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Abstract: Monte Carlo Filtering (MCF) is one of the methods of Experimental Statistical Energy 

Analysis (E-SEA), which allows the correction of a negative LF (Loss Factor). In this article, a mod-

ification of the MCF method, called DESA (Diagonal Extension of the Search Area), is proposed. The 

technique applies a non-uniform extension of the search area when generating a population of nor-

malized energy matrices. The degree of expansion of the search area is controlled by the Diagonal 

Penalty Factor (DPF). The authors demonstrated the method's effectiveness on a system that could 

not be identified in several frequency bands by the classical MCF method. After applying DESA, it 

was possible to fill in the problematic bands that were missing CLF and DLF values. The paper also 

proposes a way to minimize the errors introduced by using overly high DPF values. 

Keywords: Statistical Energy Analysis; Coupling Loss Factor; Power Injection Method; Monte Carlo 

Filtering 

 

1. Introduction 

Statistical Energy Analysis (SEA) is a numerical method that is used to predict vibration 

and noise transmission in the high frequency range [1]. SEA is used in many industries 

where vibration and noise transmission reduction plays a key role [2][3][4]. It is based on 

solving the energy balance between interconnected subsystems: 

 

 

where 𝑃 is a column vector of input powers, 𝐸 is a column vector of a (unknown) sub-

system’s energies, 𝜔 is the center angular frequency of the analyzed band Δ𝜔 (i.e., oc-

tave or 1/3-octave band), and [𝐿] is the loss factor matrix.  

The basic parameters describing the SEA model are the LF (Loss Factors) 𝜂𝑖𝑗, which 

in turn form the following loss factor matrix [𝐿] [1]. 

 

 

where 𝑖 = 1, … 𝑁, 𝑗 = 1, … 𝑁. 

 

The loss factor matrix [𝐿] can be determined experimentally from the relationship 

[5] 

[𝐿] = [𝑃][𝐸]−1/𝜔 (3) 

 

where [𝑃] is the input power matrix, [𝐸] is the energy matrix, and 𝜔 is the angular fre-

quency. [𝐸] matrix entries 𝐸𝑖𝑗  stands for the energy of subsystem 𝑖 when subsystem 𝑗 

𝑃 = 𝜔[𝐿]𝐸 (1) 

𝐿𝑖𝑗 = {
∑ 𝜂𝑖𝑢

𝑁
𝑢=1

−𝜂𝑗𝑖
           𝑖𝑓 𝑖=𝑗

𝑖𝑓 𝑖≠𝑗
 

(2) 
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is excited. [𝑃] is a diagonal matrix with entries 𝑃𝑗𝑗 , which stands for the power injected 

into subsystem 𝑗. More details about this well-known method, called the Power Injection 

Method (PIM), can be obtained from other publications [6] [7]. The energy matrix can be 

normalized against input power and angular frequency [8]. 

[𝐺] = 𝜔[𝐸][𝑃]−1 (4) 

 

[𝐿] is then equal to the inverse of [𝐺]. 

[𝐿] = [𝐺]−1 (5) 

 

The experimentally derived [𝐿] matrix may contain negative LF coefficients, which 

have no physical interpretation and which are considered as a measurement error associ-

ated with the high sensitivity of [𝐺]−1 to measurement uncertainties [7]. To correct the 

error of negative LFs, the Monte Carlo Filtering (MCF) method can be used [9]. In the MCF 

method, the essential step is to produce N matrices [𝐺𝑠] comprising the population. The 

subscript "s" comes from the word "sample," which indicates that the matrix represents a 

single sample from the population. Creating a [𝐺𝑠] matrix involves adding a random in-

crement 𝛥𝐺𝑠,𝑖𝑗 to each element 𝐺𝑖𝑗 of the original (derived from measurements) matrix 

[𝐺]. If we assume that the increments 𝛥𝐺𝑠,𝑖𝑗  are collected in the pooled matrix [𝛥𝐺𝑠], the 

formula for [𝐺𝑠] can be written as 

[𝐺𝑠] = [𝐺] + [Δ𝐺𝑠] (6) 

 

For clarity, in the rest of the text, we will omit the subscript "s" in the [Δ𝐺𝑠] matrix. The 

𝑁 matrices [𝐺𝑠] generated according to (6) make up a set {[𝐺𝑠]}, which is a Monte Carlo 

population of normalized energy matrices. The set {[𝐺𝑠]} can be written as the sum of two 

disjoint subsets: 

{[𝐺𝑠]}  = {[𝐺𝑠
𝑁]} ∪ {[𝐺𝑠

𝑃]}  (7) 

 

where {[𝐺𝑠
𝑁]} is the set of energy matrices, the inverses of which {[𝐿𝑠

𝑁]} are not correct 

loss matrices; while {[𝐺𝑠
𝑃]} is the set of energy matrices, the inverses of which {[𝐿𝑠

𝑃]} are 

correct loss matrices.  

