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Abstract: Knowledge is a property that measures the degree of awareness of an agent about a target
in an environment. The goal in conventional intelligent and cognitive agent development is to
build agents that can be trained to gain knowledge about a target. The definition and operations
of this knowledge associated to the agent is not clear, whereas these are required for developing a
reliable, scaleable and flexible agent. In this paper, we provide a concise theoretical framework for the
description and quantification of the knowledge property needed for an efficient design of cognitive
and rational intelligent agents. We relate the quantification scheme to the epistemological description
of knowledge and present many illustrative examples on the usefulness of the quantification scheme.
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1. Introduction

Intelligent agent design has been around for many years, with a major goal to build machines that
can act as we (humans) think [1]. The purposes of such a goal are diverse, giving rise to many varieties
of agent design methods and techniques. One important aspect in all agent design is the acquisition
of a value about a target and the optimization of this value. Many of such values are defined in the
literature [2—4] but are not exhaustive enough to capture what we (human) think. This also makes
such values less useful in the design of a reliable, scaleable and flexible agent needed in today’s fast
growing intelligent agent industry.

To address this issue, we present a value quantification scheme for intelligent agent and use it to
quantify knowledge, which we consider as a justified true belief [5-7] of an agent about a target. We
start by introducing the cognitive nature of an agent, and define different cognitive properties required
by an intelligent agent. We classify these cognitive properties into; intelligence, action, and cognitive
value.

Many types of intelligence, actions, and cognitive values can be defined for an agent, but base
on the title of this article, we focus more on the cognitive value property, specifically the knowledge
property of an agent. More so, since the notion of knowledge is literally confused with that of
intelligence, belief, and information, we mathematically distinguish it from and relate it to them as
literally discussed in [8-11]. Apart from this, other cognitive values such as understanding, trust, and
wisdom are introduced.

Logically, the knowledge quantity in most literature is considered as information [11,12].
However, the definition of information itself is diverse [13-16]. If we focus on Shannon’s definition
of information [13], where information is considered as a type of uncertainty and defined using
probabilistic logic, then such type of information theoretic knowledge is invariant to the environment
in which it is generated, because it does not consider the environment influence on the events and
observer during cognition.

Consider Shannon’s information content and the expected information content (also called
entropy):

Information content: I = log(ﬁ)r
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Entropy: H =Y/ ; P(x;) log(ﬁ),
where x is a single state event, x; is a state in a multi-states event, and P(x) is probability of a single
state event.

In his logical definition of information [13], Shannon considers the information content as a value
generated by an event which causes a surprisal to an observer of the event. The degree of this surprise
is considered to increase when the event rarely occurs and vice versa. This implies that the initial state
of the observer is not considered, because, if the observer already has prior knowledge about the event,
no matter how long it takes for the event to occur, the observer may likely not be surprised about it. It
is therefore clear that such definition is tied more to the event than to the observer.

In relation to this, Shannon’s entropy, which is the expected information content, is actually
a type of uncertainty measure of an event and not of the observer of the event. Together with its
different variants such as, joint entropy, mutual information, cross entropy, Kullback-Leibler (KL)
divergence, etc., they are all used to measure different quantities of an event rather than an observer
of the event. More so, there is no link between this information and the epistemological definition of
knowledge [5,17]. In addition to this, the environment in which the event occurs or that in which the
observer exists, is not considered in any entropy value generation.

Generally, the environment plays an important role in the justification of values such as belief,
information, etc., and this type of justification is highly used in the epistemological definitions of
knowledge [18,19] in any rational agent.

Imagine a scenario where there are two human agents, Ekane and Aki, living in different
environments defined by different cultural, religious, political, geographical, and social features.
Assume Ekane’s environment is defined culturally by language A, geographically by a hilly topography,
religiously by monotheism, politically by democracy, and socially in support for free speech. On the
other hand, Aki’s environment is defined culturally by language B, geographically by a coastal
topography;, religiously by polytheism, politically by autocracy, and socially against free speech.

If both Ekane and Aki have high knowledge, understanding, and trust (consciously or
unconsciously) in their respective environments, then any event that occurs in their environments will
be perceived and interpreted based on how their environments define the event. Consider an event
such as "occurrence of peace", how both agents perceive and interpret this event may be completely
different, and this is simply based on the influence of their environments on their cognition and
rationality about the event.

Ekane, living and trusting in a democratic system will likely have the belief that peace can only
occur via democracy, while Aki who lives and trusts in an autocratic system will likely belief that
peace can only occur via autocracy. Clearly, placing both agents together to work for peace without
any consideration of their respective environments will instead lead to disagreements and conflicts,
unless their belief systems and/or environments are revised to align with the required definition
(environment) of peace.

Same phenomenon will arise on different events such as "occurrence of success on a project”,
"occurrence of a cyber attack in a network”", etc., because all these events and how the agent perceives
and interprets them are influenced by the environment of the event and agent. So, the environment
forms an invisible barrier to knowledge generation and harmonization among agents, and taking into
account its influence on the event and agent is important in justifying the information about the event
and belief of an agent about the event in any rational process. Many researches in cognition such as
the work of Lewin [20,21], Audi [22,23], and many others, consider the environment as a major factor
in value generation of a cognitive and rational agent.

In this paper, we focus on the influence of the environment on an agent belief system and how such
influence is used to generate knowledge in the agent. We derive the logical definition of knowledge
from an epistemological viewpoint. This enables a concise and precise view about knowledge, its
operations and properties. Furthermore, we relate this concept of knowledge to other cognitive values
of an agent such as understanding, trust, and wisdom.
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1.1. Related Work

In reality, a study of knowledge in relation to intelligent agent is challenging and exhaustive. This
is due to the large amount of diversity, misunderstanding, and misconception related to the topic.
To some, knowledge is a type of belief, to others, it is a type of information, and to some extent, it is
considered to be both belief and information. In most cases, the entity which possesses knowledge
is not clearly defined and how the knowledge ecosystem operates in an environment of entities is not
mentioned. What is presented in most literature is a definition of knowledge using either logic without
semantics or semantics without logic.

Considering the definition of knowledge in [5], it is clearly a literal description of knowledge,
rooted from philosophical literature and with main focus on the meaning (semantics) of knowledge.
More so, the article consider knowledge as a type of belief and much about its operation is not
mentioned. A similar concept about knowledge is given in [7], where knowledge is considered to
consist of true belief and can only exist if three conditions are satisfied; truth condition, belief condition,
and evidence condition. The evidence condition is considered as a justification of the true belief.
In many other theories [6] related to the semantic definition of knowledge, such as the ontological
description of knowledge [24,25], the operations on knowledge and the entity that generates it are not
defined.

Related to the logical definition of knowledge, in [11], knowledge is defined using a probabilistic
logic and it is considered at some point to be both belief and information. The article also focuses
on defining the semantic content of information as the only property that can cause Shannon
information [13] to yield knowledge. There have been many critics to this theory, e.g., in [26], due
to its lack of coherence with the same information it tries to redefine. In [10], the logical definition
of knowledge is not different to the definition of belief in Section 3.1 of this paper. In reality, such
indifference between knowledge and belief is epistemologically misleading.

In [12], knowledge is defined as a mathematical function based on probability logic and
information theory, but with no clear semantics and relation to epistemology.

In this paper, we take into consideration both the semantic and logical definitions of knowledge,
to enable a concise understanding of the subject matter.

1.2. Contributions

The contributions of this work are summarized below.

1. A detailed abstraction of cognitive properties and their interrelationships in a cognitive intelligent
agent.

2. A classification scheme for intelligent agents.

3. A concise mathematical definition of belief, knowledge, ignorance, stability, and exactness properties
in relation to cognition and epistemology.

1.3. Organization

The rest of the paper is organized as follows: Section 2 focuses on the mathematical description
of entities and the properties that can be associated to them. Section 3 concerns the quantification of
cognitive properties. We made conclusion on the paper in Section 4.

2. Definition of Entities and Properties

2.1. Cognitive Property

For an agent to gain awareness about targets in its environment, the agent needs to have some
properties that will define its abilities, such as: what type of value it can gain, what actions it takes
to acquire such value, and what strategy does it need to support such action. We call these sets of
proprieties the cognitive properties of an agent.
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In accordance with the definitions in [27-29], we define cognitive property as,

Definition 1. Cognitive property is a set of properties that define the values, actions, and intelligence of an
agent.

In this paper, we group cognitive properties of an agent into three types: intelligence properties,
action properties, and cognitive value properties, as shown in Figure 1.

Figure 1 shows a proposed cognitive property model for our research. Unlike other models [8-10]
that depict the relationships between cognitive properties as a sequential chain of properties, our model
describes cognitive properties as a parallel hierarchical chain of properties and processes. Starting
with the intelligence, action, and cognitive value properties, each property has other attributes such as
inverse, stability, and exactness. We shall provide mathematical descriptions of these attributes for the
knowledge property. This model gives a detailed abstraction of cognitive properties in any cognitive
intelligent agent such as a human agent.

Inverse .
Intelligence Attention
Stability enable Observation
abili

Perception Inverse

Reasoning Stability

update Cognitive Action
Properties (Abilities)
-Belief- Conception
Actuation
generate
Inverse Values
(Virtues) Learning
" Memo
Stability Knowledge ry
Exactness| )
Understanding
Wisd
Trust Eiu] Hierarchical link between properties
Key' Value flow between properties of same level

Figure 1. Cognitive property organization in a cognitive intelligent agent.

We focus on the value properties [30-32], specifically the knowledge property, and introduce its
related properties and operations. With respect to this research, we define a cognitive value [31-33] as
follows:

Definition 2. Cognitive value is any property of an agent that depends on the action of the agent on a target.

So the action value, also called belief in Section 3.1, is not a cognitive value but a quantity on which
cognitive values are defined as shown in Figure 1 and discussed in Section 3.1.

Lastly, related to cognition, this paper focuses on conscious cognition [34] based on beliefs, e.g.,
knowledge. Other conscious cognition such as those based on emotion, e.g., happiness, are reserved
for future publications. We consider the former as hard consciousness and the latter as soft consciousness.
Unconscious cognition such as intuition [35] for cognitive agents will also be discussed in future
publications.
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2.1.1. Knowledge, Action, and Intelligence

Knowledge has been defined and studied extensively in the literature in relation to cognitive and
intelligent agent design [8-11]. Together with [36-38], we adopt a literal definition of knowledge link
to cognition as follows:

Definition 3. Knowledge, K, represents the level of comprehension an agent has or conclusion an agent has
made about a target, with respect to the environment of the target.

