
Article

A Mathematical Theory of Knowledge for Intelligent Agents
Zie Eya Ekolle1*, Ryuji Kohno1 and Hideki Ochiai1

1

2

3

4

5

6

7

8

9

10

1 Department of Electrical and Computer Engineering, Yokohama National University, Yokohama, Japan.

Abstract: Knowledge is a property that measures the degree of awareness of an agent about a target 
in an environment. The goal in conventional intelligent and cognitive agent development is to build 
agents that can be trained to gain knowledge about a target. The definition and operations of this 
knowledge associated to the agent is not clear, whereas these are required for developing a reliable, 
scaleable and flexible a gent. In this paper, we take into account such requirements, and present 
a concise theoretical framework for the design of cognitive and rational intelligent agents, their 
properties and operations on targets. We present many illustrative examples and an experiment to 
show how the incorporation of different cognitive properties to an agent enables the agent to act 
rationally with improve generalization performance in an interactive environment.

Keywords: intelligent agents; cognitive agents; rational agents; epistemology; machine learning; 
information theory; information geometry; relativity theory; value systems; valuation modeling
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1. Introduction 12

Intelligent agent design has been around for many years, with a major goal to build 13

machines that can act as we (humans) think [1]. The purposes of such a goal are diverse, 14

giving rise to many varieties of agent design methods and techniques. One important 15

aspect in all agent design is the acquisition of a value about a target and the optimization of 16

this value. Many of such values are defined in the literature [2],[3],[4] but are not exhaustive 17

enough to capture what we (human) think. This also makes such values less useful in the 18

design of a reliable, scaleable and flexible agent needed in today’s fast growing intelligent 19

agent industry. 20

To address this issue, we present a value quantification scheme for intelligent agent 21

and use it to quantify knowledge, which we consider as a justified true belief [5],[6],[7] of an 22

agent about a target. We start by introducing the cognitive nature of an agent, and define 23

different cognitive properties required by an intelligent agent. We classify these cognitive 24

properties into; intelligence, action, and cognitive value. 25

Many types of intelligence, actions, and cognitive values can be defined for an agent, 26

but base on the title of this article, we focus more on the cognitive value property, specifically 27

the knowledge property of an agent. More so, since the notion of knowledge is literally 28

confused with that of intelligence, belief, and information, we mathematically distinguish 29

it from and relate it to them as literally discussed in [8],[9],[10],[11]. Apart from this, 30

other cognitive values such as understanding, trust, and wisdom are mathematically defined, 31

distinguished and related to the knowledge value. 32

Logically, the knowledge quantity in most literature is considered as information 33

[11],[12]. However, the definition of information itself is diverse [13],[14],[15][16]. If we 34

focus on Shannon’s definition of information [13], where information is considered as a 35

type of uncertainty and defined using probabilistic logic, then such type of information 36

theoretic knowledge is invariant to the environment in which it is generated, because it 37

does not consider the environment influence on the events and observer during cognition. 38

Consider Shannon’s information content and the expected information content (also 39

called entropy): 40

Information content: I = log( 1
P(x) ), 41
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Entropy: H = ∑n
i=1 P(xi) log( 1

P(xi)
), 42

where x is a single state event, xi is a state in a multi-states event, and P(x) is probability of 43

a single state event. 44

In his logical definition of information [13], Shannon considers the information content 45

as a value generated by an event which causes a surprisal to an observer of the event. The 46

degree of this surprise is considered to increase when the event rarely occurs and vice versa. 47

This implies that the initial state of the observer is not considered, because, if the observer 48

already has prior knowledge about the event, no matter how long it takes for the event 49

to occur, the observer may likely not be surprised about it. It is therefore clear that such 50

definition is tied more to the event than to the observer. 51

In relation to this, Shannon’s entropy, which is the expected information content, is 52

actually a type of uncertainty measure of an event and not of the observer of the event. 53

Together with its different variants such as, joint entropy, mutual information, cross entropy, 54

Kullback–Leibler (KL) divergence, etc., they are all used to measure different quantities 55

of an event rather than an observer of the event. More so, there is no link between this 56

information and the epistemological definition of knowledge [5],[17]. In addition to this, 57

the environment in which the event occurs or that in which the observer exists, is not 58

considered in any entropy value generation. 59

Generally, the environment plays an important role in the justification of values such 60

as belief, information, etc., and this type of justification is highly used in the epistemological 61

definitions of knowledge [18],[19] in any rational agent. 62

Imagine a scenario where there are two human agents, Ekane and Aki, living in 63

different environments defined by different cultural, religious, political, geographical, 64

and social features. Assume Ekane’s environment is defined culturally by language A, 65

geographically by a hilly topography, religiously by monotheism, politically by democracy, 66

and socially in support for free speech. On the other hand, Aki’s environment is defined 67

culturally by language B, geographically by a coastal topography, religiously by polytheism, 68

politically by autocracy, and socially against free speech. 69

If both Ekane and Aki have high knowledge, understanding, and trust (consciously 70

or unconsciously) in their respective environments, then any event that occurs in their 71

environments will be perceived and interpreted based on how their environments define 72

the event. Consider an event such as "occurrence of peace", how both agents perceive and 73

interpret this event may be completely different, and this is simply based on the influence 74

of their environments on their cognition and rationality about the event. 75

Ekane, living and trusting in a democratic system will likely have the belief that peace 76

can only occur via democracy, while Aki who lives and trusts in an autocratic system will 77

likely belief that peace can only occur via autocracy. Clearly, placing both agents together 78

to work for peace without any consideration of their respective environments will instead 79

lead to disagreements and conflicts, unless their belief systems and/or environments are 80

revised to align with the required definition (environment) of peace. 81

Same phenomenon will arise on different events such as "occurrence of success on a 82

project", "occurrence of a cyber attack in a network", etc., because all these events and how 83

the agent perceives and interprets them are influenced by the environment of the event 84

and agent. So, the environment forms an invisible barrier to knowledge generation and 85

harmonization among agents, and taking into account its influence on the event and agent 86

is important in justifying the information about the event and belief of an agent about the 87

event in any rational process. Many researches in cognition such as the work of Lewin 88

[20],[21], Audi [22],[23], and many others, consider the environment as a major factor in 89

value generation of a cognitive and rational agent. 90

In this paper, we focus on the influence of the environment on an agent belief system 91

and how such influence is used to generate knowledge in the agent. We derive the logical 92

definition of knowledge from an epistemological viewpoint. This enables a concise and 93

precise view about knowledge, its operations and properties. Furthermore, we relate this 94
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concept of knowledge to other cognitive values of an agent such as understanding, trust, 95

and wisdom. 96

1.1. Related Work 97

In reality, a study of knowledge in relation to intelligent agent is challenging and 98

exhaustive. This is due to the large amount of diversity, misunderstanding, and miscon- 99

ception related to the topic. To some, knowledge is a type of belief, to others, it is a type of 100

information, and to some extent, it is considered to be both belief and information. In most 101

cases, the entity which possesses knowledge is not clearly defined and how the knowledge 102

ecosystem operates in an environment of entities is not mentioned. What is presented in most 103

literature is a definition of knowledge using either logic without semantics or semantics 104

without logic. 105

Considering the definition of knowledge in [5], it is clearly a literal description of 106

knowledge, rooted from philosophical literature and with main focus on the meaning 107

(semantics) of knowledge. More so, the article consider knowledge as a type of belief and 108

much about its operation is not mentioned. A similar concept about knowledge is given 109

in [7], where knowledge is considered to consist of true belief and can only exist if three 110

conditions are satisfied; truth condition, belief condition, and evidence condition. The 111

evidence condition is considered as a justification of the true belief. In many other theories 112

[6] related to the semantic definition of knowledge, such as the ontological description of 113

knowledge [24],[25], the operations on knowledge and the entity that generates it are not 114

defined. 115

Related to the logical definition of knowledge, in [11], knowledge is defined using a 116

probabilistic logic and it is considered at some point to be both belief and information. The 117

article also focuses on defining the semantic content of information as the only property 118

that can cause Shannon information [13] to yield knowledge. There have been many critics 119

to this theory, e.g., in [26], due to its lack of coherence with the same information it tries 120

to redefine. In [10], the logical definition of knowledge is not different to the definition 121

of belief in Section 3.1 of this paper. In reality, such indifference between knowledge and 122

belief is epistemologically misleading. 123

In [12], knowledge is defined as a mathematical function based on probability logic 124

and information theory, but with no clear semantics and relation to epistemology. 125

In this research, we take into consideration both the semantic and logical definitions 126

of knowledge, to enable a concise understanding of the subject matter. 127

1.2. Contributions 128

The contributions of this work are summarized below. 129

1. A detailed abstraction of cognitive properties and their interrelationships in a cognitive 130

intelligent agent. 131

2. A concise mathematical definition of belief, knowledge, ignorance, understanding, trust, 132

wisdom, and attention in relation to cognition and epistemology. 133

3. An operational mathematical logic for knowledge acquisition, optimization, and transfer 134

that can be used in the design and development of any intelligent, cognitive and 135

rational agent. 136

4. A mathematical quantification and description of the semantic and mutual difference 137

between agents, and algorithms that can be used to reduce such differences. 138

5. A mathematical description of a knowledge transformation factor between agents and its 139

application to solve the triangle inequality problem of I-projection. 140

6. A technique which we refer to as cognimatics, to analyse the dynamics of a cognitive 141

process, and a knowledge graph to use as a tool in this analysis. 142

7. An approach to analyse and solve multi-target (or multi-domain) problems in cognition, 143

including multi-action (or multi-service) problems. 144
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1.3. Organization 145

This article is written simply, not actually to prove our understanding of the subject, 146

but to ease its understanding and application by a large audience from different disciplines. 147

The rest of the article is organized as follows: Section 2 focuses on the mathematical 148

description of entities and the properties that can be associated to them. Section 3 concerns 149

the quantification of cognitive properties. Sections 4-6 focus on three main operations of an 150

agent, in which, Section 4 is on the value acquisition process of an agent, Section 5 is on 151

the cognitive value optimization process of an agent, and Section 6 is on the value transfer 152

process between entities. In Section 7, we perform an experiment to prove the importance 153

of value transfer, and conclude on the research in Section 8. 154

For easy comprehension of this paper, we recommend the readers to have basic 155

understanding on epistemology, logic, machine learning, information theory, relativity, 156

kinematics, physical energy, probability, and vector spaces. 157

2. Definition of Entities and Properties 158

2.1. Cognitive Property 159

For an agent to gain awareness about targets in its environment, the agent needs to 160

have some properties that will define its abilities, such as: what type of value it can gain, 161

what actions it take to acquire such value, and what strategy does it need to support such 162

action. We call these sets of proprieties, the cognitive properties of an agent. 163

In accordance with the definitions in [27],[28],[29], we define cognitive property as: 164

Definition 1. Cognitive property is a set of properties that define the values, actions, and 165

intelligence of an agent. 166

In this research, we group cognitive properties of an agent into three types: intelligence 167

properties, action properties, and cognitive value properties, as shown in Figure 1. 168

Figure 1 shows a proposed cognitive property model for this research. Unlike other 169

models [8],[9],[10] that depict the relationships between cognitive properties as a sequential 170

chain of properties, this model describes cognitive properties as a parallel hierarchical 171

chain of properties and processes. Starting with the intelligence, action, and cognitive value 172

properties, each property has other attributes such as inverse, stability, and exactness. We 173

shall provide mathematical descriptions of these attributes for the knowledge property. 174

This model gives a detailed abstraction of cognitive properties in any cognitive intelligent 175

agent such as a human agent. 176

Key:
Value flow between properties of same level

Hierarchical link between properties

Intelligence

Action
(Abilities)

-Belief-

Values
(Virtues)

Cognitive 
Properties

Observation

Reasoning

Actuation

Learning
Memory

Attention

Conception

Perception

Knowledge

Understanding

Trust

…..

Wisdom

enable

generate

update

Inverse

Stability

…..

Inverse

Stability

Exactness

…..

Inverse

Stability

…..

Figure 1. Cognitive property organization in a cognitive intelligent agent
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We focus on the value properties [30],[31],[32], specifically the knowledge value, and 177

introduce its related properties and operations. With respect to this research, we define a 178

cognitive value [32],[33],[31] as follows; 179

Definition 2. Cognitive value is any property of an agent that depends on the action of the agent 180

on a target. 181

So the action value, also called belief in Section 3.1, is not a cognitive value but a quantity 182

on which cognitive values are defined as shown in Figure 1 and discussed in Section 3.1. 183

Lastly, related to cognition, this paper is focus on conscious cognition [34] based on 184

beliefs, e.g., knowledge. Other conscious cognition such as those based on emotion, e.g., 185

happiness, are reserved for future publications. We consider the former as hard consciousness 186

and the latter as soft consciousness. Unconscious cognition such as intuition [35] for cognitive 187

agents will also be discussed in future publications. 188

2.1.1. Knowledge, Action, and Intelligence 189

Knowledge has been defined and studied extensively in the literature in relation to 190

cognitive and intelligent agent design [8],[9],[10],[11]. Together with [36],[37],[38], we adopt 191

a literal definition of knowledge link to cognition as follows: 192

Definition 3. Knowledge, K, represents the level of comprehension an agent has or conclusion 193

an agent can make about a target, with respect to the environment of the target. 194

An agent may seek knowledge about a target for various reasons, but the acquisition 195

of a complete knowledge about a target is a progressive process. The absence of knowledge 196

in such case is also important. This has been less studied in agent design, but literally exists 197

in [39] and is given the name ignorance [40], which we adopt as follows: 198

Definition 4. Ignorance, I, is a property that represents the level of knowledge absence of an agent 199

about a target. 200

An agent may seek to reduce ignorance about a target for various reasons, but the 201

reduction of the complete ignorance about a target is a progressive process. 202

Axiom 2.1. The increase in knowledge of an agent about a target leads to a decrease in ignorance of 203

the agent about same or related target, and vice versa. 204

Hence, seeking knowledge implies reducing ignorance, and vice versa. The target in 205

this case can be a task, a project, a discussion topic, an event, an agent, a property, etc. 206

Knowledge and ignorance are cognitive value properties whose operations are based 207

on the action property. 208

Definition 5. Action, A, is a property with the ability to receive, select, control, generate, store, 209

optimize, and transfer cognitive values about a target. 210

Much about actions exist in literature [41],[42],[43],[44]. We focus on knowledge based 211

actions, which are actions carried on the knowledge value of an agent. We categorize 212

actions into: receive (observation), select (attention), control (actuate), generate (reasoning), 213

store (memorization), optimize (learning), and transfer (interoperability) operations. 214

These cognitive actions are supported by or based on the intelligence [45] of the agent, 215

which we define as follows: 216

Definition 6. Intelligence, φ, is a property with the ability to enable an action on a target. 217
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An intelligence can be; a strategy, logic, algorithm, etc., of the action. We will also 218

focus more on intelligence that enables knowledge based actions. 219

Much literature exists about intelligence [46],[47],[48] and the different action opera- 220

tions: observation [49],[50],[51], attention [52],[53],[54],[55],[56], actuation [57], reasoning 221

[58],[59],[60], memorization [61],[62],[63],[54],[56], learning [64],[65],[54],[56] and interop- 222

erability [66],[67],[68]. In this paper, we focus on the observation, reasoning, learning, and 223

transfer action operations. 224

Axiom 2.2. An agent is said to be intelligent about a target if it has the ability to take an action on 225

the target, no matter how less likely the action may be. 226

Axiom 2.3. An agent is said to posses knowledge about a target if it has taken an action on the 227

target, no matter how less likely the action may be. 228

From the definitions above, we can logically deduce that, 229

Proposition 1. ((K → A) ∧ (A→ φ)) ` K → φ 230

Proposition 2. Given that (K → A→ φ), 231

If ¬φ→ ¬A→ ¬K ` ¬φ→ (¬A ∧ ¬K). 232

If ¬K → ¬A→ (φ ∨ ¬φ) ` ¬K → (¬A ∧ (φ ∨ ¬φ))., 233

where→ is logical dependency, y → x indicates that y has logical dependency on x, ` is logical 234

consequence, ∧ indicate logical disjunction, and ¬ is logical negation. 235

In Section 3, we shall transform these literal and logical constructs to mathematical 236

definitions and relationships of knowledge, ignorance, action, and intelligence. These math- 237

ematical definitions and relationships of cognitive properties will be quantified, making it 238

possible for various mathematical operations to be perform on them. 239

Apart from the generation of knowledge value, action and intelligence also generate 240

other cognitive values such as understanding, trust, and wisdom, which we define below. 241

Definition 7. Understanding represents the degree of convergence or divergence between the 242

actions of agents about a target. 243

Definition 8. Trust represents the degree of mutual value between agents about a target. 244

Definition 9. Wisdom represents the complete value an agent can achieve about a target. 245

The mathematical definition and features of these concepts are describe in Section 5. 246

2.1.2. Observation, Reasoning, and Actuation 247

An intelligent agent with a perceptual and conceptual abilities observes an environ- 248

ment and collects information about a target to perceive and conceive the target. Many 249

approaches have been used to quantify information [13],[14],[69],[15],[16], but not entirely 250

with respect to an agent. We adopt a definition that is based on the cognitive property of an 251

agent, specifically the value property. 252

Definition 10. Information, X, is any input value to an agent based on which the agent takes 253

action about a target. 254

As we shall discuss in Section 4, information can take any form, such as, beliefs, 255

knowledge, ignorance, stability, etc., use as input during reasoning. So, all cognitive 256

property values which are used as a source value to achieve a other values about a target 257

are considered here as information. 258

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 November 2022                   doi:10.20944/preprints202211.0450.v1

https://doi.org/10.20944/preprints202211.0450.v1


7 of 89

To achieve a target, the agent collects information from its environment about the 259

target using its senses [49],[51]. Through a reasoning process, it takes action on the target 260

based on the collected information [70],[57]. During this process, the values of the cognitive 261

properties may change to reflect the agent’s current cognitive state about the target. 262

For an agent with an added ability to learn a value, these cognitive values can be opti- 263

mized directly through a forward reasoning, or indirectly through a backward reasoning 264

where the value is reinserted back to the intelligence that supports its generation [64],[65]. 265

In this article, the word optimization will be used interchangeably with the word learning 266

because we consider learning as a value optimization process. 267

Intelligence of 
Agent

Target Target

Observation and Actuation Reasoning

Reasoning
Observation

Actuation

Learning

External Environment Internal Environment

Cognitive value 
about target

Information 
about target

Figure 2. Cognitive action processes of an agent

For clarity, we present in Figure 2 an agent with four cognitive action operations: 268

observation, reasoning, learning, and actuation. 269

In this research, we consider that during these operations, both the agent and target 270

exist in an environment. The input and output cognitive values of an agent define its 271

environment with respect to the target. Also, the environment can be external (real) and 272

internal (abstract) environments with respect to the agent as shown in Figure 2. Examples 273

of real environments include room space, city, etc., and abstract environment include 274

perspectives, culture, context, consciousness, etc. Same description holds for a cyber- 275

physical system. We assume that the internal environment is fully observable to the agent. 276

With respect to the agent and its environments, we define these four action operations. 277

Definition 11. Observation, O, is the process of information identification and collection from 278

an environment. 279

Based on the agent, we can distinguish two types of observation: internal (abstract) 280

and external (real) observation. During internal observation of an agent, the internal 281

information can come from the actions of the agent (local value acquisition) or that of a 282

remote agent (remote value acquisition). 283

Definition 12. Reasoning, R, is the process of cognitive value generation about a target. 284

It thus generates a value for all the actions of an agent and can be seen as the central 285

process for value generation in an agent. An agent will therefore have a reasoning process 286

for observation, attention, memory, actuation, and learning to generate their respective 287

cognitive values. The output of a reasoning action is quantified and stored as belief. 288

We classify the reasoning actions related to observation into perception [71],[72] and 289

conception [73],[74], and it can be executed for different purpose on the target such as 290

for description, diagnosis, prediction, prescription, and cognition of a target [75],[76],[77]. 291

Reasoning actions for actuation generate cognitive values related to the influence on 292

both agent and target environment [57], and those for learning generate values related to 293

cognitive value optimization about a target [58],[65]. 294
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Also, based on its execution logic, reasoning can be inductive, deductive, abductive, 295

etc., [78], and based on its input-output relationship, it can be classified as deterministic, 296

non deterministic, stochastic, etc. 297

Since the reasoning action forms a large part of agent design, we use the terms 298

reasoning and action interchangeably in this article, unless stated otherwise. 299

Definition 13. Actuation, ζ, is the process through which an agent influences its environments. 300

The purpose of the influence may consist of controlling, changing, etc., the target or 301

agent environments. Actuation can be external (real) or internal (abstract) to an agent. 302

Definition 14. Learning, γ, is an optimization process that involves cognitive value increases 303

through revision and update. 304

Agents can choose to learn from their self acquired value, remotely acquired values or 305

both. More on learning will be discussed in Section 5. 306

Moreover, the agent can do any of these operations on a target by itself (unsupervised), 307

assisted by another agent (supervised), by both itself and another agent (semi-supervised), 308

or by another agent (remote). Most of these relationships with its target environment 309

are well studied in the literature [65],[64] apart from the remote situation which we shall 310

discuss in Section 6. 311

Also, related to the operations, we can classify agents based on the existence and 312

non existence of any of the four operations, with reasoning being the basic operation for 313

all intelligent agents. Any agent without reason is considered in this research as a non 314

intelligent agent. Intelligent agents can thus be classify into different types, such as: non- 315

observable non-actuatable and non-learning intelligent agent, observable non-actuatable 316

and non-learning intelligent agent, etc. 317

2.2. Definitions of Entities 318

One cannot define the quantification and operations on knowledge without defining 319

the entities that will generate and use it. An entity is generally considered as anything 320

that exists. The main philosophical question related to existence is, how do we know if 321

something exists? In response to this, we think anything that exists must possess a value. 322

So, with respect to this research, we define an entity as follows: 323

Definition 15. An entity, ρ, is anything that exists and possesses value. 324

In this section, we mathematically define different types of entities, their logical 325

relationships, and operations. 326

2.2.1. Description and Properties 327

We distinguish and define three types of entities: agent, target, and environment, 328

together with their properties. 329

Definition 16. An agent, g, is an entity that possesses cognitive property values. 330

The different cognitive properties an agent can posses are presented in Figure 1. An 331

agent can also be considered as a cognitive actor in an environment. 332

Definition 17. A target, t, is an entity that an agent seeks, and defined by a set of input and 333

output property values, and the relationship value between the two properties. 334

The properties of the target represent the domains of the environment in which the 335

target is found. The output domains define the existence of the target and are considered as 336
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the existential properties of the target. The input domains influence the existence of the target 337

and are considered as the evidential properties of the target. 338

The process where an agent uses input properties of a target to act on the output 339

properties of the target is called Perception [71],[72], and it is the main focus in conventional 340

agent design. Whereas, the process where the agent seeks to reproduce the output prop- 341

erties of a target is called Conceptualization [72],[73]. In most conventional agent design, 342

the output properties are given to the agent (with or without labels) during learning and 343

testing, and this does not imply conceptualization. 344

To fully act on a target, an agent must not only identify the input and output properties 345

of the target but also the relationship between them. Thus, the main goal of an agent during 346

learning is to recreate the relationship between the input and output properties of a target. 347

This is summarized in the axiom below. 348

Axiom 2.4. The value an agent attributes to the input-output relationship of a target is a property 349

of the agent and defines the relationship between the agent and the target. 350

We define an environment entity, which acts as a container of agents and targets. 351

Definition 18. An environment, e, is an entity which contains agents and targets and defines 352

their relationships. 353

Environments may contain other environments which we group into: community, 354

world, universe, multiverse, and infiniteverse. A community is an environment with agents 355

and targets, a world is a collection of communities, a universe is a collection of world, a 356

multiverse is a collection of universes, and infiniteverse is an infinite hierarchy of multiverse. 357

We consider all environments as containers as illustrated in Figure 3. 358

Agent
Target

Community
World
Universe Infiniteverse

∞

∞

Figure 3. Entities and containers hierarchical relationship.

We logically define these structural properties as follows: 359

e = {g, t}, Q = {e, g, t} and ∀ρ ∈ Q, q = {ρ1, ρ2, ...ρn}, 360

where e is an environment entity, g is an agent entity, t is a target entity, Q is the set of entity 361

types, ρ is an entity, and q is a container or set of entities. 362

To support our operations on agent design, we define the following functional proper- 363

ties of the different entities. 364

Definition 19. (Agent) ∀g ∈ e, g = (Φ, A, C, fg,Pe), 365

where Φ is intelligence property, A is action property, C is cognitive value property, fg is relationship 366

between properties, and Pe is inherited property from the environment. 367

Generally, using the knowledge property, we can simply express the agent as follows:
G = {g : g is an agent}, g = (φ, A, K), (2.1)
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A(g)t = f (y, X, φ), (2.2)

K(g)t = f (A(g)t, A(e)t), (2.3)
where g is an agent, t is target of the agent, y is a target output information, X is the set of 368

target input information, A(g)t is action function (or belief) of the agent on the target, φ is 369

the intelligence (or parameters) of the agent that enables the action, and K(g)t is knowledge 370

generated by the agent based on its action and the environment action A(e)t on the target. 371

Definition 20. (Target) ∀t ∈ e, t = (X, Y, ft,Pe), 372

where ft : X ⇒ Y, X is input property, Y is output property. 373

Generally, we can simply express the target as an entity of the environment as follows:
T = (X ,Y , f (X ,Y)), t = (X, Y, f (X, Y)), (2.4)

X ∈ X , Y ∈ Y ,X ∧ Y ∈ P , f (X, Y) ∈ R, t ∈ T
where t is a target in an environment, T is a set of targets, X is set of properties of the 374

environment that act as input (or evidential) properties of the target, Y is set of properties 375

of the environment that act as output (or existential) properties of the target, and f (X, Y) is 376

a property of the target that defines a logical relationship between X and Y. 377

Definition 21. (Environment) ∀e ∈ q, e = (Pt,Pg, ftg,Pq), 378

where Pt is property of target, Pg is property of agent, ftg is relationship between properties, and Pq 379

is inherited property from the environment container. 380

Generally, we can simply express the environment as follows:
E = (P, f (P)), e = (P , f (P)), (2.5)

P : S→ Rn, f (P) ∈ R, e ∈ E,P ∈ P
where e is an environment, E is set of environments, P is a vector of all properties of an 381

environment, f (P) is a logical relationship define over all the properties of the environment, 382

and S is the sample space of P . 383

Figure 4 shows the interaction between agents and targets in different environments. 384

ɸ: Intelligence property
K: Knowledge property
A: Action property

t: Target 
X: Input property of target
Y: Output property of target

e: Environment

X2

Y1

X1

X4
X3

Y3

t1
t2

t3
Y4

Y2

Y3

Y1

X1

Y5

X4
Y7

Y6

Y2

X3

t1
t2

t3

t4 t5

X2

Y4

X5

A1 A2

A1

ɸ

ɸ

K

K
e2e1

Figure 4. Two agents interacting with two environments. e1 has one agent, e2 has two agents.

