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Abstract

Human behaviour was tipped as the mainstay in the control of further SARS-
CoV-2 (COVID-19) spread especially after the lifting of restrictions by many
countries. Countries in which restrictions were lifted soon after the first wave,
had subsequent waves of the COVID-19 infections and it remains to be seen
whether there will be more waves. In this paper, we formulate a determinis-
tic model for COVID-19 incorporating dynamic non-pharmaceutical interven-
tions, dubbed social dynamics. The model steady states are determined and
their stability analysed. Numerical simulations are carried out to determine
the pack of various parameters that influence the social dynamics. In South
Africa, the first wave was the only wave in which the only interventions rested
solely on human behavior. The model is thus fitted to COVID-19 data on the
first wave in South Africa. The results presented in this paper have impli-
cations on the trajectory of the pandemic in the presence of changing social
processes.

Keywords: COVID-19, mathematical modelling, stability, dynamic social
processes, simulations.

1 Introduction

COVID-19 has infected nearly 500 million people and 6.2 million people have died
as a results of the pandemic as of 8 April 2022 [32]. The COVID-19 outbreak is
likely to be the largest pandemic of the 21st century, in terms of human lives lost
[24]. While vaccines have resulted in some notable disease control, with declines
in infected cases globally, there is currently very few specific medical interventions,
only in developing countries, see for instance [20]. For developing countries such
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as South Africa, classes of drugs that are mainly used include antiviral agents, in-
flammation inhibitors, low-molecular-weight heparins, plasma, and hyperimmune
immunoglobulins [26]. In the absence of effective infection prevention and control
measures, human behaviour that reduces or prevents exposure to the virus is key
[21].

The role played by mathematical models in the infection dynamics of COVID-19
cannot be underestimated. Many of the public health policies to contain the global
pandemic of COVID-19 have been driven by mathematical models, that have been
to a large extent regional or country specific, see for instance [15,33] for Wuhan,
China, [11] for Italy, [8,13] for Spain, [12,18] for the United Kingdom, [27] for Scot-
land and [6,28] for the United States of America, to mention a few. The challenges of
modelling the global pandemic have also been looked at by a number of authors, see
for instance[4,23,31]. One of the biggest problems in modelling infectious diseases,
is the inclusion of human behaviour in the models. The role of human behavior in
modulating the spread and prevalence of COVID-19 was presented in [1] using the
imitation dynamic approach of evolutionary game theory. Human behaviour plays a
very crucial role in the way infectious diseases spread and it is the understanding of
how the behaviour influences disease spread that is key to devising and improving
control measures. [2,10].

The emergence of second waves of COVID-19 has been linked to the interplay be-
tween the infection dynamics and psycho-social processes within communities [9,22].
The first waves of COVID-19, often referred to as the “herald waves”, see [25], have
been followed by a second and third waves of the viral infection months after the
initial episodes. The subsequent waves have been more parlous than the first one
and this has been observed in other pandemics such as the influenza pandemics of
1918, 1957, 1968, and 2009 [9].

In this paper, we explore the role of two important aspects in the dynamics of
the pandemic that have evolved over time, i.e information and non-pharmaceutical
interventions (NPIs). NPIs that have involved aspects such as social distancing,
wearing of masks, restrictions generally known as "lockdowns", have been touted as
the best measures to reduce the spread of COVID-19 to date. The possible resur-
gence of other respiratory endemic infections due to the NPIs has been predicted
in [3]. The aim is to investigate how time dependent information translates into
the growth or decline of NPIs that in turn impact the transmission of COVID-19.
Many mathematical models have considered NPIs modelled by constant parameters,
see for instance [19]. This work presented in this paper follows the research in [7],
but unlike in [7], we focus on the long term dynamics of the infection, the role of
information and its potential impact in influencing NPIs.

