Theorem 2.2. If the on-shell Bethe vector B;(t) is non-zero, then B;(t) is an eigenvector of the
Gaudin transfer matrix 7 (x) with the corresponding eigenvalue

Syt,A,b(X)=%€k,b( ) = Zap(x () | 2 rts — Prps 2”’1“5”2[55 2.12)

(x Nl 2(x —by)(x — bs)

where {5 p(x) is given by (2.9). 125
Proof. By (2.2) and the fact that coefficients of e17 (x) + ep2(x) are central in U(gl(1|1)[t]),
we have ,

[H(x), e (t)] = v (Cap(x)ea(t) = Cap(t)ear(x)),

as operators on L (b). Note that if f is a coordinate of a solution of the Bethe ansatz
equation, then {4 () = 0. Therefore, we have

()21 (1)) = = Eap()en(t)

u

for 1 < i < 1. Hence, we conclude that

H(x)Bi(t) = —Cap(x) Z

t) +ex(t1) -~ -ean(t)H(x)|0).
]

The theorem now follows from the straightforward computation of the eigenvalue of 7 (x) 1z
corresponding to the vector [0). [ 127
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Consider another Gaudin transfer matrix

e (@) +en()? + a1 (en1 (x) + en(x) — #(x), @213)

T(x) = ]

(611( )+ éxn(x)) +

2
where é;;(x) = dx(e;i(x)), i = 1,2. Then the eigenvalue of 7 (x) acting on the on-shell Bethe
vector B, (t) is

3/ +(x) n Z arBs + asPr + 2BrBs i (91— 92)Bs

é
yt,A,b( ) gAh (.X' = x—br)(x—bs =~ x—bs
(2.14)
- (x) ,Bs
~ om0+ i)
It is important to know if the on-shell Bethe vectors are non-zero. 128

Proposition 2.3. Suppose the polynomial ¢, p(x) only has simple roots, then the on-shell Bethe 1z
vector B, (t) is nonzero. 130

Proof. Since ¢4 p(x) only has simple roots, we have t; # t; for i # j. Note that bs are
distinct and a5 + Bs > 0 (since the weights are nondegenerate by our assumption), we have
bs # t;. Hence {4 y(t;) = 0. Moreover, we have

k k , k
07 9hp(t) = Chp(t) [T =) + Ean () (TT(x = b)) | = Cap(t) Tt — o).

s=1 s=1 — s=1

Therefore {, , (t;) # 0. 131
By (2.2) ‘and the fact that coefficients of €11 (x) 4 e (x) are central in U(gl(1]|1)[t]), we

have

le12(t), e21(F)] = - E(gA,b(t) —Zap(B)
as operators on L (b). Therefore, we have [e15(t),ex1 (F)] = 0 if t and  are distinct coordi-
nates of t while [e15(t), e21(t)] = —( ;, (). One finds that

l l
ena(t) - - -en2(t1)ean(t1) - - - e21()]0) = (=1)' T [ Tap #0,
i=1

completing the proof. O 132

The conjecture of completeness of Bethe ansatz for Gaudin models associated with a3
gl(1|1) was formulated as follows, cf. [6, Conjecture 8.2]. 134

Conjecture 2.4. Suppose all weights A), 1 < s < k, are polynomial gl(1|1)-weights. Then 135
the Gaudin transfer matrix 7 (x) has a simple spectrum in Lx(b). There exists a bijective 136
correspondence between the monic divisors y of the polynomial ¢ 1, and the eigenvectors v of the 137
Gaudin transfer matrices (up to multiplication by a non-zero constant). Moreover, this bijection is  13s

such that 7 (x)v = &, A p(x)v, where &, a p(x) is given by (2.12). O 130
By simple spectrum we mean that if vy, v, are eigenvectors of 7 (x) and v1 # cvp, 140
c € C*, then the eigenvalues of .%#(x) on v and v, are different. 101
The conjecture follows from Theorem 4.8 proved in Section 5.3. 142

The conjecture is clear for the case when @, ; only has simple roots. Note that 1
dim L, (b) = 2*. If the polynomial ¢ j, has no multiple roots, then @, ; has the desired 144
number of distinct monic divisors. Therefore, we have desired the number of on-shell 1
Bethe vectors which are also nonzero by Proposition 2.3. By Theorem 2.2, it implies that we 146
do have an eigenbasis of the Gaudin transfer matrix consisting of on-shell Bethe vectors sz
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in LA (b) with different eigenvalues. Thus the algebraic Bethe ansatz works well for this 1as
situation. 149

Theorem 2.5. Suppose all weights A®), 1 < s < k, are polynomial gl(1|1)-weights. If the 1s0
polynomial @ p, has no multiple roots, then the Gaudin transfer matrix ¢ (x) is diagonalizable  1s:
and the Bethe ansatz is complete. In particular, for any given A and generic b, the Gaudin transfer  1s:
matrix 7 (x) is diagonalizable and the Bethe ansatz is complete. [ 153