After defining the entities and properties, we then define logical relations and op- 385

erations on them. The next section answers questions about the equality, equivalence, 386

superiority, inferiority, dependency, association, dissociation, and intersection of entities. 387

For example, when are agents equal? 388
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2.2.2. Logical Relationships Between Entities 389

We define different logical relationships between entities, where ω is entity property, 390

(ρi ∗ ρj)ω indicates the logical relationship (∗) between entities ρi and ρj over the property 391

ω, i 6= j, and i, j ∈ N. Also, iff means ‘if and only if’. 392

i. Equivalence (≡) 393

Definition 22. Two entities are equivalent over a set of properties if at least one of the properties 394

(weak equivalence) or all (strong equivalence) have same value and structure. 395

We distinguish two types of equivalence. 396

a) Agent equivalence: ∀gi, gj ∈ q, (gi ≡ gj)ω iff (ωi ≡ ωj) ∧ ti ≡ tj. 397

b) Target equivalence: ∀ti, tj ∈ q, (ti ≡ tj)ω iff (Xi ≡ Xj ∨Yi ≡ Yj ∨ fi ≡ f j). 398

Equivalent relationships must also be reflexive, symmetrical and transitive over the 399

properties. Example of equivalent relationship between entities is an equality relationship. 400

ii. Equality (=) 401

Definition 23. Two entities are equal over a set of properties if at least one of the properties (weak 402

equality) or all (strong equality) have same value. 403

We distinguish two types of equality. 404

a) Agent equality: ∀gi, gj ∈ q, (gi = gj)ω
iff (ω(1,i) = ω(1,j) ∨ ω(2,i) = ω(2,j) ∨ . . . ω(n,i) = 405

ω(n,j)) ∧ ti = tj. 406

b) Targets equality: ∀ti, tj ∈ q, (ti = tj)ω
iff (X(1,i) = X(1,j) ∨ X(2,i) = X(2,j) . . . X(n,i) = 407

X(n,j)) ∨ (Y(1,i) = Y(1,j) ∨Y(2,i) = Y(2,j) . . . Y(n,i) = Y(n,j) ∨ ( fi = f j). 408

iii. Superiority (>) 409

Definition 24. One entity is superior over another entity on a set of properties if at least in one of 410

the properties (weak equality) or all (strong equality), it has a greater value. 411

We distinguish two types of superiority. 412

a) Agents superiority: ∀gi, gj ∈ q, (gi > gj)ω
iff (ω(1,i) > ω(1,j) ∨ω(2,i) > ω(2,j) ∨ . . . ω(n,i) > 413

ω(n,j)) ∧ ti = tj. 414

b) Targets superiority: ∀ti, tj ∈ q, (ti > tj)ω
iff (X(1,i) > X(1,j) ∨ X(2,i) > X(2,j) . . . X(n,i) > 415

X(n,j)) ∨ (Y(1,i) > Y(1,j) ∨Y(2,i) > Y(2,j) . . . Y(n,i) > Y(n,j) ∨ ( fi > f j). 416

iv. Inferiority (<) 417

Definition 25. One entity is inferior over another on a set of properties if at least in one the 418

properties (weak equality) or all (strong equality), it has a lesser value. 419

We distinguish two types of inferiority. 420

a) Agents inferiority: ∀gi, gj ∈ q, (gi < gj)ω
iff (ω(1,i) < ω(1,j) ∨ω(2,i) < ω(2,j) ∨ . . . ω(n,i) < 421

ω(n,j)) ∧ ti = tj. 422

b) Targets inferiority: ∀ti, tj ∈ (ρ, q), (ti < tj)ω
iff (X(1,i) < X(1,j) ∨X(2,i) < X(2,j) . . . X(n,i) < 423

X(n,j)) ∨ (Y(1,i) < Y(1,j) ∨Y(2,i) < Y(2,j) . . . Y(n,i) < Y(n,j) ∨ ( fi < f j). 424

v. Dependency (→) 425

Definition 26. An entity ρi depends on ρj over a set of properties if at least one (weak dependency) 426

or all (strong dependency) properties of ρi are defined by those of ρj. 427

We distinguish two types of dependency. 428

a) Agents dependency: ∀gi, gj ∈ q, (gi → gj)ω iff (ωk)i = f ((ω1 ∨ ...ωn)j). 429
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b) Target dependency: ∀ti, tj ∈ q, (ti → tj)ω iff (Xk)i = f ((X1 ∨ . . . Xn)j) ∨ (Yk)i = 430

f ((Y1 ∨ . . . Yn)j) ∨ ( fk)i = f (( f1 ∨ . . . fn)j). 431

Proposition 3. All entities depend on their properties. 432

Proof: By definition, ρ = f (ω) ` ρ→ ω. 433

Dependency between entities can be bidirectional. 434

Definition 27. (Bidirectional dependency(↔)) 435

∀ρi, ρj ∈ q, (ρi ↔ ρj)ω iff (ρi → ρj)ω ∧ (ρj → ρi)ω. 436

vi. Conditional dependency(→|) 437

It is a type of dependency where the relationship between the properties of the two 438

entities is conditioned on one of the entities or a third entity. 439

Definition 28. An entity ρi is conditionally dependent on another entity ρj over a set of properties 440

if (the occurrence of) at least one property (weak condition) or all properties (strong condition) of ρj 441

are conditioned on those of ρi, or those of a third entity ρz. 442

We distinguish two types of conditional dependency; 443

a) Agents conditional dependency: ∀ρi, ρj ∈ q, (ρi →| ρj)ω iff (ωi)i →| (ω1 ∨ ...ωn)j. 444

b) Targets conditional dependency: ∀ρi, ρj ∈ q, (ρi →| ρj)ω iff ∀X, Y, f ∈ t, ((Xi)i →| 445

(X1 ∨ . . . Xn)j) ∨ ((Yi)i →| (Y1 ∨ . . . Yn)j) ∨ ( fi i →| ( f1 ∨ . . . fn)j). 446

Conditional dependency can also be bidirectional 447

Definition 29. (Bidirectional CD(|↔|)) 448

∀ρi, ρj ∈ q, (ρi |↔| ρj)ω iff (ρi →| ρj)ω ∧ (ρj →| ρi)ω. 449

If (ρi →| ρj)ω = (ρj →| ρi)ω, we say the entities are conditionally equivalent over the 450

property ω. 451

Proposition 4. (ρi →| ρj)ω = (ρj →| ρi)ω ⇒ (ρi)ω = (ρj)t. 452

vii. Mutual dependency(() 453

It is a type of dependency where the self relationships of the entities on their property 454

are excluded from their conditional relationships. 455

Definition 30. An entity ρi is mutually dependent on another entity ρj over a set of properties if 456

(the occurrence of) at least one (weak condition) or all the self properties (strong condition) of ρi are 457

excluded from its conditional relationship with those of ρj, or those of a third entity ρz. 458

(ρi ( ρj)ω = (ρi →| ρj)ω\(ρi)ω. 459

Excluding their self-relationships imply that mutual dependency captures a bidirec- 460

tional relationship between entities. 461

Proposition 5. Two entities in a mutual dependency over a property have a birectional equality 462

over the property. 463

(ρi ( ρj)ω = (ρj ( ρi)ω (reciprocity). 464

Similar to conditional dependency, mutual dependency can be established on the 465

properties of targets and agents. 466

viii. Container (t , �) 467
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Definition 31. An entity q is a container to another entity ρ over a set of properties if for these 468

properties, ρ is equal or inferior to q. (q t ρ)ω iff ∀ω, (ωρ <= ωq). 469

Axiom 2.5. Containers can be defined based on their entities and entities can be defined based on 470

their containers. 471

From Definition 31 and Axiom 2.5, we can deduce that, 472

Proposition 6. All entities in a container depend on the container and all containers depend on 473

their entities. 474

Proof: q t ρ⇒ (ωρ = fρ(ωq)) ∧ (ωq = fq(ωρ)) ` q↔ ρ. 475

We distinguish two categories of containers and entities dependency relation, that is, 476

coupling and cohesion. 477

ix. Coupling (./) 478

It defines the dependency between containers. 479

Definition 32. A container entity qi is coupled with a container entity qj iff (qi → qj) ∨ (qi ← 480

qj) ∨ (qi ↔ qj). 481

x. Cohesion (
⊗

) 482

It defines the dependencies between entities in a container. 483

Definition 33. An entity ρi is considered to be cohesive with an entity ρj, iff (ρi → ρj) ∨ (ρi ← 484

ρj) ∨ (ρi ↔ ρj). 485

Cohesive dependency can exist between entities in same container or different con- 486

tainers. We distinguish two types; 487

a) Local cohesion: q t ρj, ρj and (ρi → ρj) ∨ (ρi ← ρj) ∨ (ρi ↔ ρj). 488

b) Remote cohesion: (qi t ρj) ∧ (qj t ρj) and (ρi → ρj) ∨ (ρi ← ρj) ∨ (ρi ↔ ρj). 489

Also, based on the dependency and exchange of properties between containers and 490

their host, we can distinguish three types of containers; open, close and isolated containers. 491

xi. Open container (t) 492

Definition 34. A container q is open over a host h if values for some ω of q depend on h, i.e., 493

(q→ h)ω, and ρ or ω can be exchanged between q and h. 494

xii. Close container (�) 495

Definition 35. A container q is closed over a host h if values for some ω of q depend on h, i.e., 496

(q→ h)ω, and ρ or ω cannot be exchanged between q and h. 497

xiii. Isolated containers (���) 498

Definition 36. A container q is isolated over a host h if values for all ω of q is independent on h, 499

i.e., ¬(q→ h)ω, and ρ or ω cannot be exchanged between q and h. 500

In addition, entities can be considered as a container because even if they may not 501

contain other entities, they contain at least some properties, making them property containers. 502

xiv. Referencing (→||) 503
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Definition 37. A relationship where an entity uses another entity as its container or content in 504

defining its property value. 505

Axiom 2.6. Any referencing to a referent equal to the referral on a value is insignificant (null) to 506

the referral. 507

If (ρ1 ⊥ ρ2)ω ∧ (ρ1 = ρ2)ω ⇒ (ρ1||ρ2)ω = (ρ1)ω. 508

Axiom 2.7. A referral will retrograde if it references a referent less significant than it on a value, 509

and advances if otherwise. 510

If (ρ1 ⊥ ρ2)ω ∧ (ρ1 > ρ2)ω ⇒ (ρ1||ρ2)ω < (ρ1)ω (retrograde), 511

if (ρ1 ⊥ ρ2)ω ∧ (ρ1 < ρ2)ω ⇒ (ρ1||ρ2)ω > (ρ1)ω (advance). 512

Referencing can be considered as a relative relationship or a type of dependency of an 513

entity on another entity. 514

In general, an agent can relate to different entities for different purposes to achieve 515

a value, to some (e.g., targets) it builds a conditional relation, while to others (e.g., envi- 516

ronments) it builds a reference relation. The operation on the relationships of an entity is 517

important, and requires a logical construct, which we define in the following axiom. 518

Axiom 2.8. The operation on the relationships of an entity can be defined as a vector operation on 519

the relationships. 520

For example, if entities ρ1 and ρ2 are non-referentially (e.g., conditionally, mutually, 521

jointly, etc.) related to ρ3 independently, then any referential relationship we define between 522

ρ1 and ρ2 on ρ3 will be equal to the vector sum of their individual relationships on ρ3. 523

Let (ρ1 → ρ3)ω ||ρe1 = ~r1, (ρ2 → ρ3)ω ||ρe2 = ~r2, and (ρ1 || ρ2)ω = ~r3. 524

Then, using an n-dimensional Euclidean vector space of ω, on a relationship~r between 525

entities, we propose that, 526

Proposition 7.
~r3 = ~r1 + ~r2 if (ρe1 = ρe2)ω,ρ3 (collinear on ρ3), (2.6)

~r3 6= ~r1 + ~r2 if (ρe1 6= ρe2)ω,ρ3 (noncollinear on ρ3). (2.7)

For ~r3 = ~r1 + ~r2 during non-collinearity, the environment of one entity needs to be 527

transformed to the environment of the other, leading to a collinear situation. We provide 528

such a transformation process in Section 4.4 for knowledge values. 529

Referential Dependency of g on e given t
(Referential Influence of e on g given t):

(⍴1||⍴2)=r3

Non referential  Dependency of ⍴1 on ⍴3

(Non referential Influence of ⍴3 on ⍴1):
(⍴1→⍴3)=r1

Non referential  Dependency of ⍴3 on ⍴1

(Non referential Influence of t on g)
(⍴2→⍴3)=r2

Key: Non referential relationship Referential relationship

⍴1 ⍴2

⍴e1 ⍴e2

𝛳3

⍴3

Figure 5. Interrelationship between the referential and non referential relationships of entities
ρ1, ρ2, ρe1, and ρe2

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 November 2022                   doi:10.20944/preprints202211.0450.v1

https://doi.org/10.20944/preprints202211.0450.v1


15 of 89

Furthermore, with collinearity, other vector algebra operations such as operations on
vector magnitude can be evaluated easily using vector rules such as the cosine rule.

~r3
2 = ~r1

2 + ~r2
2, if ρ1 ⊥ ρ2, (2.8)

~r3
2 = ~r1

2 + ~r2
2 − 2~r1~r2cos(θ3), if ρ1 6⊥ ρ2, (2.9)

where (ρe1 = ρe2)ω,ρ3 . 530

In such case, the angle between the non-referential (i.e., absolute) values of two entities 531

about a third entity represent their referential (i.e., relative) relationships about the entity. 532

Proposition 8. The angle θ3 between any two entities ρ1 and ρ2 on ρ3 is a measure of their 533

referential relationship. 534

These relationships between non-referential and referential values of entities are 535

represented in Figure 5. 536

For a relationship over space and time, we shall apply hyperbolic functions to the 537

Euclidean vector in Section 4.4 to present important effects of time and space on cognition. 538

The relationships can also be represented using tensors on the euclidean and non-euclidean 539

(e.g., hyperbolic) space. 540

2.2.3. Logical operations between entities 541

We define three types of operations (association, dissociation, intersection) between 542

containers and entities. 543

i. Operations Between Containers 544

a) Association(∪) of containers 545

This involves the union of the entities of many containers to form a new container. 546

Definition 38. qi ∪ qj =
{
∀ρ ∈ qi ∨ ρ ∈ qj

}
. 547

b) Dissociation (-) of containers 548

This involves the separation of a container from another container to form a new 549

container. 550

Definition 39. qi − qj =
{
∀ρi ∈ qi ∨ ρj /∈ qj

}
. 551

c) Intersection (∩) of containers 552

This involves the intersection of many containers to form a new container based on 553

their equivalent entities. 554

Definition 40. qi ∩ qj =
{
∀ρ ∈ qi ∧ ρ /∈ qj

}
. 555

ii. Operations between entities 556

a) Association (∪) of entities 557

This involves the union of the properties of many entities to form a new entity. 558

Definition 41. ρi ∪ ρj =
{
∀ω ∈ ρi ∨ω ∈ ρj

}
. 559

b) Dissociation (-) of entities 560

This involves the separation of an entity from another to form a new entity. 561

Definition 42. ρi − ρj =
{
∀ω ∈ ρi ∨ω /∈ ρj

}
. 562

c) Intersection (∩) of entities 563

This involves the joining of many entities to form a new entity based on their equiva- 564

lence properties. 565

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 November 2022                   doi:10.20944/preprints202211.0450.v1

https://doi.org/10.20944/preprints202211.0450.v1


16 of 89

Definition 43. ρi ∩ ρj =
{
∀ω ∈ ρi ∧ω ∈ ρj

}
. 566

iii. Operations between properties 567

This involves operations between the values of the properties of entities, rather than 568

the entities themselves. Due to the dependency possibility of the properties, we use 569

probability logic operations [79] to define the operations between properties. Nevertheless, 570

other logic, such as, functional, fuzzy, symbolic, etc., can also be used. 571

Concerning property and value, the main difference between them in this article is 572

given in their definitions below; 573

Definition 44. A property is a vessel (or variable) that holds a value which can be optimized 574

within the property. 575

Definition 45. A value is the content of a property and defines the nature of the property. 576

Values can be static, dynamic, discrete, continuous, etc. 577

In this section, we presented three types of entities and defined the properties, re- 578

lationship and operations they can posses. In the next section, we will introduce the 579

quantification of the knowledge property and different cognitive properties related to it. In 580

Section 4-6, we shall discuss the different operations (acquisition, optimization, transfer) an 581

agent can perform with the quantified properties. 582

3. Cognitive Property Quantification 583

As defined in Section 2.1, cognitive properties include the action, intelligence and 584

cognitive values of an agent. We quantify the action and intelligence properties and, for the 585

cognitive value property, we focus on the knowledge value. 586

3.1. Action Property 587

In an environment, an agent performs actions on one or more targets to acquire values. 588

As discussed in Section 2.1.2, the reasoning action is the main action for cognitive value 589

generation. The value generated by an agent irrespective of the target environment is 590

considered as the action value and stored as belief in the agent. We quantify this value using 591

epistemological perspective [7] as described below. 592

3.1.1. Action Quantification 593

Definition 46. Action value of an agent on a target is the likelihood of that action on the target
given an intelligence.

Aφ(g)t = f (t, φ) = L(φ; t)⇒ Aφ(g)t = P(t; φ), (3.1)
where L(φ; t) is likelihood of an intelligence φ on the target t, P(t; φ) is probability of t based on φ. 594

Each action value generation process about a target is considered as an event on which 595

cognitive values depend. An agent can generates different types of action values (belief) 596

about a target. Below is a summary of these action values. 597

3.1.2. Types of Action Values 598

i) Domain action and Specific action 599

These are action values that define an agent’s belief about the relationship between 600

the input and output features of a target. 601

Definition 47. Domain action is an action that leads to the comprehension of a target.
[Aφ(g)t]d = L(φ; Y ↔ X)⇒ P(Y ∩ X; φ). (3.2)
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Definition 48. Specific or Causal action is an action that leads to the conclusion about a target.
[Aφ(g)t]s = L(φ; Y →| X)⇒ P(Y | X; φ). (3.3)

The conversion from domain action to specific action and vice versa is defined using 602

the probability logic below. 603

From Domain to Specific action:

[Aφ(g)t]s =
[Aφ(g)t]d
P(X; φ)

. (3.4)

From Specific to Domain action:
[Aφ(g)t]d = [Aφ(g)t]s(P(X; φ)). (3.5)

From these expressions, we deduce the following: 604

Proposition 9. It is required to exclude information about input space existence during domain to 605

specific action conversion but such information is needed in the reverse process. 606

This is intuitively true because during causality, such information will be less helpful 607

and will lead to more noise. 608

ii) Abstract action and Real action 609

These are action values defined based on the agent’s environment in which the actions 610

are executed. 611

Definition 49. Abstract action is an action performed on targets in the internal environment of 612

an agent. 613

Definition 50. Real action is an action performed on targets in the external environment of an 614

agent. 615

An example of an abstract and a real action are respectively the internal and external 616

locus of control [80] of an agent, which is also just a type of actuation action. 617

It is important to note that both the real and abstract actions can have domain and 618

specific types. Also, real actions represent practical actions while abstract actions represent 619

theoretical actions. Their conversion is described below. 620

Theoretical and practical action conversion:
[Aφ(g)t]T = fP→T([Aφ(g)t]P), (3.6)

[Aφ(g)t]P = fT→P([Aφ(g)t]T), (3.7)
where fP→T() is a conversion from practical action to theoretical action, and fT→P() is a 621

conversion from theoretical action to practical action. 622

In a cognitive agent, the deviation from theoretical to practical action and vice versa of 623

a single action is important. 624

Theoretical and practical action deviations:

DP→T =
[Aφ(g)t]P
[Aφ(g)t]T

, (3.8)

DT→P =
[Aφ(g)t]T
[Aφ(g)t]P

, (3.9)

DT→P = DT→T i f f [Aφ(g)t]P = [Aφ(g)t]T , (3.10)
where DP→T is a deviation from practical action to theoretical action, and DT→P is a 625

deviation from theoretical action to practical action. 626

The deviation between theoretical and practical actions will lead to incoherence of 627

actions on a target. This may not be desirable if the agents are required to collaborate on 628

the target. To reduce such deviation, one action is optimized relative to the other. Such type 629

of optimization process based on relative values forms an important part of this research. 630
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3.1.3. Logical Operations on Action Values 631

The operations on the action values are the logical relationships that define two or 632

more actions of agents on targets. As mentioned in Section 2.2.3, we use a probabilistic 633

logic [79] for definition of properties relationships. We define the operations for two agents 634

(gi, gj) with actions (Ai, Aj) on a set of targets, assuming φi ⊥ φj. Extension to multi-actions 635

can simply be done using probability logic. 636

Definition 51. Self action is action value on a target irrespective of other actions.
A(g)t = L(φ; t)⇒ A(g)t = P(t; φ). (3.11)

Definition 52. Joint action is the action value representing the joint relationship between agents
or targets .

A(g1, g2)t = P(t; φ1, φ2) = P(t; φ1)P(t; φ2), φi ⊥ φj, (3.12)

A(g)t1,t2 = P(t1, t2; φ) = P(t1; φ)P(t2; φ)r,¬(ti ⊥ tj), (3.13)
where, r = P(t1, t2; φ)/[P(t1; φ)P(t2; φ)]. 637

Definition 53. Mutual action is the action value representing the mutual relationships between
agents or targets.

A(g1; g2)t =
P(t; φ1, φ2)

P(t; φ1)P(t; φ2)
= 1, φi ⊥ φj, (3.14)

A(g)t1;t2 =
P(t1, t2; φ)

P(t1; φ)P(t2; φ)
,¬(ti ⊥ tj). (3.15)

Definition 54. Conditional action is the action of an agent on a target conditioned on another
target or action.

A(g1|g2)t =
P(t; φ1, φ2)

P(t; φ2)
= P(t; φ1), φi ⊥ φj, (3.16)

A(g)t1|t2
=

P(t1, t2; φ)

P(t2; φ)
,¬(ti ⊥ tj). (3.17)

Definition 55. Relative action is the action of an agent on a target referenced to another target
or action

A(g1||g2)t =
P(t; φ1)

P(t; φ2)
, (3.18)

A(g)t1||t2
=

P(t1; φ)

P(t2; φ)
. (3.19)

3.2. Intelligence Property (Φ) 638

As defined in Section 2.1.1, the intelligence is the enabler of an action. Based on 639

Proposition 2, we express the intelligence property with respect to knowledge. 640

3.2.1. Intelligence Quantification 641

Definition 56. Intelligence value, φ, is a function of the knowledge value generated by an action
value

Φ = fk→φ(K), (3.20)
where fk→φ() is the conversion function from knowledge value to intelligence value. 642

Likewise, knowledge can be defined with respect to intelligence using a knowledge to
intelligence conversion function.

K = fφ→k(φ). (3.21)
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Proposition 10. The conversion of an Intelligence value to a Knowledge value is only possible
through an action value and the convention of a Knowledge value to an Intelligence value is only
possible through a reverse action value.

fk→φ : ( fa→k : A→ K)→ Φ, (3.22)

fφ→k : ( fφ→a : Φ→ A)→ K. (3.23)

The proof of Proposition 10 is given in Appendix A.1. 643

In this article, we focus on the definition of knowledge with respect to action and not 644

intelligence and assume an equality relationship between knowledge and intelligence. 645

Just like any cognitive property, intelligence can be abstract or real, based on the 646

environment in which it operates. Most importantly, intelligence can also be intermediary, 647

where it supports the convention of one property to another. More on intelligence will be 648

discussed in a future publication. 649

3.3. Cognitive Value Property 650

Cognitive values as defined in Section 2.1 are values that are generated by agents 651

based on the actions of the agents on a target. One of such values is the knowledge value of 652

an agent, whose inverse is the ignorance value. Other cognitive values mentioned in this 653

article include understanding, trust, and wisdom. 654

In this research, we shall quantify the knowledge value, its properties and operations in 655

an agent. In Section 4, we shall quantify understanding, trust, and wisdom and reserve their 656

operations for future publications. 657

Knowledge as defined in Section 2.1.1 is a cognitive value property that an agent seeks 658

from a target. Here, we quantify this knowledge from an epistemological viewpoint [5],[7]. 659

3.3.1. Knowledge Quantification 660

Epistemologically, knowledge is consider as a justify true belief [5],[6],[7]. From this 661

universally accepted axiom, we then build a mathematical definition of knowledge. 662

In epistemology, the concept of justification, truth, and belief are crucial concepts for 663

any rational agent with cognitive and intelligent abilities. As defined in this article, belief is 664

the output of the reasoning action. To address the issue of justification and the truthfulness 665

of belief, the question we may ask is, why do agents hold beliefs about a target, and if such 666

beliefs have met a standard that renders them true and rational for the agent to hold? 667

As discussed in Section 1 of this paper, the aim for an agent to hold a belief about a 668

target is to guide the agent in achieving a cognitive value about the target. Thus, belief is 669

considered as the base value on which cognitive values are generated. 670

The truthfulness of a belief in this research is the truth value [81] of the belief, as oppose
to the false value. The truthfulness or falsehood of a belief can depend only on the agent
that generates it or another agent. These are considered in the literature as absolute and
relative truth[81]. We mathematically represent these two types of truth as follows:

Absolute true belief = A(g)t, (3.24)

Relative true belief =
A(g)t

A(e)t
= A(g||e)t, (3.25)

where A(g) is the absolute belief of an agent g on a target t, and A(e) is the absolute belief 671

of an agent e which is referenced by g as g generates beliefs on t. In the definition of 672

knowledge, e is considered to have more influence or accurate definition on t than g. With 673

respect to the definition of knowledge, we consider e as the environment of t. 674

Justification, also called epistemic justification [18], is a controversial concept in episte- 675

mology [17] and is considered to determine the rational ability of an agent about a target. 676

Normally, a rational agent is an agent that possesses and seeks to optimize a justified true 677

belief (i.e., knowledge) about a target. 678

Conventionally, the relative truth value of belief is considered as a justified true belief 679

[81]. This is called the fundamentalism view of justification [19]. In this view, the belief of an 680
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agent about a target is justified by referencing it to the belief of another agent considered to 681

possess a more rational belief value about the target. Such a rational chain can be endless, 682

unless it ends with an absolute true belief value. Another problem with this view is that, 683

what if the referenced belief is wrong? 684

Our view of justification in this paper is that of externalism [82][83], without undermin- 685

ing internalism [83], because we think both views are required for a complete justification. 686

In this context, we consider justification not only as a relative truth value but also as a 687

process of standardizing a truth value. This is because, not all beliefs that are true maybe 688

rational and not all belief that are rational maybe true. 689

This external layer of justification is a logical process rather than a logical value, 690

independent on the belief generation process of the agent, but which is a requirement to 691

the agent in order to justify its belief value. This accords with the suggestion of the Greek 692

philosopher (Socrates) through Theatetus, that knowledge is true judgment plus a logos - 693

an account or argument [18][84]. 694

Defining such an external justification as a standardization process is important in the 695

mathematical definition of knowledge. Mathematically, standardization is a scaling opera- 696

tion. The likelihood function we used in Section 46 to define the belief value is considered to 697

generate an unstandardized value, and even the transformed version using the probabilistic 698

constraint (∑i=n
i=1 P(ti; θ) = 1) will not guarantee a sound logic for knowledge quantification, 699

because although the probabilistic logic is a good measure for the uncertainties of random 700

quantities, it is not suitable as a scaling function for this justification. 701

For this purpose, we use the logarithmic scale as a standardization logic for belief value 702

defined either using the likelihood function or the probabilistic logic. This is because 703

of the operational simplicity, computational advantage, and application diversity of the 704

logarithmic scale. Nevertheless, other sound deterministic scaling logics can still be used. 705

We express the knowledge value of an agent about a target by justifying the expressions 706

for the relative true belief and absolute true belief of an agent. 707

Knowledge based on relative true belief: 708

Definition 57. Relative knowledge is the relative likelihood of the true action of an agent to that of
its environment.

Ka((g→ t)||e) = log
(

A(g)t

A(e)t

)
≡ J[A(g||e)t]. (3.26)

Knowledge based on absolute true belief: 709

Definition 58. Absolute knowledge is the log likelihood of the true action of an agent irrespective
of the environment.

Ka(g→ t) = log(A(g)t) ≡ J[A(g)t], (3.27)
where g is agent, e is environment of the agent influencing the target, A(g)t is true dependency 710

action of g on t, A(e)t is true influence action of e on t, Ka((g→ t)||e) = Ka(g||e)t is knowledge 711

of g on t referenced to e, Ka(g→ t) or Ka(g)t are identical and represent absolute knowledge of g 712

on t, and J[·] is justification function. 713

It should be noted that, false action of environment Ā(e)t can also be used for knowl- 714

edge definition but this should be the same for ignorance. 715

The use of the environment as a reference point in a cognitive value generation of 716

an agent is similar to that of the field theory of psychology [20],[21] by Lewin, where he 717

presented the behavior of an individual (i.e., agent) as a function of the ability of the 718

individual and his environment. 719

One important aspect here is the case where the environment of the agent has little or 720

no influence on the target. In such case, the agent needs to consider generating knowledge 721

using the influences of remote environments. While doing so, it needs to take into account 722

the divergence between its environment influence on the target to that of the remote 723
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environments. This divergence is considered as a semantic difference of agents on targets, and 724

will lead to an environment divergence problem of the agents during knowledge acquisition, 725

optimization, and transfer. We discuss this in Section 4.4. 726

Furthermore, considering the fact that an agent can receive influence from and exert 727

influence to another agent about a target, we classify the justification (or rationality) process 728

of an agent in this research into exopistemic and endopistemic justification (or rationality). 729

Definition 59. Endopistemic justification is that which is based on the dependency of an agent 730

on other entities such that values flow from the other entities to the agent. 731

Definition 60. Exopistemic justification is that which is based on the dependency of other entities 732

to an agent such that values flow from the agent to the other entities. 733

This implies, the endopistemic process is a process through which value enters or is 734

pulled into the agent, while exopistemic process is a process through which value leave or 735

is pushed out of the agent. If values are consider as a type of energy, then these process 736

can be seen as a type of energy input and output processes. If we consider the values as 737

a type of influences, then the processes can be seen as push and pull processes, similar 738

in operation to the forces defined by Sir Isaac Newton in his Principia [85], but whose 739

evaluation will require a Lagrangian or Hamiltonian approach. The mechanics of such 740

dynamics is considered in this research as cognimatics. 741

Agent e

Referential Dependency of g on e given t
(Referential Influence of e on g given t):

(g→t)||e or (g||e)t

Non referential  Dependency of g on t
(Non referential Influence of t on g):

(g→t)

Non referential  Dependency of t on e
(Non referential Influence of t on g)”

(t→e) or (e←t)

Agent g

Target t

Key:
Non referential relationship

Referential relationship

Relationship 
flow

Value flow from Non referential relationship

Value flow from Referential relationship
Value flow

Figure 6. Dependency and value flow diagrams. (a) Endopistemic and Exopistemic processes of g
and e on t. (b) Cost dynamics of g and e on t

For the fact that endopistemic process entails influence from the environment, we 742

consider this process as an environment driven cognition. During endopistemic learning, 743

the agent seeks to reach the environment. On the other hand, in an exopistemic process, 744

since the agent influences the environment, we considered this process as an agent-driven 745

cognition. During exopistemic learning, the agent seeks to lead the environment. 746

Examples of an endopistemic and exopistemic cognition are observation and actuation, 747

respectively. The ability to switch between endopistemic and exopistemic processes during 748

cognition is important to an agent, but such operation is not considered in conventional 749

agent design. We shall discuss more about this in future publications. 750

The endopstemic and exopistemic processes for referential and non-referential rela- 751

tionships are presented in Figure 6. 752

During a referential (i.e., relative) endopistemic process of any agent, the agent de- 753

pends on other entities and the values the agent generates are based on how the agent 754

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 November 2022                   doi:10.20944/preprints202211.0450.v1

https://doi.org/10.20944/preprints202211.0450.v1


22 of 89

perceives such dependencies. Whereas, during a referential exopistemic process of same 755

agent, the agent influences other agents and the values it generates represent how the agent 756

perceives its influence on other entities. 757

Belief

Relative true Belief

Relative truth Absolute truth

Endopistemic 
Justification 

J[..]

Exopistemic 
Justification 

-J[..]

Endopistemic Knowledge

J[A(g)/A(e)]= -J[A(g)/A(e)]

Exopistemic Knowledge

J[A(e)/A(g)]= -J[A(g)/A(e)]

Absolute true Belief

Endopistemic 
Justification 

J[..]

Exopistemic 
Justification 

-J[..]