This paper is arranged as follows: In section 1, the introduction to the paper is
presented followed by the model formulation in section 2. The model analysis is
presented in section 3. Numerical simulations are presented in section 4 and section
5 concludes the paper.
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2 Mathematical model

We consider a classical human SEIR model, coupled with behavioural state vari-
ables of: susceptible individuals S(t), exposed individuals who are not yet infectious
E(t), and infectious individuals who are either detected I;(t) or undetected I,(?),
recovered individuals who are either recorded Rg4(t) or unrecorded R, (t). The total
human population is given by

N(t) = S(t)+ E(t) + La(t) + L.(t) + Ra(t) + Ry,(t).

The social processes at any time t are modelled by two state variables, €(t) and p(t),
where €(t) models the information on the disease, mainly driven by the number
of detected cases that are then reported in the media and p(f) models the NPIs
(personal hygiene, travel bans, mass gatherings bans, social distancing, curfews,
and lockdowns) that are used to reduce transmission, and are also driven by the
changes in the information on COVID-19. We assume that 0 < €(t), p(¢) < 1.

The human population increases through births at a rate u/V, with recruits assumed
susceptible and p being the birth/death rate. The susceptibles are infected through
interaction with the infected in the compartments I; and I, at a rate X\ defined by

(La(t) + nlLu(t))
N(t)

A= p(1=p(t))

where [ is the effective contact rate and 7 is the relative infectivity rate of those
in the compartment I, when compared to those in compartment /;. Once infected,
susceptible individuals move to the exposed class where they progress to become
infectious after 5 to 6 days [16] at a rate k. A proportion ¢ will be undetected infec-
tives while the remaining proportion becomes detected. The detected/undetected
infectives recover at rates o4/0,, and die due to COVID-19 at rates d4/d,.

The information growth rate is driven by the number of detected cases at a rate
as and the information decreases at a rate v, with €y being the constant baseline
information that the population has. The NPIs grow at a rate oy and decrease at
a rate v; and the constant baseline value of NPIs practiced by the population are
modeled by py. The model flow diagram is presented in Figure 1 below.

do0i:10.20944/preprints202211.0100.v1
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Figure 1: Model diagram

The model formulation summary above together with the model flow diagram (Fig-
ure 1) leads to the following system of equations:

S = uN — S — us, Ru = ouly — pRy,

E = AS— (H’ + ’{)Ea Ry = o4lq— :U‘Rda (1)
Iy = (1—=q)kE — (p+0a+dd)la, p = po+aie—vip,

I, = qrE —(u+ 0oy~ 6u)1ly, € = €9+ agly — e

Given that the human population and the social process have different dimension,
we re-scale the human population by setting

oS Lo Lo o R oo T
_N, _N’ZU—Nj/Ld_N’TU_N Td_N

and obtain the following system of differential equations:

= p— B —p)(ia+niu)s — ps,
¢ = B(1—p)(ia+niu)s — (n+ Ke,
ia. = (1—q)ke — (u+0a+da)ia, .
iy = qre— (114 O+ 8,)i, Human dynamics (2)
Tq = Oglqg— HUTq,
Ty = Oyly — KTy,
p - po + ale o l/lp’ uuuuuuuuuuuuuuuuuu 1 1
& = €0+ Qyig— e, } Social dynamics (3)

with the initial conditions s(0) > 0, e(0) > 0, i4(0) > 0, 4,(0) > 0, r4(0) > 0,
r.(0) >0, p(0) > 0 and €(0) > 0.
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3 Model analysis

3.1 Positivity of the solutions

Lemma 1. Suppose that s(0) > 0, e(0) > 0, i4(0) > 0, i,(0) > 0, r4(0) >
0, 7,(0) >0, p(0) > 0 and €(0) > 0, then the solution

(s(t), e(t), 1q(t), 1u(t), ra(t), ru(t), p(t), €(t)) € R® of system (2)-(3) is positive
for all time t > 0.

Proof. Let (s(t), e(t), ia(t), i,(t), ra(t), ru(t), p(t), €(t)) be the solution of system
(2)-(3). From the first equation of system (2)-(3) we have that

§= =B = p)(ia+mis)s — ps, where A= B(1— p)(ia+ni).