An agent may seek knowledge about a target for various reasons, but the acquisition of a complete
knowledge about a target is a progressive process. The absence of knowledge in such case is also
important. This has been less studied in agent design, but literally exists in [39] and is given the name
ignorance [40], which we adopt as follows:

Definition 4. Ignorance, I, is a property that represents the level of absence of knowledge of an agent about a
target.

An agent may seek to reduce ignorance about a target for various reasons, but the reduction of
the complete ignorance about a target is a progressive process.
Axiom 2.1. The increase in knowledge of an agent about a target leads to a decrease in ignorance of the agent
about same or related target, and vice versa.

Hence, seeking knowledge implies reducing ignorance, and vice versa. The target in this case can
be a task, a project, a discussion topic, an event, an agent, a property, etc.

Knowledge and ignorance are cognitive value properties whose operations are based on the
action property.

Definition 5. Action, A, is a property with the ability to receive, select, control, generate, store, optimize, and
transfer cognitive values about a target.

Much about actions exist in literature [41-44]. We focus on knowledge based actions, which are
actions carried on the knowledge value of an agent. We categorize actions into: receive (observation),
select (attention), control (actuate), generate (reasoning), store (memorization), optimize (learning),
and transfer (interoperability) operations.

These cognitive actions are supported by or based on the intelligence [45] of the agent, which we
define as follows:

Definition 6. Intelligence, ¢, is a property with the ability to enable an action on a target.

An intelligence can be a strategy, logic, algorithm, etc., of the action. We will also focus more on
intelligence that enables knowledge based actions.

Much literature exists about intelligence [46—48] and the different action operations: observation
(acquisition) [49-51], attention [52-56], actuation [57], reasoning [58—60], memorization [54,56,61-63],
learning [54,56,64,65] and interoperability (transfer) [66-68]. Each of these operations will be discussed
in detail in future publications.

Axiom 2.2. An agent is said to be intelligent about a target if it has the ability to take an action on the target,
no matter how less likely the action may be.

Axiom 2.3. An agent is said to posses knowledge about a target if it has taken an action on the target, no matter
how less likely the action may be.

From the definitions above, we can logically assume that,

Axiom24. (K—A)AN(A—=¢)FK—¢
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Axiom 2.5. Given that (K — A — ¢),

if ~¢ - A —= -KF ¢ = (-AAN-K),

K = =A = (9V ~p) F —K > (ZAN 9V —9)),

where — is logical dependency, y — x indicates that y is logically dependent on x, I is logical consequence, N
indicate logical disjunction, and — is logical negation.

In Section 3, we shall transform these literal and logical constructs to mathematical definitions and
relationships of knowledge, ignorance, action, and intelligence. These mathematical definitions and
relationships of cognitive properties will be quantified, making it possible for various mathematical
operations to be perform on them.

Apart from the generation of knowledge value, action and intelligence also generate other
cognitive values such as understanding, trust, and wisdom, which we define below.

Definition 7. Understanding represents the degree of convergence or divergence between the actions of agents
about a target.

Definition 8. Trust represents the amount of mutual value between agents about a target.
Definition 9. Wisdom represents the complete value an agent can achieve about a target.

The mathematical definition and features of understanding, trust and wisdom properties will be
describe in future publications.

2.1.2. Observation, Reasoning, and Actuation

An intelligent agent with a perceptual and conceptual abilities observes an environment and
collects information about a target to perceive and conceive the target. Many approaches have been
used to quantify information [13-16,69], but not entirely with respect to an agent. We adopt a definition
that is based on the cognitive property of an agent, specifically the value property.

Definition 10. Information, X, is any input value to an agent based on which the agent takes action about a
target.

This imply that information can take any form, such as, beliefs, knowledge, ignorance, stability,
etc., use as input during reasoning. So, all cognitive property values which are used as a source value
to achieve other values about a target are considered here as information.

To achieve a target, the agent collects information from its environment about the target using
its senses [49,51]. Through a reasoning process, it takes action on the target based on the collected
information [57,70]. During this process, the values of the cognitive properties may change to reflect
the agent’s current cognitive state about the target.

For an agent with an added ability to learn a value, these cognitive values can be optimized
directly through a forward reasoning process, or indirectly through a backward reasoning process
where the value is reinserted back to the intelligence that supports its generation [64,65]. In this paper,
the word optimization will be used interchangeably with the word learning because we consider
learning as a value optimization process.

For clarity, we present in Figure 2 an agent with four cognitive action operations: observation,
reasoning, learning, and actuation.
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Figure 2. Cognitive action processes of an agent.

In this paper, we consider that during these operations, both the agent and target exist in an
environment. The environment can be external (real) and internal (abstract) environments with respect
to the agent as shown in Figure 2. Examples of real environments include physical space, geographical
regions, etc., and abstract environment include perspectives, culture, context, consciousness, etc. Same
description holds for a cyber-physical system. We assume that the internal environment is fully
observable to the agent.

With respect to the agent and its environments, we define these four action operations: observation,
reasoning, actuation and learning.

Definition 11. Observation, O, is the process of information identification and collection from an
environment.

Based on the agent, we can distinguish two types of observation: internal (abstract) and external
(real) observation. During internal observation of an agent, the internal information can come from the
actions of the agent (local value acquisition) or that of a remote agent (remote value acquisition).

Definition 12. Reasoning, R, is the process of cognitive value generation about a target.

This generates the values for all the actions of an agent and can be seen as the central process
for value generation in an agent. An agent will therefore have a reasoning process for observation,
attention, memory, actuation, and learning to generate their respective cognitive values. The output of
a reasoning action is quantified and stored as belief.

We classify the reasoning actions related to observation into perception [71,72] and
conception [73,74], and it can be executed for different purpose on the target such as for description,
diagnosis, prediction, prescription, and cognition of a target [75-77]. Reasoning actions for actuation
generate cognitive values related to the influence on both agent and target environment [57], and those
for learning generate values related to cognitive value optimization about a target [58,65].

Also, based on its execution logic, reasoning can be inductive, deductive, abductive, etc., [78],
and based on its input-output relationship, it can be classified as deterministic, non deterministic,
stochastic, etc.

Since the reasoning action forms a large part of agent design, we use the terms reasoning and
action interchangeably in this paper, unless stated otherwise.

Definition 13. Actuation, g, is the process through which an agent influences its environments.

The purpose of the influence may consist of controlling, changing, etc., the target or agent
environments. Actuation can be external (real) or internal (abstract) to an agent.
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Definition 14. Learning, vy, is an optimization process that involves cognitive value increases through revision
and update.

Agents can choose to learn from their self acquired value, remotely acquired values or both. They
can also unlean the values they have learned about a target. More on learning and unlearning will be
discussed in a future publication.

Moreover, the agent can do any of these operations on a target by itself (unsupervised), assisted
by another agent (supervised), by both itself and another agent (semi-supervised), or by another
agent (remote). Most of these relationships with its target environment are well studied in the
literature [64,65].

Also, related to the operations of an agent, we can classify agents based on the existence and
non existence of any of the four operations, with reasoning being the compulsory operation for all
intelligent agents. Any agent without a reasoning process is considered in this research as a non
intelligent agent. Intelligent agents can thus be classify into different distinct types as shown in the

table below.
Table 1. A classification scheme for Intelligent Agents.
Main abilities

Types Observation  Actuation  Learning Reasoning  Examples
Type0  no no no no non intelligent agent
Type 1 no no no yes clock
Type 2 no no yes yes learning clock
Type4 no yes no yes controllers
Type 5 no yes yes yes learning controllers
Type 6 yes no no yes sensors
Type7  yes no yes yes learning sensors
Type 8 yes yes no yes Automata, computers
Type 9 yes yes yes yes Al bot, humans

2.2. Definitions of Entities

One cannot define the quantification and operations on knowledge without defining the entities
that will generate and use the knowledge. An entity is generally considered as anything that exists. The
main philosophical question related to existence is, how do we know if something exists? In response
to this, we think anything that exists must possess a value. So, with respect to this research, we define
an entity as follows:

Definition 15. An entity, o, is anything that exists and possesses value.

In this section, we mathematically define different types of entities, their logical relationships and
operations.

2.2.1. Description and Properties

We distinguish and define three types of entities: agent, target, and environment, together with
their properties.

Definition 16. An agent, g, is an entity that possesses cognitive property values.

The different cognitive properties an agent can posses are presented in Figure 1. An agent can
also be considered as a cognitive actor in an environment.

Definition 17. A target, t, is an entity that an agent seeks, and is define by a set of input and output property
values, and the relationship value between the two properties.
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The properties of the target represent the domains of the environment in which the target is found.
The output domains define the existence of the target and are considered as the existential properties of
the target. The input domains influence the existence of the target and are considered as the evidential
properties of the target.

The process where an agent uses input properties of a target to act on the output properties
of the target is called Perception [71,72], and it is the main focus in conventional agent design.
Whereas, the process where the agent seeks to reproduce the output properties of a target is called
Conceptualization [72,73]. In most conventional agent design, the output properties are given to the
agent (with or without labels) during learning and testing, and this does not imply conceptualization.

To fully act on a target, an agent must not only identify the input and output properties of the
target but also the relationship between them. Thus, the main goal of an agent during learning is to
recreate the relationship between the input and output properties of a target. This is summarized in
the axiom below.

Axiom 2.6. The value an agent attributes to the input-output relationship of a target is a property of the agent
and defines the relationship between the agent and the target.

We define an environment entity, which acts as a container of agents and targets.

Definition 18. An environment, e, is an entity which contains agents and targets and defines their
relationships.

Environments may contain other environments which we group into: community, world, universe,
multiverse, and infiniteverse. A community is an environment with agents and targets, a world is a
collection of communities, a universe is a collection of world, a multiverse is a collection of universes,
and infiniteverse is an infinite hierarchy of multiverse. We consider all environments as containers as
illustrated in Figure 3.

’ Agent . D World i 1 Multiverse
@Commumty ::';i
|

O Target

Figure 3. Entities and environment hierarchical relationships.

We logically define these structural properties as follows:

e={gt}, Q={egthandVp € Q,q={p1,02, .o},
where ¢ is an environment entity, g is an agent entity, ¢ is a target entity, Q is the set of entity types, p is
an entity, and g is a container or set of entities.

To support our operations on agent design, we define the following functional properties of the
different entities.