3. Space V® and Weyl modules 154

In this section, we discuss the super-analog of VS in [20, Section 2.5], cf. [13, Section 3]. 1ss
The symmetric group &, acts naturally on C[zy, ..., z,] by permuting variables. De- s
note by 0;(z) the i-th elementary symmetric polynomial in zy,...,z,. The algebra of s
symmetric polynomials C[z, . .., z,]® is freely generated by o1 (z), . .., 0n(2). 158
Fix¢ € {0,1,...,n}. We have a subgroup S, x &,,_y C &,. Then &, permutes the first s
¢ variables while &,,_, permutes the last n — ¢ variables. Denote by C|zy, ..., zn]ef X6y
the subalgebra of C|zy, ..., z,] consisting of &; x &,,_-invariant polynomials. It is known ie:
that C[zy, . ..,z,] 9/ is a free C[zy, .. ., z,) ®-module of rank (}). 162

3.1. Definition of V& 163

Let V = (C1)®" be the tensor power of the vector representation of gl(1|1). The
g[(1]|1)-module V has weight decomposition

V=BWV)n_r0
=0

Let V be the space of polynomials in variables z = (z1, 2y, . .., z,) with coefficients in V,
V=VQC|z,22,.-.,2u]-

The space V is identified with the subspace V ® 1 of constant polynomials in V. The 1

space V has a natural grading induced from the grading on C|zy, ..., z,] with deg(z;) = 1. 1es

Namely, the degree of an element v ® p in V is given by the degree of the polynomial p, 1es

deg(v ® p) = deg p. Clearly, the space End(V) has a gradation structure induced from 1er

that on V. 168
Let P(#) be the graded flip operator which acts on the i-th and j-th factors of V. Let sy,

2, ..., Sy—1 be the simple permutations of the symmetric group &;. Define the &,-action

on V by the rule:

sit f(z1,---,zn) — P(i'iJrl)f(zl,...,zi+1,zi,...,zn),

for f (zl, ...,Zn) € V. Note that the &,-action respects the gradation on V. Denote the 160
subspace of all vectors in V invariant with respect to the &,-action by V. 170
Clearly, the gl(1|1)-action on V commutes with the &,-action on V and preserves the
grading. Therefore, V® is a graded gl(1|1)-module. Hence we have the weight decomposi-

tion for both V© and (V©)sing,

n n

Ve =DV oty (VOB = @(VG)?TZ,@'
(=0 =0

Note that (VG)(H_M) and (VG)?;HZ o) are also graded C|zy, . .., z4]®-modules. 17
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The space V is a gl(1|1)[t]-module where ¢;;[r] acts by

eijlrl(p(z1, .- zn)w1 ® - - @ wy)

n . 3.1
— pCaez) Y (D) DI L 0 @ - @y @ @y,
s=1

for p(z1,...,2z4) € Clzy,...,24) and w, € cln, 172

Lemma 3.1. The gl(1|1)[t]-action on V commutes with the &,-action on V. Both V and V' are 173

graded gl(1|1)][t]-modules. O 174
3.2. Properties of V© and (V)sing 17s
In this section, we recall properties of V' and (V)% from [13, Section 3]. 176

Lemma 3.2. The space (V) ,_y) is a free Clzy, ..., za]© -module of rank (). In particular, the 7

space VS is a free Clz1, . ..,z ]S -module of rank 2". O 178
Setvt =0 =01 ® - Q0. 170
Lemma 3.3. The gl(1|1)[t]-module V' is a cyclic module generated by v*. [ 180

Lemma 3.4. The set

{ean[m]eat[ra] - ean[rJo™ [0S << <7y <n—1} (3.2)
is a free generating set of (VG)(n,M) over Clzy,...,z,)%. O 181
Lemma 3.5. The space (VG)??Z 0 1 a free Clz1, ..., z,)®-module of rank (") with a free
generating set given by

{e2[0]ex[0]eas[r1] - - -em[relo™, 1<ri<rmp<---<rg<n—1} (3.3)
In particular, the space (V)58 is a free Clz1, . .., 24| S -module of rank 2"~1. O 182
Set (Q)r = Hrzl(l — ql) 183

Proposition 3.6. We have

0(t-1)/2 . 0(6+1)/2
q & \sing _ 9
POPom0) = GG

Givena = (ay,...,a,) € C",let I, be theideal of C[zy, . . .,z,|® generated by 0;(z) — a, 1ss
i =1,...,n. Then for any a, by Lemmas 3.1 and 3.2, the quotient space VE/L,VC isa 1
g/(1|1)[t]-module of dimension 2" over C. Denote by o' be the image of v under this s

(V) -00) =ty

quotient. 187
3.3. Weyl modules 188

In this section, we recall a special family of Weyl modules for gl(1|1)[t] and their 1
properties from [11, Section 3.3]. 190

