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Abstract

Re-shaping of thermodynamics with the graph theory and Ramsey theory is suggested.
Maps built of thermodynamic states are addressed. Thermodynamic states may be
attainable and non-attainable by the thermodynamic process in the system of constant
mass. We address the following question how large should be a graph describing
connections between discrete thermodynamic states to guarantee the appearance of
thermodynamic cycles? The Ramsey theory supplies the answer to this question. Direct
graphs emerging from the chains of irreversible thermodynamic processes are
considered. In any complete directed graph, representing the thermodynamic states of
the system the Hamiltonian path is found. Transitive thermodynamic tournaments are
addressed. The entire transitive thermodynamic tournament built of irreversible
processes does not contain a cycle of length 3, or in other words, the transitive
thermodynamic tournament is acyclic and contains no directed thermodynamic cycles.

Keywords: thermodynamics; Ramsey theory; graph theory; directed graph; irreversible
process.

Introduction

In 1900 David Hilbert presented a list of twenty-three problems that in his opinion
would and should occupy the efforts of mathematicians in the future [1]. The sixth
problem of the list deals with the axiomatization of physics [1]. Hilbert suggested “to
treat in the same manner (as geometry), by means of axioms, those physical sciences in
which mathematics plays an important part” [1]. This problem remains unsolved. The
general fundamental physical axiomatic system does not exist. However, one of the
branches of physics, namely thermodynamics, enables the self-consistent axiomatic
formulation. The first successful attempt to reshape thermodynamic into the axiomatic
theory was carried out by Constantin Carathéodory [2]. Carathéodory understood that
just thermodynamics is well-suited for axiomatization. In particular, equations of
thermodynamics, known as the First Law of Thermodynamics appear in a linear

differential form that is known for mathematicians as Pfaff expressions or Pfaff
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differential forms, enabling a formal mathematical analysis of these equations [2-3].
Carathéodory also developed the axiomatic approach to the Second Law of
Thermodynamics formulated as follows: “In the neighborhood of any equilibrium state
of a system (of any number of thermodynamic coordinates), there exist states that are
inaccessible by reversible adiabatic processes [3-4]”. The aforementioned formulations
of thermodynamics highlighted the role of the binary relation of adiabatic accessibility
between two thermodynamic states. The idea that the binary relations interconnecting
thermodynamic states are crucial for constituting thermodynamics hints to the
hypothesis that the Ramsey Theory may be useful for the ‘“mathematical

thermodynamics”.

Ramsey theory is a branch of graph theory that focuses on the appearance of
interconnected substructures within a structure/graph of a known size [6-13]. Ramsey
theory states that any structure will necessarily contain an interconnected substructure
[7-10]. Ramsey's theorem, in one of its graph-theoretic forms, states that one will find
monochromatic cliques in any edge labelling (with colours) of a sufficiently large
complete graph [7]. One more example of the Ramsey-like thinking is delivered by the
van der Waerden’s theorem: colorings of the integers by finitely many colors must have
long monochromatic arithmetic progressions [7]. An accessible introduction to the
Ramsey theory is found in refs. 7, 9. More rigorous approach is laid out in refs. 10-11.
Applications of the Ramsey theory for the theory of communication are addressed in
ref. 13. Problems in Ramsey theory typically ask a question of the form: "how big must
some structure be to guarantee that a particular property holds?" We re-shape this
question for thermodynamics in a following form: how large should be a graph
describing connections between discrete thermodynamic states to guarantee the
appearance of thermodynamic cycles (which are crucial for modern thermodynamics)
[14-15]?

2. Ramsey theory and unattainable thermodynamic states

Consider the map of thermodynamic states inherent for the thermodynamic
system of constant mass, namely, a thermodynamic system enclosed by walls through
which mass cannot pass, however heat could be delivered to the system [14].
Thermodynamic states of the system are fully identified by values of a triad of

parameters known as state variables, namely: pressure, volume and temperature
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(P,V,T). The addressed map contains six thermodynamic states and it is depicted in
Figure 1. Every point depicts a certain thermodynamic state (P;,V;, T;,i = 1...6). Two
kinds of interrelations between the points numbered correspondingly n and k are
possible, namely: i) the process n — k corresponding to the transition (B, V,,T;,) —
(P, Vi, T) is thermodynamically available (these points are connected with red lines),
and ii) the process n — k corresponding to the transition (B, V,,, T,) = (P, Vi, Tx) iS
thermodynamically unattainable (these points are connected with green lines in Figure
1). 1 2

Figure 1. The map of thermodynamic states available for the constant mass
thermodynamic system is depicted. Red lines connect the states which are attainable
by the thermodynamic process. Green lines connect the states which are unattainable

by the thermodynamic process. Cyclic process “124”, “146”, “256” and “345” are
recognized in the map.