A(g)

Endopistemic Knowledge

J[A(g)]= -J[1/A(g)]

Exopistemic Knowledge

- J[A(g)] = J[1/A(g)]

A(g)/A(e)

Figure 7. Structure semantic of Knowledge from Belief and Truth

Also, in both endopistemic and exopistemic cognition, the referential value may either 758

be fixed or varied. This is analogous to the initial and non-initial reference frames in relativity 759

[86] where initial reference frame implies fixed referential value and non-initial reference 760

frame implies variable referential value. 761

If we consider that an agent’s environment can be distinguished into internal and 762

external environments, then the endopistemic and exopistemic processes of an agent can 763

take place between these environments, where values of the agent about a target can flow 764

from the external environment to the internal environment and vice versa. 765

Examples of such environments are the theoretical (internal) and practical (external) 766

environments of an agent. The values an agent generates in a theoretical environment are 767

transferred to the practical environment and vice versa. Such a value exchange process will 768

enable the agent to have a more balanced and reliable rational actions. This process is also 769

discussed in the literature [22],[23] by Audi, where he proposed a practical and theoretical 770

reasoning structure for a rational agent. 771

In general, as defined in this our research, an endopistemic process of an agent about 772

a target is the inverse of its exopistemic process about same target and vice versa. These 773

processes can be interactively carried out by an agent during cognition. Such an interactive 774

combination of both endopistemic and exopistemic values of an agent leads to an important 775

value that can be used to balance the cognitive processes of an agent. We consider this value 776

as a Cognitive balancing factor (CBF) of an agent during cognition. Other types of resultant 777

values will be discussed in Section 4. For a knowledge based on true relative belief (i.e., 778

relative knowledge), the CBF of knowledge for an agent during cognition between any two 779

environments is defined as: 780

Definition 61. .
Endopistemic Knowledge-Exopistemic Knowledge = CBF,

log(
A(g)t

A(e)t
)− log(

A′(e)t

A′(g)t
) = CBF, (3.28)

where A′(e) is dependency of e on t as perceived by g, A′(g) is influence of g on t as perceived by g, 781

A(g) is real dependency of g on t, and A(e) is real dependency of e on t. 782

For a perfect balance of g on t in the different environments (in this case, the abstract
and real environments),

CBF=0⇔ A′(e) = A(g) and A′(g) = A(e). (3.29)
Being an inverse process to one another, and using a logarithmic justification, an 783

endopistemic process for knowledge value is the additive inverse of its exopistemic process 784
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and vice versa. The value generated by such processes will depend on the ability and CBF 785

value of the agent. 786

The structure semantics of knowledge from the definition of belief and the truth 787

property of belief, are presented in Figure 7. Using the structure semantics in Figure 7, we 788

can relate the absolute properties of knowledge and action values to the relative properties. 789

For example, if g→ t and t→ e non-referentially, and g→ e referentially, as shown
in Figure 6, then the knowledge value about t that flows from e to g is given using vector
addition as,

K((g→ t)||e) = K(g→ t) + K(t→ e), (3.30)

K((g→ t)||e) = log A(g) + (− log A(e)) = log
A(g)
A(e)

, (3.31)

where g→ t generates an absolute endopistemic knowledge value (log A(g)) of g from t, 790

e→ t generates an absolute exopistemic knowledge value (− log A(e)) of e to t, (g→ t)||e 791

generates a relative endopistemic knowledge value (log(A(g)/A(e))) of g from e about t. 792

Similarly, without a logarithmic justification, the endopistemic and exopistemic values
for referential and non-referential relationships are expressed as beliefs.

A((g→ t)||e) = A(g→ t)A(t→ e), (3.32)

A((g→ t)||e) = A(g).A−1(e), (3.33)

Considering, A−1(e) =
1

A(e)
, (3.34)

⇒ A((g→ t)||e) = A(g).
1

A(e)
=

A(g)
A(e)

, (3.35)

where A(g) is endopistemic action of g, (A−1(e)) is exopistemic action of e, i.e., reciprocal 793

(or multiplicative inverse) of the endopistemic action of e, A(g)/A(e) is dot product of 794

endopistemic and exopistemic actions of g and e, respectively. 795

In reality, during a relative endopistemic cognition on a target, such as learning to 796

observe a target with respect to a referenced observer of the target, e.g., a teacher, the 797

learning (dependent) agent tries to acquire the complete relative endopistemic value of the 798

target as defined by the referenced (influencing) agents. This entails maximizing its relative 799

dependency on t as referenced from its influencers. 800

The maximum value of an agent during cognition is discussed with more details in 801

Section 4, where the variation of the relative endopistemic value of an agent is achieved 802

by varying its absolute endopistemic value using a corresponding absolute exopistemic 803

value. These two values are considered as the cost or work of the agent on the target, and 804

the maximum value is considered as the complete value of the agent. 805

This absolute exopistemic value of an agent on a target turns to act as a counter-action 806

on its absolute endopistemic value and the absolute exopistemic value of its influencer (i.e., 807

environment) on the target. This implies that cognition is analogous to a battle of influences 808

between an agent and the environment, about a target. The number of entities under such 809

influences constitute an exopistemic sphere (i.e., sphere of influence) and the number of 810

influencers on which an entity dependence constitute its endopistemic sphere (i.e., sphere of 811

dependency). An entity can have both influences and dependencies as shown in Figure 6. 812

Using the cost value, the knowledge value about t that flow from e to g can also be
expressed as,

K((g→ t)||e) = K(e← t)− K(g← t), (3.36)

K((g→ t)||e) = (− log A(e))− (− log A(g)), (3.37)

K((g→ t)||e) = log
A(g)
A(e)

, (3.38)

where K(e ← t) is exopistemic knowledge of e about t, K(g ← t) is counteractive (i.e., 813

counter-intuitive) or exopistemic knowledge of g about t, and K((g → t)||e) is resultant 814

knowledge from the counteractive interaction process. 815
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Similarly, the action value of g about t relative to e can also be expressed as,
A((g→ t)||e) = A(e← t)(A(g← t))−1, (3.39)

A((g→ t)||e) = (1/A(e))÷ (1/A(g)) =
A(g)
A(e)

, (3.40)

where A(e← t) is exopistemic action of e about t, A(g← t) is counteractive (i.e., counter- 816

intuitive) or exopistemic action of g about t, and A((g→ t)||e) is resultant action from the 817

counteractive interaction of exopistemic processes on t. 818

This logic of relating absolute values to relative values can be elaborated for multiple 819

interactive targets and agents. Focusing on a logarithmic justification relationships, we present 820

in Figure 8, multiple interactive targets and agents. 821

Agent g1

Agent e1

Target t1

Key:
Non referential dependency

Referential dependency

Dependency 
flow

Value flow from Non referential dependency

Value flow from Referential dependency

Value 
flow

Agent g2

Agent e2

Target t2

Figure 8. Dependency and value flow diagrams of endopistemic and exopistemic processes of
g1, g2, e1, e1, t1, t2, t3.

We can identify the dependencies and express the value flow between entities in 822

Figure 8 as shown in Table 1. 823

Analysis of such cognitive relationships and value flows between entities is one of the 824

basis of this mathematical theory, a process called cognimatics; the dynamics of cognition. In 825

Section 4.4, we shall extend it to solve the environmental divergence problem of knowledge 826

acquisition, which may arise in situations such as finding the relationship and valuation 827

between g1 and e2 or g1 and g2 on t1. 828

Table 1. Entity dependencies and values

Symbols Dependency types Action values Knowledge values
g1 → t1 non-referential A(g1)t1 K(g1)t1 = log A(g1)t1

g1 → e1 referential A(g1||e1)t1 K(g1||e1)t1 = log
A(g1)t1
A(e1)t1

g2 → t1 non-referential A(g2)t1 K(g2)t1 = log A(g2)t1

g2 → t2 non-referential A(g2)t2 K(g2)t2 = log A(g2)t2

g2 → e2 referential A(g2||e2)t2 K(g2||e2)t2 = log
A(g2)t2
A(e2)t2

e1 → t1 non-referential A(e1)t1 K(e1)t1 = − log A(e1)t1

e2 → t1 non-referential A(e2)t2 K(e2)t1 = − log A(e2)t1

e1 → e2 referential A(e1||e2)t1 K(e1||e2)t1 = − log
A(e1)t1
A(e2)t1

t2 → t1 referential A(g2)t2||t1
K(g2)t2||t1

= log
A(g2)t2
A(g2)t1

t3 → t1 non-referential A(g1)t3|t1
K(g1)t3|t1

= log A(g1)t3|t1
It should be noted that, other non-referential dependencies can be used such as
mutual (;), joint (,), etc., apart from conditional dependency (|).
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The following axiom defines the basic rules in analysing any cognitive entity depen- 829

dency relationships. 830

Axiom 3.1. . 831

1. For any relationship, and at any time instance, all entities are either of two types: agent or 832

target. 833

2. The target is the center (purpose) of all cognitive actions and value generation of an agent. 834

3. All value generated during cognition flow from the influencer entity to the dependent entity, 835

contrary to the flow of dependency. 836

4. All relationships between same entity type are dependent relationships: self, conditional, 837

mutual joint, referencing, etc. 838

5. The relationship between targets is defined by agent (action) and the relationship between 839

agents is defined by target (state). 840

6. The relationship between agent and its environment is referential but between agent and its 841

target is non-referential. 842

It should be noted that an entity can transition between entity types over space and 843

time, and one entity can have different types in different relationships. Such complexities 844

will be avoided in this article and reserved for a future publication. Also, relationships can 845

be non-referential (self, conditional, joint, etc.) or referential, base (self, conditional, mutual, 846

joint, and referencing) or composite (conditional mutual, etc.). 847

The acquisition, optimization, and transfer of endopistemic and exopistemic values 848

are important processes to an agent because all actions possesses endopistemic and exopis- 849

temic properties consciously or unconsciously. For example, the observation action of a 850

human agent is consciously endopistemic in the external environment but unconsciously 851

exopistemic in the internal environment. We shall focus on the endopistemic process and 852

value in a relativistic setting. 853

As discussed in Section 2.1.1, cognitive values also have their respective inverse 854

properties. The inverse of knowledge was considered as ignorance. With respect to 855

the epistemological definition of knowledge, we can define ignorance as a justified true 856

disbelief. Disbelief is a type of irrational action, and defined in the Cambridge dictionary 857

as the inability or refusal to accept that something is true. Hence, ignorance can also be 858

considered as a justify false belief of an agent. 859

Thus, similar to knowledge, ignorance can have a relative and absolute dimension 860

based on the truth property. We express these in the following statements below. 861

Ignorance based on relative false belief: 862

Definition 62. Relative ignorance is relative likelihood of the false action of an agent to true action
of its environment.

Ia((g→ t)||e) = log
(

Ā(g)t

A(e)t

)
≡ J[Ā(g||e)t]. (3.41)

Ignorance base on absolute false belief: 863

Definition 63. Absolute ignorance is the log likelihood of the false action of an agent irrespective of
the environment.

Ia(g→ t) = log(Ā(g)t) ≡ J[Ā(g)t], (3.42)
where g is agent, e is environment of the agent influencing the target, Ā(g)t is false action of g on t, 864

A(e)t is true influence action of e on t, Ia((g→ t)||e) = Ia(g||e)t is ignorance of g on t referenced 865

to e, Ia(g→ t) = Ia(g)t is absolute ignorance of g on t, and J[·] is justification function. 866

It should be noted that, false action of environment Ā(e)t can also be used for ignorance 867

definition but this should be same for the corresponding knowledge. 868
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Similar to knowledge, the ignorance value of an agent possesses an endopistemic and 869

exopistemic property as presented in the structure semantic shown in Figure 9. 870

Belief

Relative false Belief

Relative false Absolute false

Endopistemic 
Justification 

J[..]

Exopistemic 
Justification 

-J[..]

Endopistemic Ignorance

J[A(g)/A(e)]= -J[A(e)/A(g)]

Exopistemic Ignorance

J[A(e)/A(g)]= -J[A(g)/A(e)]

Absolute false Belief

Endopistemic 
Justification 

J[..]

Exopistemic 
Justification 

-J[..]

A(g)

Endopistemic Ignorance

J[A(g)]= -J[1/A(g)]

Exopistemic Ignorance

- J[A(g)] = J[1/A(g)]

A(g)/A(e)

Figure 9. Structure semantic of Ignorance from Belief and Falsehood

Also, the ignorance value can be considered as a measure of the amount of uncertainty 871

(or impurity) in cognition. 872

Moreover, considering the relative property of knowledge and ignorance, using the 873

first two terms of a Taylor expansion, we can prove that the relative change between two 874

actions is a linear approximation of the logarithm of their ratio. 875

The first order expansion of log(x) around x = 1 is,

log(x) ≈ log(1) +
d

dx
log(x)x=1(x− 1) = (x− 1), (3.43)

Hence, for x ≈ 1, if x = A(g)
A(e) , then,

log(
A(g)
A(e)

) =
A(g)
A(e)

− 1, (3.44)

Also, for all x > 0, it can also be proven that,
log(x) ≤ x− 1, (3.45)

This implies, our relativistic definitions of knowledge and ignorance are relative change of 876

belief (action) values. 877

3.3.2. Cognitropy: Expected Cognitive Property Value 878

The above mathematical definitions of knowledge and ignorance focused on a single 879

target. In case of a set of targets, related or not related to each other, we can actually estimate 880

the average knowledge or ignorance over all the target set. We call such expected property 881

in this research as cognitropy, defined as follows: 882

Definition 64. Cognitropy is the expectation of any cognitive property value of an agent over a 883

set of targets. 884

It is actually a summarization of a cognitive property value over targets or actions states. 885

In relation to knowledge and ignorance, the cognitropy is given as follows: 886

Definition 65. The Cognitropy of knowledge or ignorance is the expected knowledge or igno-
rance of an agent about a target over its environment influences on the target.

Za(g)t = ∑
i,j

Aj(e)ti Vaj (g)ti (discrete states), (3.46)

Za(g)t =
∫

i,j
Aj(e)ti Vaj (g)ti (continuous states), (3.47)
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where V is K or I (values for a single independent action and target states), Aj(e) is action of 887

environment e, i is independent target states, j is independent action states, and the expressions 888

Za(g)t ≡ ZV(g)t. 889

In a similar way, the cognitropy value for both knowledge and ignorance can be 890

endopistemic and exopistemic. 891

Endopistemic cognitropy of knowledge or ignorance:

Za(g)t = ∑
i,j

Aj(e)ti Vaj (g)ti . (3.48)

892

Exopistemic cognitropy of knowledge or ignorance:

−Za(g)t = −∑
i,j

Aj(e)ti Vaj (g)ti , (3.49)

where V can be the relative or absolute value of K or I. Thus, endopistemic and exospisemic 893

cognitropies can also be relative or absolute. 894

For example, using Figure 6, the relative endopistemic cognitropy of g from e is given
as,

Z(g||e)t = Z((g→ e)t) = Z(g→ t) + Z(t→ e), (3.50)

Z(g||e)t =
n

∑
i=1

A(e) log A(g) + (−
n

∑
i=1

A(e) log A(e)), (3.51)

Z(g||e)t =
n

∑
i=1

A(e) log
A(g)
A(e)

, (3.52)

where g→ t is an absolute endopistemic cognitropy ∑n
i=1 A(e) log A(g) of g from t, e→ t 895

is an absolute exopistemic cognitropy value (−∑n
i=1 A(e) log A(e)) of e to t, and (g→ e)t 896

is a relative endopistemic cognitropy ∑n
i=1 A(e) log A(g)

A(e) of g from e about t. 897

Concerning the action value, we consider the expected action of an agent g on a target 898

t over an environment e as the action cognitropy and its definition is given by: 899

Definition 66. The Cognitropy of action is the expected action of an agent on a target.

AZ(g)t =
n

∑
i=1

ti A(g)ti , (3.53)

where ti is possible states of the target, and A(g)ti is action value of the agent on the target outcomes. 900

Furthermore, the endopistemic and exopistemic values of the Action cognitropy are
given as follows:

Endopistemic cognitropy of action = AZ(g)t, (3.54)

Exopistemic cognitropy of action =
1

AZ(g)t
. (3.55)

Apart from the expected values of agents on targets, i.e., cognitropy, the resultant values of 901

agents on targets are also important quantities that we use in this research. They enable the 902

resultant effect of a set of values from agents on a targets in same or different environments. 903

For example, the resultant action value of two referential related environments is
defined as the average of their values.

Ar(g)t =
A(g)t + A(e)t

2
(single action pair) , (3.56)

Ar(g)t =
∑n

i=1 A(g)t + ∑m
j=1 A(e)t

n + m
(multiple action) , (3.57)

where (g||e)t and if Ar(g)t = A(e)t, then A(g)t = A(e)t 904

More about resultant values and their operations are described in Section 4.5.1. 905
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Same logic of cognitropy and resultant values can be used for multiple relationships 906

to generate a complex value analysis of the cognitive processes of an agent. 907

Moreover, while the environment is the container of the agent and target, the target 908

and agent can be ubiquitous over different environments which have different action values 909

on the target. In this paper, we focus more on ubiquitous targets and non-ubiquitous agents. 910

Furthermore, concerning the unit for cognitive values, we introduce the binary cognitive 911

value (bcv) or binary cognition (bic) if the logarithm is in base 2, the zie-ochiai-kohno (zok) if in 912

base 10, and the natural cognitive value (ncv) or natural cognition (nac) if in the natural base. 913

The action value is unit-less under this scheme. 914

3.3.3. Dissimilarities of Cognitropy from Other Quantities 915

It should be noted that the cognitropy value of knowledge or ignorance of an agent depends 916

on the intelligence and belief of the agent, the value of its environment, its number of targets 917

and actions together with their states. This makes cognitropy different from entropy [13] 918

and Kullback–Leibler (KL) divergence [87]. 919

It is worth noting that, the environment for a single and multiple states target in this 920

research are considered respectively as surprise and entropy by Claude Shannon in his theory 921

of communication [13]. Linking his research to ours, an environment with high surprise 922

about a target will require more value from an agent. In other words, an agent in a highly 923

surprising situation will require more value to reach completeness about the situation. Also, 924

the degree of surprise and entropy of an agent about a target is a measure of the influence of 925

the target on the agent. So, Shannon entropy and surprise are properties of only the target 926

and not the agent, but cognitropy is a property of both agent and target. 927

Unlike entropy which quantifies the uncertainty of a target, cognitropy quantifies the 928

uncertainty in an agent about a target. So, while entropy measures information about a 929

target, cognitropy measure the value of that information in an agent. The relationship 930

between entropy and cognitropy produces an interesting phenomenon which we describe 931

in Section 4.3 as the law of conservation of value. 932

Another important difference is that cognitropy can be negative or positive depending 933

on the direction of value flow, but entropy can only be positive. 934

Also, our expression for relative exopistemic knowledge should not be confused with 935

Kullback–Leibler (KL) divergence because even if they are mathematically identical, their 936

interpretation and significance are different. The main difference being that KL divergence 937

is a measure of the divergence between two distributions, while relative exopistemic 938

knowledge is a measure of the expectation of a justified relative true belief of an agent over 939

the environment of its target. As we shall see in Section 4, this environment can be mixed, 940

isolated, or non-isolated. 941

Similar to knowledge and ignorance, the cognitropy of knowledge and ignorance can 942

be relative, absolute, endopistemic, and exopistemic. As previously mentioned, we shall 943

focus more on the relative nature of knowledge. 944

Similar to the action property, the cognitive value property such as knowledge can be 945

classified into different types. We shall focus on relative knowledge because of its double 946

justification: fundamentalism and logical justification. 947

3.3.4. Types of Knowledge 948

i. Domain and Specific Knowledge 949

Definition 67. Domain knowledge is knowledge acquired through domain actions.

[Va(g)t]d = J
[
[A(g)t]d
[A(e)t]d

]
= J
[

L(φg; Y ∩ X)

L(φe; Y ∩ X)

]
, (3.58)

[Za(g)t]d =
n

∑
i=1

[A(e)t]d[Va(g)t]d. (3.59)
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Definition 68. Specific knowledge is knowledge acquired through specific actions.

[Va(g)t]s = J
[
[A(g)t]s
[A(e)t]s

]
= J
[

L(φg; Y|X)

((φe; Y|X)

]
, (3.60)

[Za(g)t]s =
n

∑
i=1

[A(e)t]s[Va(g)t]s. (3.61)

The conversion from domain to specific knowledge and vice versa is possible and can 950

be defined as describe below. 951

From Domain to Specific knowledge:

[Va(g)t]s = [Va(g)t]d − J[
P(X; φg)

P(X; φe)
], (3.62)

[Za(g)t]s = [Za(g)t]d −
n

∑
i=1

P(X; φe)J[
P(X; φg)

P(X; φe)
]. (3.63)

From Specific to Domain knowledge:

[Va(g)t]d = [Va(g)t]s + J[
P(X; φg)

P(X; φe)
], (3.64)

[Za(g)t]d = [Za(g)t]s +
n

∑
i=1

P(X; φe)J[
P(X; φg)

P(X; φe)
]. (3.65)

From these expressions, we can deduce the following. 952

Proposition 11. Excluding the knowledge about the input space existence during domain to specific 953

action conversion is required, but such knowledge is needed in the reverse process. 954

Such knowledge will be less helpful during causality. 955

ii. Abstract and Real Knowledge 956

Definition 69. Abstract knowledge is knowledge acquired through abstract action.
[Va(g)t]µ = J[(A(gµ||eµ)], (3.66)

[Za(g)t]µ =
i=n

∑
i=1

(A(eµ)J[(A(gµ||eµ)]. (3.67)

Definition 70. Real knowledge is knowledge acquired through real action.
[Va(g)t]υ = J[(A(gυ||eυ)], (3.68)

[Za(g)t]υ =
n

∑
i=1

(A(eυ)J[(A(gυ||eυ)]. (3.69)

Both the real and abstract knowledge can have domain and specific types. Furthermore, 957

abstract knowledge represents theoretical knowledge while real knowledge represents 958

practical knowledge. Their conversion process is expressed below. 959

Theoretical and practical knowledge conversion:
[Za(g)t]T = fP→T([Za(g)t]T), (3.70)

[Za(g)t]P = fT→P([Za(g)t]P), (3.71)
where fP→T() is a conversion function from practical to theoretical knowledge, and fT→P() 960

is a conversion function from theoretical to practical knowledge. 961

The deviation between theory and practical is also an important quantity considered 962

as a knowledge gap. 963
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Theoretical and practical knowledge gap:
DP→T = [Za(g)t]P − [Za(g)t]T , (3.72)

DT→P = [Za(g)t]T − [Za(g)t]P, (3.73)

DP→T = DT→P i f f [Za(g)t]P = [Za(g)t]T . (3.74)
where DP→T is practical to theoretical knowledge deviation, and DT→P is theoretical to 964

practical knowledge deviation. 965

The deviation between theoretical and practical actions will lead to incoherence of 966

knowledge about a target. This may not be desirable if the agents are required to collaborate 967

on the target. To reduce such deviation, the deviated knowledge is optimized, through 968

learning, relative to the other. Such type of learning of a relative knowledge will entail both 969

agent and environment action. As we shall discuss in Section 5, such type of environment 970

related learning will require a semantic learning approach. 971

The aspect of theoretical and practical knowledge can be related to the works of Audi 972

[22],[23], who distinguished practical reasoning from theoretical reasoning and provided a 973

philosophical structure of reasoning in this context. 974

Apart from knowledge acquired through actions (abstract, real, domain or specific), 975

there is another classification of knowledge based on the ability of an agent to do action 976

(i.e., actuate) with the knowledge acquired. In the literature [88], these are called, procedural 977

and declarative knowledge. 978

iii. Procedural and Declarative Knowledge 979

Definition 71. Procedural knowledge is knowledge acquired to do real action.
[Va(gυ)t] = α1[Va(g)t]µ + α2[Va(g)t]υ, (3.75)

[Za(gυ)t] = α1[Za(g)t]µ + α2[Za(g)t]υ. (3.76)

Definition 72. Declarative knowledge is knowledge acquired to do abstract action.
[Va(gµ)t] = α1[Va(g)t]µ + α2[Va(g)t]υ, (3.77)

[Za(gµ)t] = α1[Za(g)t]µ + α2[Za(g)t]υ, (3.78)
where α1, α2 ∈ [0, 1] 980

. 981

We consider that both the abstract and real knowledge are needed by an agent to take 982

any action. Also, α and β are the proportion of the abstract and real environment involve 983

in generating the procedural and declarative values. This expression is generalized in 984

Theorem 6 as the law of total value for action in multiple environments. 985

Based on Proposition 10, for knowledge to enable an action, it must be converted to 986

intelligence through a reverse action because only intelligence can directly enable an action. 987

Thus, the procedural and declarative knowledge represent the intelligence of an agent to 988

take practical and theoretical actions, respective. They do not represent the knowledge 989

property as conventionally presented [88]. 990

3.3.5. Knowledge Structures 991

An agent can generate knowledge over many targets for same or different actions. 992

We present three knowledge structures to describe this phenomenon: knowledge matrix, 993

knowledge block, and knowledge area. 994

i. Knowledge Matrix (KM) 995

Definition 73. A Knowledge matrix, KM, is a set of all knowledge values for all actions and
targets of an agent.

KM(g)ai ,tj
=
{

Zai (g)tj , ∀a, t ∈ g
}

. (3.79)
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ii. Knowledge Block (KB) 996

Definition 74. A Knowledge block, KB, is a set of knowledge values for an action on different
targets or different actions on a given target.

KB(g)a,tj =
{

Za(g)tj , ∀t ∈ g
}

, (3.80)

KB(g)ai ,t = {Zai (g)t, ∀a ∈ g}. (3.81)

This represents a row or column in the knowledge matrix. 997

iii. Knowledge Area (KA) 998

Definition 75. A Knowledge area, KA, is a set of targets and actions on which the agent have
high knowledge value beyond a certain knowledge limit.

KA(g)ai ,tj =
{

Zai (g)tj , ∀a, t ∈ g ∧ Z = c
}

, (3.82)

where c is the limit value. 999

The knowledge limit, can be the average or maximum knowledge about a target or by 1000

an action in an environment. It can also be defined otherwise. 1001

KM, KB, and KA are important features for knowledge structurization and representation 1002

during memorization. We shall discuss this in a future publication. More so, other values 1003

such as the action value i.e., beliefs, the ignorance value, the understanding value, the trust 1004

value, the wisdom value, the attention value, the exactness value, the stability value, etc., 1005

of an agent can be structured and represented in the same way, that is, as a matrix, a block, 1006

and an area over a set of targets. 1007

3.3.6. Logical Operations on Knowledge 1008

Similar to operations on the action value in Section 3.1.3, we introduce in this section 1009

different operations on knowledge, which can also be applied to ignorance. We focus on 1010

the relative endopistemic knowledge value based on relative truth, but same approach can 1011

be applied to exopistmeic value. We define the operations for action by multi-agents on 1012

multi-targets with discrete states, assuming φi ⊥ φj. Extension to continuous state can be 1013

done using integral calculus. 1014

Definition 76. Self knowledge is the knowledge value of an agent about a target based on a self
action.

Za(g)t =
n

∑
i=1

A(e)ti Va(g)ti , (3.83)

Va(g)ti = J
[

A(g)ti

A(e)ti

]
= J[A(g||e)ti ] = J[a(g)ti ], (3.84)

where i is state of the target. 1015

Definition 77. Joint knowledge is the knowledge value of agents about targets based on their 1016

joint actions. 1017

1) Multiple agents with same target and action

Za(g1, g2)t =
n

∑
i=1

A(e1, e2)ti Va(g1, g2)ti , φ1 ⊥ φ2, (3.85)

Va(g1, g2)ti = J[a(φ1, φ2)], φ1 ⊥ φ2, (3.86)

J[a(φ1, φ2)] = J
[

A(g1, g2)ti

A(e1, e2)ti

]
= Va(g1)ti + Va(g2)ti . (3.87)
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Proposition 12. The joint knowledge value of independent collaborative agents to an action on a 1018

target is the sum of their individual knowledge values. 1019

2) Multiple targets by same agent and action
Za(g)t1,t2 = ∑

t1,t2

A(e)t1,t2 Va(g)t1,t2 ,¬(t1 ⊥ t2), (3.88)

Va(g)t1,t2 = J
[

A(g)t1,t2

A(e)t1,t2

]
,¬(t1 ⊥ t2), (3.89)

J[
A(g)t1,t2

A(e)t1,t2

] = Va(g)t1 + Va(g)t2 + Va(g)t1;t2 . (3.90)

3) Multiple actions of same agent and target

Za1,a2(g)t =
n

∑
i=1

A12(e)ti Va1,a2(g)ti ,¬(a1 ⊥ a2), (3.91)

Va1,a2(g)ti = J[a1(φ), a2(φ)],¬(a1 ⊥ a2). (3.92)

J[a1(φ), a2(φ)] = Va1(g)ti + Va2(g)ti + Va1;a2(g)ti . (3.93)
4) Multiple agents with multiple actions and targets

Za1,a2(g1, g2)t1,t2 = ∑
t1,t2

A(e1, e2)t1,t2 Va(g1, g2)t1,t2 , (3.94)

Va1a2(g1, g2)t1,t2 = J[a1(φ1, φ2)t1,t2 , a2(φ1, φ2)t1t2 ]

= Va1(g1, g2)t1,t2 + Va2(g1, g2)t1,t2 + Va1;a2(g1, g2)t1,t2 , (3.95)
where A12(e) is joint action of state 1 and 2 of agent e, A(e1, e2) is action enable by 1020

intelligence of agent e1 and e2. 1021

Definition 78. Mutual knowledge is the knowledge value of agents about targets based on their 1022

mutual actions. 1023

1) Multiple agents with same target and action

Za(g1; g2)ti =
n

∑
i=1

A(e1, e2)ti Va(g1; g2)ti , φ1 ⊥ φ2, (3.96)

Va(g1; g2)ti = J[a(φ1; φ2)ti ], φ1 ⊥ φ2, (3.97)

J[a(φ1; φ2)ti ] = J[
a(g1, g2)

a(g1)a(g2)
] = J[

a(g1)a(g2)

a(g1)a(g2)
] = 0. (3.98)

Proposition 13. Independent collaborative agents to an action on a target have no mutual knowl- 1024

edge on the target. 1025

2) Multiple targets by same agent and action
Za(g)t1;t2 = ∑

t1,t2

A(e)t1,t2 Va(g)t1;t2 ,¬(t1 ⊥ t2), (3.99)

Va(g)t1;t2 = J[
a(g)t1,t2

a(g)t1 a(g)t2

],¬(t1 ⊥ t2), (3.100)

J[
a(g)t1,t2

a(g)t1 a(g)t2

] = Va(g)t1,t2 −Va(g)t1 −Va(g)t2 . (3.101)

3) Multiple actions of same agent and target

Za1;a2(g)t =
n

∑
i=1

A12(e)ti Va1;a2(g)ti ,¬(a1 ⊥ a2), (3.102)

Va1;a2(g)t = J[
a12(g)ti

a1(g)ta2(g)ti

],¬(a1 ⊥ a2), (3.103)

J[
a12(g)ti

a1(g)ti a2(g)ti

] = Va1,a2(g)ti −Va1(g)ti −Va2(g)ti . (3.104)
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4) Multiple agents with multiple actions and targets
Za1;a1(g1; g2)t1;t2 = ∑

t1,t2

A(e1, g2)t1;t2 f (a1, a2, t1, t2), (3.105)

f (a1, a2, t1, t2) = Va1;a2(g1; g2)t1;t2 = Va1,a2(g1; g2)t1;t2 ,

−Va1(g1; g2)t1;t2 −Va2(g1; g2)t1;t2 . (3.106)

Definition 79. Conditional knowledge is knowledge of agents about targets based on their 1026

conditional actions. 1027

1) Multiple agents with same target and action

Za(g1|g2)t =
n

∑
i=1

A(e1, e2)ti Va(g1|g2)ti , φ1 ⊥ φ2, (3.107)

Va(g1|g2)ti = J[a(φ1|φ2)ti ] = J[a(φ1)ti ] = Va(g1)ti . (3.108)

Proposition 14. The conditional knowledge value of independent collaborative agents on a target 1028

is the knowledge value of the conditioned agent. 1029

2) Multiple targets by same agent and action
Za(g)t1|t2

= ∑
t1,t2

A(e)t1,t2 Va(g)t1|t2
,¬(t1 ⊥ t2), (3.109)

Va(g)t1|t2
= J
[

a(g)t1,t2

a(g)t2

]
= Va(g)t1,t2 −Va(g)t2 , (3.110)

J
[

a(g)t1,t2

a(g)t2

]
= Va(g)t1 + Va(g)t1;t2 ,¬(t1 ⊥ t2). (3.111)

3) Multiple actions of same agent and target

Za1|a2
(g)t =

i=n

∑
i=1

A12(e)ti Va1|a2
(g)ti ,¬(a1 ⊥ a2), (3.112)

Va1|a2
(g)ti = J

[
a12(g)ti

a2(g)ti

]
= Va1,a2(g)ti −Va2(g)ti , (3.113)

J
[

a12(g)ti

a2(g)ti

]
= Va1(g)t + Va1;a2(g)ti ,¬(a1 ⊥ a2). (3.114)

4) Multiple agents with multiple actions and targets
Za1|a2

(g1|g2)t1|t2
= ∑

t1,t2

A(e1, e2)t1|t2
f (a1, a2, t1, t2), (3.115)

f (a1, a2, t1, t2) = Va1|a2
(g1; g2)t1|t2

, (3.116)

f (a1, a2, t1, t2) = Va1,a2(g1|g2)t1|t2
−Va2(g1|g2)t1|t2

. (3.117)

3.3.7. Properties of the Knowledge Value 1030

As we mentioned in Section 2, cognitive value also have properties that define their 1031

nature. These properties can also be considered as separate cognitive values. One of such 1032

property is the inverse property of a cognitive value, which for the knowledge property, 1033

we consider it as the ignorance of an agent. Other properties of a cognitive value introduce 1034

in this article include: exactness, stability, energy, relativistic, and diffusion. 1035

i. Exactness property 1036

Definition 80. The exactness of a cognitive property is the precision of its value about a target.