Let 77(x) be a monic polynomial of degree m with complex coefficients, where m € Z,

m .
1’](3() = Z')/ixl/ Ym = 1.
i=0
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Denote by W;, the gl(1|1)[t]-module generated by an even vector w subject to the relations:

e11(x)w = 7' (x)/n(x)w, exn(x)w = epp(x)w =0, (34)
m
Y viexnlilw = 0. 3.5)
i=0
It is convenient to write (3.5) as (ex1 ® 7(t))w = 0. 101
Clearly, we have dim W;, < 2" by PBW theorem and (2.1), (3.5). The module Wy, is the 102
universal gl(1|1)[t]-module satisfying (3.4), (3.5) which we call a Wey! module. 103
If n(x) = (x — b)™, we write Wy, as Wy, (b). 104
Lemma 3.7. Let a = (0,...,0) € C". Then V®/1,V® is isomorphic to W, (0) as gl(1|1)[t]- 105
modules. [ 106
In particular, we have dim W, (b) = 2. 107

Lemma 3.8. Let 17(x) = [T5_;(x — bs)"s, where bs # by, for 1 < s # r < k. Then Wy is 108
isomorphic to @*_; Wi, (bs) as gl(1|1)[t]-modules. O 100

Given sequences n = (ny,...,1;) of nonnegative integers and b = (by,...,bs) of =00
distinct complex numbers, by Lemma 3.8, we call @_, W, (bs) the Weyl module associated 20
withn and b. 202

Givena = (ay,...,a,) € C", define k € Z~o,bs € C,and ns € Z~o for1 < s < kby

n ) ) k
Y (D) = T [(x = bs)"™, (3.6)
i=1 s=1
where by, ..., by are distinct. Note that n = 25:1 Ns. 203
Lemma 3.9. The gl(1|1)[t]-module V& / I,V is isomorphic to @*_; Wy, (bs). O 204
We also need the following statements. 205
Lemma 3.10. Let b € C. We have the following properties for Wy, (b). 206
1. Asagl(1|1)-module, Wy, (b) is isomorphic to (C1)@m, 207
2. Agl(1]1)[t]-module M is an irreducible subquotient of Wy, (b) if and only if M has the form  zos
L (b), where A is a polynomial weight such that |A| = m. O 200

Corollary 3.11. A gl(1|1)[t]-module M is an irreducible subquotient of @_, W, (bs) if and only 210
if M has the form ®*_; L, ) (bs), where A®) is a polynomial weight such that |A)| = ns for each 21

1 < S < k O 212
4. Main theorems 213
4.1. The algebra O, 214

Let (); be the n-dimensional affine space with coordinates fi,...,f;, g1, ..., &u—1-
Introduce two polynomials

n—

l .
gix" 4.1)

l .
flx) =+ ; fixl 7 g(x) ="+ »

Denote by O the algebra of regular functions on (;, namely

Ol = C[fl/- . .,fl,gl,. . 'rgnflflrgnfl]'
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Define the degree function by

degfi =i, deggi=j,

foralli=1,...,landj=1,...,n —I. The algebra O is graded with the graded character

given by
1
Ch(Ol) = 7" (4-2)
(@)1(9)n—
Let #y0; C #,0; C --- C O be the increasing filtration corresponding to this grading, 21s
where .#;O; consists of elements of degree at most s. 216

Let X4, ..., %, be the elements of O such that
n . .
(1 —q2)f(0)g(x) = (g1 —q2)x" + Y} (=)' ((q1 — q2)Zi = (n +1 =) Z;1)x",  (43)
i=1

where 2y = 1. The homomorphism

7(1:@[21,...,2"}6 —)Ol, (Ti(Z)HZi, i=1,...,n, (4.4)
is injective and induces a C|z, . .. ,zn]G-module structure on O;. 217
Express f'(x)g(x) as follows,
1 n—1 1
(1 —q2)f'(¥)g(x) = (q1 — g2)Ix" 71 + ) G, (4.5)
i=1
where Gl‘ S Ol. 218

Lemma 4.1. The elements G; and %, i=1,...,n—1,j=1,...,n, generate the algebra O;. O =z

Lemma 4.2. We have G; € F;0;\ F; 10 and X; € F;0/\ F;_10;,i = 1,...,n—1, 20
j=1...,n. O =

4.2. Bethe algebra 222
We call the unital subalgebra of U(gl(1]1)[t]) generated by the coefficients of

1 ¢ :
en(¥) +en(x), A(x) = qen(x) +gen(x) + 5 Y- ei(x)esi(x) (—1))!
ij=1
the Bethe algebra. We denote the Bethe algebra by B. Note that the coefficients of e11(x) + 223
e (x) generate the center of U(gl(1]1)[¢]). 224

Lemma 4.3 ([17]). The Bethe algebra BB is commutative. The Bethe algebra I3 commutes with the  22s
subalgebra U(h) C U(gl(1|1)[t]). O 226

Being a subalgebra of U(gl(1]1)[t]), the Bethe algebra B acts on any gl(1|1)[t]-module 227
M. Since B commutes with U(}), the Bethe algebra preserves the subspace (M), for any =
weight A. If K C M is a B-invariant subspace, then we call the image of B in End(K) the 22

Bethe algebra associated with K. 230

Leta = (a1,...,a,) € C". Define k € Z~, a sequence of positive integers n = 2a
(n1,...,ng), and a sequence of distinct complex numbers b = (by,...,b;) by (3.6). Let =232
A = (AW,...,A%)) be a sequence of polynomial gl(1|1)-weights such that [A(5)| = . 233