MCF involves excluding {[𝐿𝑠
𝑁]} from the calculation and determining the average 

value of the loss factors based on {[𝐿𝑠
𝑃]} only [9]. The selection is made by inverting [𝐺𝑠] 

and checking if the resulting matrix [𝐿𝑠] meets the following conditions: 

• All elements off the main diagonal are negative. 

• Elements on the main diagonal are positive and greater than the sum of the absolute 

values of the remaining elements for a given column. 

The matrices that satisfy these conditions are positive definite and diagonally dominant. 

The increment matrix [𝛥𝐺] should be based on the measurement uncertainty associated 

with the experiment, which ensures the generation of [𝐺𝑠] in the immediate vicinity of 

the original matrix [𝐺]. A pooled matrix [𝜎] is then introduced, where the element 𝜎𝑖𝑗 

denotes the standard deviation for the element 𝐺𝑖𝑗. A matrix [𝑎] of independent random 

variables 𝑎𝑖𝑗  with distribution N(0,1) is also introduced. Then, the matrix of energy in-

crements can be determined from the relation 

[Δ𝐺] = [𝑎] ∘ [𝜎] (8) 

 

where ∘ stands for element-wise multiplication (Hadamard product) [10]. 

The present paper proposes a modification of the MCF method. The modification is 

called DESA (Diagonal Extension of the Search Area), which is the main contribution to 

the experimental SEA field. DESA consists of applying a correction during the MCF, 

which causes a non-uniform extension of the search area (Section 2.1). The paper also de-

scribes how to compensate errors (Section 2.2) that can occur during the expansion of the 
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search area. The MCF+DESA method can be applied in the frequency bands for which 

correct results could not be obtained using the MCF method in the basic version (using a 

homogeneous expansion of the search area for the population {[𝐺𝑠]} with a normal dis-

tribution), as will be demonstrated by the example presented in Section 3. 

2. Materials and Methods 

This section presents the main contributions of the current paper in the E-SEA field: for-

mulation of the DESA method (section 2.1), and introduction of Methods A and B, which 

can compensate for errors associated with ESA (section 2.2). 

 

2.1 Expansion of the Search Area (UESA and DESA) 

There may be cases where the standard deviations 𝜎𝑖𝑗 used in [𝛥𝐺] are too small to find 

the correct energy matrix [𝐺𝑠], meaning that the set {[𝐺𝑠
𝑃]} is empty. In order to increase 

the success probability of filling {[𝐺𝑠
𝑃]}, it is reasonable to use additional scaling factors 

𝛾𝑖𝑗 > 1 gathered into the matrix [𝛾]. We will call the use of [γ] during the determination 

of the [𝛥𝐺] matrix an expansion of the search area (ESA) 

[Δ𝐺𝐸𝑆𝐴] = [𝑎] ∘ [𝜎] ∘ [𝛾] (9) 

However, no guidelines are given in the literature about the selection of these scaling fac-

tors, and no analysis has been made of the effect of expanding the search area on errors in 

the final results. 

The most intuitive way to select scaling factors seems to be to take a common scaling 

factor 𝛾𝑈 for all expressions of the matrix [𝛾], which in this work will be referred to as 

the uniform extension of the search area (UESA). UESA can be thought of as the use of 

expanded measurement uncertainty, rather than standard uncertainty, when generating 

the population. Then, the formula for [𝛥𝐺𝑈𝐸𝑆𝐴] simplifies to 

[Δ𝐺𝑈𝐸𝑆𝐴] = [𝑎] ∘ 𝛾𝑈[𝜎] (10) 