Agent: Vgee,g= (DA, C for P,), 2.1)
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where @ is intelligence property, A is action property, C is cognitive value property, f¢ is relationship
between properties, and P, is inherited property from the environment.
Generally, using the knowledge property, we can simply express the agent as follows:

g = (¢, AK), (2.2)
A9t = faly, X, ), (2.3)
K(g)t = fk(A(g)t, Ale)r), (24)

where g is an agent, t is target of the agent, y is a target output information, X is the vector of target
input information, A(g); is action value (or belief) of the agent on the target, ¢ is the intelligence (or
parameters) of the agent that enables the action, and K(g); is knowledge generated by the agent based
on its action and the environment action A(e); on the target.

Target: Vt ce,t = (XY, ft, P.), (2.5)

where f; : X < Y, X is input property, Y is output property.
Generally, we can simply express the target as an entity of the environment as follows:

t= (XY, fi(X,Y)), (2.6)
XCcP,YCP, fi(X,Y) €R,

where ¢ is a target in an environment, X is vector of properties of the environment that act as input
(or evidential) properties of the target, Y is vector of properties of the environment that act as output
(or existential) properties of the target, and f;(X,Y) is a property of the target that defines a logical
relationship between X and Y.

Environment : Ve € q,e = (P, fe, Py), (2.7)

where P, is property of the environment, f, defines the relationship between the properties of the
environment, and P is inherited property from the environment container.

Also, depending on the content of the environment, its properties can be grouped into those of
the agents P, target Iy and their relationship f¢, i.e., Pe = {P, Pg, fig }.

Generally, we can simply express the environment as follows:

e = (P, fo(P.)), (2.8)
Pe € R, fe(Pe) € R,

where e is an environment, P, is a vector of all properties of the environment, and f,(P,) is a logical
relationship define over all the properties of the environment.
Figure 4 shows the interaction between agents and targets in different environments.
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Y3

Xi

X4 :/
>

Ys 6 Xs/

e1 €2
¢: Intelligence property t: Target
K: Knowledge property X: Input property of target e: Environment
A: Action property Y: Output property of target

Figure 4. Two agents interacting with two environments. ¢; has one agent, e; has two agents.

After defining the entities and properties, we then define logical relations and operations on them.
The next section answers questions about the equality, equivalence, superiority, inferiority, dependency,
association, dissociation, and intersection of entities. For example, when are agents equal?

2.2.2. Logical Relationships Between Entities

We define different logical relationships between entities, where w is entity property, (0; * 0;)w
indicates the logical relationship () between entities p; and p; over the property w, i # j, and i,j € N.
Also, iff means ‘if and only if’, and | means logical independence.

i. Equivalence (=)

Two entities are equivalent over a set of properties if at least one of the properties (weak
equivalence) or all (strong equivalence) have same value and structure.

We distinguish two types of equivalence.
a) Agent equivalence: Vg;, g; € ¢, (8i = gj)w iff (Wi = wj) Nt =t
b) Target equivalence: Vt;, t; € q, (t; = t;)w iff (X; = X;VY; =Y, V fi = f;).

Equivalent relationships must also be reflexive, symmetrical and transitive over the properties.
Example of equivalent relationship between entities is an equality relationship.
ii. Equality (=)

Two entities are equal over a set of properties if at least one of the properties (weak equality) or
all (strong equality) have same value. We distinguish two types of equality.
a) Agent equality: ng,g] €q, (gz = g])w iff (w(l,i) = w(,j) V W(2,i) = W(2,j) V... Wiy = w(n,])) Nt =
ti.
]
b) Targets equality: th‘, t]' € q, (ti = t]')w iff (X(l,i) = X(L]) \% X(Z,i) = X(2’]) .. ‘X(n,i) = X(rl,])) V
Y =Y VY¥ei =Yep - Ymy = Yoy V Ui = fj):

iii. Superiority (>)

~—

One entity is superior over another entity on a set of properties if at least in one of the properties
(weak equality) or all (strong equality), it has a greater value. We distinguish two types of superiority.
a) Agents superiority: Vg;, 8i€q, (gl > g])w iff (w(l,i) > wW(,)) V W, > W(2,j) V... W(n,iy > w(n,]')) A
t; =t
b) Taigets superiority: Vt;, t; € q,(t; > t;)  iff (X, > Xaj)V Xei) > Xoj) - Xy > Xwnj) V
Yewiy > Y VY0 > Y- Y > Yy V (i > fi)-

iv. Inferiority (<)
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One entity is inferior over another on a set of properties if at least in one the properties (weak
equality) or all (strong equality), it has a lesser value. We distinguish two types.
a) Agents inferiority: Vg;, i €4 (g1 < g])w iff (w(l,i) < way)) V W, < W2, V... Win,iy < LU(n,]')) A
t; =t
b) Taigets inferiority: Vt;, t]' S (p, q), (tl’ < tj)w iff (X(l,i) < X(l,j) V X(Z,i) < X(z,j) . X(n,i) < X(n,])) V
Y <Y VY <Yep Yoy < YoV i <fj)
v. Dependency (—)

An entity p; depends on p; over a set of properties if at least one (weak dependency) or all (strong
dependency) properties of p; are defined by those of p;. We distinguish two types of dependency.
a) Agents dependency: Vg;, g; € q, (8 — &j)w iff (wi); = f((w1V ...w,,)j).
b) Target dependency: Vt;,t; € q, (t; — tj)w iff (Xi); = f((X1 V... Xn)j) V(Y);=f(V1V... Yn)j) \Y%
(fi)i = f((fr Vo fu)))-
By definition, we can consider that, all entities depend on their properties.

p=flw)kp—w.
Dependency between entities can be bidirectional,

Yoi, 0 € 4, (pi < pj)w HE (0i = P A (pj = Pi)w-
vi. Conditional dependency(—|)

It is a type of dependency where the relationship between the properties of the two entities is
conditioned on one of the entities or a third entity. An entity p; is conditionally dependent on another
entity p; over a set of properties if (the occurrence of) at least one property (weak condition) or all
properties (strong condition) of p; are conditioned on those of p;, or those of a third entity p,. We
distinguish two types of conditional dependency;

a) Agents conditional dependency: Vp;, 0; € q, (p; —| pj)w iff (wi); =| (w1 V ..wn);.

b) Targets conditional dependency: Vp;p; € q,(0; —| pjw iff VXY, f € t((X);
(X1 V. X)) V(Y9 =l MV Ya) )V (fiy = (V- fa)))

Conditional dependency can also be bidirectional,

Vi, pj € 4, (pi <2 pj)w iff (pi =] pj)w A (0j = pi) -

If (0; =] pj)w = (pj —| pi)w, we say the entities are conditionally equivalent over the property w. That
is, (pi = pj)w = (0j =1 pi)w = (Pi)w = (0j)t-
vii. Mutual dependency(—o)

=

It is a type of dependency where the self relationships of the entities on their property are excluded
from their conditional relationships.

An entity p; is mutually dependent on another entity p; over a set of properties if (the occurrence
of) at least one (weak condition) or all the self properties (strong condition) of p; are excluded from its
conditional relationship with those of pj, or those of a third entity p.

(pi = pj)w = (pi =] P \(pi)w-

Excluding their self-relationships imply that mutual dependency captures a bidirectional
relationship between entities. Hence, Two entities in a mutual dependency over a property have
a birectional equality over the property.

(i = pj)w = (pj = pi)w (reciprocity).

Similar to conditional dependency, mutual dependency can be established on the properties of
targets and agents.

viii. Container (LI, [J)

An entity q is a container to another entity p over a set of properties if for these properties, p is
equal or inferior to q. (q U p),, iff Vw, (wp <= wy).

Axiom 2.7. Containers can be defined based on their entities and entities can be defined based on their containers.

From Axiom 2.7 and the definition of a container, we can conclude that, all entities in a container
depend on the container and all containers depend on their entities.
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qgup = (wp = fp(wq)) A (Wq = fq(wp)) Fgq<p.

We distinguish two categories of containers and entities dependency relation, that is, coupling
and cohesion.

ix. Coupling (<)

It defines the dependency between containers. A container entity g; is coupled with a container
entity ; iff (g; — ;) V (9 < q;) V (qi © g;)-

x. Cohesion (&)

It defines the dependencies between entities in a container. An entity p; is considered to be
cohesive with an entity p;, iff (0; — p;) V (0; < p;) V (p;i ¢+ p;). Cohesive dependency can exist
between entities in same container or different containers. We distinguish two types of cohesion;

a) Local cohesion: gL p;, p; and (p; — p;) V (p; < pj) V (0i <> p;)-
b) Remote cohesion: (q; Lip;) A (g;Up;) and (p; — p;) V (0i <= ;) V (i > 0))-

Also, based on the dependency and exchange of properties between containers and their host, we
can distinguish three types of containers; open, close and isolated containers.

xi. Open container (L)

A container q is open over a host h if values for some w of q depend on h, i.e., (§ — h)., and p or
w can be exchanged between q and h.

xii. Close container ((J)

A container q is closed over a host h if values for some w of q depend on h, i.e., (7 — h)w, and p
or w cannot be exchanged between q and h.

xiii. Isolated containers ()

A container q is isolated over a host h if values for all w of q is independent on h, i.e., =(q — h),,
and p or w cannot be exchanged between q and h. In addition, entities can be considered as a container
because even if they may not contain other entities, they contain at least some properties, making them
property containers.

xiv. Referencing (—||)

A relationship where an entity uses another entity as its container or content in defining its
property value.

Axiom 2.8. Any referencing to a referent equal to the referral on a value is insignificant (null) to the referral.
If (o1 L p2)w A (01 = p2)w = (01ll02)w = (01)w-

Axiom 2.9. A referral will downgrade if it references a referent less significant than it on a value, and upgrade
if otherwise.

If (o1 L p2), A (01 > p2), = (p1llp2)e < (01)w (downgrade),

if (o1 L p2)w A (p1 < p2)0 = (01]lp2)w > (01)w (upgrade).

Referencing can be considered as a relative relationship or a type of dependency of an entity on
another entity.

In general, an agent can relate to different entities for different purposes to achieve a value, to
some (e.g., targets) it builds a conditional relation, while to others (e.g., environments) it builds a
reference relation. The operation on the relationships of an entity is important, and requires a logical
construct, which we define in the following axiom.

Axiom 2.10. The operation on the relationships of an entity can be defined as a vector operation on the
relationships.

For example, if entities p; and p, are non-referentially (e.g., conditionally, mutually, jointly, etc.)
related to p3 independently, then any referential relationship we define between p; and p on p3 will be
equal to the vector sum of their individual relationships on ps3.

Let (o1 — p3)wllper = 71, (02 = 03)w|lpe2 = 72, and (p1 || p2)w = 73.
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Then, using an n-dimensional Euclidean vector space of w, on a relationship 7 between entities, we
propose that,

Conjecture 1.