We study the action of the Bethe algebra B on the following B-modules:

k
M= V) gy, M= (Q@Wn (0)) 11y Miap = (Q Ly (5)) 1 )-
s=1
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Denote the Bethe algebras associated with M;, M; ,, M A p by By, B) 4, Bi A p, respectively. 2
For any element X € B, we denote by X(z), X(a), X(A, b) the respective linear operators. s
Since by Lemma 3.3 the gl(1|1)[t]-module V® is generated by v{"" = v; ® - - - @ vy, the

series e11(x) + ex(x) acts on V© by multiplication by the series

Therefore there exist unique central elements Cy, ..., C, of U(gl(1|1)[t]) of minimal degrees =3
such that each C; acts on V® by multiplication by o;(z). 237
Define B; € B by

(x” + Z(—l)’Cix”*’)T(x) =x") Bix', (4.6)
i=1 i=1
where T (x) is defined in (2.13). 238
Lemma 4.4. We have B;(z) = 0 fori > nand B1(z) = (g1 — q2)!. 230

Proof. Let V(c) = ®"_; C''(c;), where ¢; € C. Note that B;(z) is a polynomial in z with 20
values in End((V)(,_;,)). For any sequence of complex numbers ¢ = (cy,...,cn), wecan  2a
evaluate B;(z) at z = ¢ to an operator on (V(c))(,—1)- By Theorem 2.5, the Gaudin transfer  ze
matrix ¢ (x) is diagonalizable and the Bethe ansatz is complete for (V(c))(,—;;) when ze
¢ € C" is generic. Hence by (2.14) and (4.6) that (x" + Y1 ;(—1)IC;ix" )T (x) acts on 24
(V(€))(n-1,) as a polynomial in x for generic c. In particular, it implies that B;, i > 1, acts 2

on (V(¢)) (1, by zero for generic c. Therefore B;(z), i > n, is identically zero. 246
By the same reasoning, one shows that B1(z) = (q1 — q2)I. Alternatively, it also follows e
from Bl = (lh - qZ)ezz. L 248

Lemma 4.5. The elements B;(z) and C]-(z), forl <i<mandl < j< n,generate the algebra B). 240

Proof. It follows from the definition of 5, (4.6), and Lemma 4.4. [ 250

One can restrict the filtration on U(gl(1]1)[t]) to the Bethe algebra, #yB C %18 C s
... CB. 252

Lemma 4.6. We have B; € #; 1B/ .7 2Band C; € #;B/F; 1Bforl <i<nand1 <j< s
n. O 254

4.3. Main theorems 255

Recall from Proposition 3.6 that there exists a unique vector (up to proportionality) of
degree I(I —1)/2 in M, explicitly given by

u = ey [0]ex1[1] - - - epr [l — 1]o ™,

see Lemma 3 4. 256

Any commutative algebra 4 is a module over itself induced by left multiplication. We  zs
call it the regular representation of A. The dual space A* is naturally an .A-module which is  zss
called the coregular representation. A bilinear form (-|-) : A® A — Cis called invariant if ~ 2se
(ab|c) = (albc) foralla,b,c € A. A finite-dimensional commutative algebra .4 admitting an  zeo
invariant non-degenerate symmetric bilinear form (-|-) : A ® A — C s called a Frobenius ze
algebra. The regular and coregular representations of a Frobenius algebra are isomorphic.  ze2

Let M be an A-module and £ : A — C a character, then the A-cigenspace associated to  zes
€ in M is defined by N,c 4 ker(a|pr — £(a)). The generalized A-eigenspace associated to £ in  zea
M is defined by N4 (Upr—q ker(a|p — E(a))™). 265
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Theorem 4.7. The action of the Bethe algebra B; on M has the following properties. 266

1. Themapn : G;— Biy1(z), Zj— Ci(z),i=1,...,n—1,j=1,...,n, extends uniquely -
to an isomorphism 1, : Op — Bj of filtered algebras. Moreover, the isomorphism 1; is an  zes

o

7

isomorphism of C|z1, .. ., 2| -modules. 260
2. Themap p; : Oy — M, F — 1;(F)w, is an isomorphism of filtered vector spaces identifying 270
the Bj-module M with the regular representation of O;. a1
Theorem 4.7 is proved in Section 5. 272
Let a = (a1,...,a,) € C". Define k € Z-(, a sequence of positive integers n = 27

S

4

(ny,...,n), and a sequence of distinct complex numbers b = (by,...,b;) by (3.6). Let A = -
(A, ..., A%)) be a sequence of non-degenerate polynomial weights such that [A)| = 15 27
foreach1 <s < k. 276

Theorem 4.8. The action of the Bethe algebra B) p ,, on M p p, has the following properties. 277
1. The Bethe algebra B) p 3, is isomorphic to