Usually, after performing MCF, it is possible to obtain a non-empty set {[𝐺𝑠
𝑃]} due to ran-

dom and independent changes in the elements of the matrix. However, introducing ran-

dom changes uniformly for all elements (i.e., using [𝛥𝐺𝑈𝐸𝑆𝐴] increments) may not be suf-

ficient when the elements off the main diagonal are too large. In this paper, a non-uniform 

expansion of the search area is proposed, namely, the introduction of a scaling factor for 

just the elements that are located on the main diagonal of the matrix [𝛥𝐺]. The method is 

called DESA (Diagonal Expansion of the Search Area) and takes its name from this oper-

ation. Let us assign the scaling factor acting on the main diagonal symbol 𝛾𝐷 and call it 

DPF (Diagonal Penalty Factor). The matrix of energy increments then takes the form 

[Δ𝐺𝐷𝐸𝑆𝐴] = [𝑎] ∘ [𝜎] ∘ [𝛾𝐷] (11) 

where the elements of the matrix [𝛾𝐷] are defined as follows 

𝛾𝐷
𝑖,𝑗

= {
1, if 𝑖 ≠ 𝑗

𝛾𝐷 , if 𝑖 = 𝑗
 (12) 

In Section 3, an example of the system for which the problem described above oc-

curred for several frequency bands is presented. Identification of this system appeared to 

be impossible using MCF and MCF combined with UESA (regardless of the scaling factor 

adopted) for a normal population distribution. The introduction of DESA made it possible 

to obtain a non-empty set {[𝐺𝑠
𝑃]} and to correct the negative LF coefficients. 

 

2.2 Errors associated with ESA 

2.2.1 Population asymmetry and shift error 

In this subsection, [𝛥𝐺], where it will not lead to ambiguity, will refer simultaneously to 

[𝛥𝐺], [𝛥𝐺𝑈𝐸𝑆𝐴], and [𝛥𝐺𝐷𝐸𝑆𝐴].  

Since the matrices [𝐺] and [𝐺] + [𝛥𝐺] are different from each other, one should also 

expect differences between their inverses. This leads to the conclusion that the result of an 
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MCF simulation is always subject to some error. A different set of LF coefficients is asso-

ciated with each [𝐿𝑠
𝑃] matrix. The average value of the LF coefficients determined from 

the set {[𝐿𝑠
𝑃]} is considered a good approximation of the true quantities. In this article, we 

will relate this assumption to the preservation of symmetry in the generated population 

of the energy matrix. 

The [𝛥𝐺] increments can take both positive and negative values, since they are de-

fined with random variables [𝜎], which randomly determine their signs. When the values 

of the [𝛥𝐺] elements are small compared to the [𝐺] elements, there is a symmetric pop-

ulation of matrices. In such a symmetric population, there are, with equal probability, ma-

trices [𝐺𝑠] with smaller element values than the corresponding elements in [𝐺], and also 

matrices [𝐺𝑠] with larger values than in [𝐺]. This results in the determination of slightly 

smaller, as well as slightly larger, LF coefficients, with the average value from the popu-

lation being close to the CLF coefficients determined directly from [𝐺]. 

Note that the energy matrix [𝐺𝑠] cannot contain negative elements since they have 

no physical interpretation and always lead to incorrect loss matrices. An isolated example 

of a matrix with negative elements that can be wrongly classified as correct is a diagonally 

dominant matrix with all negative elements, for example 

[𝐺𝑠] = (
−3 −20

−20 −3
) 

To guard against drawing such samples, it is recommended to discard all matrices [𝐺𝑠] 

that have at least one negative element. 

A consequence of the fact that all drawn matrices [𝐺𝑠] with negative elements are 

invalid is the possibility of producing an asymmetric population when the value of any 

element 𝛥𝐺𝑖𝑗  is not in the interval (−𝐺𝑖𝑗; 𝐺𝑖𝑗 ). This situation can occur if there is a con-

siderable measurement uncertainty or if an excessive scaling factor is adopted. If 𝛥𝐺𝑖𝑗 >

𝐺𝑖𝑗, the matrix [𝐺] + [𝛥𝐺] can be both correct and incorrect, but the possible “balancing” 

matrix [𝐺] − [𝛥𝐺] that could be drawn in subsequent iterations will always be an incor-

rect matrix due to the negative energy value that occurs in it. Similarly, If 𝛥𝐺𝑖𝑗 < −𝐺𝑖𝑗, the 

[𝐺] − [𝛥𝐺] matrix can be both correct and incorrect, but [𝐺] + [𝛥𝐺] will always be incor-

rect.  