73 =71+ 73 if (pe1 = pe2)w,ps (collinear on p3), 29)

73 # 11 + 72 if (0e1 7# Pe2)w,p; (NONcollinear on p3). (2.10)

For 73 = 71 + 73 to exist during non-collinearity, the environment of one entity needs to be
transformed to the environment of the other, leading to a collinear situation.

Furthermore, with collinearity, other vector algebra operations such as operations on vector
magnitude can be evaluated easily using vector rules such as the cosine rule.

72 =2+, ifpr L po, (2.11)
72 = 72 + 72 — 2R icos(83), if p1 L pa, (2.12)

where (po1 = Pez)w,p3-
In such case, the angle between the non-referential (i.e., absolute) values of two entities about a

third entity represent their referential (i.e., relative) relationships about the entity.

Conjecture 2. The angle 03 between any two entities p1 and py on p3 is a measure of their referential
relationship.

These relationships between non-referential and referential values of entities are represented in
Figure 5.

on referential Dependency of pson p+
(Nonmeferential Influence of t on g)

(p2—p3)=rz

p1 Referential Dependency of g on e given t p2
(Referential Influence of e on g given t):
(p1llp2)=rs
—>
Pet Pe2
Key: =———pp Non referential relationship ——pp Referential relationship

Figure 5. Interrelationship between the referential and non referential relationships of entities p1, p2, 01,
and pe.

For a relationship over space and time, we shall apply hyperbolic functions to the Euclidean vector
in a future publication to present important effects of time and space on cognition. The relationships
can also be represented using tensors on the euclidean and non-euclidean (e.g., hyperbolic) space.
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2.2.3. Logical operations between entities

We define three types of operations (association, dissociation, intersection) between containers
and entities.

i. Operations Between Containers

a) Association(U) of containers
This involves the union of the entities of many containers to form a new container.
q9;Uq; = {Vp € q:Vp € q;}.
b) Dissociation (-) of containers
This involves the separation of a container from another container to form a new container.
qi —q; = {Ypoi € q: V p; £ q;}.
¢) Intersection (M) of containers
This involves the intersection of many containers to form a new container based on their equivalent
entities. g; Ng; = {Yp € q;i Np & g;}.

ii. Operations between entities

a) Association (U) of entities
This involves the union of the properties of many entities to form a new entity.
piUp; = {Vw € p; Vw € pj}.
b) Dissociation (-) of entities
This involves the separation of an entity from another to form a new entity.
pi—pj={Yw € piVw ¢ pj}.
c) Intersection (N) of entities
This involves the joining of many entities to form a new entity based on their equivalence
properties.
piNp; = {Vw € pi ANw € p;j}.
iii. Operations between properties

This involves operations between the values of the properties of entities, rather than the
entities themselves. Due to the dependency possibility of the properties, we use probability logic
operations [79] to define the operations between properties. Nevertheless, other logic, such as,
functional, fuzzy, symbolic, etc., can also be used.

Concerning property and value, the main difference between them in this paper is that, a property
is a variable (or container) that holds a value which can be optimized within the property, while a
value is the content of a property and defines the nature of the property. Values can be static, dynamic,
discrete, continuous, etc.

In this section, we presented three types of entities and defined the properties, relationship and
operations they can posses. In the next section, we will introduce the quantification of the knowledge
property and different cognitive properties related to it.

3. Cognitive Property Quantification

As defined in Section 2.1, cognitive properties include the action, intelligence and cognitive values
of an agent. We quantify the action and intelligence properties and, for the cognitive value property,
we focus on the knowledge property.

3.1. Action Property

In an environment, an agent performs actions on one or more targets to acquire values. As
discussed in Section 2.1.2, the reasoning action is the main action for cognitive value generation. The
value generated by an agent irrespective of the target environment is considered as the action value and
stored as belief in the agent. We quantify this value using epistemological perspective [7] as described
below.
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3.1.1. Action Quantification

The Action value of an agent on a target is the likelihood of that action on the target given an
intelligence.

Ap(8)r = f(t,¢) = L(¢;t) = Ag(8)r = P(£:9), (€AY

where L(¢; t) is likelihood of an intelligence ¢ on the target t, P(t; ¢) is probability of ¢ based on ¢.

Each action value generation process about a target is considered as an event on which cognitive
values depend. An agent can generates different types of action values (belief) about a target. Below is a
summary of these action values.

3.1.2. Types of Action Values

i. Domain action and Specific action

These are action values that define an agent’s belief about the relationship between the input and
output features of a target.

The Domain action is an action that leads to the comprehension of a target.

[Ap()tla = L(¢;Y < X) = P(Y N X; ). (3.2)
The Specific or Causal action is an action that leads to the conclusion about a target.
[Ag(8)e)s = L(9;Y —=[ X) = P(Y | X; ). (33)

The conversion from domain action to specific action and vice versa is defined using the
probability logic below.
From Domain to Specific action:

(Aol = AL G4
From Specific to Domain action:
[Ag(8)t]a = [Ap(8)e]s (P(X; ¢))- (3.5)

From these expressions, we deduce the following:

Conjecture 3. It is required to exclude information about input space existence during domain to specific action
conversion but such information is needed in the reverse process.

This is intuitively true because during causality, such information will be less helpful and will
lead to more noise.
ii. Abstract action and Real action

These are action values defined based on the agent’s environment in which the actions are
executed. The Abstract action is an action performed on targets in the internal environment of an
agent. The Real action is an action performed on targets in the external environment of an agent.

An example of an abstract and a real action are respectively the internal and external locus of
control [80] of an agent, which is also just a type of actuation action.

It is important to note that both the real and abstract actions can have domain and specific types.
Also, real actions represent practical actions while abstract actions represent theoretical actions. Their
conversion is described below.
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Theoretical and practical action conversion:
[Ap()ilT = fr-1([Ap(8)ilp), (3:6)
[Ap(&)elp = frop([Ap(&)i]T), 3.7)

where fp_,7() is a conversion from practical action to theoretical action, and fr_,p() is a conversion
from theoretical action to practical action.

In a cognitive agent, the deviation from theoretical to practical action and vice versa of a single
action is important.

Theoretical and practical action deviations:

[Ap(8)t]p
PP Ayl 8)
[Ap(g)elT
T = Ayl 69
Drop = Drriff [Ap(g)tlp = [Ap(8)i]T, (3.10)

where Dp_, 7 is a deviation from practical action to theoretical action, and Dt_,p is a deviation from
theoretical action to practical action.

The deviation between theoretical and practical actions will lead to incoherence of actions on a
target. This may not be desirable if the agents are required to collaborate on the target. To reduce such
deviation, one action is optimized relative to the other. Such type of optimization process based on
relative values forms an important part of this research.

3.1.3. Logical Operations on Action Values

The operations on the action values are the logical relationships that define two or more actions
of agents on targets. As mentioned in Section 2.2.3, we use a probabilistic logic [79] for definition of
properties relationships. We define the operations for two agents (g;, g;) with actions (A;, A;) on a set
of targets, assuming ¢; L ¢;. Extension to multi-actions can simply be done using probability logic.
i. Self action: It is the action value on a target irrespective of other actions.

A(g)r = L(¢;t) = A(g)r = P(t; ). (3.11)

ii. Joint action: It is the action value representing the joint relationship between agents on targets.

A(81,82)t = P(E¢1,¢2) = P(5;¢1)P(Ed2), i L §j, (3.12)
A(g)tl,tz = P(tlft2;¢) = P(t1;¢)P(t2; 4))7/_‘(ti 1 tj); (3.13)

where, r= P(fl, to; ¢) / [P(tl,' (P)P(t2,' (p)} .
iii. Mutual action: It is the action value representing the mutual relationships between agents on

targets.
N _ Povg)
A(g1,82)t = W =L1¢i L ¢ (3.14)
A, = P(P(tl’tz;(l)) ~(t Lty). (3.15)

ti; ¢)P(t2; 9)’
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iv. Conditional action: It is the action of an agent on a target conditioned on another target on action.

P(t; 1,

A(g1]g2)r = m = P(t;p1), i L 9, (3.16)
P(ty, ta;

A = W'ﬁ(fi L ). (3.17)

v. Relative action: It is the action of an agent on a target referenced to another target on action

P(t;

A(g11182)r = ng (3.18)
P(ty;

A1 = szg (3.19)

3.2. Intelligence Property (®)

As defined in Section 2.1.1, the intelligence is the enabler of an action. Based on Axiom 2.5, we
express the intelligence property with respect to knowledge.

3.2.1. Intelligence Quantification

The Intelligence value, ¢, is a function of the knowledge value generated by an action.

O = fip(K), (320)

where fi_ () is the conversion function from knowledge value to intelligence value.
Likewise, knowledge can be defined with respect to intelligence using a knowledge to intelligence
conversion function.

K= fpk(¢). (3.21)

Proposition 1. The conversion of an Intelligence value to a Knowledge value is only possible through an action
value and the convention of a Knowledge value to an Intelligence value is only possible through a reverse action
value.

fispt (faskt A= K) = @, (3.22)
fooskt (fpma 1 ® = A) > K. (3.23)

The proof of Proposition 1 is given in Appendix A.1.

In this paper, we focus on the definition of knowledge with respect to action and not intelligence
and assume an equality relationship between knowledge and intelligence.

Just like any cognitive property, intelligence can be abstract or real, based on the environment
in which it operates. Most importantly, intelligence can also be intermediary, where it supports the
convention of one property to another. More on intelligence will be discussed in a future publication.

3.3. Cognitive Value Property

Cognitive values as defined in Section 2.1 are values that are generated by agents based on the
actions of the agents on a target. One of such values is the knowledge value of an agent, whose inverse is
the ignorance value. Other cognitive values mentioned in this article include understanding, trust, and
wisdom.

In this paper, we shall quantify the knowledge value, its properties and operations in an agent. We
shall reserve the quantification of understanding, trust, wisdom and their respective operations for future
publications.
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Knowledge as defined in Section 2.1.1 is a cognitive value property that an agent seeks from a
target. Here, we quantify this knowledge from an epistemological viewpoint [5,7].

3.3.1. Knowledge Quantification

Epistemologically, knowledge is consider as a justify true belief [5-7]. From this universally
accepted axiom, we then build a mathematical quantification of knowledge.

In epistemology, the concept of justification, truth, and belief are crucial concepts for any rational
agent with cognitive and intelligent abilities. As defined in this paper, belief is the output of the
reasoning action. To address the issue of justification and the truthfulness of belief, the question we
may ask is, why do agents hold beliefs about a target, and if such beliefs have met a standard that
renders them true and rational for the agent to hold?

