Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 November 2022 d0i:10.20944/preprints202211.0045.v1

Special Cases of Generalized Leonardo Numbers: Modified p-Leonardo,

p-Leonardo-Lucas and p-Leonardo Numbers

Yiiksel Soykan

Department of Mathematics, Faculty of Science,
Zonguldak Biilent Ecevit University, 67100, Zonguldak, Turkey

e-mail: yuksel soykan@hotmail.com
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1. Introduction
The sequence of Fibonacci numbers {F},} is defined by
F,=F, 1+ F, 92 n>2 =0 Fi=1,
and the sequence of Lucas numbers {L,,} is defined by
Ly=Lp1+4+Lp2, n>2, Lyg=2, L1=1.

The generalizations of Fibonacci and Lucas sequences lead to several nice and interesting sequences.
In [3], Catarino and Borges introduced a new sequence of numbers called Lenonardo numbers. They

defined Lenonardo numbers as
lp=Ilp1+lh2+1, n> 2,

with Iy = 1,13 = 1. Lenonardo sequences has been studied by many authors, see for example, [1,2,4,6,7].
1
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In Soykan [6], two sequences related to Lenonardo sequence were defined: Modified Leonardo and

Leonardo-Lucas numbers are defined as
Go,=G,_14+Gp_o+1, with Go=0,G1 =1, n>2,

and
Hn:Hn—l‘i’Hn—Q*ly with H0:3,H1 :2, 7122,

respectively. The sequences {G,}, {H,} and {l,,} satisty the following third order linear recurences:

Gn = 2G,_1— Gn—37 GO = OaGl = 17G2 =2,
H, = 2H, 1—H, 3,  Ho=3,H =2 Hy=4,
ln = 21— ln73; lo= 1711 =1l =3.

In Soykan [6], generalized Leonardo sequence {W,, },,>0 = {W,,(Wo, W1, Wa) }»,>0 is defined by the third-order

recurrence relation
W, = 2Wp_y — Wi_s (1.1)

with the initial values Wy = ¢o, W1 = ¢1, Wa = ¢g not all being zero. The sequence {W), },,>0 can be extended

to negative subscripts by defining
W_, = 2W7(n72) - W,(n,;_)))
for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
Note that the sequences {G,}, {H,} and {l,,} are the special cases of the generalized Leonardo sequence

{Wp,}. Next, we list some properties of the sequence {W,}, {Gn}, {Hn} and {I,,} as follows (see [6] for
details).

e Binet formula of generalized Leonardo numbers can be given as

z o 28" 237"
e I (e ey B ey ey 2
ozttt — gt
G
where
z1 = Wy— (2 — a)W1 + (1 — CM)VV()7 (13)
7 = Wa—(2-8)Wi+(1-pB)W, (1.4)
z3 = W2 — W1 - Wo. (15)

Here, o, 8 and v are the roots of the cubic equation

2? =202 +1= (2 -2 —-1)(z - 1) =0.
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Moreover,
1++5
a = 5
1-+5
s = S5
vy =1
Note that
atft+y = 2
af+ay+ 06y = 0,
Olﬂ’)’ = _17
or

a+p8=1, af=-1

e For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo numbers can be expressed

using Binet’s formulas as

n+2 _ pn+2
G, = -
a—p
Hn = a"+ ﬁn + 1a
n+l _ pn+l
I, = 2a™ =) 1,
a—p
respectively. Note that Binet’s formulas of Fibonacci and Lucas numbers, respectively, are
Fn = a + B = S B s
a—0 pB-—a«a a—p
Ln = o"+ ﬁnu
and so
G, = Fop2—1, (1.6)
H, = L,+1, (1.7)
ln, = 2F,41—1. (1.8)

e We have the following interrelations:
5G,, = 3Lp41+ L, —5, (1.9)
H, = 2F,1—F,+1, (1.10)

5l, = 2Ln41+4L, —5. (1.11)
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o0
e The ordinary generating function fy, (z) = > W,a™ of the generalized Leonardo sequence is
n=0
given by

S L Wo+ (Wi — 2Wo)z + (W — 217 )a?
E Wy = 3 .
o 1-2z42

e (Simson Formula of Generalized Leonardo Numbers) For all integers n, we have

W2 Wn-‘rl Wy
Woir Wn  Waoi | = (CD)"(=W5+ WP =W +202W W3 + WoWE — 2WEWs + WEWa) — 3Wo Wi Wa).
Wn Wn—l Wn—2

e We now present a few special identities for the generalized Leonardo sequence {W,, }. For all integers
n and m, the following identities hold:

— (Catalan’s identity of the generalized Leonardo sequence)
WotmWam =W = (W1 =Wo) Fosmera + (Wa = 2W1 +Wo) Fonr — (Wo = W1 = Wo) ) (W1 —
Wo)Fn—mi2+ (Wa—=2W1 +Wo) Fyypn — (Wa — Wi = Wo)) — (W1 = Wo) Frpyo + (Wa — 2W1 +
Wo)Fni1 — (W — Wi — Wp))2.