Clws, ..., wi| S 1 /(o3 (w) — €)iz1,.. ks

Py

where ¢g; are given by

k k k
(pA,;,(x) = H(x — bs) (‘71 — g+ Z " isbs) _ (q1 _ qz) (xk + Z(_l)lsixkfz)
s=1 s=1 i=1
and o;(w) are elementary symmetric functions in wy, . . ., Wy. 278
2. The Bethe algebra B 5 1, is a Frobenius algebra. Moreover, the B 5 p-module M pp is 270
isomorphic to the regular representation of By A p. 280
3. The Bethe algebra B)  j, is a maximal commutative subalgebra in M p 3, of dimension (]l‘) 201
4. Every B-eigenspace in M  p, has dimension one. 282

5. The B-eigenspaces in M 5 j, bijectively correspond to the monic degree I divisors y(x) of the  2es
polynomial @A p(x). Moreover, the eigenvalue of 7 (x) corresponding to the monic divisor y = zes
is described by E, A p(x), see (2.12). 288
6.  Every generalized B-eigenspace in M 4 j, is a cyclic B-module. 286
7. The dimension of the generalized B-eigenspace associated to &, a p(x) is

(")

acC
where Mult, (p) is the multiplicity of a as a root of the polynomial p. 287
Theorem 4.8 is proved in Section 5. 208
Note that the results of is quite parallel to that of XXX spin chains, see [13, Theorem  2eo
4.11].
4.4. Higher Gaudin transfer matrices 201

To define higher Gaudin transfer matrices, we first recall basics about pseudo-differential
operators. Let &/ be a differential superalgebra with an even derivation d : &/ — </. For
r € Zxo, denote the r-th derivative of a € & by ay,. Define the superalgebra of pseudo-
differential operators <7 ((971)) as follows. Elements of </ ((d~!)) are Laurent series in 9~
with coefficients in ./, and the product is given by

P l=0"9=1 da=) (:)a[s]a”, rez, acd,
5=0
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where

() rr=1)- - (r=s+1).

s!

Let

A = U ) = { T g, r e 2, g e Ul

r=—00

Consider the operator in End(C!1) @ «"" ((371)),

hi_: Eap © ( —4a) — eah(X)(—l)'“').

a,b=1

which is a Manin matrix, see [17, Lemma 3.1] and [5, Lemma 4.2]. Define the Berezinian, see

[22], of 3(x,0x) b
Ber(3(x,0x))
1 -1 4.7)
= (0x —q1 —en(x)) (ax — 2 +ex(x) +e21(x) (0x — 1 — e11(x)) 612(x)) :
Denote the Berezinian by ©(x, dy) and expand it as an element in o7 mln ((oxh)),
D(x,0x) = 2(_1)@7(3{)3;( (4.8)
r=0

We call the series G,(x) € "y e Z>, the higher Gaudin transfer matrices. In particular, 2o2
we call G1(x) and G (x) the first and second Gaudin transfer matrices, respectively. 203

Example 4.9. We have Gy(x) =1,
Gi(x) = q1 — g2 +en(x) +exa(x),

Go(x) = (g1 — g2 +en1(x) +ex(x)) (—q2 + ex(x)) — ex(x)ern(x). U

Remark 4.10. In principle, the Bethe algebra should be the unital subalgebra of U(gl(1|1)[t]) 2ea
generated by coefficients G,(x), r € Z~, cf. [16]. However, it turns out that the first two  zes
transfer matrices already give (almost) complete information about the Bethe algebra, see 206
the discussion below. [ 207

Now we describe the eigenvalues of higher Gaudin transfer matrices acting on the 208
on-shell Bethe vector. 200
Let A = (A(D,...,A1)) be a sequence of gl(1]1)-weights and b = (by,...,bx) a 300
sequence of distinct complex numbers, where Al = (as, Bs). Lett = (t1,...,1;), where 30
0 < I < k. Suppose that y; divides the polynomial ¢4 j, (namely ¢ satisfies the Bethe ansatz = so2
equation), see (2.10). 303

Theorem 4.11 ([12, Theorem 5.2]). Ift; # tj for 1 <i < j < I, then

k / k AN |
D(x,0:)Bi () = By (1) (3 —q1 — ) — +&)(ax—qz+zx%b +2) 7 @9
S s=1 S

S v v

The theorem is a differential analog of [13, Theorem 6.4]. Note that the pseudo- sos
differential operator in the right hand side of (4.9), denoted by ©, 4 ,, was introduced [6, 305
Section 5.3]. This theorem is generalized to the gl(m|n) case in [12, Theorem 5.2] where on 306
the right hand side the pseudo-differential operator describing the eigenvalues of higher o
Gaudin transfer matrices should be replaced by the pseudo-differential operator in [6, s0s
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Equation (6.5)]. This generalization is a classical limit of [14, Conjecture 5.15] and [12, 300
Corollary 3.6] which connects the rational difference operator introduced in [4, Equation 310
(5.6)] with the eigenvalues of higher transfer matrices on the on-shell Bethe vector for XXX 311
spin chains associated with gl(m|n). s12