As discussed in Section 1 of this paper, the aim for an agent to hold a belief about a target is to
guide the agent in achieving a cognitive value about the target. Thus, belief is considered as the base
value on which cognitive values are generated.

The truthfulness of a belief in this research is the truth value [81] of the belief, as oppose to the false
value. The truthfulness of a belief can either depend on the agent that generates it or on another agent.
These are considered in the literature as absolute and relative truth [81], respectively. We mathematically
represent these two types of truth as follows:

Absolute true belief = A(g):, (3.24)

Relative true belief = AR = A(glle), (3.25)

where A(g) is the absolute belief of an agent g on a target t, and A(e) is the absolute belief of an agent
e which is referenced by g as g generates beliefs on ¢. In the definition of knowledge, ¢ is considered to
have more influence or accurate definition about t than g. With respect to the definition of knowledge,
we consider ¢ as the environment of ¢.

Justification, also called epistemic justification [18], is a controversial concept in epistemology [17]
and is considered to determine the rational ability of an agent about a target. Normally, a rational agent
is an agent that possesses and seeks to optimize a justified true belief (i.e., knowledge) about a target.

Conventionally, the relative truth value of belief is considered as a justified true belief [81]. This is
called the fundamentalism view of justification [19]. In this view, the belief of an agent about a target is
justified by referencing it to the belief of another agent considered to possess a more rational belief
value about the target. Such a rational chain can be endless, unless it ends with an absolute true belief
value. Another problem with this view is that, what if the referenced belief is wrong or less accurate?

Our view of justification in this paper is that of externalism [82,83], without undermining
internalism [83], because we think both views are required for a complete justification. In this context,
we consider justification not only as a relative truth value but also as a process of standardizing a truth
value. This is because, not all beliefs that are true maybe rational and not all belief that are rational
maybe true.

This external layer of justification is a logical process rather than a logical value, independent on
the belief generation process of the agent, but which is a requirement for the agent in order to justify its
belief value. This accords with the suggestion of the Greek philosopher (Socrates) through Theatetus,
that knowledge is true judgment plus a logos - an account or argument [18,84].

Defining such an external layer of justification as a standardization process is important in the
mathematical quantification of knowledge. Mathematically, standardization is a scaling operation. The
likelihood function we used in Section 3.1.1 to define the belief value is considered to generate
an unstandardized value, and even the transformed version using the probabilistic constraint
(CiZ7 P(t;;6) = 1) will not guarantee a sound logic for knowledge quantification, because although
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the probabilistic logic is a good measure for the uncertainties of random quantities, it is not suitable as
a scaling function for this justification.

For this purpose, we use the logarithmic scale as a standardization logic for belief value defined
either using the likelihood function or the probabilistic logic. This is because of the operational
simplicity, computational advantage, and application diversity of the logarithmic scale. Nevertheless,
other sound deterministic scaling logics can still be used.

We express the knowledge value of an agent about a target by justifying the expressions for the
relative true belief and absolute true belief of an agent.

Knowledge based on relative true belief, also called relative knowledge, is the relative likelihood
of the true action of an agent to that of its environment.

A
Kal(g = Dlle) = log (58"} = TlAGglle)]. 326)
Ale)s
Knowledge based on absolute true belief, also called absolute knowledge, is the log likelihood of
the true action of an agent irrespective of the environment.

Ko(g —t) = log(A(g)t) = J[A(g)t], (3.27)

where ¢ is agent, e is environment of the agent influencing the target, A(g); is true dependency action
of gont, A(e); is true influence action of e on t, K, ((g — t)||e) = K,(g|le) is knowledge of g on t
referenced to e, K, (g — t) or K,;(g): are identical and represent absolute knowledge of g on t, and J|-]
is justification function.

It should be noted that, false action of environment A(e); can also be used for knowledge
quantification but this quantification should be the same for ignorance.

The use of the environment as a reference point in a cognitive value generation of an agent is
similar to that of the field theory of psychology [20,21] by Lewin, where he presented the behavior of an
individual (i.e., agent) as a function of the ability of the individual and his environment.

One important aspect here is the case where the environment of the agent has little or no influence
on the target. In such case, the agent needs to consider generating knowledge using the influences
of remote environments. While doing so, it needs to take into account the divergence between its
environment influence on the target to that of the remote environments. This divergence is considered
as a semantic difference of agents on targets, and will lead to an environment divergence problem of the
agents during knowledge acquisition, optimization, and transfer.

Furthermore, considering the fact that an agent can receive influence from and exert influence to
another agent about a target, we classify the justification (or rationality) process of an agent in this
research into exopistemic and endopistemic justification (or rationality).

Definition 19. Endopistemic justification is that which is based on the dependency of an agent on other
entities such that values flow from the other entities to the agent.

Definition 20. Exopistemic justification is that which is based on the dependency of other entities to an agent
such that values flow from the agent to the other entities.

This implies, the endopistemic process is a process through which value from the environment
enters or is pulled into the agent, while exopistemic process is a process through which value leave or
is pushed out of the agent to the environment. If values are consider as a type of energy, then these
process can be seen as a type of energy input and output processes. If we consider the values as a type of
influences, then the processes can be seen as push and pull processes, similar in operation to the forces
defined by Sir Isaac Newton in his Principia [85], but whose evaluation will require a Lagrangian or
Hamiltonian approach. The mechanics of such dynamics is given the name cognimatics in this research.
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For the fact that endopistemic process entails influence from the environment, we consider this
process as an environment driven cognition. During endopistemic learning, the agent seeks to reach the
environment. On the other hand, in an exopistemic process, since the agent influences the environment,
we considered this process as an agent-driven cognition. During exopistemic learning, the agent seeks to
lead the environment.

Examples of an endopistemic and exopistemic cognition are observation and actuation,
respectively. The ability to switch between endopistemic and exopistemic processes during cognition
is important to an agent, but such operation is not considered in conventional agent design. We shall
discuss more about this in future publications.

The endopstemic and exopistemic processes for referential and non-referential relationships are
presented in Figure 6.

|

y Referential Dependency of g on e given t

(Referential Influence of e on g given t):
(g—t)lle or (glle)t

ngent g \

el NN referential relationship} Relationship = = =3pValue flow from Non referential relationship }
Value flow
flow

A

Key:
4 =] Referential relationship

= = =Value flow from Referential relationship

Figure 6. Dependency and value flow diagrams. (a) Endopistemic and Exopistemic processes of g and
eon t. (b) Cost dynamics of g and e on ¢t.

During a referential (i.e., relative) endopistemic process of any agent, the agent depends on other
entities and the values the agent generates are based on how the agent perceives such dependencies.
Whereas, during a referential exopistemic process of same agent, the agent influences other agents and
the values it generates represent how the agent perceives its influence on other entities.

Also, in both endopistemic and exopistemic cognition, the referential value may either be fixed
or varied. This is analogous to the initial and non-initial reference frames in relativity [86] where
initial reference frame implies fixed referential value and non-initial reference frame implies variable
referential value.

If we consider that an agent’s environment can be distinguished into internal and external
environments, then the endopistemic and exopistemic processes of an agent can take place between
these environments, where values of the agent about a target can flow from the external environment
to the internal environment and vice versa.

Examples of such environments are the theoretical (internal) and practical (external) environments
of an agent. The values an agent generates in a theoretical environment are transferred to the practical
environment and vice versa. Such a value exchange process will enable the agent to have a more
balanced rational actions, hence reliable. This process is also discussed in the literature [22,23] by Audi,
where he proposed a practical and theoretical reasoning structure for a rational agent.
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In general, as defined in this paper, an endopistemic process of an agent about a target can be
considered as the inverse of its exopistemic process about same target and vice versa. These processes
can be interactively carried out by an agent during cognition. Such an interactive combination of both
endopistemic and exopistemic values of an agent leads to a resultant value that can be used to balance
the cognitive processes of an agent. We consider this value as a Cognitive balancing factor (CBF) of an
agent during cognition. For a knowledge based on true relative belief (i.e., relative knowledge), the
CBF of knowledge for an agent during cognition between any two environments is defined as:
Endopistemic Knowledge-Exopistemic Knowledge = CBF,

BN

log( A(é)) £Y — log( 1‘;‘:((2); ) = CBF, (3.28)

—~
—~

where A’(e) is dependency of e on t as perceived by g, A’(g) is influence of g on t as perceived by g,
A(g) is real dependency of g on t, and A(e) is real dependency of e on ¢.

For a perfect balance of g on t in the different environments (in this case, the abstract and real
environments),

CBF=0 & A'(e) = A(g) and A’(g) = A(e). (3.29)

Being an inverse process to one another, and using a logarithmic justification, an endopistemic
process for knowledge value is the additive inverse of its exopistemic process and vice versa. The value
generated by such processes will depend on the ability and CBF value of the agent.

The structure semantics of knowledge from the definition of belief and the truth property of belief,
are presented in Figure 7. Using this structure semantics, we can relate the absolute properties of
knowledge and action values to the relative properties.

Relative truth Absolute truth

Exopistemic
Justification

-

Exopistemic Endopistemic
Justification Justification
L

Endopistemic
Justification
JL.

J

Figure 7. Structure semantic of Knowledge from Belief and Truth.

For example, if ¢ — t and t — e non-referentially, and g — e referentially, as shown in Figure 6,
then the knowledge value about f that flows from e to g is given using vector addition as,

K((g—t)|le) =K(g —t) +K(t —e), (3.30)

A
K((g = Dlle) = log A(g) + (~ log A(e)) ~log 5.5, (:31)
where ¢ — t generates an absolute endopistemic knowledge value (log A(g)) of g from t, e — ¢t
generates an absolute exopistemic knowledge value (—log A(e)) of e to t, (§ — t)||e generates a
relative endopistemic knowledge value (log(A(g)/A(e))) of g from e about ¢.
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Similarly, without a logarithmic justification, the endopistemic and exopistemic values for referential
and non-referential relationships are expressed as beliefs.

A((g—1t)|le) = A(g = t)A(t —e), (3.32)
A((g = t)lle) = A(g)-A7(e), (3.33)
Considering, A~!(e) = A}e)' (3.34)
= A((g = Dlle) = Alg) 1 = 28, (3.35)

(e)  Ale)

where A(g) is endopistemic action of ¢, (A~!(e)) is exopistemic action of e, i.e., reciprocal (or
multiplicative inverse) of the endopistemic action of e, A(g)/A(e) is dot product of endopistemic
and exopistemic actions of g and e, respectively.