— (Cassini’s identity of the generalized Leonardo sequence)
Wi 1 W1 = W2 = (—=W3 = WE+W§ +3W1Wo — WoWs — WoW1)E2, + (W3 +WE—W§ —
SWiWo + WoWa + WoW1)F2 + (Wo — 3Wq + 2Wo)(Wo — Wy — Wo)EFpir + (2We — 5W5 +
3Wo)(—=Wa + W1 + Wo)F,, + (W3 + W2 — W — 3W1Wa + WoWa + WoW1)Fy i1 F,.

— (d’Ocagne’s identity)
Wins1 Wy = Wi W1 = (Wo — Wh)(Wo + Wi — Wa) (Frug1 — Frpsa) + (Wo — 2W5 + Wa) (W +
W1 — Wo)(Fy — Fy) + (WE = W2 — W32 — WoWy — WoWsa + 3W1Wa)(EFy Frv1 — FrnFrig).

— (Melham’s identity)
Wit 1 WiyoWige — W23 = (WG — WE — W§ — WoWy — WoWs + 3W1Wa)(—(Wy — Wa)
F i+ (Wo = W) F 4+ (Wo = Wa) Fyd By = (Wo = 2W1 +Wa) F3 Ly Fy) +(Wo + Wh = Wa ) (5Wo +
QW — TWo)(Wo + Wy — 2Wo) 2 + (Wo — Wa)(2Wo + 3W — 5Wa) 2 + (TW§ + 3WE +
1TW3 +TWoWy — 21WoWa — 13W 1 Wo) EF i1 Fy) + (Wo + Wy — Wa )2 (— (AW + 3W1 — TWa) By iy
—(3Wo + Wy — 4W,) E)).

e For n € Z, generalized Leonardo numbers have the following identity:

1
W_p = (=1)""(Way, — H,W,, + 5(1{3 — Hy)Wo).
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o If we define

2 0 -1
A = 1 0 0 )
01 0

then
B,=A"
ie.,
2 0 -1 Gn1 —Gp1 -Gy
1 0 0 = Gn —Gn_g —Gn_1
0 1 0 Gn—l *Gn—3 *Gn—Q
e For all integers m,n, we have
Wner = WnGm+1 - anlefl - Wn72Gm' (112)

e For all integers m,n, we have
(Wo + Wy — Wo)(WE — WE = Wi — WoWy — WoWs + 3W, W)W im
= Wou(—(Wg = 2WE + WiWa)Wis + (W3 + WoWy — 2W Wo)Wypo + (—WE + WoWa)Wyi1)
W1 (—(WE = 2W2 + WiWo) W1 + (W3 + WoWy — 2W Wo) Wy, + (=W + WoWa) Wy _1)

~Wh—o(— (WG — 2WE + WiWo)Wypo + (W3 + WoWy — 2W Wo) Wi i1 + (—WE + WoWa)Woy,).
2. Special Cases of Generalized Leonardo Sequence

Now, we define new three sequences related to modified Leonardo, Leonardo-Lucas and Leonardo se-

quences: Modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo numbers are defined as

Gpn = Gpn1+Gpnoatp Gpo=0Gp1=1, n=2,
Hp,n - Hp,n—l + Hp,n—Z - D Hp,O = 37 Hp,l =p+ la n Z 23
lp,n = lp,nfl + lp,n72 + p, lp,O = 17lp,1 =1mn > 27

where p is an arbitrary non-zero complex (or real) number.

The sequences {Gp n}, {Hpn} and {l, ,} satisty the following third order linear recurences:

Gp,n = 2C;(p,n—l - Gp,n—Sa Gp,O =0, Gp,l =1, Gp,2 =p+1,
Hp,n = 2Hp,n71 - Hp,’n737 Hp,O = 3,Hp,1 =P + ]-7 H 2 = 4,

2[:07“_1 — lpm_g, lp70 = 1, lp71 = 1, lp’g =p + 2.

o~
3
3

I
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Note that
Gl,n = Gna
Hl,n = Hna
l17n = lna

and note also that the sequences {G, .}, {Hpn} and {l, ,} are the special cases of the generalized Leonardo
sequence {W, }. So, we can use all the results given in [6].