Remark 4.12. As shown in [6, Lemma 5.7], the odd reflection of Dyabs cf. [6, equation (3.1)], =13
which comes from the study of the fermionic reproduction procedure of the Bethe ansatz sia
equation, are compatible with the odd reflection of Lie superalgebras. The difference analog  s1s
of this fact has been used in [10] to investigate the relations between the odd reflections sie
of super Yangian of type A and the fermionic reproduction procedure of the Bethe ansatz 7

equation for XXX spin chains. [ 318
We conclude this section by discussing the connections between G;(x), i > 3, and 310
gl(X), gz(X). 320
Let
k s yé /
xX)=¢q1+ =, v(x)=—q2+ .
u(x) =qm s:X:lx_bs Vi q2 Zx—b ]/t

For simplicity, we do not write the dependence of y(x) and v(x) on A, b, t explicitly. Then
the eigenvalue of D (x, dy) acting on B; (¢) is given by

(0x = () (@x +v(x) 7 =1 = (p(x) + v(2)) (@x +v(x)) . (4.10)

Hence the eigenvalues of G;(x) are essentially determined only by u(x) + v(x) and v(x).
Comparing (4.8) and the expansion of (4.10), we have

G1(x)By(2) = (u(x) +v(x))By(2),  Go(x)By(t) = (u(x) +v(x))v(x)B(£),  (411)

see also (2.14). Therefore, the spectrum of all higher transfer matrices are determined s
simply by that of the first two transfer matrices which justifies our definition of Bethe 322
algebra. 323

Lemma 4.13. Let the complex parameters cy, ..., cy and the positive integer m vary. Then the  sza
kernels of the representations @, C'11(c;) of U(gl(1|1)[¢]) have the zero intersection. 225

Proof. The proof is contained in the proof of [23, Proposition 1.7]. O 326

Corollary 4.14. We have

_ Ga(x) Ga(x)\ 1
D(x,0;) = (ax — Gi(x) + Qi (x)) (ax+ gj (x)) . 4.12)

Proof. By Lemma 4.13, it suffices to check that the left hand side and the right hand side of 27
(4.12) act identically on a basis of @, C'!(c;) for all m € Z-g and generic ¢ = (cy,...,Cm). 328

By Theorem 2.5, there is a basis of ®" ; C!I(¢;) consisting of on-shell Bethe vectors sz
for generic c. Therefore, the statement follows from Theorem 4.11, (4.10), (4.11). O 330

5. Proof of main theorems 331

In this section, we prove the main theorems. For completeness, we provide all details a2
even they are parallel to those in [11, Section 5]. 333

5.1. The first isomorphism 33s

Proof of Theorem 4.7. We first show the homomorphism defined by #; is well-defined. 335

Consider the tensor product V(c) = @I, C!1(c;), where ¢; € C, and the correspond-  sse
ing Bethe ansatz equation associated to weight (n — ,1). Let t be a solution with distinct 337
coordinates and IB; () the corresponding on-shell Bethe vector. Denote &; ; the eigenvalues 33
of B; acting on B, (), see Theorem 2.2 and (2.14). 330
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Define a character 7t : O; — C by sending

n
fx) = ye(x), Zpe= e
i=1
1 1 o]
- — —c)(q1— g2+ .
g(x) (ql — qz)yt(x) i:1<x c )(‘11 qz 1; Y Ci)
Then
() =oi(c),  7(G) =&, (5.1)
by (4.3) and by (2.12), (2.14), (4.5), respectively. 340

Let now P(G;, X;) be a polynomial in G;, X; such that P(G;, X;) is equal to zero in 0. sa
It suffices to show P(B;(z), Cj(z)) is equal to zero in B). 342

Note that P(B;(z), Cj(z)) is a polynomial in zy, . .., z, with values in End((V)(,_1;)). ses
For any sequence ¢ of complex numbers, we can evaluate P(B;(z),Ci(z)) atz = cto an s
operator on (V(c))(,—1,)- By Theorem 2.5, the transfer matrix 7 (x) is diagonalizable and s
the Bethe ansatz is complete for (V(c))(,—;;) when ¢ € C" is generic. Hence by (5.1) the 34
value of P(B;(z),C;(z)) at z = cis also equal to zero for generic c. Therefore P(B;(z),Cj(z)) 347
is identically zero and the map 7, is well-defined. 348

Let us now show that the map 7 is injective. Let P(G;, Z;) be a polynomial in G;, X; a0
such that P(G;, Zj) is non-zero in O;. Then the value at a generic point of (); (e.g. the ss0
non-vanishing points of P(G;, X;) such that f and g are relatively prime and have only s
simple zeros) is not equal to zero. Moreover, at those points the transfer matrix 7 (x) is sz
diagonalizable and the Bethe ansatz is complete again by Theorem 2.5. Therefore, again  sss
by (5.1), the polynomial P(B;(z),C;(z)) is a non-zero element in B;. Thus the map #; is  ssa
injective. 355

The surjectivity of #; follows from Lemma 4.5. Hence #; is an isomorphism of algebras. sse

The fact that #; is an isomorphism of graded algebra respecting the gradation follows sz
from Lemmas 4.2 and 4.6. This completes the proof of part (i). 358