Thus, 3 3
S=p—A+ps = s=2-(A+ps (4)

Integrating both sides and applying the initial conditions leads to

s(t) > s<o>e‘<f5 Aryire) (5)
at any value of ¢ > 0. Since s(0) > 0 then s(t) > 0.
Also, from the second equation of system (2)-(3) we have that
e=0(1—p)ig+ni)s— (n+r)e = é>—(u+r)e. (6)
Integrating both sides and applying the initial conditions gives
e(t) > e(0)e (et (7)

at any value of ¢ > 0. Since e(0) > 0 then e(t) > 0.
Similarly, it can be shown that i4(t) > 0, i,(t) > 0, r4(t) > 0, r,(t) > 0, p(t) >0
and €(t) > 0.

]

3.2 Feasible region

Consider the biological feasible region given by
Q:{XeRi:ng Lp <2+ (g +az),e < 712(60+042)},Where

vz

X = (s(t),e(t),in(t),ia(t), ry(t),ra(t), p(t),e(t)), n=s+e+iy,+ig+71,+ T4

Lemma 2. The solution of the system (2)-(3) with the non-negative initial condi-
tions are bounded for all t > 0 in the biological feasible region ).

Proof. We note from system (2) that,

W n=n) = nlt) = 1+ (n(0) ~ e (8)
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upon solving the differential equation and applying the initial condition.
Thus, n — 1 as t — oc.
Also, from system (3) we have that

€ = €+ Qiplg — o€ < €9 + vy — 9e  since  ig < 1. 9)
Upon solving the differential inequality (9) we obtain
1 1
€(t) < — (eo + as) + (6(0) e+ a2)> et (10)
12} 9]

Thus, as t — oo we have that €(t) < i (€0 + a2).
Lastly, from system (3) we have that

. e} . 1
pzpo+ale—ulp§po+l/—l(eo+a2) —1v1p since €< V—(eo+a2). (11)
2 2
Solving the differential inequality (11) we obtain
Po Po ! —v1t
<oy 0)—2 4 it 12
p(1) <24 2+ aa)+ (p(0) = 2 e ) € (12

Thus, as t — oo we have that p(t) < 224 -2 (¢ + ). Hence (s, e, iy, iq, Ty, Ta, ps €)

121 1282

are all bounded in the region 2. Therefore €2 is biologically feasible. O]

3.3 Disease-free equilibrium and model reproduction num-
ber

Model system (2)-(3) has a disease-free equilibrium given by
D° = (o8t o) = (1.0.0,0.0.0.9, ).

Following the next generation matrix approach in van den Driesche and Watmough
[30] we have that

0 f(1—®) pn(l—®) 0 0 0 0O
0 0 0 0 00O
0 0 0 0 00O
F=1]20 0 0 0 00O
0 0 0 0 00O
0 0 0 0 00O
0 0 0 0 00O
and
K+ u 0 0O 0 0 O 0
—(1—q)k  hyq 0O 00 0 O
—qk 0 h, 0 0 0 0
V= 0 —og 0 w 0 O 0
0 0 —o, 0 p O 0
0 0 0 0 0 vy —Qq
0 — Q9 0 0 0 O 1%5)
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Thus, the basic reproduction number denoted by Ry and defined as the spectral
radius of the matrix F'V~! is given by
Ro =Rsq+ R, with

13

_ Br(L—®)(1—g) (13)

(,U + K)h,d

_ Br(1 —®)gn
(e + K)hy

Ra and R,

Y

PoV2 + €00

where hy = pi+0q+04, hy = p+0o,+0, and & = . We fix ® < 1 in order
140 %]

for Ry to be biologically meaningful. Here, R, and R, represent the contribution
of individuals in classes 7, and i, respectively.