Ev(g) =
Va(g)
Va(e)

, (3.118)

EZv(g) =
Za(g)
Za(e)

. (3.119)
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This is the exactness property of the agent’s knowledge over that of the environment.
In Section 4.1, the environment value is expressed as a sum of the knowledge and ignorance
value. This transformed the exactness value as follows:

Ev(g)c =
Va(g)
Va(e)

=
Va(g)

Va(g) + V̄a(g)−VV̄a(g)
, (3.120)

EZv(g)c =
Za(g)
Za(e)

=
Za(g)

Za(g) + Z̄a(g)− ZZ̄a(g)
. (3.121)

Furthermore, the exactness property of the agent’s knowledge or ignorance can also
be expressed over the cost value of the agent in an environment as follows.

Ev(g)cr =
Va(g)

V(cr)a(g)
, (3.122)

EZv(g)cr =
Za(g)

Z(cr)a(g)
. (3.123)

More of the cost value is discussed in Section 4.2. The exactness of knowledge over the 1037

cost value will be used in Section 4.4 to estimate the knowledge transformation factor (KTF) 1038

during the knowledge transformation process between different environments. 1039

An important aspect of the exactness value is the fact that it can be expressed as a
gradient of a line.

Y = mX + C, (3.124)
where Y is a knowledge value of the agent, X is value of the environment or the cost of the
agent, m is the exactness value on environment or cost, and C is a constant of exactness in
cognition of an agent g about a target t given intelligence φ.

Va(g) = Ev(g)c + Cv, Za(g) = EZv(g) + Cz, (3.125)

Va(g) = Ev(g)cr + Cv, Za(g) = EZv(g)cr + Cz. (3.126)
Thus, Equation (3.124) gives a linear relationship between knowledge of an agent and 1040

its cost or knowledge of a referenced agents. This can be used as a cognitive tool for a 1041

knowledge value acquisition and optimization over a single state or multi-state target. 1042

Furthermore, on a single state target, the exactness value can be considered as log-log
ratio, hence, the action values can be extracted at any moment in a cognitive process or
projected for a future value defined by the exactness linear equation.

Ev(g) =
Vg

Ve
= log 1

p

q
p
⇒ q

p
= (

1
p
)Ev(g), (3.127)

Ev(g) =
Vg

Vcr
= log 1

q

q
p
⇒ q

p
= (

1
q
)Ev(g), (3.128)

where Vg = log q
p , Ve = log 1

p , and Vcr = log 1
q . 1043

We shall discuss more about exactness of knowledge and other cognitive properties in 1044

a future publication. 1045

ii. Stability property 1046

Definition 81. The stability of a cognitive property is the rate of change of its value with respect 1047

to space or time. 1048

Stability can be expressed with respect to time such as the learning time (defined in 1049

Section 5.2), or with respect to space such as the action space, intelligence space, target 1050

space, information space, and cognitive value space. 1051

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 November 2022                   doi:10.20944/preprints202211.0450.v1

https://doi.org/10.20944/preprints202211.0450.v1


35 of 89

1) Stability with respect to action:

SV(g)a(e) =
∂Va(g)
∂A(e)

, (3.129)

⇒ SK(g)a(e) =
1

A(e)
, SI(g)a(e) = −

1
A(e)

, (3.130)

SZv(g)a(g) =
∂Za(g)
∂A(g)

, (3.131)

SZK (g)a(g) =
∂ZK(g)
∂A(g)

, SZI (g)a(g) =
∂ZI(g)
∂A(g)

, (3.132)

where V = {K, I}, Ka(g) = log A(g)
A(e) , Ia(g) = log A(e)

A(g) . 1052

2) Stability with respect to information:

SV(g)X =
∂Va(g)

∂X
=

∂ log(A(g))
∂X

− ∂ log(A(e))
∂X

, (3.133)

SZv(g)X =
∂Za(g)

∂X
, (3.134)

∂Za(g)
∂X

=
∂ ∑ A(e) log(A(g))

∂X
− ∂ ∑ A(e) log(A(e))

∂X
, (3.135)

where A(.)t = f (X, φ), Va(g), and Za(g) = f (A(g),A(e)). 1053

The stability with respect to information defines the variance of the agent. The infor- 1054

mation change can be; the change in input domain or input instances about the target. 1055

For the stability with respect to the target, the change in target can be the change in 1056

the target instance or domain. This is considered as the variance over the output space of the 1057

target. We shall handle this case in a future publication. Also, the case with the stability of 1058

one cognitive value property over another type of cognitive value property is treated in a 1059

future publication. 1060

We shall discuss more on the wave property of cognition and its operations such as 1061

modulation in future articles. 1062

In Section 5, we shall present and apply the stability of cognitive values with respect 1063

to intelligence in a gradient based value optimization. In Section 4, we shall discuss the 1064

relativistic and energy properties of cognitive value during cognition and apply it through the 1065

research. The energy property in this case can also be considered as an economic value to and 1066

of the agent. 1067

Concerning the diffusion property of cognitive value, we shall present it in Section 6, 1068

since it is associated with value transfer. However, the description of the transfer of this 1069

value, packaged in wave, through cognitive vibrations is a property of the transfer agent 1070

and not the value, this shall be presented in a future publication. 1071

4. Value Acquisition 1072

Value acquisition is the process through which an agent generates value about a target. 1073

Once generated, this value can be optimized and transferred as explained in Section 5 and 1074

Section 6, respectively. The value generation process may involve many actions, such as 1075

observation and reasoning for an observable intelligent agent (most conventional intelligent 1076

and cognitive agents). Furthermore, the amount of value acquired can be influence by other 1077

factors such as the environment. 1078

In this section, we introduce environmental factors that can affect the acquisition of 1079

relative knowledge defined in the previous section. All the types of relative knowledge 1080

defined and quantified in Section 3 can be affected by the following environmental factors; 1081

uncertainty of the environment and the divergence of environments. 1082

To understand the influence of the environment on value acquisition, we first present 1083

the process of complete knowledge acquisition and the cost of knowledge acquisition, then define 1084

a law of conservation of value in cognition. 1085

These preliminary concepts are important in this research as they lead to a new 1086

discovery in agent development where the knowledge value quantity of an agent is proven 1087
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to be equivalent in nature to the energy quantity in conventional physical systems. This 1088

theoretical findings can lead to a new direction in intelligent agent development, and the 1089

merging of cognitive science with energy science. As we shall show, a cognitive process is 1090

just a type of energy process. 1091

4.1. The Complete Knowledge Phenomenon 1092

As discussed in Section 3.3, the maximum value an agent can acquire about a target is 1093

considered as its complete value. Such completeness can also be viewed from the influencer’s 1094

perspective i.e., based on the variation of its values. In this section, we present more about 1095

the complete endopistemic and exopisemic values of an agent, which we also considered 1096

to be the wisdom values of an agent about a target. 1097

4.1.1. Endopistemic Completeness 1098

During an endopistemic cognition, the key issue is how the agent needs to vary its 1099

endopistemic value to get closer to or away from the value of its influencer (environment) 1100

on the target. In an endopistemic process, since the agent seeks to depend rather than 1101

influence, the agent can only vary its own values; its absolute or relative endopistemic 1102

values. 1103

To reach the value of its influencer on the target, the agent is required to maximize its 1104

absolute and relative values. Both values are considered as the dynamic values of an agent 1105

in an endopistemic process. This can also be seen as two types of dynamic energy or forces of 1106

an agent that keeps it in cognitive motion (i.e., optimization) as discussed in Section 5. 1107

But since the absolute value is used to obtain the relative value as shown in Equations 1108

(3.31) and (3.35), the agent can focus just on the maximization of its absolute value on the 1109

target. This absolute value represents the amount of work or cost required by the agent to 1110

vary its relative value toward or away from the environment value of the target. 1111

From the expression of absolute values in Equations (3.31) and (3.35), the variation of
absolute value is expressed as:

max[K(g→ t)] = max[log(A(g))], (4.1)

but, log(A(g)) = − log( 1
A(g) ) = −K(t→ g),

⇒ max[K(g→ t)] = min[K(t→ g)]. (4.2)
Also, using cognitropy of knowledge,

max[Z(g→ t)] = max[
i=n

∑
i=1

A(e)ti log(A(g)ti )], (4.3)

but, ∑i=n
i=1 A(e)ti log(A(g)) = −∑i=n

i=1 A(e)ti log( 1
A(g) )),

⇒ max[Z(g→ t)] = min[Z(t→ g)]. (4.4)
This implies, the maximization of the endopistemic value is the minimization of its en- 1112

dopistemic equivalence. Hence, we have the following proposition. 1113

Proposition 15. Maximizing a dependency of an agent about a target implies minimizing its 1114

influence on the target and vice versa. 1115

Also, since the influencer referenced by a dependent agent defines the value seeks by 1116

the agent on the target, then, 1117

Axiom 4.1. The maximum dependency value an agent can reach about a target in an endopistemic 1118

process must be equal in magnitude to the value of its influence(s) on the target. 1119

We call this maximum value the complete endopistemic value of the agent about the 1120

target. 1121
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Using the absolute value as a cost value for dependency measure, the state of complete
value can be expressed as,

ωc(g→ t) = ω(e→ t), (4.5)
where ωc is the complete value of a property value. 1122

This implies that during an endopistemic process, the absolute value of the dependent 1123

agent is maximum when it is equal to the absolute value of the influencer. 1124

Using Equation (3.35), at complete action value,
A(g→ t) = A(e)t ⇒ A((g→ t)||e) = 1 . (4.6)

Using Equation (3.31), at complete knowledge,
Kc(g→ t) = log(A(e)t) ⇒ K((g→ t)||e) = 0 , (4.7)

Zc(g→ t) =
n

∑
i=1

log(A(e)ti ) ⇒ Z((g→ t)||e) = 0. (4.8)

This implies that at maximum absolute value, the relative action is 1 and the relative 1125

knowledge is zero. 1126

In reality, other variants of completeness can also be defined for an agent, apart from
that based on its absolute value. For example, consider a complete value based on the
dynamism of the relative value, i.e., the relative value being used as the cost for dependency
measure, then,

ωc((g→ t)||e) = ω(e→ t) , (4.9)
where ωc is the complete value of a property value. 1127

Then, at complete relative action value,
A((g→ t)||e) = A(e)t ⇒ A(g→ t) = A2(e)t . (4.10)

Then, at complete relative knowledge,
Kc((g→ t)||e) = log A(e)t ⇒ K(g→ t) = log A2(e)t, (4.11)

Zc((g→ t)||e) =
n

∑
i=1

log A(e)ti ⇒ Z(g→ t) = 2
n

∑
i=1

log A(e)ti . (4.12)

So, based on the definition of the complete value of an agent with respect to the absolute 1128

value of the influencer, different relative and absolute values of the agent arise at the state 1129

of completeness. Conventionally, most agents are designed and trained with a complete 1130

value model based on a cost defined using the absolute values, where the relative value is 1131

expected to be zero. We shall focus on this model in this research. 1132

4.1.2. Exopistemic Completeness 1133

Apart from the dependency evaluation during an endopistemic process, the influence 1134

on agents during such process can be evaluated using a similar manner based on the 1135

variation of the influencer’s action. In this case, the total influence and the work to sustain 1136

such influence are much more important. 1137

The total influence on a set of agent about a target is the maximum they can reach about 1138

the target, and this can be proven to be equal to the sum of their respective dependencies 1139

on the influencer as proposed below. 1140

Theorem 1. During cognition on a target, the influence of the environment about the target is 1141

equal to the logical sum of its dependent values about the target. 1142

For a single action with only knowledge and ignorance:
Va(g)t + V̄a(g)t −VV̄a(g)t = Va(e)t(= V̄a(e)t), (4.13)

Za(g)t + Z̄a(g)t − ZZ̄a(g)t = Za(e)t(= Z̄a(e)t), (4.14)
where VV̄a(g)t and ZZ̄a(g)t are conjunction values, 1143

VV̄a(g)t = J[ A(g)t Ā(g)t
A(e)t

], ZZ̄a(g)t = ∑i A(e)ti VV̄a(g)ti . 1144
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For knowledge or ignorance of multiple agents or actions:
V1(g)t + V2(g)t −V1V2(g)t = V(e)t, (4.15)

Z1(g)t + Z2(g)t − Z1Z2(g)t = Z(e)t, (4.16)
where V1V2(g)t and Z1Z2(g)t are conjunction values, 1145

V1V2(g)t = J[ A1(g)t A2(g)t
A(e)t

], Z1Z2(g)t = ∑i A(e)ti V1V2(g)ti . 1146

We consider this theorem as the law of complete cost. We provide a generalization of this 1147

law in Section 4.5.1. 1148

Furthermore, for a single action, the complete knowledge and ignorance are the same. 1149

This implies that, 1150

Proposition 16. An agent cannot distinguish between a value and its inverse of an environment
on a target because the limits of the values are the same.

V(c)a(g)t = V̄(c)a(g)t, (4.17)

Z(c)a(g)t = Z̄(c)a(g)t. (4.18)

Hence, the agent cannot distinguish between the complete knowledge and ignorance 1151

of an environment. Together with Proposition 6, this leads us to the following assumption; 1152

Axiom 4.2. An agent cannot act outside its environment except it has an ability that permits it to 1153

do so or it is elevated to that level through a value operation. 1154

Using the endopistemic relative knowledge value, the cost, Ca(g)t, required by the
influencer to maintain its influence on the dependent entities over the target is given below.

Ca(g)t = log A(g), for Va(g)t = log
A(g)
A(e)

, (4.19)

Ca(g)t =
n

∑
i=1

A(e)ti log A(g)ti , Z(g)t =
n

∑
i=1

A(e)ti log
A(g)ti

A(e)ti

, (4.20)

where Va(g)t = log 1
A(e) + log A(g), and 1155

Z(g)t = ∑i=n
i=1 A(e)ti log 1

A(e)ti
+ ∑n

i=1 A(e)ti log A(g)ti . 1156

Maximizing this cost value with respect to the influencer’s action for multi-state target
will maximize the total influence, thereby increasing the complete value of the dependent
agents. This implies, dependent agents will need to do more work to reach complete value.
Minimizing the cost from the influencer will produce an opposite effect. But for single
state target, maximization or minimization of the cost with respect to the influencer is not
possible and the relative knowledge can only be influenced directly by the influencer’s
action.

max[log(A(g))]e = 0, (4.21)

max[
n

∑
i=1

A(e)ti log A(g)ti ]e = [
n

∑
i=1

log A(g)ti ]e. (4.22)

In this situation, the minimum influence on the dependent entities during endopis-
temic process occurs when the total value is equal to the cost value, or when the influencer
action equals to the dependency actions, i.e., influence value equals dependency value.

min[log(A(g))]e ⇔ A(g) = A(e), (4.23)

min[
n

∑
i=1

A(e)ti log A(g)ti ]e ⇔ A(g) = A(e). (4.24)
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Same process can be interpreted using an exopistemic value, i.e., from the influencer’s
point of view of the dependent agents, where the exopistemic cost, Ca(g)t, for the relative
knowledge is given as follows:

Ca(g)t = − log A(g), for Va(g)t, (4.25)

Ca(g)t = −
i=n

∑
i=1

A(e)ti log A(g)ti , for Z(g)t, (4.26)

where Va(g)t = log 1
A(g) + log A(e), and 1157

Z(g)t = ∑i=n
i=1 A(e)ti log 1

A(g)ti
+ ∑i=n

i=1 A(e)ti log Ae)ti . 1158

The values log(A(e)) and ∑i=n
i=1 A(e)ti log A(e)ti are the total value of dependencies 1159

under the force of the influencer. 1160

Depending on the type of action taken by an agent on a target, the ability of the agent 1161

to reach complete value about the target is described as its reachability. The reachability of 1162

the observation action is considered as observability, while that of an actuation action such 1163

as control is considered as actuatability. Others include, learnability, controllability, etc. More 1164

about reachability measure and analysis of intelligent agents on a target will be presented in 1165

a future article. 1166

Both endopistemic and exopistemic complete values are important in cognition, and 1167

together with their cost values, they can be used in building an effective cognitive balancing 1168

process of an agent. More on the cost value is discussed in the next section. 1169

4.2. The Cost of Value Acquisition 1170

In Section 4.1, we presented the complete value of an agent about a target in both 1171

endopistemic and exopistemic cognition. The cost required by the agent to acquire values 1172

was also considered. In this section, we discuss more about the cost values associated to 1173

these two processes. 1174

4.2.1. Endopistemic Cost 1175

The cost value of the dependent agent for a relative endopistemic knowledge value
can be expressed in terms of the absolute values of the influencing and dependent agents
about the target as follows:

Ca(g)t = Va(e)t + (−Va(g)t), (4.27)

Ca(g)t = Za(e)t + (−Za(g)t). (4.28)
Using Theorem 1 (law of complete cost), we can express the cost in terms of the ignorance

and conjunction values.
Ca(g)t = Z̄a(g)t − ZZ̄a(g)t. (4.29)

This also implies the cost of ignorance can be expressed as a relationship between
knowledge and the conjunction value.

C̄a(g)t = Za(e)t + (−Z̄a(g)t), (4.30)

⇒ C̄a(g)t = Za(g)t − ZZ̄a(g)t. (4.31)
The agent varies this cost in order to vary its knowledge value and to reach complete 1176

value about the target. The cost required to reach such complete value is considered as the 1177

complete cost value. 1178

In Section 4.1, we discussed that at complete value, the relative endopistemic value
is zero. Using Equation (4.27) or (4.28) above, it implies that at complete value, the cost is
equal to the influencer value.

Ca(g)t = Va(e)t, if (−Va(g)t) = 0, (4.32)

Ca(g)t = Za(e)t, if (−Za(g)t) = 0. (4.33)
This is also similar for the cost of ignorance.

C̄a(g)t = Za(e)t, if (−Z̄a(g)t) = 0. (4.34)
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Thus, the complete cost of an agent is the same for both ignorance and knowledge 1179

acquisition. This also confirms Proposition 16. In fact, the complete cost of an agent 1180

can be considered to the agent as the semantic value [89] of its referential influencer (i.e., its 1181

environment) on a target. 1182

Also, given that the knowledge influence is zero, then the cost of an agent will be equal 1183

to its relative value. This implies that, in a relative cognition, the agent acts as if it is in a 1184

non-referential cognition. We consider an environment with a zero knowledge influence as 1185

a vacuum. 1186

Definition 82. A vacuum is an environment with an optimum value about a target.
Ca(g)t = (−Va(g)t), if Va(e)t = 0⇒ A(e) = 1, (4.35)

Ca(g)t = (−Za(g)t), if Za(e)t = 0⇒ A(e) = 1. (4.36)

Every action and knowledge acquired by the agent in such environment depends only 1187

on the agent and not the environment, because the environment has the optimum action 1188

and knowledge value already available for the agent to acquire. 1189

This is also true for the cost of ignorance in a knowledge based environment, where
less uncertainty is desired.

C̄a(g)t = (−Z̄a(g)t), if Za(e)t = 0.⇒ A(e) = 1. (4.37)
But in an ignorance based environment, where the ignorance value of the environment

is referenced, and the optimum influence is when there is maximum uncertainty, then such
a vacuum environment only occurs when A(e) = 0.

Ca(g)t = (−Va(g)t), if Va(e)t = ∞⇒ A(e) = 0, (4.38)

Ca(g)t = (−Za(g)t), if Za(e)t = 0⇒ A(e) = 0. (4.39)
If we assume 0 log ∞ = 0, log ∞ = ∞, x/0 = ∞. 1190

where ∞ and 0 are optimum environment values for a single state and multi-state target, 1191

respectively. More on this is discussed in Section 4.5. 1192

Being the cost of wisdom on a target, the complete cost can also be used to represent the 1193

wisdom of the agent. In this context, the more targets in an environment an agent gains 1194

wisdom on, the more wisdom the agent have about the entire environment. In Section 4, 1195

this environment is distinguished into two types; isolated and non-isolated environments. 1196

Proposition 17. The complete cost an agent can acquire about a non-isolated environment is the
sum of the complete cost of the domain action of all targets of the environment.

C(c)a(g)e =
n

∑
i=1

C(c)a(g)ti , e = {t1, t2, ..tn}. (4.40)

Proposition 18. The complete cost about a non-isolated environment is the sum of the complete
cost of the domain action of all targets and dependencies of the environment.

C(c)a(g)e =
n

∑
i=1

C(c)a(g)ti +
m

∑
j=1

Z(c)a(g)dj
, (4.41)

e = {t1, t2, .., tn, d1, d2, .., dm}, t is target, d is dependency. 1197

4.2.2. Exopistemic Cost 1198

This is the cost an influencer varies and maintains its influence on the dependent
agents. As explained in Section 4.1, using the endopistemic value, we can express it as:

Ca(e)t = Va(e)t + (−Va(g)t), (4.42)

Ca(e)t = Za(e)t + (−Za(g)t). (4.43)
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Apart from the endopistemic value, we can also represent this cost directly using the
exopistemic value as follows:

Ca(e)t = (−Va(e)t) + Va(g)t, (4.44)

Ca(e)t = (−Za(e)t) + Za(g)t. (4.45)
At complete influence, i.e., complete exopistemic value, the cost of influence is equal

to the total dependency value.
Ca(e)t = Za(e)t, if (−Za(g)t) = 0 (endopistemic), (4.46)

Ca(e)t = (−Za(e)t), if Za(g)t = 0 (exopitsemic), (4.47)
where, Za(g)t is influence value as discussed in Section 4.1. 1199

In general, regarding endopistemic and exopistemic cost, since cognitive value acqui-
sition depends on both action (A) and intelligence (φ) abilities of an agent, this implies that
the higher the cost value, the more cognitive ability and intelligence is require by an agent.
In fact, given an input information (X), the cost defines the cognition "engine" requirement.

Ca(Zc(X), Zc(Y)) = Zc(Y) + (−Za(Zc(Y), Ca)), (4.48)

Ca(Zc(X), Zc(Y)) = (−Zc(Y)) + Za(Zc(Y), Ca), (4.49)
where Zc(X) and Zc(Y) are input and output uncertainties. 1200

4.3. The Law of Conservation of Value 1201

For a fixed environment value on a target, the cognitive value and cost value are 1202

antagonistic. In an open environment, the environment values about targets can change 1203

due to external (or remote) influences, which will change the complete value limits on 1204

the targets but not the antagonistic nature of agent’s value and cost about the target. This 1205

implies, the value and cost of an agent about a target are conserved with respect to that of 1206

the environment, as generalized below: 1207

Theorem 2. In any environment, the value and cost of an agent about a target is conserved over 1208

time and space with respect to the value of the environment on the target. 1209

We consider this theorem as the law of conservation of value, represented by the following
equation of variation.

∆eZa(e)t = ∆g,eZa(g)t + ∆g,eCa(g)t (knowledge), (4.50)

∆eZa(e)t = ∆g,eZ̄a(g)t + ∆g,eC̄a(g)t (ignorance). (4.51)
In other words, we can say that the value about a target is neither created nor destroyed 1210

but being transferred relatively from one environment and agent to another. This is true for both 1211

exopistemic and endopistemic cognition as their difference is just a sign change in front of 1212

their values. 1213

This implies that cognitive values have an energy-like nature according to this research. 1214

It is also easy to see that they can be used to represent economic related concepts such as 1215

profit(or loss), capital optimization, and diminishing returns for an economic valuation to 1216

and of an entity. 1217

Furthermore, if an environment has the potential to define the value on a target, then 1218

this environment possesses cognitive abilities and can be considered as an agent according 1219

to Definition 16. We can firmly assume that; 1220

Axiom 4.3. The value on a target is defined by an agent. 1221

Similarly, all agents contained in an environment are under its influence (referential) 1222

and will definitely end up in a complete environment influence if they do not take any 1223

action on the environment to overcome its influence on them. This is because unlike targets, 1224

agents are equipped with such ability to influence their environments (e.g abstract and real 1225

environments) through action. Well, the issue is not only to take action but to take the right 1226

action that will generate high values. We summarize this in the following statement. 1227
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Theorem 3. An actionless agent have a natural tendency to move toward the limit of its environ-
ment influence, unless it takes a value optimization action on the environment.

V(g)t = log
A(g)t
A(e)t

, Z(g)t =
i=n

∑
i=1

A(e)ti log
A(g)ti

A(e)ti

, (4.52)

if A(g)t = const, A(e)t = ¬ const,

⇒ V(g)t, Z(g)t = ¬ const. (4.53)

For example, if an agent does not seek to influence (e.g through exopistemic learning) 1228

its environment about a target, its environment will influence (e.g via exopistemic learning) 1229

the agent about the target because cognition is a battle of influences. So, an agent which 1230

does not learn, consequently, unlearns. Such agent will end-up with an infinitely small 1231

knowledge and a complete ignorance with respect to its environment about the target. 1232

In a situation with ubiquitous target and non-ubiquitous agent, if the environment of 1233

the agent is less reliable about the target than a remote environment, then the agent will 1234

need to take into account the deviation between its environment and that of the remote 1235

environment in order to acquire a reliable complete value about the target. For ubiquitous 1236

agents, as we shall show in a future publication, this may not be necessary as it can possess 1237

cognitive instances in multiple environments. 1238

In the next sections, we present different ways the environment influences cognition 1239

and define the complete value require by an agent in each case. 1240

4.4. Environment Divergence 1241

Cognitive properties can be used as a valuation measure of the relationship between
entities. Based on Proposition 7, such valuation of a relationship between entities can be
expressed as a vector algebra. For example, the knowledge value between an agent and
environment on the target can be expressed using vector algebra as follows:

Zv(g→ t) = Zv(e→ t) + (−Zv(g→ t)||e), (4.54)
where Zv((g→ t)||e) = Zv(g)t, Zv(e→ t) = Zv(e)t and e t g, t. 1242

This is in a situation where g and t are contained in e, implying g and e are collinear 1243

on t and Zv. Actually, t may not be perfectly defined by e but by a remote environment er 1244

different from e, making g and er non-collinear except er = e. Thus, g’s action on t may not 1245

be reliable if t is perfectly defined by or more contained in er than in e. 1246

To resolve such unreliability in cognition, the agent needs to take into account the 1247

divergence value between the two environments by referencing the remote environment 1248

using its local environment. To estimate this value, we make use of the non-collinear vector 1249

expressions in Proposition 7. 1250

Using the rules in Axiom 3.1 together with conventional vector logic (Euclidean) and 1251

related propositions in Section 3.3.1, we can construct a cognitive entity relationship diagram 1252

for any cognitive process, and evaluate any require value for the process and its system. 1253

For example, a cognitive system with two targets (T1, T2) and four agents (g1, g2, e1, e2), 1254

with each agent carrying cognitive action on the targets and all the entities are collinear, i.e., 1255

exist in same environment, can be designed using a cognitive entity relationship diagram 1256

as shown in Figure 10.a. 1257

This diagram simplifies the evaluation of cognitive processes and systems using the 1258

knowledge value. For example, the valuation for Figure 10.a is done simply by adding or 1259

subtracting the knowledge value of their relationships about the concerned target using 1260

vector logic. But the case of multiple environments as shown in Figure 10.b requires the 1261

consideration of their divergence on a target, which depends on their inter-relationship 1262

with respect to the target. 1263
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Figure 10. Cognitive entity relationships based on cognitropy valuations.