The described process leads to a population that is dominated by [𝐺𝑠] matrices with 

elements larger than the original [𝐺] matrix. This imbalance after matrix inversion results 

in the underestimation of LF coefficients. Let us call this effect a shift error, which is an 

error that occurs due to operating on an asymmetric population of the energy matrices. 

Based on the above description, we propose the following definition of matrices that in-

troduce asymmetry [𝐺𝑠
𝐴] 

Definition 1. If the test matrix [𝐺𝑠,𝑡𝑒𝑠𝑡] corresponding to the generated matrix [𝐺𝑠] contains at 

least one negative element, then [𝐺𝑠] is a [𝐺𝑠
𝐴] matrix. For each [𝐺𝑠] = [𝐺] + [𝛥𝐺], the test ma-

trix can be determined from the relation [𝐺𝑠,𝑡𝑒𝑠𝑡] = [𝐺] − [𝛥𝐺]. 

Let us note that the moment of classifying a given matrix as [𝐺𝑠
𝐴] occurs before its 

inversion, and therefore both [𝐺𝑠
𝑃] and [𝐺𝑠

𝑁] matrices can be considered to be symmetry-

disruptive. For the purpose of further consideration, let us mark this fact by writing the 

set {[𝐺𝑠
𝐴]} as 

{[𝐺𝑠
𝐴]} = {[𝐺𝑠

𝐴,𝑁]} ∪ {[𝐺𝑠
𝐴,𝑃]} (13) 

 

The distinguished disjoint subsets of the set {[𝐺𝑠
𝐴]} have the following interpretation. The 

subset {[𝐺𝑠
𝐴,𝑁]} = {[𝐺𝑠

𝐴]}\{[𝐺𝑠
𝑃]} is the set of incorrect matrices that introduce asymmetry, 

while the complement {[𝐺𝑠
𝐴,𝑃]} = {[𝐺𝑠

𝐴]}\{[𝐺𝑠
𝑁]} is the set of correct matrices that intro-

duce asymmetry. The relations between the described sets are shown in Figure 1. 
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Figure 1. Subsets of the set {[𝐺𝑠]}. ○ : matrices that are correct and do not disturb symmetry, ●: 

correct matrices that disturb symmetry, ▲: incorrect matrices that disturb symmetry, △: incorrect 

matrices that do not disturb symmetry. 

The shift error increases as the cardinality of the set {[𝐺𝑠
𝐴,𝑃]} increases relative to the 

cardinality of {[𝐺𝑠
𝑃]}. Let us introduce the naturally resulting definition of the population 

asymmetry measure from this relationship as 

𝛼 =
card({[𝐺𝑠

𝐴,𝑃]})

card({[𝐺𝑠
𝑃]})

 
(14) 

where card(…) denotes the cardinality of the set. The asymmetry index 𝛼 can be directly 

controlled by changing the values of [𝛥𝐺𝐸𝑆𝐴]. In turn, [𝛥𝐺𝐸𝑆𝐴], according to equation (9), 

depends on the scaling factor 𝛾. Figure 2 shows the effect of changing 𝛾 in UESA and 

DESA on shift errors when identifying an example system. 
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Figure 2. Effect of the scaling factor on shift errors. □ – without MCF,  ●: 𝛾 = 2.5, ▼: 𝛾 = 20, ☆: 𝛾 = 100. (a) UESA, DLF; (b) 

DESA, DLF; (c) UESA, CLF; (d) DESA, CLF. 

From Figure 2, it can be seen that an increase in 𝛾 is associated with an increase in 

the shift error. It can also be seen that the shift error (i.e., underestimation of LF) is most 

significant for large scaling factors. When the scaling factors are smaller, LF can also be 

observed to be larger in relation to the original values. To trace this relationship more 

closely, let us focus on one of the frequency bands, e.g. 800 Hz. Figure 3 shows how the 

error in determining the loss factors 𝛥𝜂 (both CLF and DLF) and the population asym-

metry index α change as a function of 𝛾. For 𝛼 > 50%, the effects associated with popu-

lation asymmetry begin to dominate, and an increasing shift error is observed (𝛥𝜂 < 0). 

For 𝛼 < 50%, 𝛥𝜂 is positive. It is worth noting that due to 𝛥𝜂 reaching a maximum for 

a certain 𝛾𝑚𝑎𝑥  , there is such a 𝛾𝑜𝑝𝑡 > 𝛾𝑚𝑎𝑥 for which 𝛥𝜂 = 0. 