The kernel of p; is an ideal of O;. If we identify 0;(z) with X;, then the algebra ss
O contains the algebra C[zy, .. ., z4]®, see (4.4). The kernel of p; intersects C[zy,...,24]® 360
trivially. Therefore the kernel of p; is trivial as well. Hence p; is an injective map. Comparing e
(4.2) and Proposition 3.6, we have ch(M;) = g'=1/2ch(O;). Thus p; is an isomorphism e
of graded vector spaces which shifts the degree by /(I — 1) /2, completing the proof of part e
(i). O 364

5.2. The second isomorphism 365

Leta = (ay,...,a,) be a sequence of complex numbers. Define k € Z~, a sequence
of positive integers n = (ny,...,n;), and a sequence of distinct complex numbers b =
(b, ..., br) by (3.6). Let 11(31 be the ideal of O; generated by the elements X; —a;,i =1,...,n,
where Xy, ..., X, 1 are defined in (4.3). Let O; , be the quotient algebra

Opa = O,/ 1.
Let Ill,ga be the ideal of B; generated by C;(z) —a;,i =1,...,n. Consider the subspace
I = 15, My = (1Y) (i1,
where I, as before is the ideal of C|zq, ... ,zn]6 generated by 0;(z) —a;,i=1,...,n. 366
Lemma 5.1. We have

WI(II,CL) = Illlga/ pl(Il(,9a> = Ii/,\;lr Bl,u = Bl/Ill,gar Ml,u = (VG)?;H§Z,I)/I%'
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Proof. The lemma follows from Theorem 4.7 and Lemma 3.9. O 367

By Lemma 5.1, the maps #; and p; induce the maps
Nia: Ol,u — Bl,ar Pla: Ol,a — Ml,u'

The map 7; , is an isomorphism of algebras. Since B , is finite-dimensional, by e.g. [20, ses

Lemma 3.9], O, , is a Frobenius algebra, so is B; ,. The map p; , is an isomorphism of 36

vector spaces. Moverover, it follows from Theorem 4.7 and Lemma 5.1 that p; , identifies sz

the regular representation of O; , with the B; ,-module M, ,. 371
The statement of this section implies, by e.g. [9, Lemma 1.3], the following. Set

k

’ lpnb _énb Hx_br

r=1

gn,b( =1q1 —

Theorem 5.2. Suppose b = (by,...,by) is a sequence of distinct complex numbers. Then the
Gaudin transfer matrix 7 (x) has a simple spectrum in (®F_; Wy, (bs))*"8. There exists a
bijective correspondence between the monic divisors y of the polynomial ,, ;, and the eigenvectors
vy of the Gaudin transfer matrix 5 (x) (up to multiplication by a non-zero constant). Moreover,
this bijection is such that

0 (L) (L 5 o) oy O

s=1 s s=1

Ay = (380 (3) — Cup()?

Remark 5.3. Fix | € Z>p and set t = (t1,...,1;). Let y; represent t. Then the Bethe ansatz
equation for (®_, W, (bs)) is

ye(x)  divides the polynomial ¢, ,(x).

Note that in this case, y; may have multiple roots. If there are multiple roots in y;, then 7
the corresponding on-shell Bethe vector is zero. Therefore an actual eigenvector should be 37
obtained via an appropriate derivative as pointed out in [6, Section 8.2]. [ 374

5.3. The third isomorphism 375

Recall from Section 2.3, that without loss of generality, we can assume that Bs = 0, s7e
1 <s<k Inthiscase, as = 15,1 <s < k. 377

Lemma 5.4. There exists a surjective gl(1|1)|t]-module homomorphism from @F_; W, (by) to s
kL 1) (b) which maps vacuum vector to vacuum vector. 379

Proof. It follows from Lemma 3.10 and our assumption that fs =0 forall1 <s < k. O 38
By Lemma 3.9, the surjective gl(1|1)[t]-module homomorphism

k

k
@) Wi, (br) — Q) Lo (x)
s=1

s=1
induces a surjective gl(1|1)[t]-module homomorphism
k
Ve — @ Ly (be)-

s=1

The second map then induces a projection of the Bethe algebras B; — B p ;,. We describe  se:
the kernel of this projection. We consider the corresponding ideal in the algebra O;. 382
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Suppose | < k. Define the polynomial /(x) by

k

hix)=]](x— bs)™s L,

s=1
Divide the polynomial g(x) in (4.1) by h(x) and let

k—I1-1

p(x) = x4+ px + o e X+ P (5.2)

n—k—1

r(x) =rx + rzac"*k*2 + o kX Tk (5.3)

be the quotient and the remainder, respectively. Clearly, p;,r; € O. 383

Denote by I f?A,b the ideal of O; generated by rq, ..., 7, _k, and the coefficients of poly-
nomial

k

k
pas(x) = (1 = 2)p(x)f(x) = TT(x = ) (1 — g2+ »

s=1

s
x — by

) = (@1 = 2)p(¥)f ().
Let O a p be the quotient algebra

O
Oiap =01/Iipp

Clearly, if O 4 j, is finite-dimensional, then it is a Frobenius algebra. 384
Let I IBA p be the image of [ IOA p under the isomorphism 7;. 385