Using the knowledge valuation logic on a cognitive entity relationship diagram, we 1264

can analyze and solve the environment divergence problem in cognition. 1265

Consider the relationships between g1, e1 and e2 on T1 in Figure 10.b. If e2 has the 1266

true value about T1 and the objective of g1 is to achieve this true value from e2 through 1267

e1, then g1 needs to acquire not only the values defines by e1 but also that defined by the 1268

relationship between e1 and e2. In Figure 11.a, these relations are represented using vector. 1269

As mentioned in Proposition 7, the angle between two entities defined their referential
dependency. In this case, let us assume θ in Figure 11.a represents the measure of the refer-
ential dependency of e2 on e1 about T1. Using collinearity logic, the amount of referential
value (knowledge) left for g1 to acquire the complete value of T1 as defined by e2 will be,

Zv(g1 → T1)||e2 = Zv(g1 || e2)T1 = b(g1,e1)
+ b(e1,e2)

. (4.55)
1270

From the KTG in Figure 11.b, the cost of g1 in e2 is,
Zv(g1 → T1) = Z(cr)(g1 || e2)T1 = a(e1,e2)

− b(g1,e1)
. (4.56)

1271

This cost can also be gotten directly from Equation (4.57). Using a relative endpoistemic
knowledge,

Zv(g1 || e2)T1 = b(g1,e2)
= b(g1,e1)

+ b(e1,e2)
, (4.57)

(a(e2)
− a(g1,e2)

) = b(g1,e1)
+ (a(e2)

− a(e1,e2)
), (4.58)

a(g1,e2)
= −b(g1,e1)

+ a(e1,e2)
, (4.59)

a(ρ1,ρ2)
= ∑i A(ρ2)ti log 1

A(ρ1)ti
, 1272

b(ρ1,ρ2)
= ∑i A(ρ2)ti log

A(ρ1)ti
A(ρ2)ti

, 1273

where a(gi,ei) is cost of agent gi in environment ei about T1, a(ei,ej) is cost of the sub environ- 1274

ment ei in super environment ej about T1, b(gi,ei) is knowledge to be achieved by agent gi in 1275

environment ei about T1, and b(ei,ej) is knowledge to be achieved by sub environment ei in 1276

super environment ej about T1. 1277

It is easy to realize that such an algebraic vector operation assumed the agent g1 is 1278

collinear with both e1 and e2, and can acquire knowledge about T1 from each of them 1279

independently. But in our description, e1 depends on e2 about T1, and g1 depends on e1 1280

about T1. Hence, they are not all in same environment, i.e., not-collinear, but in different 1281

hierarchical and parallel environments. In such case, g1 cannot gain knowledge about T1 from 1282

e2 without the aide of e1. 1283
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Figure 11. (a) Vector representation of a cognitive entity relationship of T1, g1, e1 and e2 (b) Knowledge
transformation graph of g1, e1 and e2 about T1
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Figure 12. KTG of endopistemic and exopistemic cognition of an agent relative to other agents (a)
endopisemic cognition (b) exopistemic cognition

The result of such a collinear algebraic operation if applied to a non-collinear rela- 1284

tionship may result in a complete value on the target different from that defined by e2. 1285

So, it is most likely required as in the field of relativity [86], to transform values from one 1286

environment to another in order to account for such value inconsistencies. This is also true 1287

in Information geometry [90],[91], where the generalized Pythagoras [92] is use in I-projection to 1288

capture the triangle inequality property for divergences. 1289

However, using a vector logic and hyperbolic trigonometry in Figure 11.b, we seek 1290

to achieve this using a relativistic approach. Also, since the agents work toward a well 1291

defined complete cost line and have no awareness about the curve nature of the line, we 1292

avoid using curves lines for the knowledge path as done in information geometry. 1293

We refer to the graph in Figure 11.b, as a Knowledge transformation graph (KTG). In 1294

general, the KTG is a type of Value transformation graph (VTG), that represents the trans- 1295

formation of knowledge in one environment to another environment. As represented in 1296
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Figure 12, in both endopistemic an exopistemic cognition, each environment is a plane that 1297

contains other environments, which may contain other environments, forming a hierarchical 1298

environment layers. The vertical line in each environment represents the cost or complete 1299

value of the main agent (i.e., agent referencing others or that is referenced by others) e.g., 1300

observer and actuator agents. The horizontal line represents the referential value of each 1301

environment with the main environment. The slanted lines are the transformed cost or 1302

completed values of the main agent about its related agents. 1303

An example of a KTG is given in Figure 13, which represents cognition on a binary 1304

state target. From Figures 13.a and 13.b, the KTG for both exopistemic and endopistemic 1305

cognition on a binary target is a two inverted cone shape structure. Different shapes will be 1306

generated for different types of targets and cognition process. We shall discuss more on 1307

such dynamics in a future publication on cognimatics. 1308

Regarding Figure 11.b, for g1 to acquire knowledge about e2 through e1, thereby 1309

solving the environment divergence problem it faces about the target T1 in e2, it is required 1310

to transform its values in e1 to that of the remote environment e2 based on a transformation 1311

operation. We develop two of such operations in this research; based on mathematical 1312

factorization and optimization techniques. 1313
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Figure 13. KTG cognition on a binary agent (a) over a complete value (b) over a cost value (c)
exopistemic and endopistemic relationship of main agents

4.4.1. Factorization Method of Divergence Reduction 1314

In the factorization approach, the agent needs to transform its absolute (i.e., cost) or 1315

relative knowledge in e1 using a transformation factor, to a corresponding value in e2. This is 1316

to avoid irregularities (or distortion) of these values in e2 and preserved them as required 1317

in the new environment e2, for learning and other purposes on T1 in e2. 1318

Using Knowledge transformation graph (KTG) as shown in Figure 11.b, we developed a 1319

Knowledge transformation factor (KTF), to capture the transformation of an agent’s cognition 1320

from one environment to another. This was done by applying hyperbolic trigonometric 1321

functions on the vector quantities in Figure 11.b. 1322

In the Figure 11.b, a plane on the graph represents cognition in an environment. The 1323

vertical axis for each environment represents their cost value on the target with repsect to 1324
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their main environment and a complete cost defined over the target for all sub environment 1325

under them. The horizontal axis for each environment represents their referential relation- 1326

ship with their sub environments and the amount of knowledge any agent from a different 1327

environment will need to shift to the environment. The values for the y and x axis of each 1328

environment or agent in e2 and e1 of Figure 11.b for an endopistemic cognition are given as, 1329

Environment e2 (absolute environment),

y = Zc(e2)T1 = ∑
i

A(e2)ti log
1

A(e2)ti

, (4.60)

x = Zv(e2)T1 = 0. (4.61)
1330

Environment e1 (contains in e2),

y = Zc(e1)T1 = ∑
i

A(e1)ti log
1

A(e1)ti

, (4.62)

x = Zv(e1)T1 = ∑
i

A(e2)ti log
A(e1)ti

A(e2)ti

. (4.63)
1331

Agent g1 (contains in e1),

y = Zc(g1)T1 = ∑
i

A(g1)ti log
1

A(g1)ti

, (4.64)

x = Zv(g1)T1 = ∑
i

A(e1)ti log
A(g1)ti

A(e1)ti

. (4.65)
1332

Where e2 has the absolute true action values on the target, also considered as the 1333

originator of the target values, hence needs no knowledge and transformation, except 1334

agents in the environment are to be downgraded to environments with lower values on the 1335

target. In some scenario, e2 may not possess the true complete knowledge about the target 1336

but depends on another environments. This can lead to an endless chain of interconnected 1337

environments and agents on a target. 1338

For an agent g1 in Figure 11, the cost, a, and knowledge, b, that it generates in its
environment e1, are given as,

a(g1,e1)
= Zcr(g1||e1)T1 = ∑

i
A(e1)ti log

1
A(g1)ti

, (4.66)

b(g1,e1)
= Zv(g1||e1)T1 = ∑

i
A(e1)ti log

A(g1)ti

A(e1)ti

. (4.67)
1339

The objective is to have the knowledge and cost of g1 in e2 through e1. By applying
collinearity logic as given in Equation (4.57) for knowledge value, we have,

Zv(g1 || e2)T1 = b(g1,e1)
+ b(e1,e2)

, (4.68)

b(g1,e1)
= ∑

i
A(e1)ti log

A(g1)ti

A(e1)ti

, (4.69)

b(e1,e2)
= ∑

i
A(e2)ti log

A(e1)ti

A(e2)ti

. (4.70)
1340

Similarly, for the cost given in Equation (4.56), we have,
Z(cr)(g1 || e2)T1 = a(e1,e2)

− b(g1,e1)
, (4.71)

a(e1,e2)
= ∑

i
A(e2)ti log

1
A(e1)ti

, (4.72)

b(g1,e1)
= ∑

i
A(e1)ti log

A(g1)ti

A(e1)ti

. (4.73)
1341

It is mathematically proven that Equation (4.68), which represents the vector sum of
the knowledge value of g1 in e2, does not satisfy the triangle inequality because of their
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divergence property [92]. So, adding the knowledge value of g1 in e1 and the knowledge
value of e1 in e2 will not capture the entire knowledge requires by g1 in e2.

Zv(g1 || e2)T1 = b(g1,e2)
6= b(g1,e1)

+ b(e1,e2)
. (4.74)

1342

If e2 is convex, i.e., with a convex absolute cognitropy, then b(g1,e2)
≥ 0, which implies an

exopistemic cognition.

b(g1,e2) ≥ b(g1,e1) + b(e1,e2). (4.75)

1343

If e2 is concave, i.e., with a concave complete cognitropy, then b(g1,e2)
≤ 0, which implies an

endopistemic cognition.

b(g1,e2) ≤ b(g1,e1) + b(e1,e2). (4.76)

1344

Also, Equation (4.71), representing a vector operation on the cost of g1 in e2 does not satisfy
equality as proven below.

Z(cr)(g1 || e2)T1 = a(g1,e2) = a(e1,e2) − b(g1,e1). (4.77)

1345

Applying conservation of value law (Theorem 2) to b(g1,e1)

b(g1,e1) = a(e1) − a(g1,e1), (4.78)

⇒ a(g1,e2) = a(e1,e2) − a(e1) + a(g1,e1). (4.79)

1346

For this to be equal,
a(e1,e2)

= a(e1)
⇒ A(e1) = A(e2), (4.80)

or a(g1,e1)
= a(e1)

⇒ A(g1) = A(e1). (4.81)
1347

Hence, without any of such constrain,
Z(cr)(g1 || e2)T1 = a(g1,e2)

6= a(e1,e2)
− b(g1,e1)

. (4.82)
1348

So, combining the cost value of e1 in e2 and the knowledge value of g1 in e1 will not 1349

capture the entire cost of g1 in e2. 1350

Such irregularities of the resultant cost and knowledge values occurred because of the 1351

consideration of a collinear vector addition in a non-collinear transformation process. To 1352

provide an adjustment for these irregularities, we propose a KTF using the KTG in Figure 1353

11.b as described below. 1354

Proposition 19. In any entity dependency network, if gi → gj, then cost transformation from gi
to gj is given by,

u = w(coshθ) and tanhθ = r/u. (4.83)
Since, τr = τu ⇒ tanhθ = Sr/Su. 1355

Also, coshθ = 1/sechθ and sechθ =
√

1− tansh2θ,

⇒ u =
w√

1− ( Sr
Su
)2

, coshθ =
1√

1− ( Sr
Su
)2

= ηK , (4.84)

where u = a(gi ,gj)
is actual cost of gi in gj, w = a(gi)

is transformed cost of gi in gj and acting as 1356

a complete cost on gj, r = b(gi ,gj)
is relative knowledge to be achieved by gi in gj, Sr and Su are 1357

stability for the values r and u, respectively, τr and τu are the action times for the value r and u, 1358

respectively. 1359
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A mathematical proof of this transform is in Appendix A.2. We can also express the
KTF, into cost value by applying the value conservation law (Theorem 2) on r as follows:

ηK =
1√

1− ( Su−Src
Su

)2
=

1√
1− (1− Src

Su
)2

, (4.85)

where r = u− rc, rc = a(gj)
is complete cost of gi in gj 1360

This gives the valuation of the independent cost w of one agent to a cost in a directly 1361

dependent agent, such as gi to gj. For example, if an independent g1 is to be trained in 1362

e1, using its actual cost, then the transformed cost it incurs from its relationship with e1 is 1363

the cost it will need to be trained as e1 in e2 without any distortion. This is important in 1364

multitask learning, where different related data sources are needed to train an agent. More 1365

on this in a future publication. 1366

The value Sr
Su

= βK is actually the exactness value of knowledge and can be considered 1367

as a performance parameters of the agent during cognition, such as during learning where 1368

the agent is expected to transform its u to the complete value of the environment which can 1369

be defined using w. But in some cases, βK can also be considered as a design parameter, 1370

which is set for each specific cognition. Also, since βK is strongly related to the angle 1371

of divergence θ, as θ = tanh−1βK ⇒ θ = f (βK), βK can be used to define θ in some 1372

applications. 1373

Using this basic transform, we can build a transform of the cost of an endopistemic 1374

and exopistemic agent over multiple inter-ralated environments, such as the transform 1375

of g1 to e2 through e1 as defined in Equation (4.71). Such transformation is defined in the 1376

proposition below; 1377

Proposition 20. In any entity dependency or influence network, if gi → gj → gz, then,

tanh(θ + α) =
rzi
uzi
⇒ tanh(θ) + tanh(α)

1 + tanh(θ)tanh(α)
=

rzi
uzi

. (4.86)

Applying Proposition 19,

tanh(θ) =
rji

uji
, tanh(α) =

rzj

uzj
⇒

rji
uji

+
rzj
uzj

1 +
rji
uji

rzj
uzj

=
rzi
uzi

. (4.87)

If gj and gz are forced to have same valuation in their referenced entity, that is, uji = uzj = uzi,
then,

rji
u +

rzj
u

1 +
rji
u

rzj
u

=
rzi
u
⇒

rji + rzj

1 + rjirzj
= rzi. (4.88)

Since, τrji = τuij, τrzj = τuzj, and τrzi = τuzi,
rji
u +

rzj
u

1 +
rji
u

rzj
u

=
rzi
u
⇒

Srji + Srzj

1 + SrjiSrzj
= Srzi, (4.89)

where ux,y = a(gx ,gy) is cost of gx in gy, rx,y = b(gx ,gy) is knowledge to be achieve by gx in gy, Sr 1378

and Su are stability for the values r and v, respectively, τr and τu are the action times for the value r 1379

and v, respectively. 1380

This transform can be used to find the resultant relative knowledge transform of g1 1381

in e2 through e1. The resultant relative knowledge of e2 can then be used to calculate the 1382

transformed cost of g1 in e2 using Proposition 19 by replacing r with rzi and u with uzi. 1383

Indeed, the transformed cost in such case can also be obtained by applying a double 1384

operation of ηK on the actual cost value of g1 in e1, replacing the actual cost in the next 1385

operation with the transformed value w of the previous operation. 1386

Table 2 shows results of this transformation when applied to resolve the triangle 1387

inequality problem of a random sets of three actions representing actions of agent g1, 1388

environments e1 and e2 on a binary state target, while respecting the probabilistic constrain, 1389

∑i=n
i=1 A(g)ti = 1, on each action set. 1390
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Table 2. Result of KTF application to resolve the triangle inequality problem in I-projection of actions
on binary state target
g1 e1 e2 b1 b2 b3 b4
0.4, 0.6 0.7, 0.3 0.1, 0.9 −0.57 −0.51 0.04 (45 tf) 0.08 (βk = 0.96)
0.5, 0.5 0.2, 0.8 0.4, 0.6 −0.28 −0.07 0.00 (2 tf) 0.01 (βk = 0.48)
0.1, 0.9 0.7, 0.3 0.1, 0.9 −0.84 −0.56 0.30(2 tf) 0.26 (βk = 0.88)
0.3, 0.7 0.3, 0.7 0.6, 0.4 0 0 0(1 tf) 0 (βk = 0 to 1)
0.2, 0.8 0.3, 0.7 0.3, 0.7 0 0 0(1 tf) 0 (βk = 0 to 1)
0.2, 0.8 0.2, 0.8 0.2, 0.8 0 0 0(1 tf) 0 (βk = 0 to 1)

Note that tf denotes transform. b = ∆bg1,e2 =
bg1,e2−(bg1,e1+be1,e2 )

(bg1,e1+be1,e2 )
.

b is the change in value between (bg1,e1 + be1,e2) and bg1,e2 , and the objective is for this 1391

change to be zero, implying (bg1,e1 + be1,e2) = bg1,e2 . The value b1 is a change resulting from 1392

direct application of distributions. b2 is a change resulting from the application of KTF on 1393

the cost values using w for ae1 and ae2 in bg1,e1 and be1,e2 , respectively. b3 is a change resulting 1394

from multiple KTF transforms that generate lowest change. b3 is a change resulting from 1395

fixed values that generate zero change. 1396

From the table, it can be seen that the application of KTF to a set of three distribution 1397

in an I-projection will force the distribution to respect the triangle inequality law of distance 1398

measure. But since such inequality can still be respected if g1 completes e1, then resolving 1399

triangular inequality does not solve the non-collinearity problem because g1 has not access 1400

e2. A simple solution is to assume the cost and knowledge of e1 and e2 are given to g1 1401

during its cognition with respect to e1, making it not to spend resources to generating such 1402

values anymore but to rather use them directly. 1403

We propose another solution which involves the sequential transformation of the 1404

values of g1 in e1 to that of e2 using values obtained in e1. The goal is to attain completeness 1405

with e1 and use the perceived value as the new cost value for achieving e2. This process of 1406

sequentially bridging the gap between two referentially related environments of an agent 1407

is considered in this article as sequential semantic learning. An algorithm for such learning 1408

process is provided in Section 5. 1409

In the case of multiple transforms, as in b3 above, the optimal transform can be 1410

reached through a combination of exopistemic and endopistemic cognitions, i.e., a process 1411

and its inverse, as shown in Figure 13.c. Furthermore, if the environment has structure 1412

such that the dependency order are defined by the complete cost, e.g., g1 → e1 → e2 ⇒ 1413

Zc(g1) < Zc(e1) < Zc(e2), then an agent is required to search the environment space of the 1414

target by moving between high and low environment values, up to when it reaches the 1415

optimal divergence with the destination environment. Such search may include finding 1416

environments with maximum or minimum complete cost about the target, using different 1417

techniques such those related to the principle of maximum entropy [93]. By forcing the three 1418

distributions to respect the triangle inequality law, a condition that can only be satisfied if 1419

e1 = e2 or g1 = e1, the KTF actually enables the reduction of the divergence between any 1420

two environments, and together with a sequential semantic learning, the divergence of any 1421

two distribution can be reduced to zero given another distribution. 1422

4.4.2. Important Facts and Significance of the Transform 1423

The results from Proposition 19 and 20 are important and revolutionary for cognition 1424

and agent design. The following three important facts can be extracted from them. 1425

1) The knowledge and cost of an agent will contract as it is transposed from a higher 1426

to a referential lower complete cost. 1427
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2) The transformed knowledge and cost expression in Proposition 19 can be expressed
in both space (information, beliefs, intelligence, etc.) and time stability values.

τuSu = τwSwηK (time distortion) (4.90)

XuSu = XwSwηK (input information distortion) (4.91)

AuSu = AwSwηK (belief distortion) (4.92)

φuSu = φwSwηK (Intelligence distortion) (4.93)
1428

This is important as we generalize in a theorem below. 1429

Theorem 4. The time and space properties of an agent during cognition in one environment are 1430

distorted as they are transposed in another environment of a different cost value. 1431

Such distortion can lead to different observation and actuation valuation on a target 1432

in different environments by an agent. Also, the distortion will be high when the relative 1433

difference between the action values environments is high. For example, the information 1434

an agent gets about a target from the external environment can be distorted as it enters the 1435

internal environment. Such distrotion of information will definitely affect the belief and 1436

knowledge of the agent on the target, which will lead to misconception and misinformation. 1437

3) From Theorem 4, we can conclude that cognitive properties can dilate or contract 1438

during a cognitive distortion process and be re-adjusted through a reverse process to cancel 1439

such distortion. 1440

The significance of the transformation models defined in Proposition 19 and 20, is that 1441

it can be used to explain cognitive phenomenon such as forgetfulness, memory loss, recall, 1442

etc., in an agent as a value contraction or dilation phenomenon caused by environment 1443

divergences over a target. 1444

For example, if our mind (i.e., an abstract environment) is busy with many activities
relative to our external (i.e., real) environment, we will experience (i.e observe) time in
the external environment to be surprisingly fast; hours will passed without us awaring
of it. But if our mind has less activity relative to the external environment, then real time
seems to slow down and we will think that real time does not move. This is because while
our observation stability values, Su and Sr, about a target are constant, any increase in our
perceptual value, w, about the target will entails a distortion of our real and perceptual
time. From Proposition 19, we have that,

w = u

√
1− Sr

Su
⇒ ∆twSw = ∆tuSu

√
1− Sr

Su
(4.94)

So, if w or Sw increases, while Su and Sr are constant, then the only change required in 1445

u to accommodate such change from a related environment is a change in the time ∆tu of u. 1446

This is what create a different impression about time between the two referentially related 1447

environment, and this can also be use to explain other similar cognitive contraction and 1448

dilation phenomena such as sight awareness distortion when we leave a dark room to a 1449

light room and vice versa. 1450

Figure 14. cognitive distortion in visual perception
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A solution to these cognitive phenomenon is for the agents to change the cost or 1451

relative knowledge between the environments in order to balance cognitive awareness 1452

without changing time. The process of varying such values entails semantic learning, which 1453

is an optimization process. 1454

Another interesting cognitive distortion practical application is the visual perception 1455

exercise in Figure 14. 1456

This exercise is conventionally called the Ebbinghaus illusion. Looking at the orange 1457

circles in the middle, one will appear bigger than the other, whereas there are the same. A 1458

common explanation to this distortion is that our minds perceive the size of each middle 1459

circle relative to its surrounding black circles, and since the left surrounding circles are 1460

larger, we perceive that their inner circle is smaller than the right one. 1461

Using the relativistic knowledge values we have described in this article, we can
explain and resolve this phenomenon. Our minds attribute more attention toward the
larger surrounding circle in the left and use them as a reference to their inner circle, then
we turn our attention directly to the inner large circle in the right. The larger the circle,
the more attention action value is attributed to it. Our high attention on the larger right
inner circle causes us to perceive it as the environment of its surrounding circles, unlike
the left inner and surrounding circles. Consider the left surrounding circle to represent the
environment e1 of the inner circle g1, and the right surrounding circle to be environment e2
with inner circle g2, then the perceptual value and attention dependency flow is given by:

A(e1)← A(g1), A(g2)← A(e2) (dependency), (4.95)

A(e1)→ A(g1), A(g2)→ A(e2) (value). (4.96)
1462

The relative knowledge value for each figure will be,

Z(g1||e1)t = ∑ A(e1)t log
A(g1)t

A(e1)t
, (4.97)

Z(g2||g1)t = ∑ A(g1)t log
A(g2)t

A(g1)t
. (4.98)

1463

Since the perceptions of the inner circles are to be compared for equality, we can thus
apply cognitive balancing factor (CBF) on the cognitive process.

CBF = Z(g1||e1)t − Z(g2||g1)t. (4.99)
1464

If our attention actions produce a CBF 6=0, then our perception will be distorted i.e., 1465

imbalance. Since we have different attention actions value on the figure, we therefore 1466

should experience distortion because our CBF 6=0. For our CBF=0, we need to distribute the 1467

attentions in order to cancel the CBF effect on our perception. This may require a sequential 1468

or parallel adjustment of one perception value to match the other. 1469

Generating multiple attention actions on different targets simultaneously is practically
difficult due to a limitation of the intelligence for that purpose. In this case, we can distribute
our attention actions over the limited intelligence to achieve maximum perception. To
effectively distribute our attention and easily resolve such distortion, we need to first
describe a value flow chain between the different objects, and then learn these values to
reduce their divergence. A sample perceptual value and dependency flow for this cognition
is given below.

A(g1)← A(e1)← A(e2)← A(g2) (dependency), (4.100)

A(g1)→ A(e1)→ A(e2)→ A(g2) (value). (4.101)
1470

The goal in this flow is to reduce the cognitive divergence between g1 and g2 to zero,
i.e., to acquire complete value. Well, other strategies can also be used. Expressing the
combined relative knowledge value based on that between g1 and g2.

Z(g1||g2)t = Z(g1||e1)t + Z(e1||e2)t + Z(e2||g2)t. (4.102)
1471
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Even if we assume we have an intelligence that can enable us to simultaneously 1472

generate the attention actions on the two inner circles and optimize them with respect to 1473

their surrounding circles easily, the divergence between the surrounding circles Z(e1||e2)t 1474

will remain as a nuance that we need to reduce semantically in order to actually get the 1475

complete value, Z(g1||g2)t = 0. Both the KTF and other divergence reduction techniques, 1476

presented in the next section, can be used to achieve such complete value using semantic 1477

abilities. 1478

4.4.3. Optimization Method of Divergence Reduction 1479

If g1 is to learn both environment at same time, i.e., parallelly, then g1 will require 1480

to have access to the knowledge or cost of e1 on e2 about T1 since it does not have the 1481

ability to generate such remote values about e2 without the aide of e1. For g1 to generate 1482

values between two referentially related environments, it requires an intelligence to enable 1483

it take such actions, because e1 and g1 are separate entities with different abilities. This 1484

process of parallelly generating cost or knowledge about a target from referentially related 1485

environments is considered here as parallel semantic learning. 1486

The value defining the relationship between the two environments is considered as 1487

"fictitious" to the agent in a parallel process because the agent have not yet completed e1 1488

but will need to also capture e2. Defining the action value of this "fictitious" environment is 1489

important to the agent as it will be based on such value the agent will use to generate cost 1490

and knowledge about the target with respect to e2. 1491

Many techniques can be used to define such "fictitious" action value. One approach is
for g1 to estimate the action of the maximum relative knowledge between e1 and e2, then
based on this value, it then trains two different actions simultaneously using two different
intelligence. For a concave e2,

A(e′1) = argmax
A(e2)

[Z(e1||e2] = argmax
A(e2)

[be1,e2 ], (4.103)

bg1,e2 = bg1,e′1
+ be′1,e2

, (4.104)

where e′1 is action of g1 approximating the closest action of e1 to e2. Thus, e1 is used by g1 1492

only to estimate e′1. 1493

This technique is applied conventionally in approximating the triangle inequality
problem in I-projection [90],[91],[92]. Another solution is to use the resultant action value
of the actions of e1 and e2 to define a fixed "fictitious" action value. Then carry a second
action on this value rather than on e2.