In reality, during a relative endopistemic cognition on a target, such as learning to observe a target
with respect to a referenced observer of the target, e.g., a teacher, the learning (dependent) agent tries
to acquire the complete relative endopistemic value of the target as defined by the referenced (influencing)
agents. This entails maximizing its relative dependency on t as referenced from its influencers.

The maximum value about a target that an agent can acquire from its environment during
cognition depends on the value of the environment about the target and the ability of the agent. The
value of the environment about the target is consider as the complete (or wisdom) value of the agent
about the target in that environment. This complete value can be achieved by varying the relative
endopistemic value of the agent or by varying its corresponding absolute exopistemic value. These
variational quantities use by an agent to achieve complete value are also consider as the cost or work
value of the agent.

Considering an agent interacting with an environment, the absolute exopistemic value of the
agent on a target in the environment turns to act as a counter-action on the absolute endopistemic
value of same agent and the absolute exopistemic value of its influencer (i.e., environment) on the
target. This implies that cognition is analogous to a battle of influences between an agent and the
environment, about a target. The number of entities under the influence of another entity constitute its
exopistemic sphere (i.e., sphere of influence), and the number of influencers on which an entity depends
on constitute its endopistemic sphere (i.e., sphere of dependency). An entity can have both influences
and dependencies to and from other entities as shown in Figure 6.

Using an absolute exopistemic value as cost value of an agent g, the knowledge value about a
target ¢, that flow from an environment e to the agent g can also be expressed as,

K((g —t)|le) =K(e<+t)—K(g «t), (3.36)
K((g = 1)lle) = (~log A(e)) ~ (~ log A(g)), 637)
K((g = ) = tog 5.5, 63%)

where K(e + t) is exopistemic knowledge of e about t, K(g < t) is counteractive (i.e., counter-intuitive)
or exopistemic knowledge of ¢ about t, and K((g — t)||e) is resultant knowledge from the
counteractive interaction process.

Similarly, the action value of g about t relative to e can also be expressed as,

A((g = Dlle) = Ale + H(A(g 1), (3.39)

Al(g > B)lle) = (1/A(e)) + (1/A(g)) = ) (3.40)
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where A(e < t) is exopistemic action of e about t, A(g < t) is counteractive (i.e., counter-intuitive) or
exopistemic action of g about t, and A((g — t)||e) is resultant action from the counteractive interaction
of exopistemic processes on t.

Thus, varying the absolute expopistemic value of an agent about a target will vary its relative
endopistemic value. In general, this logic of relating absolute values to relative values can be elaborated
for multiple interactive targets and agents. Focusing on a logarithmic justification relationships, we
present in Figure 8, multiple interactive targets and agents.

Target t2
Target t1

- Agent g2

Agent e1

Agent e2

Key: —————Jp Non referential dependency }Dependency — = —» Value flow from Non referential dependency} Value

——Jp Referential dependency flow = = =3 Value flow from Referential dependency flow

Figure 8. Dependency and value flow diagrams of endopistemic and exopistemic processes of

81,82,¢€1,¢€1, tl/ t2/ t3'

We can identify the dependencies and express the value flow between entities in Figure 8 as
shown in Table 2

Analysis of such cognitive relationships and value flows between entities is one of the basis of
this mathematical theory, a process which we called cognimatics; the dynamics of cognition. In a future
publication, we shall extend and use it to solve the environmental divergence problem of knowledge
acquisition, which may arise in situations such as finding the relationship and valuation between g;
and e; or g1 and g on t; of Figure 8.

Table 2. Entity dependencies and values.

Symbols Dependency types Action values Knowledge values

g1 — t1  non-referential Alg1)n K(g1)y, =logA(g1)s

g1 — e1  referential A(g1lle1)n K(g1ller)r, = log 12%:3:
g2 — 11 non-referential A(g)y K(g2)t, =log A(g2),

g2 — tp  non-referential A(Q)t, K(g2)t, =log A(g2)t,

g2 — ey referential A(galle2)t, K(g2lle2)t, = log 2%322;:
e; =t non-referential Aler)y K(e1)y, = flog Aler)y,
e; =t non-referential Aex)t, K(ex)y, = — log Aler),
e1 — ey referential Aler]le2)s K(eq| |ez) —log ig:;’i
t, - t;  referential A(g2)t2||t1 K(gz)tzlltl log Aggzgtz
t3 — t;  non-referential (gl)t3|t1 K(g1 ),53”1 logA(gl)ts‘t1

It should be noted that, other non-referential dependencies can be used such as mutual (;),
joint (,), etc., apart from conditional dependency ().
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The following axiom defines the basic rules in analysing any cognitive entity dependency
relationships.
Axiom 3.1.

1. For any relationship, and at any time instance, all entities are either of two types: agent or target.

2. The target is the center (purpose) of all cognitive actions and value generation of an agent.

3. All value generated during cognition flow from the influencer entity to the dependent entity, contrary to
the flow of dependency.

4. All relationships between same entity type are dependent relationships: self, conditional, mutual joint,
referencing, etc.

5. The relationship between targets is defined by agent (action) and the relationship between agents is defined
by target (state).

6. The relationship between agent and its environment is referential but between agent and its target is
non-referential.

It should be noted that an entity can transition between entity types over space and time, and
one entity can have different types in different relationships. Such complexities will be avoided in this
paper and reserved for a future publication. Also, relationships can be non-referential (self, conditional,
joint, etc.) or referential, base (self, conditional, mutual, joint, and referencing) or composite (conditional
mutual, etc.).

The acquisition, optimization, and transfer of endopistemic and exopistemic values are important
processes to an agent because all actions possesses endopistemic and exopistemic properties
consciously or unconsciously. For example, the observation action of a human agent is consciously
endopistemic in the external environment but unconsciously exopistemic in the internal environment.
We focus on the endopistemic process and value in a relativistic setting.

As discussed in Section 2.1.1, cognitive values also have their respective inverse properties. The
inverse of knowledge was considered as ignorance. With respect to the epistemological definition of
knowledge, we can define ignorance as a justified true disbelief. Disbelief is a type of irrational action,
and defined in the Cambridge dictionary as the inability or refusal to accept that something is true.
Hence, ignorance can also be considered as a justify false belief of an agent.

Thus, similar to knowledge, ignorance can have a relative and absolute dimension based on the
truth property. We express these in the following statements below.

Ignorance based on relative false belief, also called, relative ignorance, is relative likelihood of the
false action of an agent to true action of its environment.

A -

tl(g =+ ) = tog (551 ) = JlAglenl B4
A (6’ ) t

Ignorance base on absolute false belief, also called absolute ignorance, is the log likelihood of the
false action of an agent irrespective of the environment.

Li(g — t) =log(A(g):) = JIA(Q)t], (3.42)

where ¢ is agent, ¢ is environment of the agent influencing the target, A(g); is false action of g on t,
A(e)t is true influence action of e on t, I,((g — t)||e) = Li(gl|e): is ignorance of g on t referenced to e,
I,(g — t) = I,(g)¢ is absolute ignorance of g on t, and J[-] is justification function.

It should be noted that, false action of environment A (e); can also be used for ignorance definition
but this should be same for the corresponding knowledge.

Similar to knowledge, the ignorance value of an agent possesses an endopistemic and exopistemic
property as presented in the structure semantic shown in Figure 9.
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Figure 9. Structure semantic of Ignorance from Belief and Falsehood.

Also, the ignorance value can be considered as a measure of the amount of uncertainty (or
impurity) in cognition.

Moreover, to ease understanding of the quantification analysis of the relative property of
knowledge and ignorance, using the first two terms of a Taylor expansion, we can prove that the
relative change between two actions is a linear approximation of the logarithm of their ratio.

The first order expansion of log(x) around x = 1 s,

log, (x) ~ log, (1) + (%(logh(x))x=1> (x—1) = ﬁ(x _1, (3.43)

S

Hence, forx ~ 1,if x = A((g ) , then,
e)

Alg), . 1 [(Alg) 1 [A(g) — Ale)
108 (Z(e)) ™ n(p) (A(e) B 1) = In(b) ( A(e) ) (5.44)

Also, for all x > 0, it can be proven that,

1
1 <——(x—1 4
Ogb(x) = ll’l(b) (x )/ (3 5)
This implies, since In(b) is a constant that depends on logarithmic base b, for each given value of b, our
relativistic quantification of knowledge and ignorance can be consider as a relative change of belief
(action) values.

3.3.2. Cognitropy: Expected Cognitive Property Value

The above mathematical quantification of knowledge and ignorance focused on a single target.
In case of a set of targets, related or not related to each other, we can actually estimate the average
knowledge or ignorance over all the target set. We call such expected property in this research as
cognitropy, defined as follows:

Definition 21. Cognitropy is the expectation of any cognitive property value of an agent over a set of targets.
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It is actually a type of summarization of a cognitive property value over targets or actions states.
In relation to knowledge and ignorance, the cognitropy of knowledge or ignorance is the expected
knowledge or ignorance of an agent about a target over its environment influences on the target.

Q) = Z Aj( t; (discrete states), (3.46)

Z,(9)t = /1 j Aj(e)t;Va;(g)t; (continuous states), (3.47)
where V' is K or I (values for a single independent action and target states), Aj(e) is action of
environment e, i is independent target states, j is independent action states, and the expressions
Za(8)t = Zv (gt

In a similar way, the cognitropy value for both knowledge and ignorance can be endopistemic
and exopistemic.

Endopistemic cognitropy of knowledge or ignorance:

)i = ZA )i, Vay ()i (3.48)

Exopistemic cognitropy of knowledge or ignorance:

~Za(@)1 = = L Aj(€)1;Vay (81 (3.49)
ij

where V can be the relative or absolute value of K or I. Thus, endopistemic and exospisemic
cognitropies can also be relative or absolute.
For example, using Figure 6, the relative endopistemic cognitropy of ¢ from e is given as,

Z(glle)r = 2((g = e)t) = Z(g = 1) + Z(t —¢), (3.50)
Z(glle): — 2 Ale) log A(g) + (- ilfue) log A(¢)), (351)
Z(glle) = éA(e) log A((i))’ (352)

where ¢ — t is an absolute endopistemic cognitropy Y1 | A(e)log A(g) of g from t, e — t is an absolute
exopistemic cognitropy value (— Y_' ; A(e)log A(e)) of e to t, and (g — e); is a relative endopistemic

cognitropy Y_I' ; A(e) log A% )) of g from e about ¢.
Concerning the action value, we consider the expected action of an agent g on a target t over an
environment e as the action cognitropy and it is given as,

Az(8)r = ) tiA(Q)r, (3.53)

where t; is possible states of the target, and A(g)y, is action value of the agent on the target outcomes.
Furthermore, the endopistemic and exopistemic values of the Action cognitropy are given as
follows:

Endopistemic cognitropy of action = Az(g):, (3.54)
Exopistemic cognitropy of action = ! . (3.55)
Az(8)

doi:10.20944/preprints202211.0450.v2
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3.3.3. Resultant Values

Apart from the expected values of agents on targets, i.e., cognitropy, the resultant values of agents on
targets are also important quantities. They capture the resultant effect of a set of values of the agents
on a targets in same or different environments.