3.4 Endemic equilibrium

The long term dynamics of the model can be determined by considering the steady
states of the model. Solving the first, third, fourth, fifth and sixth equations of
system (2) together with equations for system (3) in terms of e* gives

. e*(u+ k) . €rqg e*k(1 —q) . €'Kqoy
S :1_77 1, = ) lg= ——F Ty = —7F >
] h. hg phy,
o= e*r(1 — q)ad, o €oha + age* k(1 — q)’ (14)

phy vohg

. aq (thd + Oége*ﬁ(l — Q)) + Vgpohd
vivahg '

Substituting the expressions (14) into the second equation of system (2) leads to the
following third order polynomial equation in terms of e*

e* (ae*2 + be* + c) =0 (15)
where
a = aasfr?(1—q)(k+ 1) (ngha + (1 = q)hu)
b = —Br(nghq+ (1 = q)hu) (haive(p+ &) (1 — @) + praraz(l —q)),  (16)

c = puh2h,vive(p+ k) [Ro — 1]
Solving (15) gives e* = 0 which corresponds to the disease-free equilibrium or
ae” 4+ be* + ¢ =0. (17)
We solve the quadratic equation (17). Note that
a>0, b <0, ¢c>0 (Rp>1) and c¢<0 (Ro<1). (18)

Various possibilities for the existence of the endemic equilibrium are shown in the
Table below. Here, i* denotes the number of roots of (17). Thus, we summarise
results on the existence of the endemic equilibrium of system (2)-(3) in Theorem 1.

7
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a>0
b<0
c>0 c<0
(R0>1) (R0<1)
i 2 1

Theorem 1.(H,). System (2)-(3) has a unique endemic equilibrium D* = (s*, e*,i¥ i, 5 ri, p* )
if and only if a >0, b <0 and Ry < 1.

(Ha). System (2)-(3) has two endemic equilibria D = (s, €}, 0k, Ui, Thys Ty, Py €7)
and D} = (85, €5,1%5, 05, 7g, oy 3, €5) if and only if a > 0, b < 0 and Ry > 1.

3.5 Local stability of the endemic equilibrium point

In this section, we study the local stability of the endemic equilibrium of system
(2)-(3). We employ Theorem 4.1 proven in the work by Castillo-Chavez and Song
[5]. We focus on the application of the theorem and refer readers to [5] for more
details on the theorem. We introduce the following change of variables for easy
application of Theorem 4.1:

§ =T, € =Ty, Ig = X3, by = Ty, T'q = Ts, Ty = Tg, p = Ty, € = Ty, s0 that
& T

N = Zmn We now use the vector notation X = (xy,z9,x3, x4, Ts5, Tg, T7, Tg) -
n=1

Then, model system (2)-(3) can be written in the form

dX
E = F(t,l’(t)) = (fl,f27f37f47f57f67f77f8)T7
where
d(El
EL = =B = p)las + nada — pay = fi
dZL‘Q
C2 = B )+ mwa)es — (4 R) = fo
dx
cTtg = (1 —q)kwy — hgws = f3,
dx
d—; = qKkTo — hyxy = f4,
(19)
7d:v5 = 04x3 — UI5 = f
o dl3 — HT5 = Js5,
dx
Mo i — o = fo
dx
d7t7 = po+oixs — 17 = fr,
dx
cTtS = €9+ QT3 — 1Ty = f3.
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Let 3 be the bifurcation parameter, Ry = 1 corresponds to

* vivahahy (K + 1)
= B* = ) 20
P=F=3 (v2 (1 — po) — ar€o) (Ngha + (1 — q)hu) (20)
The Jacobian matrix of system (2)-(3) at D° when 3 = 3* is given by
— 0 —6*(1-®) —pn(1—-®) 0 O 0 0
0 —k—p B(1L-0) Bpl-3) 0 0 0 0
0 (1—-¢)k —hy 0 0O 0 0 0
e |0 g 0 —h, 0O 0 0 0
FD=1 0 o4 0 w0 0 0
0 0 0 Ou 0 —u O 0
0 0 0 0 0 0 —-uv o
0 0 g€ 0 0 0 0 —Uy

where h,; and h, are defined as before.