Why a thermodynamic transition (process) may be unavailable? The thermodynamic
process in the system of the constant mass is possible, when Eqg. 1 is fulfilled:

("—”)T <0 Q)

ov

Eg. 1 means that the pressure and volume in the closed thermodynamic system cannot
grow simultaneously within the isothermal process, and it is equivalent to the condition
Cy > 0, where Cy is thermal capacity of the system under constant volume [14]. Eq. 1
actually emerges from the Second Law of Thermodynamics, and it is true for
homogeneous physical systems [14]. For example, the transition from point “3” to point
“4” (see Figure 1) corresponds to the isothermal process, for which Eq. (2) is true:

P, > P3;V, > V3 T = const (2

The algorithmic procedure of ordering of thermodynamic states is supplied in
Appendix A. Processes (pathways) which are impossible in the closed thermodynamic
systems are illustrated with Figure 2.
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Figure 2. The processes impossible in the thermodynamic system of constant mass
are depicted. (Z—s) > 0 is true for the pathways 3 — 4 and 4 — 3.
T

The isothermal processes 3—4 and 4—3 are impossible in the thermodynamic system
m = const), due to the fact that (Z—s) > 0 takes place along the aforementioned
T

pathways, shown in Figure 2. And it should be emphasized that both the “direct” 3—4
and “reverse” 4—3 processes are thermodynamically unattainable in the constant mass
system [14].

Thus, two kinds of relationship are possible within the thermodynamic map
depicted in Figure 1. These relationships form the complete graph, i.e. a graph in which
each pair of thermodynamic states are connected by an edge, depicting the possibility
of thermodynamic transition between the states. It is noteworthy, that any
thermodynamic map, such as depicted in Figure 1, forms a complete graph, indeed,
from a pure logical point of view, the thermodynamic transition from state labeled “n”
to the state labeled “k” is or thermodynamically possible or alternatively, impossible.
Thus, the ideal conditions for the application of the Ramsey theory to the analysis of
the aforementioned thermodynamic maps/graphs are created.

We recognize a number of triangles, namely, the red triangles: “164”, “162”,
“125”. “136” and the green one “345” in Figure 1. Thus, a number of cyclic processes
appear at our thermodynamic map. The green triangle “345” corresponds to the
thermodynamically impossible cycle, whereas the cyclic process “164” is available for
the system. The importance of cyclic processes for thermodynamics is crucial [14-15].
Let us ask the following fundamental question: what is the minimal number of points
at our thermodynamic map in which cyclic processes (possible or forbidden) will
necessarily appear? The minimal cyclic process includes three points at the
thermodynamic map. The answer to this question is supplied by the Ramsey theory,
and it is formulated as follows: what is the minimal number R(3,3)? The answer
emerging from the Ramsey Theory is: R(3,3) = 6 (see refs. 7-11). Indeed, we
recognize in the example illustrated with Figure 1, that in the thermodynamic map
comprising six points corresponding to distinguishable thermodynamic states, in which
the relationships “to be thermodynamically attainable” and “to be thermodynamically
unattainable” are necessarily present we find triads of states forming the cyclic
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processes, some of which corresponds to the attainable and the other to the unattainable
cycles (consider that possible or impossible cycles will necessary appear at the map).
If the thermodynamically the attainable cycle “164” is present in the map, its maximal
efficiency n,,4, IS given by Eq. 3:

Tmin
Mmax =1 — 7, (3)

Tmax

where Ty, = min{Ty, Ty, Tg} and T,q,, = max{Ty, T4, T} correspondingly. It should
be emphasized that the thermodynamically possible cycle does not necessarily present
in the thermodynamic map. Simple, algorithmic procedure enabling ordering of the
thermodynamic states is supplied in Appendix A.

Let us take a more close thermodynamic look on the thermodynamically
attainable processes such as process 1 — 2; the reverse process 2 — 1 is also latently
suggested to be available; thus, process 1 — 2 is reversible; from the logical point of
view it means that thermodynamic attainability is the commutative property for the
thermodynamic systems of constant mass.