For example, the resultant action value of two referential related environments can be defined as
the average of their values.

A9 = w (single action pair) , (3.56)
LAY Ale
A(g)e = = (g:_’_ n%]il (@) (multiple action) , (3.57)

where (g|le): and if A,(g)r = A(e)s, then A(g): = A(e)s
More about the different resultant values and operations related to them will be discussed in
future publications.

Same logic of cognitropy and resultant values can be used for multiple relationships to generate a
complex value analysis of the cognitive processes of an agent.

Moreover, while the environment is the container of the agent and target, the target and agent can
be ubiquitous over different environments which have different action values on the target. In this
paper, we focus more on ubiquitous targets and non-ubiquitous agents.

Furthermore, concerning the unit for cognitive values, we introduce the binary cognitive value (bcv)
or binary cognition (bic) if the logarithm is in base 2, the zie-kohno (ziko) if in base 10, and the natural
cognitive value (ncv) or natural cognition (nac) if in the base is euler’s number. The action value is unit-less
under this scheme.

3.3.4. Dissimilarities of Cognitropy from Other Quantities

It should be noted that the cognitropy value of knowledge or ignorance of an agent depends
on the intelligence and belief of the agent, the value of its environment, its number of targets and
actions together with their states. This makes cognitropy different from Shannon entropy [13] and the
Kullback-Leibler (KL) divergence [87].

It is worth noting that, the environment for a single and multiple states target in this research
are considered respectively as surprisal and entropy by Shannon in his theory of communication [13].
Linking his research to ours, an environment with high surprise about a target will require more value
from an agent. In other words, an agent in a highly surprising situation will require more value to
reach completeness about the situation. Also, the degree of surprisal and entropy of an agent about a
target is a measure of the influence of the target on the agent. So, Shannon entropy and surprisal are
properties of only the target and not the agent, but cognitropy is a property of both agent and target.

Unlike entropy which quantifies the uncertainty of a target, cognitropy quantifies the uncertainty
in an agent about a target. So, while entropy measures information about a target, cognitropy measure
the value of that information in an agent.

Another important difference is that cognitropy can be negative or positive depending on the
direction of value flow, but entropy can only be positive.

Also, our expression for relative exopistemic knowledge should not be confused with
Kullback-Leibler (KL) divergence because even if they are mathematically identical, their interpretation
and significance are different. The main difference being that KL divergence is a measure of the
divergence between two distributions, while relative exopistemic knowledge is a measure of the
expectation of a justified relative true belief of an agent over the environment of its target.

Similar to knowledge and ignorance, the cognitropy of knowledge and ignorance can be relative,

absolute, endopistemic, and exopistemic. As previously mentioned, we shall focus more on relative
knowledge because of its double justification process, i.e., fundamentalism and logical justification.
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Similar to the action property, the cognitive value property such as knowledge can be classified
into different types such as domain knowledge, abstract knowledge, etc. We discuss this in the next
section.

3.3.5. Types of Knowledge

i. Domain and Specific Knowledge

Domain knowledge is knowledge acquired through domain actions.

_IAGM] _ [LgYNX)
vt = [ =1 |Tgswna | 059
Za()la = YA alVa(8)r o 6:59)

I
—

Specific knowledge is knowledge acquired through specific actions.

(MA@ (L@ YIX)
i =1 | i) = [temo |- 560
[a@mzéM@mwwm G

The conversion from domain to specific knowledge and vice versa is possible and can be defined
as describe below.
From Domain to Specific knowledge:

Vale)rle = Vel Tped), .62)

2l = [2ue) = 1 PG s (3.63)
From Specific to Domain knowledge:

Vaterla = Vgl + T pd), 669

(s = [Za(5)+ 1 PG s .69

From these expressions, we can deduce the following.

Conjecture 4. Excluding the knowledge about the input space existence during domain to specific action
conversion is required, but such knowledge is needed in the reverse process.

Such knowledge will be less helpful during causality.
ii. Abstract and Real Knowledge

Abstract knowledge is knowledge acquired through abstract action.

[Va()e]y = TI(A(gullen)], (3.66)

1=

[Za(@)tlu = '71(A(ey)][(A(gy||ey)]- (3.67)
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Real knowledge is knowledge acquired through real action.
[Va(8)io = J[(A(gollev)], (3.68)
n
=) (A A(gollev)]- (3.69)

i=1

Both the real and abstract knowledge can have domain and specific types. Furthermore, abstract
knowledge represents theoretical knowledge while real knowledge represents practical knowledge.
Their conversion process is expressed below.

Theoretical and practical knowledge conversion:

[Za(8)tlT = fr1([Za(©)t]T), (3.70)
[Za(8)tlp = fr—p([Za(g)t]p), (3.71)

where fp_,7() is a conversion function from practical to theoretical knowledge, and fr_,p() is a
conversion function from theoretical to practical knowledge.

The deviation between theory and practical is also an important quantity considered as a knowledge
gap.

Theoretical and practical knowledge gap:

Dp_t = [Za(9)tlp — [Za(8)t] T/ (3.72)
Drop = [Za(8)t]r — [Za(g)i] P, (3.73)
Dp_r = Dr—p iff [Za(g)t]p = [Za(8)t]T- (3.74)

where Dp_,t is practical to theoretical knowledge deviation, and Dr_,p is theoretical to practical
knowledge deviation.

The deviation between theoretical and practical actions will lead to incoherence of knowledge
about a target. This may not be desirable if the agents are required to collaborate on the target. To
reduce such deviation, the deviated knowledge is optimized, through learning, relative to the other.
Such type of learning of a relative knowledge will entail both agent and environment action, and is
consider in this research as semantic learning. More on semantic learning will be discussed in future
publications.

The aspect of theoretical and practical knowledge can be related to the works of Audi [22,23], who
distinguished practical reasoning from theoretical reasoning and provided a philosophical structure of
reasoning in this context.

Apart from knowledge acquired through actions (abstract, real, domain or specific), there is
another classification of knowledge based on the ability of an agent to do action (i.e., actuate) with the
knowledge acquired. In the literature [88], these are called, procedural and declarative knowledge.

iii. Procedural and Declarative Knowledge

Procedural knowledge is knowledge acquired to do real action.

[Va(gv)t] = 21[Va(8)tlu + a2[Va(g)t]v, (3.75)
[Za(8o)t] = a1 [Zu(g)t]y + a2[Za(8)t]o- (3.76)

Declarative knowledge is knowledge acquired to do abstract action.

=
o9
=

|

= ‘Xl[Va<g)t]y + ‘XZ[Va(g)t]v/ (3.77)
01 [Za(8) el + 22[Za(8)t] o, (3.78)

N
S
oq
[
I

where aq, a0 € [0,1]
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We consider that both the abstract and real knowledge are needed by an agent to take any action.
Also, a and B are the proportion of the abstract and real environment involve in generating the
procedural and declarative values.

Based on Proposition 1, for knowledge to enable an action, it must be converted to intelligence
through a reverse action because only intelligence can directly enable an action. Thus, the procedural
and declarative knowledge represent the intelligence of an agent to take practical and theoretical
actions, respective. They do not represent the knowledge property as conventionally presented [88].

3.3.6. Knowledge Structures

An agent can generate knowledge over many targets for same or different actions. We present
three knowledge structures to describe this phenomenon: knowledge matrix, knowledge block, and
knowledge area.

i. Knowledge Matrix (KM)

A Knowledge matrix, KM, is a set of all knowledge values for all actions and targets of an agent.

KM(g),,, = { Zai(8)sy Ya t € g} (3.79)

ii. Knowledge Block (KB)

A Knowledge block, KB, is a set of knowledge values for an action on different targets or different

actions on a given target.
KB(g)as; = { Za(g)i, ¥t € g}, (3.80)
KB(g)a,t = {Za;(8)1,Va € g} (3.81)

This represents a row or column in the knowledge matrix.

iii. Knowledge Area (KA)

A Knowledge area, KA, is a set of targets and actions on which the agent have high knowledge
value beyond a certain knowledge limit.

KA(g)ai,t/- = {le,‘ (g)t]-,Vﬂ,t € g/\ Z = C} ’ (382)

where c is the limit value. The knowledge limit, can be the average or maximum knowledge about a
target or by an action in an environment. It can also be defined otherwise.

KM, KB, and KA are important features for knowledge structurization and representation during
memorization. We shall discuss this in a future publication. More so, other values such as the action
value (i.e., beliefs), the ignorance value, the understanding value, the trust value, the wisdom value,
the attention value, the exactness value, the stability value, etc., of an agent can be structured and
represented in the same way;, that is, as a matrix, a block, and an area over a set of targets.