It can be noted that for 5 = *, system (2)-(3) has a simple eigenvalue. Thus, the
center manifold theory can be applied to analyse the dynamics of system (2)-(3) near

8 = B*. Theright eigenvector for J*(D°) is given by w = (w1, wy, w3, wy, ws, we, wr, ws)’
where

wy = nghghy(k+p), wo = —privahgh,, ws = —kpve(l — q)hy,
wy = —kueghy, ws = —ka(l —q)oghy, we = —KV1Veqhyo,,

w; = —oaskp(l — q)éohy, ws = —askuri(1 — q)egh,y,.

The left eigenvector of J*(DP), associated with the zero eigenvalue at 3 = (* is
given by v = (U17 V2, U3, V4, Us, Vs, U7, US)Tv where

v = vs=vs=vr =03 =0, vy=r(nghg+ (1—q)hy),
vy = hu(’%—i_ﬂ)a U4:77hd("<¢+/i)-

Now, we compute a and b and apply Theorem 4.1 in Castillo-Chavez and Song [5].
For system (19), the associated non-zero partial derivatives of F' at D° are given
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below in (21).

2 9 f1 > fi > fi
0x10x3 0x30x, B ) 0x,10xy  Or401, Bl )
’?H PH 5 fH  PhH 5
Or30x:  Or-0xs = OxyOrs  Or.0xy e
02 fy 0 fy 0 fy P f
O0x1015 Ox501, e ) 0x10xy  Or,01 Bl )
’fH P _p 3f  Pfr -
Ors0r,  Or:0rs " Oxy0rr  Orn0xy e
d f1 d* f1
Dx305* S o T AC Ok
9 f 9% f
02305 o TP
(21)
It thus follows that
9% fy 0?
a — 22; 2U9w1 W; &Elg% + Z 2v2w7w26 g;

= & (& &)
= 51§3(A_1) <£Z_A>>
&s

where

61 = 26”#”/17/2}% (thd + (1 - Q)h’u) )
& = Rinws(k+p) (P —1) (hy +1kq),
& = 04104277/@2u(1 — q)qeohq + alOéQKZ/L(l - q)Qeohu.

Now, we fix py > v;. Note that if A > 1, then a > 0 and a < 0 if A < 1. Lastly,

b = & (areo + v (po — 1)) (ngha + (1 = q)hu)* > 0.
We thus have the following result
Theorem 2. If A < 1 the endemic equilibrium of system (2)-(3) is locally asymp-
totically stable for Rg > 1 but close to one. Otherwise, if A > 1, then model system
(2)-(3) has a backward bifurcation at R = 1.
4 Numerical simulations and model validation

The population of South Africa in 2020 was estimated to be 59.54 million [17].
We take the initial time of the epidemic to be the time when the first lock down

10
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Figure 2: A figure showing the model fitted to the first wave of the epidemic in
South Africa for the following parameter values: p = 0.01, 5 = 2.6060,

n = 0.4651, ¢ =0.9571, Kk =0.3143, o, = 0.54511, o4 = 0.9649, «; = 0.0050,

as = 0.0842, 0, = 0.1693, 9; = 0.5033, 14 = 0.0957, v, = 0.0100, pg = 0.0122.

measures took effect, i.e on the 27" of March 2020. The choice of the initial time is
driven by the fact that there were no non-pharmaceutical interventions before then.
Also, the waves following the first wave had additional interventions that included
vaccination, which were not captured in our model. It is thus apparent that we use
data from the first wave. We chose the end time of the first wave to be the 15 of
October 2020. It is important that there was no clear time set for the end of the
first wave and the start of the second wave. We hypothetically chose a value at the
mid-point of trough between the first and second waves. The initial conditions are
given by

59539894 86 20

= = _[ = -
59540000° ° ~ 59540000° ~® ~ 59540000’
rgo =0, 7o =0, po =0, ¢ =0.