    

    

    

    

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 8 November 2022                   doi:10.20944/preprints202211.0155.v1

https://doi.org/10.20944/preprints202211.0155.v1


 

 

Figure 3. The dependence of the error of loss factors (□) and the population asymmetry index (●) as a function of the 

scaling factor for a matrix population with a normal distribution. (a) UESA, DLF; (b) DESA, DLF; (c) UESA, CLF; (d) 

DESA, CLF. 

2.2.2 Scaling factor minimization 

It follows from the considerations in Section 2.2.1 that small values of 𝛾 lead to a minimi-

zation of the shift error.  A zero 𝛥𝜂 error can also be achieved by using the 𝛾𝑜𝑝𝑡 value 

for ESA (𝛾𝑜𝑝𝑡 > 𝛾𝑚𝑎𝑥 > 0), but finding 𝛾𝑜𝑝𝑡 in practice is problematic or even impossible 

(a small error in the estimation of 𝛾𝑜𝑝𝑡 results in a large change in 𝛥𝜂). A more practical 

solution seems to be to perform 𝛾 minimization. 

To minimize 𝛾, one can use an algorithm of choice, such as a simple search, the prin-

ciples of which are reflected in Figure 4. As can be seen, a starting value of 𝛾0 = 1 proved 

to be insufficient to determine the correct loss matrix. In step No. 1, the value of 𝛾1 = 2𝛾0 

also had no effect. The correct matrix was obtained in iteration No. 2 for 𝛾2 = 2𝛾1. In step 

No. 3, one went back to the value of 𝛾3 = (𝛾1 + 𝛾2)/2, and again the wrong matrix was 

determined. In step No. 4, the value of 𝛾 was increased to 𝛾4 = (𝛾3 + 𝛾2)/2, and as a re-

sult the correct matrix was obtained and the stop condition was satisfied (the sought op-

timum value of 𝛾5 was approached). 
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Figure 4. Simple search algorithm for selecting the optimal scaling factor. 

The optimization process is stochastic (each matrix contains a random element in it), 

and therefore each execution of the process may indicate a slightly different optimal value. 

The solution to the problem may be to run the optimization multiple times, and then to 

determine the average value or to choose the minimum value from all the processes. The 

presented example illustrates that the proposed method can be time-consuming, and 

should therefore only be used for problematic frequency bands.  

 

2.2.3 Enforcing symmetry of the population 

Performing 𝛾 minimization (Section 2.2.2) is necessary to generate correct matrices lying 

in the closest vicinity of the original matrix. Minimization of 𝛾, however, does not com-

pletely eliminate the shift error, but only minimizes it (the matrices inducing the shift error 

may still be present in the set {[𝐺𝑠
𝑃]}). In this section, we propose two methods to eliminate 

the shift error, which involve forcing the symmetry of the population of energy matrices 

(SFM, Symmetry Forcing Methods): 

• Method A, which involves discarding from the calculation matrices that fall into the 

tail of the normal distribution. 

• Method B, which involves generating a population with a log-normal distribution. 

The use of one of the presented SFM methods in combination with 𝛾-minimization allows 

us to  

• Correct negative loss factors and replace them with factors that are free of offset error. 

• Obtain results close to the original results in bands that do not require correction, 

which can be good in terms of quality control of the applied methods. 

Method A makes it possible to enforce the symmetry of the population by excluding the 

set {[𝐺𝑠
𝐴]} from the calculation, where {[𝐺𝑠

𝐴]} can be detected based on the definitions 

presented in Section 2.2.1. Let us follow this process for a selected frequency (3150 Hz) 

and an element (i=1, j=2) of the {[𝐺𝑠]} from Section 3. Figure 5 shows the histogram of the 

analyzed element (1e5 samples). As expected, the population generated from formulas (6) 

and (8) has a normal distribution. Method A is based on the rejection of elements intro-

ducing asymmetry, as seen in Figure 5  
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Figure 5. Histogram of the selected item Gs,ij (i=1, j=2) from a population with a normal distribu-

tion 

It can be seen from the figure that it is necessary to detect the correct value between 0 and 

2𝐺 𝑖𝑗, where 𝐺 𝑖𝑗 is an element from the original measurement matrix [𝐺]. The fulfillment 

of this condition in the context of the matrix population depends on the relationship be-

tween the cardinality of the set {[𝐺𝑠
𝑃]} and {[𝐺𝑠

𝐴,𝑃]}. There are two possible identification 

results with A: 

1. When card({[𝐺𝑠
𝑃]}) > card({[𝐺𝑠

𝐴,𝑃]}), or equivalently 𝛼 < 1, the result obtained will 

be free of both shift error and negative LF. Then, the identification result obtained by 

Method A can be considered correct, and 𝛼 = 0 occurs for the resulting population. 