A(e′1) =
A(e1) + A(e2)

2
, (4.105)

bg1,e2 = bg1,e1 + bg2,e′1
, (4.106)

where e′1 is action value of g1 estimating the the environment action defined by e1 and e2, 1494

g2 is a second action of agent g1 on its estimated environment action e′1. 1495

Since, the agent can do optimization on both its local environment and the "fictitious" 1496

environment simultaneously, we consider this process as parallel semantic learning. 1497

The abilities and values of an agent on the "fictitious" environment are different from 1498

those it has on its local environment e1. These abilities and values are considered in this 1499

research as semantic abilities and values, notably; Semantic intelligence, action and cognitive 1500

value. We distinguished them from conventional abilities and values as follows: 1501

Definition 83. Computational abilities and values are those required by an agent in same 1502

(local) environment as the target. 1503

Definition 84. Semantic abilities and values are those required by agent in different (remote) 1504

environment as the target. 1505
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From a relativistic point of view, all conventional intelligent and action (e.g., prediction, 1506

learning, etc.) models are computational (i.e., collinear) models. We think there is needed 1507

to integrate semantic (i.e., non-collinear) logic in agent development to increase flexibility 1508

of cognition between environments. Another type of intelligence required for an agent 1509

include, mutual intelligence, to enable mutual actions and generate mutual values between 1510

multiple actions or targets. Conventionally, conditional intelligence to enable conditional 1511

action is widely used. We propose semantic learning techniques in Section 5. 1512

4.4.4. Understanding and Trust 1513

Any two agents whose cognitive environments diverge in such a way that they cannot 1514

attain their respective complete semantic values during training to capture each other’s 1515

environment, will result to an irreconcilable cognitive difference on semantic values. Such can 1516

lead to misunderstanding between agents over same or different environments about a 1517

target. Misunderstanding between agents is actually the absence of understanding as we 1518

define below. 1519

Definition 85. Understanding is the process of value acquisition with respect to other agents 1520

about a target. 1521

Understanding of g1 on g2:

Va(g1||g2)t = log
A(g1)t

A(g2)t
. (4.107)

1522

Self understanding of g2:

Va(g2)t = log
1

A(g2)t
. (4.108)

1523

Expected understanding (cognitropy of understanding):
Za(g1||g2)t = ∑

i
A(g2)ti Vaj(g)ti . (4.109)

1524

Hence, based on Definition 2 and 85, we can consider knowledge as a type of un- 1525

derstanding with respect to an environment which is considered to possess a higher value 1526

on the target than the agent. Such a value constrained is not required for understanding. 1527

Epistemologically, the difference between knowledge and understanding is still a topic of 1528

debate [94],[95], and our definitions should be considered as a proposal to such debate. The 1529

concept of understanding is very important because its absence is a major source of conflict 1530

and disunity between cognitive agents, such as humans. 1531

Based on our definition, we can distinguish two types of understanding between
agents; understanding of purpose and understanding of meaning. The former is related to
the divergence of the actions of the agents on the states of the target, as we have been
doing. But the latter is related to the divergence of the actions on the "fictitious" or semantic
environment which defines the relationship between their individual environments. For a
concave g1 and g2, the understanding of meaning is given as,

A(g′1) = argmax
A(e2)

[Z(e1||e2] = argmax
A(e2)

[be1,e2 ], (4.110)

A(g′2) = argmax
A(e1)

[Z(e2||e1] = argmax
A(e1)

[be2,e1 ], (4.111)

Za(g′1||g′2)t = ∑
i

A(g′2)ti Va(g)ti , (4.112)

where g′1 is action of g1 estimating the closest action of e1 to e2, g′2 is action of g2 estimating 1532

the closest action of e2 to e1, and Za(g′1||g′2)t is the understanding of meaning, i.e., semantic 1533

understanding of g′1 on g′2 about the target. 1534
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We can also use the resultant value of the environment;

A(e′) =
A(e1) + A(e2)

2
, (4.113)

A(g′1) = argmax
A(e)

[Z(g1||e] = argmax
A(e2)

[bg1,e2 ], (4.114)

A(g′2) = argmax
A(e)

[Z(g2||e] = argmax
A(e1)

[bg2,e1 ], (4.115)

Za(g′1||g′2)t = ∑
i

A(g′2)ti Va(g)ti . (4.116)

It is important for an agent to achieve a complete understanding of purpose and 1535

meaning, but this entails learning. 1536

Similar to semantic intelligence, the inability to train mutual intelligence between 1537

targets and actions of agents will lead to irreconcilable cognitive difference on mutual values, 1538

which will lead to mistrust. Mistrust between agent is the absence of trust which we 1539

mathematically define as follows. 1540

Definition 86. Trust is a value defined by the mutual actions of agents on a target. 1541

Trust of g1 on g2:
A(g′1)t = A(g1|g2; φ1)t, (4.117)

Va(g1; g2)t = log
A(g′1)t

A(g1)t
, (4.118)

Za(g1; g2)t = ∑
i

A12(g)ti Vaj(g)ti , (4.119)
1542

Trust between g1 and g2:
T(g1, g2) = Za(g1; g2)t − Za(g2; g1)t, (4.120)

where A(g′1)t = A(g1|g2; φ1)t is the action of g1 conditioned on the action of g2, Za(g1; g2)t is 1543

the expected value of Va(g1; g2)t over the joint action of g1 and g2 on t, Va(g1; g2)t is the value of 1544

the conditional action of g1 given g2 about t reference to it self action about t. 1545

Well, Va(g1; g2)t can still be defined using the perceptual value of g1 about the condi-
tional action of g2 given g1 reference to the self action of g2, that is,

Va(g1; g2)t = log
A(g2|g1; φ1)t

A(g2)t
. (4.121)

1546

Trust can actually be considered as a conditional understanding between agents about
a target. Also, the trust value between any two agents, T(g1, g2), depends highly on the
intelligence of the agents.

if φ1 = φ2, then Za(g1; g2)t = Za(g2; g1)t, (4.122)

if φ1 6= φ2, then Za(g1; g2)t 6= Za(g2; g1)t. (4.123)
1547

For a trust value between two unequal intelligence to be rendered equal, i.e., for
T(g1, g2) = 0 when φ1 6= φ2, both or a single agent is required to learn its understanding of
the other agent.

for Za(g1; g2)t = Za(g2; g1)t if φ1 6= φ2,

argopt
ω1

[Za(g1; g2)t] = argopt
ω2

[Za(g2; g1)t], (4.124)

where argoptω [...] is optimization operation over ω, and ω can be intelligence (φ), action 1548

(A) or cognitive values (K, I, etc.). Such optimization can be a minimization, argminx[...], 1549

or maximization, argmaxx[...], i.e., argoptx[...] = {argminx[...], argminx[...]} as we shall 1550

discuss in Section 5. 1551
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In general, both understanding and trust can manifest in the real and abstract environ- 1552

ments. In the real environment, for example, they can be transformed to a social differences 1553

between agents, based on their social actions on same target. 1554

We conclude this section by mentioning the similarities of cognitropy transformation 1555

expression to that defined in Lorentz transformation [86], Einstein’s special theory of relativity 1556

[96], and Minkowski vector space [97]. These transformations are similar to our cognitive 1557

transformation only when the stability values of the environments are equal and invariant. 1558

Well, as we have shown, the environment stability that defines the stability of an agent 1559

on a target may differ from one environment to another. Thus, in a mixed environment 1560

with continuous or discrete value, the complete value and stability is not uniform, hence 1561

affecting an agent’s value acquisition process as we shall present in the next section. In 1562

general, the cognitropy transformation process is analogous to conventional currency 1563

conversion process. 1564

4.5. Environment Uncertainty Variation. 1565

The environment as an agent, takes actions on a target. This action defines its degree 1566

of uncertainty on the target, which influence the cognitive value acquisition of any agent 1567

on that target. Also, this uncertainty can be fixed or dynamic, and acts as a force (i.e., 1568

influence) on the target, which the agent needs to overcome in order to acquire value about 1569

the target. The uncertainty therefore act as an unconscious conditioner [98] of an agent’s 1570

value acquisition process about a target. 1571

We can describe the influence of environment uncertainty on the knowledge value of
an agent for single state targets and continuous action value in a endopistemic process as
shown in Figure 15(b) as follows:

lim
A(e)→1

Va(g)t = log A(g)t, (4.125)

lim
A(e)→0

Va(g)t = ∞, (4.126)

lim
(A(e),A(g))→(0,0)

Va(g)t = ∞, (4.127)

lim
(A(e),A(g))→(0,1)

Va(g)t = ∞, (4.128)

lim
(A(e),A(g))→(1,0)

Va(g)t = −∞, (4.129)

lim
(A(e),A(g))→(1,1)

Va(g)t = 0. (4.130)
1572

Where result of 0/0 is based on the following axiom. 1573

Axiom 4.4. If by definition a→ b, then lim(a,b)→(0,0) a/b = ∞, and if b→ a, 1574

then lim(a,b)→(0,0) a/b = 0, where a, b ∈ R+. 1575

Literally, the expression 0/0 is mathematically undefined but is defined in the context 1576

of this research. Since both the numerator and denominator have been attributed logical 1577

meaning, and the denominator defines the numerator, hence, based on Axiom 4.4, we can 1578

conveniently say 0/0 = ∞. In same logic, if the numerator defines the denominator, then 1579

0/0 = 0. These can be considered as part of an assumed projective space. 1580
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Figure 15. knowledge variation of an agent and environment in an endopistemic process. a) binary
state target, b) single state target.

So, in the context of this research, we can generalize on the limits toward the asymptotic 1581

values of f (a/b), as follows: 1582

Proposition 21.
If a→ b, lim

(a,b))→(0,0)
f (a/b) = lim

a→0
(lim

b→0
f (a/b)), (4.131)

If a← b, lim
(a,b))→(0,0)

f (a/b) = lim
b→0

(lim
a→0

f (a/b)), (4.132)

where a and b are single state values. 1583

The environment influence on the expected knowledge value of an agent for multi- 1584

state target may vary differently as compared to a single state target. Figure 15(a) shows 1585

the variation for a complementary action with continuous state over a binary state target in 1586

an endopistemic process. 1587

We can make the following conclusion about the process: 1588

Proposition 22. For any action A(g), as A(e)→ 1
A(e) ≤ 0.5; ∆Zv(e) > 0, ∆Z(cr)(g) > 0, ∆Zv(g) > 0, (4.133)

A(e) ≥ 0.5; ∆Zv(e) < 0, ∆Z(cr)(g) < 0, ∆Zv(g) > 0, (4.134)
where, Zv(e)t = Zv(g)t + Z(cr)v(g)t (endopistemic process). 1589

This implies that the influence of the environment value Zv(e) on the knowledge of an 1590

agent about a binary state target varies based on the action value A(e) of the environment on 1591

the target. If A(e) < 0.5, an increase in A(e) will increase Zv(e), which in turn will increase 1592

the cost and relative knowledge required by the agent about the target. If A(e) > 0.5, 1593

an increase in A(e) will decrease Zv(e), which will decrease the cost, while the relative 1594

knowledge continue to increase. 1595

Actually, Figure 15(a) represents an endopistemic learning process, in which the
relative knowledge Zv(g)t of an agent on a binary state target is required to increase. For
this to be possible in an environment with a specific influence, we can either indirectly
vary the cost value (i.e., cost dynamics) or directly vary the relative knowledge value (i.e.,
knowledge dynamics). Using the cost dynamics, while the environment value is constant,
the cost of the agent is required to decrease in order to increase the knowledge over time.

Zv(e)t = max[∆Zv(g)t]τ + min[∆Z(cr)v(g)t]τ (4.135)
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1596

The main issue in this cost oriented learning process is how much change of cost is
required to reach complete value. This is given by the difference between the actual cost of
the agent and the complete cost required by the agent for the process.

[∆Z(cr)v(g)t]τ = [Zv(e)t − Z(cr)v(g)t]τ (4.136)
1597

Applying Gibbs inequality to the cost change,
Gibbs inequality : Z(cr)v(g)t ≥ Zv(e)t, (4.137)

where Z(cr)v(g)t ≥ 0, Zv(e)t ≥ 0. 1598

This implies that any change with the complete cost will always be positive, but 1599

how much positive it will be, depends on the value of the actual cost and complete cost 1600

value. Based on Proposition 22 and as shown in Figure 15(a), these values depend on the 1601

environment action A(e), which is considered to be constant, will imply the complete cost 1602

Zv(e)t is also constant. In this case, only the actual cost of the agent is required to fluctuate 1603

in order to vary this change and the amount of change required for an actual cost to reach 1604

complete cost defines the learning cost of the agent. 1605

Since the actual cost is affected by the environment uncertainty, the learning cost is 1606

also affected by the environment uncertainty. The main difference is that, the actual cost 1607

is simply the cost of value acquisition while the learning cost is the cost of value optimizing. 1608

We may have a high actual cost but a small learning cost depending on the complete cost 1609

defined by the environment on the target. This is important in the calibration of the learning 1610

process of an agent. 1611

These phenomena can be used to explain and address the difficulty of an agent learning 1612

endopistemically from an imbalanced dataset (environment observations) [99] with discrete 1613

multistates. In this case, the environment value will be low, making the complete cost value 1614

of any agent in that environment to be low. Such low complete cost will create a higher 1615

learning cost for the agent to achieve, and this will require more intelligence resource 1616

beyond what conventional agents can provide. A common solution without the use of 1617

additional intelligence is to balance the dataset, thereby increasing its complete value, 1618

which will imply increasing its complete cost and reducing its learning cost. 1619

Also, we can use these concepts to compare the intelligence of agents. For example,
two agents g1 and g2 with intelligence φ1 and φ2, are in environment e1 and e2 with different
uncertainties about same binary state target t, can be logically related over the knowledge
property as follows:

K(g1)t = K(g2)t, A(e1)t < A(e2)t ⇒ (φ1)t > (φ2)t, (4.138)

K(g1)t = K(g2)t, A(e1)t > A(e2)t ⇒ (φ1)t < (φ2)t, (4.139)

K(g1)t = K(g2)t, A(e1)t = A(e2)t ⇒ (φ1)t = (φ2)t, (4.140)

K(g1)t > K(g2)t, A(e1)t > A(e2)t ⇒ (φ1)t ≤ (φ2)t, (4.141)

K(g1)t > K(g2)t, A(e1)t < A(e2)t ⇒ (φ1)t > (φ2)t, (4.142)

K(g1)t > K(g2)t, A(e1)t = A(e2)t ⇒ (φ1)t > (φ2)t. (4.143)
1620

This implies, ceteris paribus, an agent g1 in a highly uncertain environment has 1621

more intelligence on a single state target t than g2 in a less uncertain environment if 1622

K(g1)t ≥ K(g2)t. Similarly, for a multi-state target such as a binary target, a different 1623

comparison logic may occur between agents based on the environment uncertainty, which 1624

can also be considered as the entropy about the target according to Shannon theory. 1625

An intuitive explanation we can give about the difference in the flow of knowledge 1626

during learning on a single state target and a binary state target as shown in Figure 15 1627

is that, if we have only one choice to make about something, our satisfaction on it will 1628

vary proportionally with its definition, but if we have more options, our satisfaction get 1629

distributed over the options, and becomes unproportional with choice, making it difficult 1630
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to make a choice. This is analogous to the application of the law of diminishing return [100] 1631

on a scale of preference. 1632

Furthermore, the environment can be considered to be isolated, where only its influence 1633

on the target counts, or non-isolated where it interacts with different external entities which 1634

influences its influence on the target. This gives us two environmental settings which we 1635

present in the next sections. 1636

4.5.1. Uncertainty in an Isolated Environment 1637

In an isolated environment, no other influence is on the target apart of the influences 1638

from the set of environments that are in direct relationship (i.e., contact) with the target. 1639

Cognition in such environment may involve single or multiple action on a target. We 1640

described the complete cost, resultant value and the factors affecting cognition of multiple 1641

actions in this environment. 1642

i. Complete cost from multiple actions 1643

The complete cost of multiple actions on a target is defined by the environment value 1644

on the target and is related to the individual knowledge values of each action as follows: 1645

Theorem 5. The complete cost of multiple actions on a target in an environment is defined by the 1646

logical sum of their knowledge values on the target in the environment. 1647

Multiple actions in same environment (collinear),
ZV1(g1||e)t + ZV2(g2||e)t + ZV3(g3||e)t − ZV12(g12||e)t,

− ZV13(g13||e)t − ZV23(g23||e)t + ZV123(g123||e)t = ZVR(e)t. (4.144)
1648

Multiple actions in different environment (non-collinear),
η1→RZV1(g)t + η2→RZV2(g)t − η12→RZV12(g12)t = ZVR(e)t, (4.145)

where ZV1,2..n(g1,2..n||e)t is a conjunction value in e, 1649

ZV1,2..n(g1,2..n)t = ∑
i

A(e)ti log
∏n

j=1 A(gj)ti

A(e)ti

. (4.146)

This theorem is considered as the law of complete cost for actions on a target in an 1650

environment. Semantic differences are considered using KTF for non-collinear action 1651

sources. The action value on the target can be discrete or continuous but we consider a 1652

discrete target and continuous action states. 1653

If ∑n
i=1 A(gi) = 1, then the action states are complementary on the target. Also, if the 1654

action states are discrete and mutually exclusive over the target, their conjunction is null, 1655

otherwise they are continuous and non-mutually exclusive. 1656

ii. Total value from multiple actions on a target 1657

Apart from the complete cost, there exist, a total value acquired by a set of agents at 1658

any given moment of value acquisition about a target in an environment. We consider this 1659

total value as a resultant value of the agents on the target, which respects a law of total value 1660

as follows: 1661

Theorem 6. The total value on a target defined by a set of directly related environments is the sum
of the value from each environment and their dependencies.

ZVR(gR||eR)t =
n

∑
i=1

αiZVi (gi||ei)t, α = [0, 1], (4.147)

n

∑
i=1

αiZVi (gi||ei)t = vdep + vind, (4.148)

where α1, α2, . . . , αn are actual proportion of value contributed to the resultant value by an 1662

agent in an environment, vdep and vind are values from the dependent and Independent 1663
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actions of the contributed values. However, not all total value expressions can be separated 1664

into these two parts. 1665

If the contributions to the resultant value is complementary, then ∑n
i=1 αi = 1. Also, 1666

the contributed environment influences A(e) and agent actions A(g) can be complementary 1667

on the target; ∑n
i=1 A(ρi)t = 1, where ρ = {g, e}. 1668

iii. Relation between resultant and contributed action 1669

The resultant value can be expressed as a relationship between the actions of the
resultant value and contributed value by applying the principle of linearity of expectation[79].

λE[V] + β = E[λV + β] (4.149)
where V = {V1, ..Vn}, and λ = {λ1, ..λn}, β = {β1, ..βn}. 1670

This can be written as summation over V.
n

∑
i=1

E[Vi] = E[VR]. (4.150)

For independent actions,

VR = log ∏n
i=1 A(g)i

∏n
i=1 A(e)i

, (4.151)

A(ρR)t =
n

∏
i=1

A(ρi)t. (4.152)

But for dependent actions, the mutual value is required.

VR′ = log
⋂n

i=1 A(gi)t⋂n
i=1 A(ei)t

= VR + log
rg

re
, (4.153)

where rρ =
⋂n

i=1 A(ρi)t
∏n

i=1 A(ρi)t
≥ 1. 1671

This expectation can be generalized as follows: 1672

Proposition 23.
n

∑
i=1

E[Vi] = E[VR′ ] if re = rg, (4.154)

n

∑
i=1

E[Vi] > E[VR′ ] if re > rg, (4.155)

n

∑
i=1

E[Vi] < E[VR′ ] if re < rg. (4.156)

Therefore, using the joint action as the resultant action, Theorem 6 can be generalized 1673

when all αi = 1 as follows: 1674

Proposition 24.
n

∑
i=1

ZVi (gi||ei)t = ZVR(gR||eR)t if re = rg, (4.157)

n

∑
i=1

ZVi (gi||ei)t − ZV(g1; ..; gn||e)t = ZVR(gR||eR)t if re > rg, (4.158)

n

∑
i=1

ZVi (gi||ei)t + ZV(g1; ..; gn||e)t = ZVR(gR||eR)t if re < rg. (4.159)

Alternatively, considering 0 < αi ≤ 1, we defined the resultant value as a mixture 1675

model [101] where the average of the individual actions is used as the contributed action. 1676

Proposition 25.

A(ρ)t =
1
n

n

∑
i=1

A(ρi)t, ρ = {g, e}. (4.160)
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Applying Proposition 25 to Theorem 6. 1677

1) If A(g)t =
1
n ∑n

i=1 A(gi)t and A(e)t =
1
n ∑n

i=1 A(ei)t,

ZVR(gR||eR)t =
n

∑
i=1

αi[
m

∑
j

A(e)tj log
A(g)tj

A(e)tj

]i, (4.161)

ZVR(gR||eR)t =
1
n
[

m

∑
j
(

n

∑
i=1

A(ei)tj) log
∑n

i=1 A(gi)tj

∑n
i=1 A(ei)tj

]
n

∑
i=1

αi, (4.162)

if
n

∑
i=1

αi = 1⇒ 1
n
[

m

∑
j
(

n

∑
i=1

A(ei)tj) log
∑n

i=1 A(gi)tj

∑n
i=1 A(ei)tj

], (4.163)

if αi = αi−1 = · · · = αn,

⇒ α[
m

∑
j
(

n

∑
i=1

A(ei)tj) log
∑n

i=1 A(gi)tj

∑n
i=1 A(ei)tj

]. (4.164)

2) If A(g)t = A(gi)t and A(e)t =
1
n ∑n

i=1 A(ei)t,

ZVR(gR||eR)t =
n

∑
i=1

αi[
m

∑
j

A(e)tj log
1

A(e)tj

− A(e)tj log
1

A(gi)tj

]i, (4.165)

ZVR(gR||eR)t =
n

∑
i=1

αi[ZV(e)t − Z(cr)Vi
(gi||e)t]i, (4.166)

if
n

∑
i=1

αi = 1⇒ ZV(e)t −
n

∑
i=1

αi[Z(cr)Vi
(gi||e)t]i, (4.167)

if αi = αi−1 = · · · = αn ⇒ ZV(e)t − α
n

∑
i=1

Z(cr)Vi
(gi||e)t]. (4.168)

1678

3) If A(g)t =
1
n ∑n

i=1 A(gi)t and A(e)t = A(ei)t, 1679

ZVR(gR||eR)t =
n

∑
i=1

αi[
m

∑
j

A(ei)tj log
1

A(ei)tj

− A(ei)tj log
1

A(g)tj

]i, (4.169)

ZVR(gR||eR)t =
n

∑
i=1

αi[ZV(ei)t − Z(cr)Vi
(g||ei)t]i, (4.170)

if
n

∑
i=1

αi = 1⇒
n

∑
i=1

αi[ZV(ei)t − Z(cr)Vi
(g||ei)t]i, (4.171)

if αi = αi−1 = · · · = αn ⇒ α
n

∑
i=1

[ZV(ei)t − Z(cr)Vi
(g||ei)t]i. (4.172)

In a cognition where the endopistemic action is directly related to the exopistemic
action, the environment and agent actions can be defined as a function of each other.

A(e) = f (A(g1), A(g1), . . . A(gn)), (4.173)

A(g) = f (A(e1), A(e2), . . . A(en)). (4.174)
1680

The definition the function f (·) over the action values will depend on the relationship 1681

between the exopistemic and endopistemic action. Considering a resultant action value 1682

defined in Equation (3.57), where the resultant action is the average value of the contributed 1683

actions, then, 1684

Proposition 26.

A(e)t =
∑n

i=1 A(g)t

n
, (4.175)

A(g)t =
∑m

i=1 A(g)t

m
, (4.176)
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where n and m are the number of contributed agent and environment actions, respectively. 1685

Equation (4.176) will actually yield a total value identical to negative Jensen-Shannon 1686

divergence (JSD) [102] for two actions with α = 0.5. 1687

Applying Proposition 26 to Theorem 6. 1688

1) If A(g)t = A(e)t,
ZVR(gR||eR)t = 0. (4.177)

1689

2) If A(g)t = A(gi)t and A(e)t =
1
n ∑n

i=1 A(gi)t,

ZVR(gR||eR)t =
n

∑
i=1

αi[ZV(e)t − Z(cr)Vi
(gi||e)t]i. (4.178)

1690

3) If A(g)t =
1
n ∑n

i=1 A(ei)t and A(e)t = A(ei)t,

ZVR(gR||eR)t =
n

∑
i=1

αi[ZV(ei)t]i −
n

∑
i=1

αi[Z(cr)Vi
(g||ei)t]i, (4.179)

if n = 2, αi = 0.5⇒ 0.5
2

∑
i=1

[ZV(ei)t]i − Z(c)V(g)t = −JSD. (4.180)
1691

These propositions provide different ways of expressing a total (i.e., resultant) value 1692

on a target in a mixed environment based on the contributed values. For a more direct and 1693

naive approach, we can define the average or joint values of the contributed actions as the 1694

resultant action. That is, 1695

Proposition 27.

A(ρR)t =
1
n

n

∑
i=1

A(ρi)t, ρ = {g, e}. (4.181)

Applying Proposition 27 to Theorem 6. 1696

1) If A(gR)t =
1
n ∑n

i=1 A(gi)t and A(eR)t =
1
n ∑n

i=1 A(ei)t,

ZVR(gR||eR)t =
1
n
[

m

∑
j
(

n

∑
i=1

A(ei)tj) log
∑n

i=1 A(gi)tj

∑n
i=1 A(ei)tj

]. (4.182)

1697

2) If A(gR)t = ∏n
i=1 A(gi)t and A(eR)t =

1
n ∑n

i=1 A(ei)t,

ZVR(gR||eR)t =
m

∑
j=1

A(eR)tj log
∏n

i=1 A(gi)tj

A(eR)tj

=
n

∑
i=1

ZVi (gi||eR)t. (4.183)

1698

3) If A(gR)t =
1
n ∑n

i=1 A(gi)t and A(eR)t = ∏n
i=1 A(ei)t,

ZVR(gR||eR)t =
m

∑
j=1

A(eR)tj log
1
n ∑n

i=1 A(gi)t

A(eR)tj

= ZVi (gR||eR)t. (4.184)

1699

iv. Resultant value across target and agent 1700

In general, the exopistemic (i.e., influence) and endopistemic (i.e., dependency) process 1701

on a target can be considered respectively as an input and output process of agents on the 1702

target. Logically, if the output equals the output, then the resultant (i.e., total) effect on 1703

the target will be zero. We used this notion to generalized on the relationship between the 1704

exopistemic (i.e., input) Vi and endopistemic (i.e., output) Vo values on a target as follows: 1705

Proposition 28.
Vo −Vi = VR (values on single state target), (4.185)

Zo − Zi = ZR (expected value for multistates). (4.186)
Where for an endopistemic resultant across the target, 1706
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Vo = Vo(g) = log A(g), Vi = Vi(e) = log A(e), VR = VR(g||e) = log A(g)
A(e) , Zo = 1707

Zo(g) = ∑ A(e) log A(g), Zi = Zi(e) = ∑ A(e) log A(e), and ZR = ZR(g||e) = ∑ A(e) log A(g)
A(e) .1708

Where for an exopistemic resultant across the target, 1709

Vo = Vo(g) = log 1
A(g) , Vi = Vi(e) = log 1

A(e) , VR = VR(e||g) = log A(e)
A(g) , Zo = 1710

Zo(e) = ∑ A(e) log 1
A(g) , Zi = Zi(e) = ∑ A(e) log 1

A(e) , and ZR = ZR(e||g) = ∑ A(e) log A(e)
A(g) .1711

These have different implications on the target. We established these implications 1712

below and illustrate it in Figure 16. 1713

Proposition 29. . 1714

For single state target, Proposition 28 implies that,
VR = 0 iff Vo = Vi (neutral resultant), (4.187)

VR < 0 iff Vo < Vi (endopistemic resultant), (4.188)

VR > 0 iff Vo > Vi (exopistemic resultant). (4.189)
1715

For multistate target, Proposition 28 implies that,
ZR = 0 iff Zo = Zi (neutral resultant), (4.190)

ZR < 0 iff Zo < Zi (endopistemic resultant), (4.191)

ZR > 0 iff Zo > Zi (exopistemic resultant) . (4.192)
1716

It is important to realise that Equation (4.192) represent Gibbs inequality. This shows 1717

that the resultant value flow based on input and output values across a target obeys some 1718

natural laws defined in Proposition 29. 1719

This implies that, for example if the resultant value on a target is negative, then there 1720

is more exopistemic (i.e., input or influence) values on the target than endopistemic (i.e., 1721

output or dependency) values, and vice versa. 1722

For multiple types (or state) of actions (e.g., observation, actuation, etc.) on a target, 1723

the total resultant value becomes, 1724

Proposition 30. The total resultant value on a target is the sum of the resultant values of all action
types on the target.

ωR(g)t = ωR(g1)t + ... + ωR(gn)t + ... + ωR(gm;n)t, (4.193)
where ωR(gi)t is the resultant value of action type i, ωR(gi;j)t is the resultant mutual value 1725

between action types i and j, ωR(g)t is the total resultant value on the target. 1726

So, for example if there is more exopistemic resultant values on a target than endopis- 1727

temic resultant values, then the target will be more under influence than dependency. 1728

In a similar way, the resultant value across an agent can be defined based on input 1729

and output values of its action on a target. Since an agent does work on a target to generate 1730

value, this work can be its absolute or relative value depending on the cost dynamics it is 1731

using, the input and output values of any type of its action will differ from that of a target. 1732

Considering an absolute value cost dynamic, i.e., input, and a relative value as output, then the 1733

resultant value of any action type of an agent based on its input and output values are: 1734

Proposition 31.
Vo −Vi = VR (values on single state target), (4.194)

Zo − Zi = ZR (expected value for multistates). (4.195)
Where for an endopistemic input and output of an agent, 1735

Vo = Vo(g||e) = log A(g)
A(e) , Vi = Vi(g) = log A(g), VR = VR(e) = log 1

A(e) , Zo = Zo(g||e) = 1736
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∑ A(e) log A(g)
A(e) , Zi = Zi(g) = ∑ A(e) log A(g), and ZR = ZR(e) = ∑ A(e) log 1

A(e) . 1737

where for an exopistemic input and output of an agent, 1738

Vo = Vo(e||g) = log A(e)
A(g) , Vi = Vi(g) = log 1

A(g) , VR = VR(e) = log A(e), Zo = Zo(e||g) = 1739

∑ A(e) log A(e)
A(g) , Zi = Zi(g) = ∑ A(e) log 1

A(g) , and ZR = ZR(e) = ∑ A(e) log A(e). 1740

Agent g

Target t

set of endopistemic 
resultant values

set of exopistemic 
resultant values

(a) (b)

set of endopistemic 
resultant values

set of exopistemic 
resultant values

Figure 16. set of exopistemic and endopistemic resultant values across (a) target, (b) agent

This have different implications on the agent. We establish these implications below. 1741

Proposition 32. . 1742

For single state target, Proposition 31 imply that,
VR = 0 iff Vo = Vi (neutral resultant) (4.196)

VR < 0 iff Vo < Vi (endopistemic resultant) (4.197)

VR > 0 iff Vo > Vi (exopistemic resultant). (4.198)
1743

For multistate target, Proposition 31 imply that,
ZR = 0 iff Zo = Zi (neutral resultant), (4.199)

ZR < 0 iff Zo < Zi (endopistemic resultant), (4.200)

ZR > 0 iff Zo > Zi (exopistemic resultant). (4.201)

From Proposition 31, the resultant value is the value of the environment on the target, 1744

and it is endopistemic when the input and output of an agent are exopistemic and vice 1745

versa. Hence, the resultant value on an agent acts as a resistance to the acquisition and flow 1746

of value across the agent. 1747

This implies that, for example if the resultant value across an agent is negative (i.e., 1748

endopistemic), then the agent have more exopistemic input than exopistemic output and 1749

vice versa. 1750

For multiple types of actions (e.g., observation, actuation, etc) of an agent, the total 1751

resultant value is given as, 1752

Proposition 33. The total resultant value on an agent is the sum of the resultant values of all its
action types.

ωR(g)t = ωR(g1)t + ... + ωR(gn)t + ... + ωR(gm;n)t, (4.202)
where ωR(gi)t is the resultant value on action type i, ωR(gi;j)t is the resultant mutual value 1753

between action types i and j, and ωR(g)t is the total resultant value on the agent. 1754
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So, for example, if an agent has more exopistemic resultant values than endopistemic 1755

resultant values, then the agent will be more under influence than dependency. 1756

v. Number of actions and targets in an environment 1757

Based on the resultant value expressions in the previous section, we distinguish two 1758

other factors influences value acquisition; number of actions and, their degree of dependency. 1759

Using Theorem 6, Proposition 30, and Proposition 33 we deduce the relationship 1760

between the number of actions and total resultant value as follows: 1761

Proposition 34.