IuO - 07

While some of the parameters such as the birth/death rates can be obtained from
[17], the majority of the parameters are generated by the curve fitting algorithm,
the fminsearch, which uses the Nelder-Mead simplex algorithm described in detail in
[14]. The birth/death rate in this case is assumed to be related to the life expectancy
in the year 2020. The life expectancy in South Africa was 65.5 years in the year
2020, translating to g = 0.015. The number of undetected cases is estimated to be
seven times higher than the reported figures [29]. So ¢ is chosen in such away that
the proportion of undetected cases is seven times that of the detected. We thus have
g = 0.875. Our fitting suggest a value three times the one reported in [29] for South
Africa. The remaining parameters are determined from the fitting.

11
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Figure 3: (a) The fraction of detected cases (b) The fraction of undetected cases as
vy varies. The subfigures show that the number of cases increase with any increase
in the reduction of NPIs.

4.1 Impact of varying NPIs

NPIs were impacted greatly when changes in the lockdown levels as the COVID-
19 pandemic progressed continued. Relaxations and tightening of NPIs has been
the norm in many countries depending on the number of cases and changes in
hospitalisation levels over time. We consider the relaxation of interventions that
are impacted by fear. As the numbers of cases decrease, the fear of COVID-19
decreases and consequently leading to a relaxation of the NPIs. The impact of NPIs
is modelled by the parameter v;.

4.2 Impact of varying fear levels

The structure of our model is such that fear resulting from increased numbers of
detected cases can give rise to increased NPIs. The removal in the levels for fear
is modeled by the parameter v,. We vary v from 0.1 to 0.7 and the fraction of
undetected infectives follows the dynamics in Figure 4. Clearly, the direct impact of
fear does not translate into significant changes in the fraction of infectives. We had
to zoom in to determine the influence of varying v5. The insert on Figure 4 shows
that increasing the levels of fear results in increased number of infected cases.

4.3 Impact of varying parameters v; and s on Ry.

The reduction in the NPIs, modelled by 14, and the progression to infectiousness,
modelled by k is of interest. We determine the effects of both parameters by a
contour plot Ry and the two parameters. Figure 5 shows that an increase in the
two parameters leads to an increase in the value of Ry. We add a surface of Ry =1,
to establish the parameter values of 11 and k for which the value of Ry = 1. This
is key in determining the persistence of the infection when all other parameters are
assumed to be constant.

12
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Figure 4: A figure showing the effects of varying vs.

Figure 5: shows a contour plot for the parameters x and 7.

4.4 Impact varying parameters oy and S on Rj.

13
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Figure 6: shows a contour plot for the parameters a; and /.

5 Conclusion

The work considered in this study captures the role of human behavior on the spread
of COVID-19 in South Africa influenced by spread of information. An eight-state
system of ODEs split into two sub-systems capturing human dynamics and social
dynamics is formulated. As can be observed in the social dynamics sub-system,
information on COVID-19 is considered to depend on data for COVID-19 detected
cases which in turn influence changes in human behavior. Baseline values for infor-
mation availability and human behavior are included to add realism to the system
of equations. Theoretical and numerical analysis of the model is carried out. The
model is applied to data on COVID-19 dynamics in South Africa with first wave
data used to validate the model.

Mathematical models that include human behaviour are key to the management
of diseases. COVID-19 treatment remain part of a bigger global research drive to
find therapeutics for the disease. In the mean time, the management and control of
the disease relied on human behaviour influenced by government policies. In South
Africa, restrictions to human movement, personal hygiene, cleaning of surfaces, san-
itizing and social distancing were key to minimising transmission before the advent
of the vaccines on the market. In particular, regulations on restrictions varied as
lockdown levels changed depending on the number of cases and hospitalization rates.

Other functions for f(e) and g(%) can be used to model the growth of NPIs and fear
other than the ones presented in this article. One of the weaknesses of this article
is the non inclusion of the hospitalised compartment, who can influence the infor-
mation that impacts the dynamics of the NPIs. The paper can also be extended to
incorporate vaccination as many countries to date have considered this as the main
preventive form of control for COVID-19. These aspects and some other observed
characteristics that influence the trends of spread of COVID-19 can be considered
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as possible extensions to this work.
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