2. When card({[𝐺𝑠
𝑃]}) = card({[𝐺𝑠

𝐴,𝑃]}), or equivalently 𝛼 = 1 (which also means that 

{[𝐺𝑠
𝑃]}  = {[𝐺𝑠

𝐴,𝑃]}), all correct matrices will be discarded and the correction of nega-

tive LF coefficients will not take place. Method A is then ineffective. However, it is 

possible to take the LF coefficients determined for an asymmetric population of ma-

trices as the final result. In such a situation, the result obtained will be affected by a 

shift error. However, this error will be minimized by using 𝛾𝑚𝑖𝑛 during the calcula-

tion (the distance between the matrices [𝐺𝑠
𝐴] and the original matrix [𝐺] will be rel-

atively small). 

Figure 6 shows how 𝛥𝜂 and 𝛼 change as a function of 𝛾 when Method A is applied. Of 

course, due to the rejection of all samples from {[𝐺𝑠
𝐴,𝑃]}, we have card({[𝐺𝑠

𝐴,𝑃]}) = 0 →

𝛼 = 0. Note that Method A eliminates from the population only those matrices that intro-

duce error due to asymmetry. Forcing symmetry cannot cancel the errors caused by the 

presence of matrices [𝐺𝑠
𝑃] in the population that are significantly distant from the original 

[𝐺] (large values of 𝛥𝜂 for large 𝛾 in Figure 6). When a given population is formed on 

the basis of a huge scaling factor, Method A will provide the result associated with the 

broadest possible increase in 𝛥𝐺, which does not introduce asymmetry (the area of stabi-

lization of 𝛥𝜂 in Figure 6, well seen especially in 6(b) and 6(d)). Figures 6(a) and 6(c) also 

show the case when the population before symmetry forcing was characterized by 𝛼 = 1 

for a sufficiently large 𝛾. Then, all [𝐺𝑠
𝑃] were in the discarded region, and determining 

loss factors was impossible. 
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Figure 6. Dependence of the error of loss factors (□) and the population asymmetry index (●) on the scaling factor for 

a matrix population with a tail-free normal distribution. (a) UESA, DLF; (b) DESA, DLF; (c) UESA, CLF; (d) DESA, 

CLF. 

 

For the reasons mentioned above, it is strongly discouraged to take arbitrarily large 

values of 𝛾 during ESA operations and to omit minimization of 𝛾 based on the errone-

ous assumption that Method A can correct the result automatically. For example, Figures 

7a and 7c show the effect of Method A on an asymmetric population generated with 𝛾 =

100 (DESA). It can be seen that the shift error (underestimation of the result) has been 

removed, but the final result is overestimated. Figures 7b and 7d, on the other hand, con-

cern the asymmetric population generated with 𝛾 = 1.5. In this case, the search area was 

narrower, and more matrices closer to the original one were included in the population. 

For this reason, the LF coefficients in Figures 7b and 7d are closer to the result of the ex-

periment without using MCF. Therefore, the problem described above should be of little 

importance when the γ-minimization procedure is carried out before proceeding with 

SFM. 
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Figure 7. Loss factors after applying Method A with arbitrary scaling factor values (influence of minimization omission). □ - the 

original value, ▼  - the value after expanding the search area, ● - the value after forcing the symmetry of the population using 

Method A. (a) DLF for 𝛾 = 100, (b) DLF for 𝛾 = 1.5, (c) CLF for 𝛾 = 100, (d) CLF for 𝛾 = 1.5. 