Lemma 5.5. The ideal Il?A,b is contained in the kernel of the projection B) — B A p- 386

Proof. We treat b = (by, ..., by) as variables. Note that the elements of IEA,b acton Mjpp 37
as polynomials in b with values in End((LA)(,—1,)). Therefore it suffices to show it for s
generic b. Let f(x) be the image of f(x) under #;. The condition that IZZ?A,b vanishes is  sso
equivalent to the condition that ¢ (x) is divisible by f(x). 390

By Theorem 2.5, there exists an eigenbasis of the operator 7 (x) in M 4 j, for generic b. e
Clearly, a solution of Bethe ansatz equation associated to A, b, [ is also a solution to Bethe o2
ansatz equation for M ,, see Theorem 5.2 and Remark 5.3. Moreover, the expressions of  ses
corresponding on-shell Bethe vectors coincide (with different vacuum vectors). By Lemma 304
5.4 and Theorems 2.2, 5.2, g j,(x) is divisible by f(x) for generic b since the eigenvalue of e
f(x) corresponds to y¢(x) in (2.12). Therefore I I?A,b vanishes for generic b, thus completing e
the proof. O 307

Therefore, we have the epimorphism
Orap = Bi/IPnp — B (5.4)

We claim that the surjection in (5.4) is an isomorphism by checking dim O o, = dim B}  j,. 39

Lemma 5.6. We have dim O 5 j, = (l;) . 300

Proof. Note that C[py,...,px_1, 71, -, thi] = Clg1,...,9n_1], where p; and rj are defined
in (5.2) and (5.3). It is not hard to check that

Oiap ZClf1 - fiuPro o Pt/ Ta g (5.5)

where Tl(?A,b is the ideal of C[fy,..., f1, p1,-- ., Pk_1] generated by the coefficients of the o0
polynomial ¢ p(x) = (71 = 2) p(x) f (x)- a1
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Introduce new variables w = (wy, ..., wy) such that

k-1

1
= H(x — w;), =[x —wi).

Lete = (81, ..., &) be complex numbers such that

Pap(x ﬁ (x = bs) ( — 2 ) 42)( Z(*l)iﬁixk_i).

s=1 i=1

Then
Clfi, - fu bt Pl T p = Clwon, .., w1 ]SSk /{oi(w) — &)zt k. (5.6)

The lemma now follows from the fact that C[wy, . .., wi_1]®* Sk~ isa free Clwy, ..., wr_1]®- 40
module of rank ('l() O a03

Note that we have the projection (VG)(W_ 11) = Miap. Since by Theorem 4.7 the

Bethe algebra B; acts on (VG)(,[_,,Z) cyclically, the Bethe algebra B; 5 ;, acts on M A,
cyclically as well. Therefore we have

k
dim Bl,A,b = dim Ml,A,b = (l) (5.7)
Proof of Theorem 4.8. Part (i) follows from Lemma 5.6 and (5.4), (5.5), (5.6), (5.7). Clearly,
we have By o = O 5 is a Frobenius algebra. Moreover, the map p; from Theorem 4.7
induces a map

PLab : Oap = Miap

which identifies the regular representation of O) 4 j, with the B A ,-module M), 4 j,. There- a0s
fore part (ii) is proved. 408

Since Bj 4 p is a Frobenius algebra, the regular and coregular representations of the o6
algebra B 5 j, are isomorphic to each other. Parts (iii)—(vi) follow from the general facts 407
about the coregular representations, see e.g. [20, Section 3.3] or [9, Lemma 1.3]. 408

Due to part (iv), it suffices to consider the algebraic multiplicity of every eigenvalue. It 400
is well known that roots of a polynomial depend continuously on its coefficients. Hence 410
the eigenvalues of 7 (x) depend continuously on b. Part (vii) follows from the deformation a1
argument and Theorem 2.5. [ a12

6. Conclusions 413

In this paper, we investigated the gl(1|1) Gaudin models that are twisted by a diagonal  a1e
matrix G and defined on tensor products of polynomial evaluation gl(1|1)[t]-modules. Our as
results generalize all the results of [11] to the twisted case. In the meanwhile, we gave an 416
explicit description of the algebra of Hamiltonians acting on tensor products of polynomial 417
evaluation gl(1|1)[¢]-modules by generators and relations. Moreover, we showed that there = as
exists a bijection between common eigenvectors (up to proportionality) of the algebra of 410
Hamiltonians and monic divisors of an explicit polynomial written in terms of the highest «
weights and evaluation parameters. In particular, our result implies that each common 21
eigenspace of the algebra of Hamiltonians has dimension one. We also gave dimensions of 422
the generalized eigenspaces. Our results give a confirmed answer to the completeness of 423
Bethe ansatz in the case of gl(1|1) Gaudin models. We expect our results will be an essential sz«

N
o

step towards understanding the more general gl(m|n) Gaudin models. 425
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