ωR(g)t =
j=m

∑
j=1

i=n

∑
i=1

ωR(gi)ti +
j=m

∑
j=1

i=n

∑
i=1

ωR(gm;n)tj , (4.203)

1762

if n→ ∞ or m→ ∞⇒ ωR(g)t → ∞, 1763

if ωR(gi)tj → ∞ or ωR(gm;n)tj → ∞⇒ ωR(g)t → ∞. 1764

So, resultant values will increase when the number of actions and target types increases 1765

and when their mutual dependency values increase. But, since such actions may seek to 1766

influence (i.e., exopistemic) while others may seek to depend (i.e., endopistemic), the 1767

addition of more exopistemic actions and targets for example, will lead to an increase in 1768

the exopistemic value of the total resultant value but a decrease in the endopistemic value. 1769

Thus, for an effective cognition, the agent will need to consider which type of action and 1770

target it needs to optimize the value it seeks. 1771

According to Proposition 31, the resultant value on an agent is the environment value 1772

on the agent. Increasing the number of environments will thus increase the total resultant 1773

value on the agent. This is important as it also implies more output value will be expected 1774

from such high influence. This can be used to tackle complex target, by dividing it into 1775

different sub environments. This concept can be used to explain the high performance of 1776

the Ensemble learning methods [103] of Machine learning, where environment partitioning is 1777

used. 1778

Also, increasing the mutual value of the total resultant value on an agent will increase 1779

the total resultant value on the agent. This will increase the output value of the agent. One 1780

way to achieve this during cognition is to extract as much information about the depen- 1781

dencies of the environment domains (input and output domains of a target) as possible. 1782

This concept is used in Variational learning [? ],[105],[106] and Information maximization [107] 1783

methods of Machine learning. 1784

4.5.2. Uncertainty in a Non-Isolated environment 1785

In a non-isolated environment, external forces can influence the environment’s action 1786

on a target. We describe the external influence in two types of entity relationship structures; 1787

hierarchical and network structures. 1788

i. Hierarchical structure 1789

In Proposition 3, we propose a dependency relationship between entities. Such depen- 1790

dency can be unidirectional or bidirectional and can flow from top-down or bottom-up. 1791

We can define such dependencies between entities as a hierarchical relationship using the 1792

following logic: 1793

If ρ1 → ρ2 · · · → ρn, 1794

then by using Proposition 4.3,
Z(ρn) = Z(ρn−1) + C(ρn−1), (4.204)

1795

and Proposition 1,
Z(ρn) = Z(ρn−1) + Z̄(ρn−1)− ZZ̄(ρn−1). (4.205)

1796
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Referencing from ρi to ρn and applying Proposition 16,
Z(ρi) = Z(ρn)− [C(ρn−1) + · · ·+ C(ρi)] (4.206)

Z(ρi) = Z(ρn)− [(Z̄(ρn−1)− ZZ̄(ρn−1))+

...(Z̄(ρi)− ZZ̄(ρi))], (4.207)
1797

Since C(ρ) > 0⇒ Z(ρi) < Z(ρn). 1798

Referencing from ρn to ρi and applying Proposition 16,
Z(ρn) = Z(ρi) + [C(ρi) + · · ·+ C(ρn−1)], (4.208)

Z(ρn) = Z(ρi) + [(Z̄(ρi)− ZZ̄(ρi)) + ..(Z̄(ρn−1)− ZZ̄(ρn−1)], (4.209)
1799

Since C(ρ) > 0⇒ Z(ρi) < Z(ρn). 1800

Where using Proposition 4.3, and 1,
C(ρi) = Z̄(ρi)− ZZ̄(ρi). (4.210)

1801

From the above logic, we can deduce that, 1802

Proposition 35. Giving any hierarchical dependency of entities on a target, the complete cost 1803

increases from the dependent entity to the influencing entity and decreases from the influencing 1804

entity to the dependent entity. 1805

This implies that, the value acquisition process about targets existing in higher value 1806

levels is difficult to be achieved by lower level agents. This is because the lower level agents 1807

need to overcome additional cost imposed by the environment value at each higher level in 1808

order to achieve complete value about the targets at the higher levels. 1809

So, the lower level (or dependent) entities have much uncertainty or noise when 1810

referenced to a higher level (or influential) entities, and this uncertainty acts as a weight 1811

on them that prevented them from achieving the complete values of a target in the higher 1812

cognitive level. 1813

Furthermore, considering an entity in an infinite level in the hierarchical chain, its 1814

value relative to any entity is, 1815

If ρ1 → ρ2 · · · → ρ∞, where n = ∞, then, 1816

referencing from ρi to ρn

Z(ρi) = Z(ρn)− [
u=n−1

∑
u=i

C(ρu)] = −∞, (4.211)
1817

referencing from ρn to ρi,

Z(ρn) = Z(ρi) + [
u=n−1

∑
u=i

C(ρu)] = ∞. (4.212)
1818

Hence, the relationship between an agent at any dependency level with those at the 1819

higher and lower infinite level can be generalized as follows: 1820

Proposition 36. An entity at any dependency level is infinitely inferior on value about a target 1821

relative to agents in an infinitely higher level but is infinitely superior relative to agents in an 1822

infinitely lower level. 1823

It should be noted that the infinite level in this context is relative to each level and its 1824

agents because the infinite level of an agent in a lower level may not be the infinite level of 1825

another agent at a higher level. So, the closer an agent gets to its infinite level, through level 1826

value acquisition and cost reduction, the less infinite the level becomes. 1827

Moreover, apart from the increase in cost of an agent as its dependency chain increases, 1828

the stability and relative change of value between cognitive levels, will also change as 1829

proposed below. 1830
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Proposition 37. From a low to a high dependency level, the relative change of value is positive and 1831

the stability over the value decreases, and vice versa. 1832

Let RZ
i→n be value change from ith to nth level, n > i, then, 1833

from any dependent entity ρi to an nth level influencer ρn,

relative change; RZ
i→n =

Z(ρn)− Z(ρi)

Z(ρi)
≥ 0, (4.213)

stability; SRi→n = lim
Zi→Zn

(
∂RZ

i→n
∂Zi

) ≈ 1
Zn

, (4.214)

(4.215)
1834

from any nth level influencer ρn to a dependent entity ρi,

relative change; RZ
n→i =

Z(ρi)− Z(ρn)

Z(ρn)
≤ 0, (4.216)

stability; SRn→i = lim
Zn→Zi

(
∂RZ

n→i
∂Zn

) ≈ 1
Zi

. (4.217)

Hence, since Zn > Zi ⇒
1
Zi

>
1

Zn
. (4.218)

where Z(ρn) can be the complete cost value (i.e., environment value) or the knowledge at level n. 1835

Thus, as an agent approach its environment level, the lesser is the stability of the 1836

relative change with respect to its value and vice versa. This is illustrated in Figure 17. 1837

Target t

Key:
Non referential relationship

Referential relationship

∞

Endopistemic acquisition level

Exopistemic acquisition level

Stability of relative 
change in level

relative change in level

i

n

SR

Ri→n

Rn→i

Figure 17. Valuation of agents from different hierarchical level on a target

This relative relationship between dependence levels represents another dimension 1838

of value quantification which is external to an agent. We consider this as an external value 1839

quantification of an agent in a non-isolated environment. All the value operations and their 1840

logic we have discussed are also applicable to this external value. 1841

ii. Network structure 1842

Set of entities may operate in same or different environment space over separate times. 1843

Thus, their values may differ in time and space. If such entities are related over the time 1844

and space domain, such that their values can be transferred or exchanged, then a network 1845

of dependencies or influences between the entities can be established. Such dependency or 1846

influence can be unidirectional or bidirectional and can flow from back-front or front-back. 1847

In this situation, each set of entities during a time period form an entity generation, and 1848

each set of entities in a space form an environment such as a community, world or universe 1849
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as describe in Section 2.2. In both cases, we make the following assumption on the variation 1850

of the value of each entity in a network. 1851

Axiom 4.5. The change in value of an entity in a network does not only on its personal intelligence 1852

and actions but also on the values acquired from related set of entities. 1853

This assumption forms a fundamental concept in value transfer as we shall see in 1854

Section 6. Also, the value estimations in a network of entities can be obtained using the 1855

propositions under hierarchical entities. 1856

For example, let t be the time period for value acquisition in an environment e, by a 1857

networked of n entity generations. 1858

ρ1, ρ2, ρ3, . . . , ρn, where each generation depends on the preceding one as follows: 1859

ρ1 → ρ2, (ρ2, ρ1)→ ρ3, (ρ3, ρ1)→ (ρ4, ρ2), . . . , ρn−1 → ρn. 1860

ρn is an independent and back-edge entity in the network, then to get the value for 1861

any ith entity generation, we simply use Proposition 35. This also applies for network over 1862

different spaces. 1863

4.5.3. Uncertainty in a Close or Open Environment 1864

A non-isolated environment can further be considered to be open or close as described 1865

in Section 2.2.2. The influence by such type of environments are same as described in 1866

Section 4.5.2, but their difference is on the exchange of entities and properties between the 1867

environment and its surrounding. Such exchange will definitely distort the dependency 1868

structure of entities and properties of the environment, thereby affecting value acquisition 1869

in such environment. 1870

A common example is the addition of new observation sequences to the environment 1871

during cognition, which distorts the value of the environment observation, thereby affecting 1872

value acquisition of any agent referencing such environment. More on such dynamics will 1873

be discussed in a future publication. 1874

Conventionally, complete value acquisition about a target in an environment is done 1875

using the information provided by the environment. Actually, such acquisition may have 1876

two main challenges; information provided by the environment may be insufficient for the 1877

agent to attain complete value, the agent does not have the full ability to attain complete 1878

value using the type of information provided by the environment. 1879

To resolve this, the agent may instead benefit and learn from values generated by other 1880

agents in same or different environment, executing same or related actions about same or 1881

related targets. We discuss this in Section 6. 1882

5. Value Optimization 1883

Value optimization is an action operation in agents that enable them to maximize or 1884

minimize a cognitive value they have acquired about a target in an environment in order to 1885

attain the complete value of a target. 1886

In this section, we present two types of optimization operations on cognitive value in 1887

an agent; the learning and unlearning operations. In Section 2.1.2, learning was defined as 1888

an optimization process which involves an increase in cognitive value. In same way, we 1889

define unlearning as follows: 1890

Definition 87. Unlearning, γ̄, is an optimization process which involves the decrease in cognitive 1891

value through revision and update. 1892

Thus, learning a cognitive value implies unlearning the inverse of the cognitive value. 1893

For example, maximizing knowledge implies minimizing ignorance. Learning not to know 1894

a target is same as unlearning what is known about the target. 1895

Since optimization is a dynamic process through which value changes, one key issue 1896

is to define the value that drives the dynamism of such a process. The absolute and relative 1897
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values are two of such values that are dependent can use for such purpose, while the 1898

influencer agents can further access the complete cost in addition to those twos. 1899

Any of these values can be used as a source value to drive the optimization process of 1900

both the dependent and influencer agent. In this regard, the exopistemic and endopistemic 1901

nature of the optimized value need to be taken into account. The optimized values are con- 1902

sidered as the output values of an agent and a target for both agent and target optimization, 1903

respectively. Such output values where given in Section 4.5.1(iv). 1904

Target optimization is to optimize the output values of a target, while agent opti- 1905

mization is to optimize the output value of an agent. Optimizing the output value entails 1906

optimizing the corresponding resultant value. Nevertheless, direct optimization of the 1907

resultant value can also be done if the value is reachable to the agent. This will indirectly 1908

also optimize the output value. We shall focus on output optimization of agents. 1909

Using Theorem 2 (law of conservation of value), we define the optimization process for
relative exopistemic and endopisemic process using absolute and relative values as cost
values. From Theorem 2,

∆g,eZv(e) = ∆g,eZv(g) + ∆g,eZ(cr)v(g). (5.1)
1910

1) Relative endopistemic process optimization of an agent
opt

g
[Zv(e)] = opt

g
[Zv(g)] + opt

g
[Z(cr)v(g)], (5.2)

where Zv(g) = ∑n
i=1 A(e) log

A(g)ti
A(e)ti

, Zv(e) = ∑n
i=1 A(e) log 1

A(e)ti
, 1911

and Z(cr)v(g) = ∑n
i=1 A(e) log 1

A(g)ti
, opt = {max, min}. 1912

If absolute value is used as input and relative value as output.
opt

g
[Zv(g)] = Zv(e)− opt

g
[Z(cr)v(g)]. (5.3)

1913

If relative value is used as input and absolute value as output.
opt

g
[Z(cr)v(g)] = Zv(e)− opt

g
[Zv(g)]. (5.4)

1914

2) Relative exopistemic process optimization of an agent.
opt

e
[Zv(e)] = opt

e
[Zv(g)] + opt

e
[Z(cr)v(g)], (5.5)

where Zv(g) = ∑n
i=1 A(e) log

A(e)ti
A(g)ti

, Zv(e) = ∑n
i=1 A(e) log A(e)ti , 1915

and Z(cr)(g) = ∑n
i=1 A(e) log A(g)ti , opt = {max, min}. 1916

If absolute value is used as input and relative value as output.
opt

e
[Zv(g)] = opt

e
[Zv(e)]− opt

e
[Z(cr)v(g)]. (5.6)

1917

If relative value is used as input and absolute value as output.
opt

e
[Z(cr)v(g)] = opt

e
[Zv(e)]e − opt

e
[Zv(g)]. (5.7)

1918

Since exopistemic process and endopistemic process are inverse of each other, Equation 1919

(5.2) and (5.5) are obtain from each other by multiplying all terms with an inverse factor, -1. 1920

Also, an endopistemic optimization can be carried on an exopistemic value and vice 1921

versa, by changing the optimizer. That is, a relative endopistemic value is optimized over e 1922

instead of g, and a relative exopistemic value is optimized over g instead of e. 1923

Furthermore, the optimization of an agent is a process done over space and time, as 1924

described in the next two sections. 1925

5.1. Optimization Over Space 1926

The optimization operation is conventionally done with respect to the intelligence 1927

space of an agent. Nevertheless, other space domains of an agent such as the information, 1928
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action and cognitive value domains can be used. In this research, we stick with the 1929

conventional approach. 1930

Focusing on relative endopistemic knowledge, the law of conservation of value will
separate the relative endopistemic value into the complete value and the cost as follows:

Zv(g) = Z(c)v(g)− Z(cr)v(g), (5.8)
where Z(c)v(g) is the complete Znetropy about the target, and Z(cr)v(g) is cross Znetropy 1931

about the target. 1932

Optimizing Zv(g) with respect to φ of g can then be expressed for both learning and 1933

unlearning processes as follows: 1934

1) Learning process
max
φ∈g

[Zv(g)] = max
φ∈g

[Z(c)v(g)]− Z(cr)v(g)], (5.9)

max
φ∈g

[Zv(g)] = max
φ∈g

[Z(c)v(g)] + min
φ∈g

[Z(cr)v(g)]. (5.10)
1935

Since Z(c)v(g) is the complete cost over which the intelligence φ of agent g can generate
the complete (i.e., optimum) value about the target t, then given the intelligence of g,
Z(c)v(g) cannot be maximized, hence, we can safely write,

max
φ∈g

[Zv(g)] = [Z(c)v(g)] + min
φ∈g

[Z(cr)v(g)]. (5.11)
1936

The intelligence space that will enable the action that generates the maximum value is
expressed as,

φ = argmax
φ∈g

[Zv(g)] = argmax
φ∈g

[Z(c)v(g)− Z(cr)v(g)]. (5.12)
1937

2) Unlearning process
min
φ∈g

[Zv(g)] = min
φ∈g

[Z(c)v(g)]− Z(cr)v(g)], (5.13)

min
φ∈g

[Zv(g)] = min
φ∈g

[Z(c)v(g)] + max
φ∈g

[Z(cr)v(g)]. (5.14)
1938

Similarly to learning, the agent g cannot minimize its complete value Z(c)v(g), hence,
we can safely write,

min
φ∈g

[Zv(g)] = [Z(c)v(g)] + max
φ∈g

[Z(cr)v(g)]. (5.15)
1939

The intelligence space that will enable the action that generates the minimum value is
expressed as:

φ = argmin
φ∈g

[Zv(g)] = argmin
φ∈g

[Z(c)v(g)− Z(cr)v(g)]. (5.16)
1940

Furthermore, since the optimization process is itself a type of action of an agent, it can 1941

also be optimize, thereby implying a double optimization. Hence, we can say an agent can 1942

learn to learn, unlearn to learn, learn to unlearn and unlearn to unlearn as describe below. 1943

Let,
max
φγ∈g

[Zv(g)] ≡ [Zv(g)]φγ (5.17)

min
φγ̄∈g

[Zv(g)] ≡ [Zv(g)]φγ̄ , (5.18)
1944

then, [[Zv(g)]φγ ]φγ is learning to learn, 1945

[[Zv(g)]φγ ]φγ̄ is unlearning to learn, 1946

[[Zv(g)]φγ̄ ]φγ is learning to unlearn, 1947

[[Zv(g)]φγ̄ ]φγ̄ is unlearning to unlearn. 1948

This can also be extended to multiple dimension of optimizations or actions. In this 1949

research, we stick with the one dimensional optimization of an agent. 1950

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 November 2022                   doi:10.20944/preprints202211.0450.v1

https://doi.org/10.20944/preprints202211.0450.v1


70 of 89

5.2. Optimization Over Time 1951

Time is an important property for any process because it can be used to capture the 1952

evolution of the process, and how time is defined depends on the process it is associated 1953

with. In this section, we define a time property based on the optimization process of an 1954

agent. We call this property the optimization time or simply the learning time. 1955

Definition 88. Optimization time, τ, is one complete cycle of optimization based on a number 1956

of actions (observations, reasoning, actuations, etc.) of an agent on a target. 1957

Conventionally, this is also called learning epoch or cycle. 1958

A time property can also be defined for each of the different actions in a learning cycle 1959

such as observation, actuation, etc., but we focus on the learning time in this research. 1960

Based on Definition 88, the optimization over intelligence space of the relative en-
dopistemic value will be further optimized over time as follows:

opt
φ∈g

[Zv(g)]τ = opt
φ∈g

[Z(c)v(g)− Z(cr)v(g)]τ , (5.19)

where opt = {max, min}, τ is the learning time. 1961

The intelligence space that will enable the action to generate the optimized value over
time is expressed as,

φτ = argopt
φ∈g

[Zv(g)]τ = arg opt
φ∈g

[Z(c)v(g)− Z(cr)v(g)]τ . (5.20)
1962

Achieving this intelligence is done through an update process of its space using the 1963

generated cognitive value. This process is repeated over time until the cognitive value 1964

reaches a maximum during learning or minimum during unlearning. 1965

For example, in a gradient based optimization process, the intelligence is updated using
the gradient of the cognitive value over intelligence. This gradient is same as the stability of
the cognitive value over the intelligence space. Taking gradient descent and ascent techniques
as use cases,

[φ]τi+1 = [φ]τi − [δφ]τi (gradient descend), (5.21)

[φ]τi+1 = [φ]τi + [δφ]τi (gradient ascent). (5.22)
1966

1) During Learning

[δφ]τ = argmax
δφ∈g

[δZv(g)]τ = γL max
φ∈g

[
∂Zv(g)

∂φ
]τ , (5.23)

but, max
φ∈g

[
∂Zv(g)

∂φ
]τ = max

φ∈g
[
∂Z(c)v(g)

∂φ
]τ + min

φ∈g
[
∂Z(cr)v(g)

∂φ
]τ . (5.24)

1967

Since agent g cannot optimize Z(c)v(g), and if Z(c)v(g) is constant, then,

max
φ∈g

[
∂Zv(g)

∂φ
]τ = min

φ∈g
[
∂Z(cr)v(g)

∂φ
]τ . (5.25)

1968

The intelligence update function during gradient descent learning becomes,

[φ]τi+1 = [φ]τi − γL min
φ∈g

[
∂Z(cr)v(g)

∂φ
]τi . (5.26)

1969

This can also be expressed using gradient ascent as follows:

[φ]τi+1 = [φ]τi + γL min
φ∈g

[
∂(−Z(cr)v(g))

∂φ
]τi , (5.27)

[φ]τi+1 = [φ]τi − γL max
φ∈g

[
∂(−Z(cr)v(g))

∂φ
]τi , (5.28)

where [ ∂Zv(g)
∂φ ],[

∂Z(cr)v(g)
∂φ ], [

∂Z(c)v(g)
∂φ ] are respective stability values [SZv(g)φ], [SZ(cr)v

(g)φ], 1970

[SZ(c)v
(g)φ]] over the intelligence space, and γL is learning rate. 1971
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2) During Unlearning

[δφ]τ = argmin
δφ∈g

[δZv(g)]τ = γUL min
φ∈g

[
∂Zv(g)

∂φ
]τ , (5.29)

but, min
φ∈g

[
∂Zv(g)

∂φ
]τ = min

φ∈g
[
∂Z(c)v(g)

∂φ
]τ + max

φ∈g
[
∂Z(cr)v(g)

∂φ
]τ . (5.30)

1972

Since agent g cannot optimize Z(c)v(g), and if Z(c)v(g) is constant, then,

min
φ∈g

[
∂Zv(g)

∂φ
]τ = max

φ∈g
[
∂Z(cr)v(g)

∂φ
]τ . (5.31)

1973

The intelligence update function during gradient descent unlearning becomes,

[φ]τi+1 = [φ]τi − γUL max
φ∈g

[
∂Z(cr)v(g)

∂φ
]τi . (5.32)

1974

This can also be expressed using gradient ascent as follows:

[φ]τi+1 = [φ]τi + γUL max
φ∈g

[
∂(−Z(cr)v(g))

∂φ
]τi , (5.33)

[φ]τi+1 = [φ]τi − γUL min
φ∈g

[
∂(−Z(cr)v(g))

∂φ
]τi , (5.34)

where γUL is unlearning rate. 1975

So during optimization of an endopistemic relative value, using a gradient descent 1976

learning of the endopistemic cost is similar to gradient ascent of an exopistemic cost. 1977

Logically, for the optimization of an exopistemic relative value, using a gradient descent 1978

learning of the exopistemic cost will be similar to gradient ascent of an endopistemic cost. 1979

Other optimization approaches such as meta-heuristic approaches e.g., Genetic al- 1980

gorithms, differential evolution, etc., can also be used. We shall use the gradient based 1981

approach for the experiment in this research. More on cognitropy learning and unlearning 1982

techniques will be presented in future publications. 1983

This is a generalized framework of learning in agent development, where both time 1984

and space are considered. The time and space consideration is very important in modern 1985

intelligent agent learning logic such as Continual learning [108]. We shall provide more 1986

articles on this topic in future. 1987

5.3. Relationship with Kinematics 1988

The formalism of an optimization process is analogous to the formalism of physical 1989

object dynamics using Lagrangian and Hamiltonian mechanics. This similarities can be seen 1990

when using a gradient based optimization technique. 1991

Based on physical object (i.e., entity) dynamics, the Lagrangian and Hamiltonian are
given as,

Lagrangian : L = T −V, (5.35)

Hamiltonian : H = T + V, (5.36)

⇒ H − L = 2V, (5.37)
where L is the Lagrangian, H is the Hamiltonian, T is kinetic energy, and V is potential 1992

energy of the dynamic entity. 1993

In a situation where all the variables change during the dynamic motion of the en-
tity, the exopistemic optimization process presented in Equation (5.5) gives a suitable
representation of the Lagrangian - Hamiltonian formalism of cognimatics.

L cognimatics : Zv(e||g) = Zcr(e)− Zv(e), (5.38)

H cognimatics : Zcr(e) = Zv(e||g) + Zv(e), (5.39)

⇒ Zcr(e)− Zv(e||g) = Zv(e), (5.40)
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where, Zv(e||g) = ∑i−n
i=1 A(e)ti log

A(e)ti
A(g)ti

is the relative exopistemic value of agent e and 1994

is analogous to the Lagrangian of agent e, Zcr(e) = ∑i−n
i=1 A(e)ti log 1

A(g)ti
is the abso- 1995

lute exopistemic value agent e and is analogous to the Hamiltonian of agent e, Zv(e) = 1996

∑i−n
i=1 A(e)ti log 1

A(e)ti
is the exopistemic influence to dependent agents of agent e and is 1997

analagous to the potential energy of agent e. 1998

Other cognitive values can also be used in such formalism, such as in the case of a 1999

fixed potential energy or complete value the endopistemic cognition defined in Equation 2000

(5.2) can be used. Nevertheless, an endopistemic optimization can still be carried on an 2001

exopistemic value and vice versa, by simply changing the optimizer. 2002

Another important analogy is that related to action. Depending on nature of the curve 2003

(i.e., path) defined by the optimization process, i.e., concave or convex, we can find the 2004

action value that will produce the least divergence between the agent and its environment 2005

as described in Equation (4.103). 2006

For a convex path, or when complete cost defined by A(e) is convex, the action is,
A(g||e) = argmin

A(e)∈e
[Z(g||e)t], (5.41)

where, Z(g||e)t = ∑ A(e) log A(e)
A(g) . 2007

This implies the action in a convex path follows the path with least or minimum value. 2008

The dynamics of the motion is base on the minimization of the divergence between g and e. 2009

For a concave path, or when complete cost defined by A(e) is concave, the action is,
A(g||e) = argmax

A(e)∈e
[Z(g||e)t], (5.42)

where Z(g||e)t = ∑ A(e) log A(g)
A(e) . 2010

This implies the action in a concave path follows the path with maximum value. The 2011

dynamics of the motion is based on the maximization of the divergence between g and e. 2012

The action in a convex path can be considered to be analogous to the principle of least
action in Lagrangian and Hamiltonian mechanics when using gradient-based optimization.

Action =
∫ τ2

τ1

Ldτ, (5.43)

where L is Lagrangian as mentioned in Equation (5.35). 2013

Nevertheless, same action can be generated for a Hamiltonian value. Also, since the 2014

concave optimization entails maximization, the action follows a principle of maximum action. 2015

These analogies are important as they give a clear picture of cognimatics in relation to 2016

kinematics, and can change the way conventional machine learning and data analytic are 2017

carried out. More of these will be presented in future publications. 2018

5.4. Semantic Learning 2019

Conventionally, learning is mostly classified based on the nature of the environment; 2020

supervised, unsupervised, and reinforcement learning. Well, we can also classify learning 2021

based on the dependencies between entities; conditional learning, mutual learning, joint 2022

learning, and semantic learning. Conditional learning, which entails conditional action 2023

optimization, is widely used in intelligent agent design. In this section, we introduce 2024

semantic learning. 2025

Semantic learning is the process of optimizing the semantic value between environ- 2026

ments influences on an agent about a target. We consider the semantic divergence in Section 2027

4.4 as the relative dependency between non-collinear entities. 2028

An agent learning a target based on an environment which has different influence 2029

from and relatively related to its environment, will need to not only learn the target based 2030

on the influence of its environment, but also based on the relative influence between its 2031

environment and the remote environment. 2032

Leaning the value of the collinear environment can be done using conventional learn- 2033

ing and intelligence design models, where the objective is simply to reduce the relative 2034
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value between the agent and its environment, i.e., the cost of the agent in its environment. 2035

But, learning the value of the remote (non-collinear) environment will require a different 2036

learning and intelligence design approach. This is because, 2037

1. The action defining the semantic environment is out of the agent’s direct sphere of 2038

dependency, hence, it is non-collinear with the agent local environment. 2039

2. The environments may not be identical and equal. 2040

Based on these factors, we describe a learning technique of an agent with respect 2041

to a "fictitious" environment, defined by the relative knowledge value between the local 2042

and remote environment. As explained in Section 4.4, we provide an approximation 2043

of this environment to the agent, and the agent then takes optimization action on this 2044

approximated environment. With such approximation, the optimization process of the 2045

agent will be to find the best fit of its knowledge in this approximated environment as 2046

compared to the complete cost of the remote environment. 2047

Actually, the agent does not need to learn the remote environment separately, as this 2048

will imply it has direct access to the input information space of the environment. In such 2049

case, conventional computational learning techniques will suffice. On the other hand, with 2050

semantic learning, an agent may have access to the output information of the remote agent, 2051

but not the input, and the objective is to learn or recreate this output, with values and 2052

information from a referentially related local environment. 2053

Two types of semantic learning was discussed in Section 4.4; sequential and parallel 2054

semantic learning. 2055

5.4.1. Parallel Semantic Learning 2056

During parallel semantic learning, the agent takes optimization actions on both its 2057

local environment and the "fictitious" environment simultaneously. To achieve this, we 2058

estimate the action of the "fictitious" environment and use it in the optimization process. 2059

As given in Section 4.4, the action of the "fictitious" environment on target can be
based on any of these equations:

A(e′i) =
A(ei) + A(ej)

2
, (5.44)

A(e′i) = argmax
A(ej)∈ej

(Z(ei||ej), (5.45)

where ej is remote environment, ei is local environment, e′i is "fictitious" environment, A(ej) 2060

is remote environment action, and A(e′j) is "fictitious" environment action. 2061

Then, the semantic learning process of an agent will simply be to optimize the agent’s
action on this environment influence, rather than on the remote environment influence.

opt
φs∈g

[Zv(g||e′i)]τs = opt
φs∈g

[Zv(e′i)− Z(cr)v(g)]τs , (5.46)

where φs is the semantic intelligence, τs is semantic learning time. 2062

However, the knowledge and cost generated during this learning process will further 2063

be compared with those of the actual output action or complete cost of the actual remote 2064

environment. This is described in Algorithm 1. 2065
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Algorithm 1 Parallel semantic learning

Require: A(e′i) =
A(ei)+A(ej)

2 , g→ ei ↔ ej . Initial constrain
Ensure: [Z(cr)v(g||e′i)] = [Zc(ej)] . Final constrain

But Zv(g||e′i) = Zv(e′i)− Z(cr)v(g||e′i)
while [Z(cr)v(g||e′i)] 6= [Zc(ej)] do

maxφs ([Zv(g||e′i)])τs

if [Z(cr)v(g||e′i)] > [Zc(ej)] then
maxφs ([Zv(g||e′i)])τs

else if [Z(cr)v(g||e′i)] < [Zc(ej)] then
minφs ([Zv(g||e′i)])τs

end if
end while

This implies that semantic learning does not only require a unidirectional learning 2066

action, e.g., only maximization or minimization, as conventional learning algorithms. It 2067

also requires a bi-directional learning, i.e., both maximization and minimization processes. 2068

This implies that a semantic learning agent is a bidirectional learning system. 2069

In reality, this is analogous to how humans learn. For example, learning a new 2070

language if we already know another language, we use the knowledge of our original 2071

language to gain knowledge of the new language, and compare our acquired learning 2072

knowledge with that of an advanced speaker of the language. Thus, semantic learning 2073

can be important for language translation agents and a solution to other environment 2074

divergence problem. 2075

5.4.2. Sequential Semantic Learning 2076

Sequential semantic learning, on the other hand, involves completing the optimization 2077

of the local environment and then uses its complete cost to do optimization on the remote 2078

environment. This is presented in Algorithm 2. 2079

Algorithm 2 Sequential semantic learning

Require: g→ ei ↔ ej . Initial constrain
Ensure: [Z(cr)v(g||ei)] = [Zc(ej)] . Final constrain

But Zv(g||ej) = Zv(g||ei) + Zv(ei||ej)
while [Z(cr)v(g||ei)] 6= [Zc(ej)] do

maxφl ([Zv(g||ei)])τs

if maxφl ([Zv(g||ei)])τs then
A(gi) = argmaxA(g)([Zv(g||ei)])τs

end if
maxφs ([Zv(g1||ej)])τs

end while

Where, φl is intelligence of g on the local environment, φs semantic intelligence of g on the 2080

remote environment ej and its local environment ei. 2081

This represents a sequential learning where the agent first gains complete value about 2082

its local environment, then it uses its action and cost at that local completeness to acquire 2083

complete value in the remote environment. 2084

Further discussions and applications on semantic learning and intelligence will be 2085

presented in a future publications. 2086

5.5. Generalization 2087

The downside of optimization over a target is the risk of a poor generalization over the 2088

target. This phenomenon leads to the issue of over-fitting and under-fitting of an agent on a 2089

target during non optimization period. For this reason, a regularization factor is introduced 2090

in conventional learning processes, especially gradient based learning processes of an agent. 2091

This is illustrated in the Figure 18. 2092
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Figure 18. learning process with a regularization function (RF).