 

Since the case 𝛼 = 1 may occur, where Method A is unreliable, we propose an alter-

native approach that enforces population symmetry - Method B. So far, our considerations 

have been carried out assuming a normal distribution of the population of generated en-

ergy matrices based on equation (6). Note that by changing this approach and assuming 

a log-normal distribution, we naturally exclude all matrix elements with negative values 

from the procedure (Figure 8). In turn, the dominants of the individual elements are 

smaller than the corresponding values of the elements in [𝐺]. For a population with a log-

normal distribution, asymmetry does not arise (𝛼 = 0 always occurs, and shift error does 

not occur). 
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Figure 8. Histogram of the selected item Gs,ij (i=1, j=2) from a population with a log-normal distribution 

The parameters 𝜇 and 𝜎2 of the log-normal distribution can be determined from 

the relationship [11] 

𝜇 = ln (
𝜇𝑋

2

√𝜇𝑋
2 + 𝜎𝑥

2
) (15) 

 

𝜎2 = ln (1 +
𝜎𝑥

2

𝜇𝑋
2 ) (16) 

which allows the obtaining of the mean 𝜇𝑋 and the variance 𝜎𝑥
2 of the log-normal distri-

bution to be equal to that of the normal distribution from Method A. 

Figure 9 shows an example of the dependence of 𝛼 and 𝛥𝜂 on 𝛾 when a log-normal 

distribution is assumed. As in Method A, the error in determining the loss factor 𝛥𝜂 in-

creases with an increasing 𝛾. However, the error in 𝛥𝜂 does not stabilize for some suffi-

ciently large 𝛾, but increases unlimitedly. Particularly large values can be seen in Figures 

9a and 9c. This is because in Method B there is no need to exclude from the calculation 

values the falling into the tail of the distribution. The error 𝛥𝜂 converges to zero for a 

small 𝛾, as in Method A. Thus, minimization of 𝛾 is also necessary in Method B. 
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Figure 9. Dependence of the error of loss factors (□) and the population asymmetry index (●) on the scaling factor for a matrix pop-

ulation with log-normal distribution. (a) DLF for 𝛾 = 100, (b) DLF for 𝛾 = 1.5, (c) CLF for 𝛾 = 100, (d) CLF for 𝛾 = 1.5. 

3. Results 

PIM measurements were carried out using MCF on a structure composed of two steel 

beams connected to each other at right angles. The mechanical and geometric parameters 

of the subsystems are given in Table 1.  

Table 1. Mechanical and geometric parameters of the subsystems. 

Geometry  

Thickness 20 cm 

Length 80 cm 

Width 500 cm 

Mechanical parameters  

Material Steel 

Density 7827 kg/m3 

Young’s modulus 205 GPa 

Poisson number 0.3 

 

Both flexural and longitudinal waves were considered in the SEA model. This re-

sulted in the system being divided into four subsystems: the flexural wave field of beam 

1, the longitudinal wave field of beam 1, the flexural wave field of beam 2, and the longi-

tudinal wave field of beam 2. The loss matrix and energy matrix were therefore 4x4 in 

size. 
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Figure 10 shows the values of the CLF (𝜂12) that describe the energy flow between 

the flexural wave field of beams 1 and 2 as a function of frequency. In turn, Figure 11 

shows the values of two selected elements of the energy matrix for all the Monte Carlo 

iterations carried out for the selected frequency of 250 Hz. The elements 𝐺𝑠,22 were on the 

main diagonal, while the elements 𝐺𝑠,23  were off the main diagonal. The red dots on the 

graphs indicate the iterations where the correct matrices [𝐺𝑠
𝑃] were detected. 

 

Figure 10. CLF coefficients between the flexural wave fields of the measured beams. ▼ - MCF without ESA; ● - MCF+DESA with 

minimized γ=6; □ - MCF+UESA with forced population symmetry (Method B), γ=1.5. 
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Figure 11. Values of elements G_(s,22) (▬) and G_(s,23) (▬) for all the Monte Carlo iterations. Red dots indicate iterations with the 

correct loss matrix. (a) no ESA; (b) UESA with γ=20; (c) DESA with γ=6; (d) DESA with γ=6 + Method A; (e) DESA with γ=1.5 + 

Method B; (f) UESA with γ=1.5 + Method B. 