3. Theory of graphs and irreversible thermodynamic processes

Now consider the thermodynamic map shown in Figure 3. Again, every point
depicts a certain thermodynamic state (P;,V;, T;,i = 1...5). Now only irreversible
processes occurring between the states are possible. We define the processes as
“irreversible”, when they create new entropy [15].

a4

4 ':;.3

Figure 3. Vertices on the graph represent thermodynamic states
(pP;,V;, T;, i = 1...5). Only irreversible transitions between the states depicted by
black arrows are possible. Red arrows demonstrate the Hamiltonian path.

The thermodynamic states, shown in Figure 3 form a "tournament™ which is a
directed graph obtained by assigning a direction for each edge in an undirected
complete graph [16-18]. Any tournament on a finite number n of vertices contains a
Hamiltonian path, i.e., directed path on all n vertices, which is shown with red arrows
in Figure 3. From the physical point of view, the pathway 15243 illustrates irreversible
process involving all of the possible thermodynamic states. It should be emphasized,
that in any complete directed graph, representing the thermodynamic states of the
system the Hamiltonian path is found.
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The tournament may be transitive, in other words: ((a - b) and (b — ¢)) =
(a — c¢) takes place in such a tournament. From the physical point of view this means,
that the irreversible transition 1 — 2 followed by the irreversibly transition 2— 3
implies the availability of the irreversible transition 1— 3. If the thermodynamic states,
form the map, in which only irreversible transitive processes are possible, they form
the transitive tournament. This necessarily means that the entire tournament contain a
no directed thermodynamic cycles. Consider, that real thermodynamic processes are
always irreversible to some extent; thus, we proved that no directed thermodynamic
cycles are possible in real thermodynamic systems, in which entropy growth is
inevitable. This statement actually presents the re-formulation of the Second Law of
Thermodynamics, as worded with the graphs theory notions. (mo-moemy 31ech He SICHO
0 KaKOM YTBEP’KJIECHUU UMEHHO peyb)

Thermodynamic states may also form the "strongly connected graph™, namely
a graph in which every vertex is reachable from every other. Such a graph for a map of
thermodynamic states(P;, V;, T;, i = 1...4) is shown in Figure 4.

1 _ 2
40 < >@
A A
\ v
.<: g
4 3

Figure 4. The strongly connected graph connected four thermodynamic states
is shown. Red path depict the Hamiltonian cycle inherent for this thermodynamic
map.

Every strongly connected tournament has a Hamiltonian cycle, which is shown
with the red path in Figure 4. The opposite is also true: if the graph has a Hamiltonian
cycle it is strongly connected. Cyclic reversible thermodynamic processes (such as the
Carnot cycle) are seen in this context as strongly connected graphs, as shown in Figure
5. It is noteworthy that this graph 1234 is not complete and the edge 42 represents the
process which is forbidden within the constant mass system.
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Figure 5. The Carnot cycle 12341 may be seen as the strongly connected
graph; red solid line is the cyclic Hamiltonian path; the green arrow depicts the
“forbidden thermodynamic process”.

Now let us return to the Caratheodory axiomatic thermodynamics. Consider
first the thermodynamic map representing the states, which all are attainable by
reversible adiabatic processes within the system of the constant mass.

2

5

Figure 6. The graph presents five thermodynamic states between which reversible
adiabatic processes are possible. Path 124351 depicts the Hamiltonian cycle for this
map.

This graph is strongly connected and necessarily contains the Hamiltonian cycle
124351 shown in Figure 6.

Now consider the “mixed” map of states, which contains both kinds of
thermodynamic processes, namely attainable and non-attainable with the reversible
adiabatic process. Two types are possible for such graphs: i) non-transitive
tournaments; ii) transitive tournaments. When three thermodynamic states are located
on the same adiabatic curve, we deal with the transitive tournament. The transitive
tournament contains no directed cycles and this is true for any number of
vertices/thermodynamic states forming the complete graph [19]. Non-transitive
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complete graphs were discussed in Section 2. Applications of the Ramsey theory to
physical problems are sparse, yet [20,21]. We demonstrate the possibility of such
applications in thermodynamics.