There are many regularization techniques in the literature [109]. These are important 2093

because learning a target does not guarantee knowledge on unseen information about 2094

the target. Also, the verification of the level of generalization is important, and many 2095

techniques such as Probably Approximately Correct (PAC) learning [110], Mistake Bound 2096

(MB) learning [111], and Cross validation estimates [112] are used for this purpose but are 2097

not solutions to the generalization problem. 2098

In this research, we seek to provide theories that will not only lead to a flexible and 2099

scale-able agent optimization process, but also that will lead to a reduced generalization 2100

error. Values obtained after the application of a generalization solution can be considered 2101

as refined values. 2102

To solve the generalization problem, we introduce the concept of a revision process, 2103

where the cognitive value of an agent is revised by values from remote agents or itself. This 2104

is presented in the next section. 2105

6. Value Transfer 2106

The transfer of value between entities is necessary if interactivity between the entities 2107

is permitted. In this section, we describe different characteristics of a cognitive transfer pro- 2108

cess. These include: transfer methods, revision, and optimization of cognitive properties. 2109

6.1. Transfer Methods 2110

Like any physical quantity, the value of a cognitive property can move from one 2111

entity to another, being transformed or remained unchanged at the destination. We thus 2112

distinguish two groups of transfer methods; transformative value transfer (TVT) and non- 2113

transformative value transfer (NTVT). 2114

Transferring a value over space (a group of interactive entities) or time is consid- 2115

ered as a value propagation. Conventionally, different models are used to describe both 2116

transformative and non-transformative value propagation. transformative value propagation 2117

(TVP) models include the diffusion models, wave models, etc., and the non-transformative value 2118

propagation (NTVP) models include the SI, SIR, etc., models. 2119

In fact, NTVP process is commonly considered as a multiplication of same value over 2120

a group of entities, and its model focuses on counting the variation of this multiplicity over 2121

space and time, e.g., modeling of virus spread, information spread, etc. Whereas, TVP 2122

models focus on the degree of transformation that a source value undergoes over space and 2123

time, e.g., modeling of heat flow, sound flow, etc. Hence, NTVP and TVP are respectively 2124

quantitative and qualitative analytic processes of a value over space and time. 2125

Using these concepts, the transfer process for the values of cognitive properties defined 2126

in this research can be modelled using TVP or NTVP models, based on the ability of the 2127

value to be transformed during the transfer process. 2128

Considering each entity as a value processing unit, the values that passes through 2129

them can be transformed. Based on this, we adopt the transformative method of value 2130

transfer, with major focus on the diffusion model of value propagation, and reserving the 2131

wave model for a future article. 2132
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6.1.1. Diffusion Model of Value Transfer 2133

Diffusion is a phenomena where a quantity Ωt spreads from a region of high concen-
tration to that of low concentration, and it is derived mathematically based on the following
two laws of nature:

∂Ωt(S, τ)

∂τ
+

∂J(S, τ)

∂S
= 0 (Law of Continuity), (6.1)

where J(S, τ) = −D ∂Ωt(S,τ)
∂S (Firk’s First law),

⇒ ∂Ωt(S, τ)

∂τ
= D

∂2Ωt(S, τ)

∂2S
(Diffusion equation), (6.2)

where, Ωt(S, τ) is the value of Ωt at space S and time τ, D is the diffusion coefficient and J 2134

is the diffusion flux. 2135

There are many techniques in the literature to solve the diffusion equation, such as 2136

the use of the Laplace-Fourier transform and the Laplace operator, applied during spectral 2137

analysis in image processing [113],[114] and in Graphical neural network [115],[116]. 2138

But modeling the diffusion process of a quantity Ωt on a discrete space S can easily be 2139

done using a random walk of the quantity on the space [117]. This is the approach we shall 2140

use to model the diffusion of value in this research. 2141

Consider a group of agents, g1, g2, g3, g4, interacting with each other based on the 2142

following dependency network: 2143

g1 → (g2, g3), g2 → (g3), g3 → (g2, g4), g4 → (g1, g3, g4) . 2144

Let gi depends on gj, and gi generates action value A(gi)t and cognitive value Zv(gi)t 2145

on a target t. Based on Proposition 1, the influence of gi on gj is a measure of its action on 2146

gi, which represents the complete value Z(c)v(gj||gi)t of gj relative to gi. The propagation 2147

of such influence over space and time may increase, decrease, or remain constant. 2148

The cause of such transformation over time and space of the generated value of an 2149

influencer is mainly due to the medium through which the value is transferred. This 2150

medium defines an environment, which can be considered as a mediating agent that takes 2151

the action of transferring the value of gi to gj. 2152

We define the following quantities to describe the propagation of the influence [Ωt]i 2153

generated by gi to [Ωt]j of gj. 2154

[[Ωt]j]τ is A(gj)t or Z(c)v(gj)t of gj at time τ from gi. 2155

[[Ωt]j]τ+1 is value of [Ωt]j at time τ + 1. 2156

[[Ωt]i,j]τ is A(gij)t or Z(c)v(gij)t that defines the transformation of the value [[Ωt]i]τ of 2157

gi to the value [[Ωt]j]τ+1 of gj over space S and time τ. 2158

Since the propagation involves value transformation, we simply define a transforma- 2159

tion process that represents the value transfer from gi to gj. We represent this transformation 2160

as an additive or multiplicative (scalar) operation on the value of gi with a transformation 2161

factor for value increment over space and time, and a subtraction or division operation for a 2162

value decrements. 2163

Proposition 38.
[[Ωt]j]τ+1 = ∑

i
[[Ωt]i,j]τ ⊗ [[Ωt]i]τ∀i, j ∈ S, (6.3)

⊗ is addition or subtraction if Ωt = {Z(g)t},⊗ is dot product or division if Ωt = {A(g)t, Z(g)t}, 2164

Z(g)t is complete value, and A(g)t is action value. 2165

For a finite network space S, we can multiply [Ωt]i,j with an adjacency matrix [Mt]i,j of
the space, over the target t.

[[Ωt]j]τ+1 = [Mt]i,j[[Ωt]i,j]τ ⊗ [[Ωt]i]τ . (6.4)
2166

The definition of the transformation factor [[Ωt]i,j]τ during the transfer process is 2167

important. As earlier mentioned, this can be considered as a value from a mediating agent 2168

gij defining the relationship between gi and gj. This is considered in this research as the 2169

Attention property of the agent gj. 2170
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Definition 89. Attention is the property of an agent gj that regulates the flow of value from any
source to the agent.

[[Ωt]i,j]τ = f (Gi, Gj, τ), (6.5)
where Gi = {gi, ..gi+n}, Gj = {gj, ..gj+m}, m = #j of i. 2171

This implies that the attention property of an agent is a type of cognitive control property 2172

[118] of the agent on its input values. In general, the cognitive control properties of 2173

an agent control all its output and input values. The control of output values is called 2174

executive attention in the literature [118]. More so, attention can be exogenous or endogenous 2175

[119],[118], which corresponds respectively to the exopistemic and endopistemic processes 2176

we introduced in this research. 2177

The valuation of the attention property depends on the transfer model of the agent. 2178

For example, in a diffusion based transfer model, where values from gi to gj decrease over 2179

space such that the complete value from gi is transformed until all agents in the space have 2180

same value, can be modelled with an attention (transformer) value as proposed below. 2181

Proposition 39.
Given [[Ωt]j]τ+1 = ∑

i
[Ωt]i,j ⊗ [[Ωt]i]τ , (6.6)

2182

if [[Ωt]i]τ = [[Ωt]j]τ , no diffusion occurs between gi and gj, 2183

if [[Ωt]i]τ > [[Ωt]j]τ diffusion of [Ωt]i]τ occurs from gi to gj, 2184

if [[Ωt]i]τ < [[Ωt]j]τ diffusion of [Ωt]j]τ from gj to gi. 2185

Using a random walk model of diffusion, we define a simple transformer over the
multiplicative operator as follows:

[Ωt]i,j =
1

n(Gj)i
, (6.7)

⇒ [[Ωt]j]τ+1 = ∑
i

1
n(Gj)i

[[Ωt]i]τ [[Ωt]j]τ+1, (6.8)

⇒∑
i

1
n(Gj)i

[[Ωt]i]τ [[Ωt]j]τ+1 = [Mt]i,j[Dt]
−1
i,j [[Ωt]i]τ , (6.9)

where [Dt]i,j is the degree matrix of Gi in S, n(Gj)i is number of gj on gi. 2186

This represents a random walk of [Ωt]i on a space S defined by [Mt]i,j. Also, accord- 2187

ing to Proposition 38, this implies that both the action value A(gi) and complete value 2188

Z(c)v(gj||gi) from gi can be used in such a diffusion operation. 2189

Before any walk, i.e., at time = 0, the value [[Ωt]i]τ from the initial influencer gi reduce
by a factor [[Ωt]i,j]τ after each layer of dependency, and considering each walk to represent
one time step through a layer, then the value of [[Ωt]i,j]τ at n step will simply be given as,

[[Ωt]j]τ=n = [[Ωt]i,j]
n[[Ωt]i]τ=0. (6.10)

2190

One significance of using a diffusion model for the modeling of influence flow across 2191

a network of agents is the effect of this influence on the cost, knowledge, and ignorance 2192

values of the individual dependent agents. Based on Proposition 22, for binary target, the 2193

required cost increases with reduced complete cost. This implies that, agents far from the 2194

value source will require more cost to acquire the complete value. This is intuitive in the 2195

sense that the complete truth about something is deformed as we move further away from 2196

it and much work will be required to uncover such truth. 2197

In the next section, we describe the effect of a remote values such as influences on the 2198

self generated values of dependent agents, i.e., a microscopic view of the transfer process. 2199
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6.2. Transfer Value Revision 2200

Apart of the influence received from its referenced dependencies, i.e., environments, an 2201

agent can experience other influences based on values from non-referenced dependencies. 2202

We consider the former as a referential influence and the later as a non-referential influence. 2203

Likewise, their transfer processes are considered as referential and non referential value transfer. 2204

In Section 6.1.1, we discussed about the diffusion of environment influence over a 2205

network of interactive agents, and in Sections 4.4 and 4.5, we discussed about the influence 2206

of the divergence and variation of this environment on an agent. These are all related to the 2207

referential value transfer. In this section, we focus on non-referential value transfer. 2208

In a non-referential value transfer, the influence on an agent is based on non-referential 2209

dependencies such as conditional, mutual and joint dependencies. This can be considered 2210

as conscious conditioning [98] of an agent. During this process, an agent receives values from 2211

other agents and carries a non referential dependency action on it. We consider this process 2212

as a value revision process, which we define below. 2213

Axiom 6.1. The revision process defines and is defined by a relationship between agents on a target
over a value property.

Revised value = Rv(gj, Gi)t, (6.11)
where R(·) is revision function. 2214

Related to the resultant value concept in Section 4, the revised value represents a type of 2215

resultant value generated by an agent based on already generated local and remote values. 2216

If the revision process of an agent is carried out using only its values, then such 2217

process is considered here to be a replay process[120],[121], an introspection, retrospection, or a 2218

prospection[122], all of which require the use of a memory. We shall present more on these 2219

aspects in future publications. 2220

In a non-referential transfer process, the relationship of a revision process can be 2221

defined using logical dependency such as conditional, joint, and mutual dependencies, or 2222

functional dependency such as min, max and avg dependencies. 2223

In this regard, the revision of the values generated by an agent gj based on non-
referential values from a set of agents Gi, can be described using any of these logical
operations.

Rv(gj, Gi)t = Ωaj |ai
(gj)t (conditioned on Gi), (6.12)

Rv(gj, Gi)t = Ωaj ;ai (gj)t (mutuality with Gi), (6.13)

Rv(gj, Gi)t = Ωaj ,ai (gj)t (joint with Gi), (6.14)

where Ω = {A(g), Za(g), Z(cr)a(g)}, Gi = {g1, g2, ...gn}. The inverse Ω̄ = {Ā(g), Z̄a(g), Z̄(cr)a(g)}2224

can also be used. 2225

The expression for each logical operation was given in Section 3; logical operations on 2226

action and cognitropy values. 2227

For functional dependency, we define the following:
Rv(gj, Gi)t = max(Ω(gj), Ω(Gi))t (maximum Ω), (6.15)

Rv(gj, Gi)t = min in(Ω(gj), Ω(Gi))t (minimum Ω), (6.16)

Rv(gj, Gi)t = avg(Ω(gj), Ω(gi))t (average Ω). (6.17)
2228

An agent may use any of these revision logic but choosing a right logic will depend 2229

on the objective of the revision process. For example, if the aim is to revise only if another 2230

agent provides a value, then a conditional revision dependency is used, and if the aim is 2231

to have a general value based on others opinion, then a joint or average revision logic is 2232

preferable. In general, a revision value is a type of resultant value of an agent on a target, so 2233

the resultant values defined in Section 4.5.1 can also be used. 2234
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Furthermore, the revision process of a destination agent gj can be expressed as a
function of its self value Ωj and the values Ωi from the remote agents Gi.

Ωrj = f (Ωj) + f (Ωi) (for Ω = {A(g), Z(g)}), (6.18)

Ωrj = f (Ωj) f (Ωi) (for Ω = {A(g), Z(c)a(g)}). (6.19)
Considering the knowledge value, we can express its revision operations in this format

using expressions in Section 3, where the revision environment is defined by the joint value
Ωij(e) of the environments of gj and Gi.

Zaj |ai
(gj)t = Zaj(gj)t − Zaj ;ai (gj)t, (6.20)

Zaj ;ai (gj)t = Zaj(gj)t − Zaj |ai
(gj)t, (6.21)

Zaj ,ai (gj)t = Zaj(gj)t + Zai |aj
(gj)t, (6.22)

avg(Z(gj), Z(gi))t =
1
n

Zaj(gj)t +
1
n

n

∑
i=1

Zai (gi)t. (6.23)

We consider the self value Ωj of a destination agent gj as bias value that influences its 2235

revision process. This can be a confirmation bias [123],[124] for conditional revision process. 2236

Also, bias value can represent either a parallel or sequential value acquisition process to the 2237

revision process, which will both require a parallel and sequential memory, respectively. 2238

Ωj is sequential to Ωrj ,

[Ωrj ]τ+1 = [ f (Ωj)]τ + [ f (Ωi)]τ . (6.24)
2239

Ωj is parallel to Ωrj ,

[Ωrj ]d2 = [ f (Ωj)]d1 + [ f (Ωi)]d2 . (6.25)
2240

In the case of a parallel bias value, the input space and intelligence on which the bias 2241

value is generated differs from that of the revised value. We consider the former as the 2242

background process and the later as the foreground process of the agent gj. In the sequential 2243

case, the bias value Ωj can also be considered as the prior of the revised value Ωrj . 2244

Based on these, a referential transfer process such as the diffusion process, can be con- 2245

sidered as a revision process on the environment value based on a functional dependency 2246

defined by the diffusion equation given in Proposition 39. 2247

Similar to referential influence, non referential influence can be experienced from 2248

collinear and non-collinear agents, hence, the divergence of the source and destination envi- 2249

ronment must be taken into account at the destination agent. This implies an environment 2250

conversion operation such as semantic learning is required by the destination agent. 2251

In some cases, the transfer values may be reinserted as input to the background 2252

(bias) environment rather than the foreground (revision) environment. Such model will be 2253

identical to the Ensemble learning model [125],[103] if the transfer consists of action values. 2254

Other models such as Transfer learning [126] and Federated learning [127] focus on transfer of 2255

intelligence parameters rather than values as per this research. 2256

6.3. Revision Process Optimization 2257

Once an agent receives a set of values from different agents, it revises its bias or self 2258

generated value based on the received values. It then uses this revised value to update its 2259

background and foreground intelligence during learning. 2260

Using the learning process discuss in Section 5, we can express the learning of the
revised knowledge value as follows:

argopt
φ∈gi

[Rv(gj, Gi)t]τ = argopt
φ∈gi

[Zr(gj)t]τ , (6.26)

where argopt = {argmax, argmin}, and r = f (aj, ai). 2261
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Based on the revision logic used by the agent, the revision learning can be divided 2262

into separate parts depending on the agent’s ability to learn that value type and the type of 2263

already existing value that the agent already have. 2264

For example, in a joint value revision logic, the optimization can be expressed as,
argopt

φ∈gi

[Rv(gj, Gi)t]τ = argopt
φ∈gi

[Zaj(gj)t + Z∩ai |aj
(gj)t]τ . (6.27)

2265
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Figure 19. Optimization process of a revision function.

However, if the agent has more revision ability on mutual value than conditional value
with the remote agents, it may learn the conditional value through the mutual value.

argopt
φ∈gi

[Zaj(gj)t + Z∩ai (gj)t + Zaj ;∩ai (gj)t]τ . (6.28)
2266

If the agent considers the remote values are independent from each other and its
self value, then the joint optimized revised value is considered the optimized sum of the
independent values.

argopt
φ∈gi

[Zaj(gj)t + Zai (Gi)t]τ . (6.29)
2267

In Figure 19, we present the revision process and its optimization. As already men- 2268

tioned, such optimization process will not only achieve complete value but also increase 2269

generalization as we demonstrate in the experiment below. 2270

7. Experiment and Simulations 2271

7.1. Experimental Setup 2272

Four agents (g1, g2, g3, g4) were used in the experiment. Three of the agents transfer 2273

value to the fourth agent, that acts as a value receptor. The fourth agent learns from these 2274

received values and its self value. The input (background) environment and target of all 2275

the four agents are based on the breast cancer diagnostics dataset textcolorblue[128]. 2276

Objective of experiment: To study the effect of transfer values on the generalization of 2277

the learning action of an agent about the target in cancer diagnostics dataset. 2278

The design setup for the experiment is shown below. 2279
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Figure 20. Experiment setup for a revision process of gj.

7.2. Experimental Analysis 2280

All agents including the value receiving agent g1 generate knowledge value on same 2281

target based on the definition of the target by their respective environment. But, the 2282

receiving agent g1 is further enhanced with a revision logic which enables it to revise its 2283

generated value with the remote values. The revision logic used in this experiment is the 2284

joint revision process based on the non-referential actions of all related agents about the 2285

target. Nevertheless, the resultant knowledge value from the incoming knowledge value of 2286

all related agents can also be used. 2287

First, we define all agents as value generators, and then we define the revision and 2288

learning logic of the receiving agent. 2289

i) Value generators, gi: 2290

Each agent generates two types of value: its absolute action value A(g)t and its
knowledge value Z(g)t about the target.

A(gi)t = P(Y; X, φi), (7.1)

Za(gi)t =
s=n

∑
s=1

A(ei)Va(gi)ts , (7.2)

where i = 1, 2, 3, 4 are generators, and s is state of t. 2291

ii) Value Receptor, gj: 2292

The receptor receives the absolute actions A(gi) from all related agents and generate a
value based on these actions.

Zaj ,ai (gj)t = Zaj(gj)t + Z∩ai |aj
(gj)t (self incline), (7.3)

= Zaj |∩ai
(gj)t +

4

∑
i=2

Zai (gj)t(remote incline), (7.4)

where a2 ⊥ a3 ⊥ a4, j = {1} is a receptor, and i = 1, 2, 3, 4 are generators. 2293

iii) Optimization of receptor 2294

Since the objective of the experiment is to train the receptor gj on a target given input 2295

information at its background environment, the optimization objective is to maximize the 2296

revised value, Zaj ,ai (gj)t, over the background intelligence of the agent. Also, the revision 2297

logic (i.e., foreground intelligence) can be optimized using the same revised value. 2298

In this case, considering the receptor gj is self inclined, the optimization of its revised
value can be written as,

max
φ∈gj

[Rv(gj, Gi)t]τ = max
φ∈gj

[Zaj(gj)t + Z∩ai |aj
(gj)t]τ . (7.5)

2299

The first term on the right-hand side of Equation (7.5) is the self value of gj in the 2300

revision environment, which is its ground truth as we are concerned in this experiment 2301

with only absolute action values. The second term is the conditional values of each gi given 2302

gj as perceived by gi in the revision environment. 2303
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The optimization can be expressed separately as;
max
φ∈gj

[Rv(gj, Gi)t]τ = max
φ∈gj

[Zaj(gj)t]τ + max
φ∈gj

[Z∩ai |aj
(gj)t]τ (7.6)

where the first term in Equation 7.6 can be express as, 2304

Zaj(gj)t =
i=n

∑
i=1

A(er)ti J[
A(gj)ti

A(er)ti

] = Z(c)aj
(gj)t − Z(cr)aj

(gj)t. (7.7)
2305

But, Z(c)aj
(gj)t = Zaj(er)t and φg ⊥ φr, so gj cannot optimize Z(c)aj

(gj)t because it is 2306

the value of its environment er and the optimum value it seeks. er is revision environment 2307

and represents the foreground and ground truth about the target t. In this experiment, er 2308

and A(er) are same for all the agents, and represent the training data and true action value 2309

on the data, respectively. In some cases, their ground truth about the target can be different, 2310

leading to the transfer and analysis of relative actions. 2311

The optimization of Zaj(gj)t is limited to Z(cr)aj
(gj)t.

max
φ∈gj

[Zaj(gj)t]τ = max
φ∈gj

[−Z(cr)aj
(gj)t]τ , (7.8)

⇒ max
φ∈gj

[Zaj(gj)t]τ = min
φ∈gj

[Z(cr)aj
(gj)t]τ . (7.9)

2312

The second term in Equation (7.6) can also be expressed as,

Z∩ai |aj
(gj)t =

4

∑
i=2

Zai |aj
(gj)t, (A2 ⊥ A3 ⊥ A4). (7.10)

2313

From Equation (3.112), using absolute actions,

Zai |aj
(gj)t =

s=n

∑
s=1

A(er)ts J[
A(gz)t′s
A(er)ts

],¬(Ai ⊥ Aj), (7.11)

where A(gz)t′ = P(t′; A(gj)t, φz), t′ = A(gi)t = P(t; X, φi), A(gj)t = P(t; X, φj), and 2314

A(er)t = P(t; X, φr) 2315

A(gz)t′ can be considered as the believe of gj about the believe of gi on the target,
conditioned on its own believe A(gi)t and referenced to its environment. That is, the action
A(gz)t′ is conditioned on A(gj)t and referenced on A(er)t.

(A(gj)t |← A(gz)t′)→|| A(er)t. (7.12)
2316

Similar to the first term optimization, the second term becomes,

max
φ∈gj

[Z∩ai |aj
(gj)t]τ = min

φ∈gj
[

4

∑
i=2

Z(cr)ai |aj
(gj)t]τ , (7.13)

max
φ∈gj

[Z∩ai |aj
(gj)t]τ =

4

∑
i=2

(min
φ∈gj

[Z(cr)ai |aj
(gj)t]τ). (7.14)

2317

Finally, minimizing [Z(cr)a(g)t]φ through updating of the intelligence φ can be done
using any optimization technique such as gradient descent, differential evolution, etc.
Using gradient descent for the learning process as explained in Section 5, the intelligence
update process is expressed as,

[φ]τi+1 = [φ]τi − [δφ]τi , (7.15)

[φ]τi+1 = [φ]τi − γL min
φ∈g

[
∂Z(cr)v(g)

∂φ
]τi , (7.16)

where γL is learning rate, and τ is learning time (or epoch) 2318

A simulation of the experiment based on this analysis was conducted, the simulation 2319

specifications and results are presented in the next section. 2320

7.3. Simulation and Results 2321

The simulation parameters and result of the experiment are given below. 2322
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7.3.1. Simulation Parameters of the Agents and Environments 2323

_ Agent g1 Agent g2 Agent g3 Agent g4
Model LR KNN RF XGBoost
Parameters learning rate = 1e-5,

learning epoch = 100
neighbors = 5 estimators=100,

max depth=3
estimators=100,
maxdepth=3,
learning rate=0.1

LR is logistic Regression, KNN is K-Nearest Neighbor, RF is Random Forest, and
XGB is eXtreme Gradient Boosting.

2324

The target is a binary output value about stages of breast cancer M (Malignant) and 2325

B (Bengin) in a health environment defined by the breast cancer diagnostic dataset [128], 2326

which has 569 observations and 30 input properties. 2327

All agents uses the same dataset during training and testing. 2328

7.3.2. Simulation Results 2329

The simulation was done on the LR agent and the result was compare with that of a 2330

conventional LR as shown in Figure 21. 2331

0.0 0.2 0.4 0.6 0.8 1.0
False positive rate

0.0

0.2

0.4

0.6

0.8

1.0

Tr
ue

 p
os

iti
ve

 ra
te

ROC curve

Our LR model, AUC=0.973
Conventional LR model, AUC=0.9693

Figure 21. ROC curve of agent g1 and an identical conventional model

7.3.3. Explanation of Simulation Results 2332

The AUC of a LR based on our design approach is higher than conventional LR. This 2333

increase in performance is due to the use of the revision process on remote values. The 2334

background and foreground environments of gj influence both the revised value and the 2335

generalization of gj on the target. 2336

We choose to use LR in this experiment because; 2337

1. The gradient descent learning model defined in our experimental analysis can be 2338

deployed on the LR. 2339

2. It is less complicated, and using it will ease understanding of the research. 2340

In future publications, we shall apply the mathematical theory presented in this 2341

research to design new models and enhance other conventional learning models. 2342

8. Conclusion 2343

In this paper, we focused on describing a mathematical quantification and operability 2344

of cognitive properties, more precisely, the knowledge and action properties of an agent. 2345

Other properties such as ignorance, understanding, trust, wisdom and attention were also 2346

presented in this paper. 2347
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We went further to do mathematical analysis on these properties to describe their 2348

nature in an agent, using a quantity we called cognitropy. These includes, the concept of 2349

resultant value, environmental uncertainties and divergence, referential and non-referential 2350

influences, and value diffusion and revision. We also showed how the analysis of the 2351

optimization operation on this quantity is identical to that of conventional kinematics and 2352

dynamics of physical systems. 2353

This research can be considered as a framework that can be used in the design and 2354

development of an intelligent and cognitive agent. More so, since the concepts presented 2355

are closely related to that of natural cognitive agents like humans, the research can be used 2356

not only to design an agent that does what we think but also what they think, thereby 2357

interacting, selecting and solving problems, as they want. 2358

This is related to the statement of Alain Turing in his paper, Computing machinery and 2359

intelligence [1], which has shaped the AI field for decades, in which he asked the question, 2360

"Can machine think?", and responded to his own question by proposing that we can rather 2361

seek to build machines that do as we think rather those that think as we do. 2362

In addition to this, the challenge in building such a machine is based on the logical 2363

definitions and operations of a thinking (reasoning) process. In this research, we provided 2364

a concise mathematical definitions and operations of a thinking process of any agent, which 2365

can be used in understanding, designing, and developing an agent. Hence, providing 2366

a pathway in the design and development of a rational thinking machine, that can also 2367

communicate and interact rationally in a conscious, subconscious, and unconscious cognition. 2368

In the later part of the research, we use this knowledge framework to describe and 2369

provide solution to the generalization of a learning agent using remote values. The simula- 2370

tion results prove that value transfer is an important aspect to improve the generalization 2371

performance of a learn-able intelligent agent. 2372

We look forward to provide more materials on the science, development and applica- 2373

tions of intelligent and cognitive agents that do not only do as we think, but most especially, 2374

that do as they think. 2375

Appendix A Proofs 2376

Appendix A.1 2377

Proof of Proposition 10, 2378

1) fk→φ : ( fa→k : A→ K)→ Φ. 2379

2) fφ→k : ( fφ→a : Φ→ A)→ K. 2380

Proof: 2381

1) Φ = fk→φ(K) but K = ( fa→k(A)), 2382

⇒ Φ = fk→φ( fa→k(A)) ` fk→φ : ( fa→k : A→ K)→ Φ. 2383

2) K = fφ→k(Φ) but Φ = fk→φ(K), 2384

⇒ K = [ fφ→k]
−1(Φ), fφ→k = [ fk→φ]

−1 = [ fk→φ]
−1([ fa→k(A)]−1) 2385

fφ→k : ( fφ→a : Φ→ a)→ K. 2386

Appendix A.2 2387

Proof of Proposition 19, 2388

Given Zcr(g) = ηkZv(e), Let ηk =
1√
1−x

. 2389

Proof:
1√

1− x
=

Zcr(g)
Zv(e)

⇒ x = 1− (
Zv(e)
Zcr(g)

)2.
2390

Taking the difference between two squares, we have that,

x = (1− Zv(e)
Zcr(g)

)(1 +
Zv(e)
Zcr(g)

).
2391
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Converting all values of e to relative endopistemic values of g using the law of conser-
vation of values, then,

Zv(g) = Zv(e)− Z(cr)v(g),

⇒ x = (
−Zv(g)
Zcr(g)

)(
2Zv(e)− Zv(g)

Zcr(g)
).

2392

But, since, ηK is an optimization factor over g, the Zv(e) is out of the optimization
reach of g except at complete value and so we can safely ignore it.

→ x = (
−Zv(g)
Zcr(g)

)(
−Zv(g)
Zcr(g)

) = (
Zv(g)
Zcr(g)

)2,

Hence, ηK =
1√

1− ( Zv(g)
Zcr(g) )

2
.

2393

Appendix B List of Symbols 2394

. 2395

g Agent 2396

t Target 2397

e Environment 2398

τ Action time 2399

X Input space 2400

(g→ t) Non referential dependency of g on t 2401

(g→ t) || e, (g || e)t Referential dependency of g on e about t 2402

A((g→ t) || e), A(g)t Action of g about a single state t 2403

K((g→ t) || e), K(g)t Knowledge of g about a single state t 2404

I((g→ t) || e), I(g)t Ignorance of g about a single state t 2405

V((g→ t) || e), V(g)t Value (A, K, I) of a single state t 2406

AZ((g→ t) || e), AZ(g)t Action cognitropy of g about t 2407

ZI((g→ t) || e), ZK(g)t Knowledge cognitropy of g about t 2408

ZI((g→ t) || e), ZI(g)t Ignorance cognitropy of g about t 2409

ZV((g→ t) || e), ZV(g)t, Za(g)t K, I cognitropy of g about t 2410

SA((g→ t) || e), SA(g)t Stability of action of g about t 2411

SI((g→ t) || e), SK(g)t Stability of Knowledge of g about t 2412

SI((g→ t) || e), SI(g)t Stability of Ignorance of g about t 2413

SV((g→ t) || e), SV(g)t Stability (A, K, I) of g about t 2414
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