 

4. Discussion 

Figure 10 shows that the application of the MCF method in its basic version (i.e., without 

expanding the search area in a population with a normal distribution) failed to determine 

positive loss factors in the 1/3-octave bands of 250 Hz, 315 Hz, and 3150 Hz. For 250 Hz, 

this situation corresponds to Figure 11(a). The energy matrix has no possibility of becom-

ing a diagonally dominant matrix (the energy of a subsystem is higher when it is a source 

subsystem, and lower when it is a receiving subsystem) due to the fact that 𝐺𝑠,22 < 𝐺𝑠,23 

occurs in almost every iteration. However, there is a non-zero probability of 𝐺𝑠,22 > 𝐺𝑠,23 

occurring. Based on the tracking of a single pair of elements, one cannot make any con-

clusion about the entire energy matrix. The condition 𝐺𝑠,22 > 𝐺𝑠,23 is, of course, neces-

sary, but is not sufficient for the matrix [𝐺𝑠] to be a diagonally dominant matrix. A suffi-

cient condition is the fulfillment of the set of conditions 𝐺𝑠,𝑗𝑗 > 𝐺𝑠,𝑗𝑖 , 𝑖 ≠ 𝑗 for each row 𝑗. 

In the case of the 4x4 matrix in question, the probability of simultaneously satisfying each 

condition turned out to be unacceptably small. The number of iterations in Figure 11(a) is 

equal to 1e5, but trials continued (unsuccessfully) until the number of iterations reached 

2e7. 

Figure 11(b) shows that the use of UESA with 𝛾 = 20 only resulted in an even shift 

in the values of the two elements of the matrix, and did not improve the efficiency of the 

applied method. 
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The calculations in Figure 11(c) used DESA with a minimized DPF value of 𝛾 = 6, 

resulting in a non-empty set {[𝐺𝑠
𝑃]}. Figure 10 shows that the CLF spectrum obtained in 

this way is subject to shift error. For the case under consideration, 𝛼 = 1 also occurred. 

Indeed, after forcing the symmetry of the population using Method A (Figure 11 d), the 

set {[𝐺𝑠
𝑃]} again became empty, since all the correct matrices were in the tail of the normal 

distribution.  

Using a log-normal distribution of the population according to Method B (Figure 

11(e) for DESA and 11(f) for UESA) proved to be effective. Positive loss factors with no 

shift error were obtained, as can be seen in Figure 10. It was noted that by using 𝛾 mini-

mization for a log-normal distribution, much smaller optimal values of 𝛾 can be obtained 

when compared to a population with a normal distribution (in the case in question, 𝛾 =

1.5). This made it possible to obtain loss factor values close to the original values in the 

uncorrected bands. 

5. Conclusions 

The paper proposes a modification of the MCF method. The modification is called 

DESA and involves the use of a non-uniform expansion of the search area (using scaling 

factor 𝛾, DPF) during Monte Carlo population generation, and also makes it possible to 

correct negative loss factors in frequency bands that are problematic for the MCF method. 

The paper analyzed the effect of the degree of search area expansion on the resulting 

errors introduced into the loss factors. A so-called shift error was observed, which was 

related to the asymmetry present in the generated population of the energy matrix. It was 

pointed out that the asymmetry of the population increases with the expansion of the 

search area and is due to the domination of the population by matrices with elements 

larger than in the original experimentally determined matrix. The favoritism of matrices 

with large elements is related to the presence in the population of always incorrect and 

rejected matrices containing negative elements, which occurs when the values of the ap-

plied energy increments are larger than the values of the elements of the original matrix. 

A new parameter α was proposed to describe the degree of asymmetry of the population 

of energy matrices, as well as two methods for compensating for the shift error: Method 

A and Method B. 

Method A involves performing DPF minimization and rejecting matrices that intro-

duce asymmetry from the calculation. Method A is applicable when α<1, and therefore is 

not including the possible case of α=1.  

Method B proposes an alternative model for matrix population generation using a 

log-normal distribution and by performing DPF minimization. Method B is free of the 

limitations of Method A and allows for the correction of negative loss factors with the use 

of smaller DPF values when compared to Method A, which is based on a normal distri-

bution of matrix elements. 

 The DESA method was tested on a system consisting of two steel beams, where the 

SEA model took into account the phenomenon of wave conversion (4 subsystems). During 

the determination of the loss factors of the tested system, the proposed methods for min-

imizing the shift error were also applied, and the superiority of Method B was demon-

strated. Replacing UESA with the DESA method allowed for the correction of the negative 

loss factors, but Method A did not enable the shift error to be removed. The best results 

were obtained by using Method B, which made it possible to cancel the shift error and use 

smaller optimal scaling coefficients.  
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