Conclusions

Equilibrium thermodynamics is a branch of classical physics, which enables
rigorous axiomatic mathematical treatment, such as axiomatic thermodynamics,
suggested by Carathéodory. We demonstrate that the equilibrium thermodynamic may
be re-shaped with the graph theory, in particular, exploiting the approaches developed
within the Ramsey theory. The application of the Ramsey theory becomes possible
when maps built of thermodynamic states are addressed. Ramsey theory enables
treatment of the following problem: how large should be a graph describing connections
between discrete thermodynamic states to guarantee the appearance of thermodynamic
cycles, which play a crucial role in the classical thermodynamics. We introduce the
following approach: thermodynamic states may be attainable and non-attainable by the
thermodynamic process in the system of constant mass. The thermodynamic process in

the system of the constant mass is possible, when the condition
op

(5) < 0 is fulfilled. Thus, the processes for which (z—i) > 0 are forbidden; this
T T

makes possible the construction of the complete graph, connecting the states
constituting the thermodynamic map. The Ramsey theory states that in the
thermodynamic map comprising six or more points corresponding to distinguishable
thermodynamic states, in which the relationships “to be thermodynamically attainable”
and “to be thermodynamically unattainable” are present, we necessarily find at least
one triad of states forming the cyclic processes, one of which corresponds to the
attainable and the other to the unattainable cycles. Direct graphs emerging from the
sequences of irreversible thermodynamic processes are considered. In any complete
directed graph, representing the thermodynamic states of the system the Hamiltonian
path, i.e. directed path on all n vertices/states is found. Transitive thermodynamic
tournaments are addressed. The entire transitive thermodynamic tournament built of
irreversible processes does not contain a cycle of length 3, or in other words the
transitive thermodynamic tournament is acyclic and contains no directed
thermodynamic cycles. This statement supplies the alternative shaping of the Second
Law of Thermodynamics.

CRediT authorship contribution statement

Nir Shvalb - Writing — review & editing, Writing — original draft, Mark Frenkel -
Writing — review & editing, Writing — original draft, Investigation; Formal analysis;
Shraga Shoval - Writing — review & editing, Writing — original draft, Supervision;
Edward Bormashenko - Writing — review & editing, Writing — original draft;
Methodology, Investigation, Formal analysis, Conceptualization.


https://doi.org/10.20944/preprints202211.0077.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 November 2022 d0i:10.20944/preprints202211.0077.v1

References:

[1] L. Corry, David Hilbert and the axiomatization of physics (1894-1905). Arch. Hist.
Exact Sci. 51 (1997) 83-198.

[2] C. Carathéodory, Untersuchungen tiber die Grundlagen der Thermodynamik, Math.
Ann. 67 (1909) 355-386.

[3] L. Pogliani, M. N. Berberan-Santos, Constantin Carathéodory and the axiomatic
Thermodynamics. J. Mathematical Chemistry 28 (1-3) (2000) 313-324.

[4] 1. Bubuianu, S. I. Vacaru, Constantin Carathéodory axiomatic approach and Grigory
Perelman thermodynamics for geometric flows and cosmological solitonic solutions.
Eur. Phys. J. Plus 136 (2021) 588.

[5] R. Marsland I1I, H. R. Brown, Time and irreversibility in axiomatic
thermodynamics, Am. J. Physics 83 (2015) 628.

[6] F. P. Ramsey, On a Problem of Formal Logic. In: Gessel, I., Rota, GC. (eds) Classic
Papers in Combinatorics. Modern Birkhduser Classics. Birkh&user Boston 2009, pp.
264-286, https://doi.org/10.1007/978-0-8176-4842-8 1

[7] M. Katz, J. Reimann, J. An Introduction to Ramsey Theory: Fast Functions, Infinity,
and Metamathematics, Student Mathematical Library Volume: 87; 2018; pp. 1-34.

[8] Fujita S., C. Magnant, K. Ozeki, Rainbow Generalizations of Ramsey Theory: A
Survey. Graphs and Combinatorics 26 (2010) 1-30.

[9] R. L. Graham, J. H. Spencer, Ramsey Theory, Scientific American, 7 (1990) 112-
117.

[10] R. Graham, S. Butler, Rudiments of Ramsey Theory (2nd ed.). American
Mathematical Society, Providence, Rhode Island, USA, 2015, pp. 7-46.

[11] R, L. Graham, B. L. Rothschild, J. H. Spencer, Ramsey theory, 2" ed., Wiley-
Interscience Series in Discrete Mathematics and Optimization, John Wiley &amp;
Sons, Inc., New York, A Wiley-Interscience Publication, 1990, pp. 10-110.