3.3.7. Logical Operations on Knowledge

Similar to operations on the action value in Section 3.1.3, we introduce in this section different
operations on knowledge, which can also be applied to ignorance. We focus on the relative endopistemic
knowledge value based on relative truth, but same approach can be applied to exopistmeic value. We
define the operations for action by multi-agents on multi-targets with discrete states, assuming ¢; L ¢;.
Extension to continuous state can be done using integral calculus.
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i. Self knowledge: It is the knowledge value of an agent about a target based on a self action.

f Ale (3.83)

i=1

fﬁ } [AGslle)e] = Tla(g)s, (384

where i is state of the target.

ii. Joint knowledge: It is the knowledge value of agents about targets based on their joint actions. 1)

Multiple agents with same target and action

a(81,82)t ZA e1,e2)t;Va(81,82)t,$1 L ¢2, (3.85)
i=1
Va(81,82)t; = Ja(@1,¢2)], ¢1 L ¢, (3.86)
Jla(¢pr, ¢2)] = [ (81,82)s, } Va(81) + Va(g2)s,- (3.87)
Aler, e2)y,

From these expressions, we can conclude that, the knowledge of independent collaborative agents
to an action on a target is the sum of their individual knowledge values.
2) Multiple targets by same agent and action

tl ta = Z Ale tl tZV’l f1 tzr_‘(tl 1 t), (3.88)
t1,b
A
Va(@)tt, =1 [A(((g))ttllﬂ ;L t), (3.89)
1,82
A
JABL ]y (0, + Valg)s, + Val@)rois (3.90)
A<E)t11fz

3) Multiple actions of same agent and target

Zﬂl ﬂz l‘ = Z A12 Va1 ap g) (ﬂl € a2) (3.91)
Va0, (8)t; = ][ﬂl (9),a2()], = (a1 L az). (3.92)
][a1(¢),ﬂ2(¢)] = Vﬂl (g)t,- + Vﬂz (g)fi + Vlll;llz (g)t,-- (3-93)

4) Multiple agents with multiple actions and targets

Zﬂ] an (g]./ 82 tl t2 - Z A el/ez)tl tzVa (gllgz)tl t2/ (394:)

ty,tp

Vara, (81, 82) 11,1, = J[a1(P1, P2)1y 15, 82 (P1, P2) 111,
= Vo, (81,82) 12 + Vap (81, 82) 11ty + Vayins (81, 82) 1 12 (3.95)

where A1, (e) is joint action of state 1 and 2 of agent e, A(eq, e2) is action enable by intelligence of
agent e; and e;.
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iii. Mutual knowledge: It is the knowledge value of agents about targets based on their mutual
actions. 1) Multiple agents with same target and action

n

Za(81:82)1 = Y Aler, e2),Va(g1: 82)t, 01 L ¢, (3.96)
i=1

Va(81:82)t; = Ja(p1;¢2)1,], 1 L ¢o, (3.97)

Jla(¢1; ¢2)1,] = I[;g;ﬁ;)] = ][Zgigzgig] =0. (3.98)

From these expressions, we can conclude that, independent collaborative agents to an action on a
target have no mutual knowledge on the target.
2) Multiple targets by same agent and action

Za(@tity = Y A@) 5, Va(§)iy, —(t L 1), (3.99)
tita
Vu(g)tl;tz = ][m],_'(tl 1 tz), (3.100)
_a@)nh g _ B B
][a(g)fla(g)tz] B Va(g)tl’tz Va(g)tl Vﬂ(g)fz' (3.101)

3) Multiple actions of same agent and target

Zayir (@) = Y A12(€)tVayiar (§)1yy (a1 L a2), (3.102)
i=1
g2y
Va1;az(g)t = ][ﬂl (g)tQZ(g)t,-], (111 1 €l2), (3.103)
_m(®)y g _ B -
1 (g)tiﬂz(g)ti] = Vm,ﬂz(g)ti Vo, (g)t,- Va, (g)fi' (3.104)

4) Multiple agents with multiple actions and targets

Zayay (81:82) i1, = ), Aler, 82) i, f (a1, a2, 11, 12), (3.105)

tlrtz
f(alr az, tl/tZ) = Val;az (81)g2)t1;t2 = Vﬂlﬂz (gl;gz)fl;fzf
— Vo, (815 82) st — Vap (815 82) 1y 12 (3.106)

iv. Conditional knowledge: It is knowledge of agents about targets based on their conditional actions.
1) Multiple agents with same target and action

=

Za(g1182)t = ; Aler,e2),Va(g1182)t;, 1 L 2, (3.107)

1=

[y

Va(g1182)t, = Jla(prl¢2)s] = Tla(¢r)t] = Va(g1)s:- (3.108)

From these expressions, we can conclude that, the conditional knowledge of independent
collaborative agents on a target is the knowledge value of the conditioned agent.
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2) Multiple targets by same agent and action
Dilty = 2, Ay, Va(§)tjtp —(t1 L £2), (3.109)
ty,tp
a(8)t,t
Vil = 1 | S | = Vi), — Vil (.10
a
] { (g)tl’t2:| = Va(&)t; + Va(&)tne, —(t L 2). (3.111)
a(8)t
3) Multiple actions of same agent and target
Zo1n, (8 Z A12(€)t; Va0, (81, (a1 L a2), (3.112)
12(8)
Vﬂ1|u2(g)ti =] [512(8)1‘,] Ve, (8)t; — Vay (&)t (3.113)
a ,
O], (g + Vi (a1 L 2). @11
a2(g)y,
4) Multiple agents with multiple actions and targets
Zoyay(81182) 1111, = Y Aler, €)1, f (1,02, H1, 12), (3.115)
ty,t
f(a1/a2/ tl/ t2) = Va1|a2 (gl;gZ)t1|t2/ (3116)
flay, a2, t1,t2) = Vay 0, (81182) 111, — Var (81182) 11, (3.117)

3.3.8. Properties of the Knowledge Value

As we mentioned in Section 2, cognitive value also have properties that define their nature. These
properties can also be considered as separate cognitive values. One of such property is the inverse
property of a cognitive value, which for the knowledge property, we consider it as the ignorance of
an agent. Other properties of a cognitive value introduce in this paper are the exactness and stability
properties.

i. Exactness property

The exactness of a cognitive property is the precision of its value about a target.

_ Va(g)
Ev(g) = Vale)’ (3.118)
Ez,(8) = é%f)) - (3.119)

This is the exactness property of the agent’s knowledge over that of the environment.
Furthermore, the exactness property of the agent’s knowledge or ignorance can also be expressed
over the cost value of the agent in an environment as follows.

Va(8)
Ev cr = {7 N/ 3.120
(é;) ‘/kcr)ﬁl(51) ( )
__Z(8)
EZy (g)cr = m (3.121)

where V() and Z, are absolute exopistemic cost values, also called the cross values.
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An important fact about the exactness value is that it can be expressed as a gradient of a line
defining the cognitive process.

Y =mX+C, (3.122)

where Y is a knowledge value of the agent, X is value of the environment or the cost of the agent, m is
the exactness value on environment or cost, and C is a constant of exactness in cognition of an agent g
about a target ¢ given intelligence ¢.

Equation (3.122) can be expanded as follows:

Va(g) =
Va(g)

(8)c +Co, Za(g) = Ez,(8) +Cs, (3.123)

Ey
Ey(8)er + Co, Za(g) = Ez,(§)er + Ca. (3.124)

Thus, Equation (3.122) gives a linear relationship between knowledge of an agent and its cost
value or the knowledge of a referenced agents. This can be used as a cognitive tool for a knowledge
value acquisition and optimization over a single state or multi-state target.

Furthermore, on a single state target, the exactness value can be considered as a log-log ratio,
hence, the action values can be extracted at any moment in a cognitive process or projected for a future
value defined by the exactness linear equation.

V. 1 Eo(8)
Eo(g) = Vf = logy % = % = (p) , (3.125)
Vg q q 1 Eu(g)

where Ve = log %, Ve = log %, and V,, = log %
ii. Stability property

The stability of a cognitive property is the rate of change of its value with respect to space or time.
Stability can be expressed with respect to time such as the learning time, or with respect to space such
as the action space, intelligence space, target space, information space, and cognitive value space.

1) Stability with respect to action:

Sv(&)ate) = %‘j’((f;, (3.127)
= Sx(8)ate) = aalf:(f)) = _A(e)lln(b)’ S1(8)ae) = gix((f)) = A(e)lln(b)’ (3.128)
57,(8)a(e) = %if’((gg)), (3.129)
Szx(8)atg) = %Z:(;g)), 52,(8)a(g) = %%4[((5)) (3.130)
where V is K or I, K,(g) = log, ﬁ((f)) I.(g) = log, 2((?)
2) Stability with respect to intelligence:
Sy(g)y = 3‘24(5) _ 310g§$(g)) N GIOgS(?(E)), (3.131)
Sz,(8)p = aza”;,g), (3.132)
0Zs(g) _ AL A(e)log(A(g)) _ ILA(e)log(A(e)) 613

d¢ d¢ o
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where A(); = £(X,9), Va(g), and Zs(g) = F(A(),A(e))-
The stability with respect to intelligence is mostly use in conventional learning process of an
agent, specifically the gradient-based learning process.

3) Stability with respect to information:

_ 9Valg) _ dlog(A(g)) _dlog(A(e))

Sv(g)x 3X X o~ (3.134)
Sz,(8)x = azaa}((g), (3.135)
0Z,(g) _ 0L A(e)log(A(g)) Y A(e)log(A(e))

X X B 09X ’ (3.136)

where A(); = f(X,¢), Va(g), and Za(g) = F(A(g),A(e)).

The stability with respect to information defines the variance of the agent. The information change
can be; the change in input domain or input instances about the target.

For the stability with respect to the target, the change in target can be the change in the target
instance or domain. This is considered as the variance over the output space of the target. We shall handle
this case in a future publication. Also, the case with the stability of one cognitive value property over
another type of cognitive value property is treated in a future publication.

4. Conclusion

In this paper, we focused on description and quantification of cognitive properties, more precisely,
the knowledge and action properties of an agent. Other properties such as ignorance, stability, and
exactness were also presented in this paper.

This research can be considered as a framework that can be used in the design and development
of an intelligent and cognitive agent. More so, since the concepts presented are closely related to that
of natural cognitive agents like humans, the research can be used not only to design an agent that does
what we think but also what they think, thereby interacting, selecting and solving problems, as they
want.

This is related to the statement of Alain Turing in his paper, Computing machinery and intelligence [1],
which has shaped the Al field for decades, in which he asked the question, "Can machine think?", and
responded to his own question by proposing that we can rather seek to build machines that do as we
think rather those that think as we do.

In addition to this, the challenge in building such a machine is based on the logical definitions
and operations of a thinking (reasoning) process. In this research, we provided a concise definitions
and operations of a thinking process of any agent, which can be used in designing and developing an
agent. Hence, providing a pathway in the design and development of a rational thinking machine, that
can also communicate and interact rationally in a conscious, subconscious, and unconscious cognition.

Using this framework, we look forward to provide more materials on the science, development
and applications of intelligent and cognitive agents that do not only do as we think, but most especially,
that do as they think.

Appendix A. Proofs

Appendix A.1.

Proof of Proposition 1,

1) fk%(p H(faskt A= K) — .
2) f¢~>k : (f(P—HZ P — A) — K.
Proof:

1) &= fk—>¢(K)

Since K = (fak(4))

doi:10.20944/preprints202211.0450.v2
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This imply that ® = fi_, (fask(A))

Therefore fr_.g : (fask: A = K) — @.

2) K= fopx(P)

Since ® = fi_,4(K)

This imply that K = [f,_] ' (®)

But fy_r = [fk~>¢]_l = [fkﬁtp]_l([fa%k(A)]_l)
Therefore fy i : (fp—a: @ —a) = K.
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