[12] G. Chartrand, P. Zhang New directions in Ramsey theory, Discrete Math. Lett. 6

(2021) 84-96.

[13] F. S. Roberts, Applications of Ramsey theory. Discrete Appl. Math. 9 (3) (1984)
251-261.


https://doi.org/10.20944/preprints202211.0077.v1

d0i:10.20944/preprints202211.0077.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 November 2022

[14] L. D. Landau, E.m. E.M. Statistical Physics, 3rd ed.; Course of Theoretical
Physics; Elsevier: Oxford, UK, 2011; Volume 5.

[15] D. V. Shroeder, Thermal Physics, Addison Wesley — Longman, San Francisco, pp.
125-129.

[16] Erdds, P. On a problem in graph theory, The Mathematical Gazette, 47 (1963)
220-223.

[17] Graham, R. L.; Spencer, J. H. A constructive solution to a tournament problem,
Canadian Mathematical Bull. 14 (1971) 45-48.

[18] Bondy, J. A.; Murty, U. S. R. Graph Theory with Applications, North Holland,
New York, 1976, pp. 176-185.

[19] Choudum, S. A.; Ponnusamy, B. Ramsey numbers for transitive tournaments,
Discrete Mathematics 206 (1999) 119-129.

[20] Wouters, J.; Giotis, A.; Kang, R.; Schuricht, D.; Fritz, L. Lower bounds for
Ramsey numbers as a statistical physics problem. J. Stat. Mech. 2022 (2022) 0332.
[21] Shvalb, N.; Frenkel, M. Shoval, S.; Bormashenko, Ed. Dynamic Ramsey Theory
of Mechanical Systems Forming a Complete Graph and Vibrations of Cyclic
Compounds, preprints, 2022, doi: 10.20944/preprints202209.0331.v1

Appendix A. Procedure enabling ordering of the thermodynamic states suitable
for the Ramsey analysis.

The states available for the thermodynamic system of the constant are supplied in Table
1A. The pressure and volume of the states are ordered as follows: P, > P, > P3; V3 <
V, < V3. The thermodynamic states are summarized in Table 1A.

Table 1A. Thermodynamic states available to the thermodynamic system of the
constant mass

P1 P2 P3
V1 P1 V1 P2 V1 P3 V1
\'Z P1 V2 P2 V2 P3 V2
Vs P1 Vs P2 Vs P3 V3

Some of transitions between these states will be thermodynamically attainable a some
of them are non-attainable. The complete Ramsey graph depicted the states is shown in
Figure 1A. Red solid lines depict possible transitions and blue ones demonstrate
“forbidden” ones.


https://doi.org/10.20944/preprints202211.0077.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 3 November 2022 d0i:10.20944/preprints202211.0077.v1

(P1Va) (P2 V1)
(P3 V3) (P3 V1)
(P3V2) (P2 V2)

Figure 1A. The map of thermodynamic states available for the constant mass
thermodynamic system is depicted; P; > P, > P;; V; <V, < V3. Red lines connect the
states which are attainable by the thermodynamic process. Blue lines connect the states
which are unattainable by the thermodynamic process.

Available (P, V;) » (P,,V,) = (P;,V3) and forbidden (P,V;) — (P,,V;) —»
(P3,V1); (P3, V1) = (P, V) = (P3,V2); (P3,V3) = (P3, V1) = (P3,V3) and

(P,, V1) = (Pg,Vy) = (P,, V,) cycles are recognized. The available cycle containing
five points is also recognized.

Now we construct the complete graph built of the states: (P;,V;), (P, V,),
(P21 Vl)l (Pll VZ)I (P3l VZ); (P31 Vl) and (PZJ VZ):

(P1 V1) (P1V2)
(P3 Vo) (P2 V1)
(P3 V1) (P2 V2)

Figure 2A. The map of thermodynamic states available for the constant mass
thermodynamic system is depicted; P; > P, > P;; V; <V, < V3. Red lines connect the
states which are attainable by the thermodynamic process. Blue lines connect the states
which are unattainable by the thermodynamic process.

In this case, we have no available cycles; however, we have 7 forbidden cycles,
for example (P, V1) = (P2, V1) = (P3,Vy); (P, V) = (P, V) = (P3,V;) and
(P2, V1) = (P3, V1) = (P, V).
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According to pressure and volume of the states order and Eq. 1 the cycles are
thermodynamically available, when the indices related to pressure and volume decrease
and increase simultaneously.
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