Next, we present the first few values of the modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo
numbers with positive and negative subscripts:

Table 1. The first few values of the special third-order numbers with positive and negative subscripts.
n 0 1 2 3 4 5 6 7 8 9

Gpn O 1 p+1 2p+2 4p+3 Tp+5 12p+8 20p+13 33p+21 bdp+ 34
Gp,—n 1—p -1 2—-2p p—3 5—4p 4p — 8 13—9p 12p—21 34-—22p
H,, 3 p+1 4 ) 9—-p 14-2p 23—-4p 37-Tp 60—-12p 97 —20p
H, _, 2p—2 5—p 4p—-T7 12—-4p 9p—-19 31-12p 22p—-50 81 —-33p 5H6p— 131
lpm 1 1 p+2 2p+3 4dp+5 Tp+8 12p+13 20p+21 33p+34 5dp+55

lp,—n —p 1 —2p—1 p+2 —4p—-3 4p+>5> —9p—-8 12p+13 —-22p—21
For all integers n, modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo numbers can be expressed

using Binet’s formulas as

_ _latp-1) o Brp—1) oo
Grn = G p@-0" TG-awpE-n" P
B 572a+p(a72)an 5-28+p(B—-2) ,
H,, = @—Ba-1 + B-a)B-1) B" +p,
S e N R e ST
br = G Be-DY T EoapoD P

respectively.

We now present generating functions.

COROLLARY 1. The ordinary generating functions of modified p-Leonardo, p-Leonardo-Lucas and p-

Leonardo numbers are given as

Nt x4+ (p—1)2?

G n L 2 9
7;) P 1—2z+ 23
iH o 3+ (p—5)z+(2—2p)z?
— o o 1— 2z + 23 ’
n:[]p’n o1 -—2z 423

respectively.
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SPECIAL CASES OF GENERALIZED LEONARDO NUMBERS 7

Next, we give Simson’s formulas.

COROLLARY 2. For all integers n, Simson’s formulas of modified p-Leonardo, p-Leonardo-Lucas and

p-Leonardo numbers are given as

Gp7n+2 Gp7n+1 Gp,n

Gp,n+1 Gp,n Gp,n—l p (_p2 +p+ 1) (_1)717

prn Gp,nfl Gp,n72

Hyni2 Hpnia Hyn
Hpnt1 Hyn Hyn- =P (p2 —7p+ 11) (_1)n7

Hpm Hp,nfl Hp,n72

lp,n+2 lp,n+1 lp,n

2
lp,n+1 lp,n lp,n—l p (p + 1) <_1)n+17

l

p,n lpynfl lp7n72

respectively.

3. Some Identities

In this section, we obtain some identities of modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo

numbers. First, we can give a few basic relations between {W,,} and {G, »}.

LEMMA 3. The following equalities are true:

(a): (=p* +p*> +p)W, = (=Wop? + Wip+ Wo + W1 = W2)Gpy o — (Wo + W1 — Wo + 2pW; — pWy —
20*Wo + p*W1)Gp i1 — (Wo + Wi — Wa + pWo — 2p° Wi + p*Wa)Gp .

(b): (W3 — 2W2Wa — 2WoW2 + 3WoWi Wy — W3 + AW2Wy — AW, W2 + WGy = —(W2 — W2 —
WoWa + Wi Wa —pW2E 4+ pWoWa) Wy, 1o+ (WE + W3 +WoWy — 2WoWo — Wi Wo — pW§E + 2pWo Wa —
PWIW) Wit — (W2 + W2+ WoWi — WoWs — 2W,Wa — pW2 — pWo W, + 2pW, Wa) W,

Proof. Note that all the identities hold for all integers p,n. We prove (a). To show (a), writing
Wyp=axGpni2a+bXGppy1+cxGppy
and solving the system of equations

Wo

apr72—|—b><Gp,1+c><Gp70

Wi aXGp’g—l—bXGp’g—i-CXGp’l

Wo = axXGpa+bxGpz+cXGpo
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we find that
1
a = ——a——(~Wop? +Wip+ Wy + Wy — Wy),
—p3—|—p2—|—p( op p 0 1 2)
1
b = 7372(W0+W17W2+2pW1pr272p2W0+p2W1),
—-p°+p +p
1
c = ——————(Wo+ W, — Wo + pWy — 20*°Wy + p*W5).
—p3+p2+p(0 1 2 T pWo p Wi +p°Wa)

The other equalities can be proved similarly. [
Note that all the identities in the above Lemma can be proved by induction as well.

Next, we present a few basic relations between {W,} and {H, »}.

LEMMA 4. The following equalities are true:

(a): p(p* —Tp+11)W,, = —(11Wo + 11W; — 11Ws — 5pWy — dpWi + 2pWo + p*Wa) Hp o + (11Wo +
LW, — 11Wy — 8pWy — 3pWy + dpWa + p*Wo) H i1 + (11Wo + 11W — 11W, — 4pWy — 8pW; +
5pWa + p*Wi)Hp .

(b): (=W + 2W3Wa + 2WoW2 — 3WoW, Wy + W3 — AWR Wy + AW, W2 — W3 H,,,, = (WE — 4W} —
3W2 — 3WoWy + 2Wo Wy + TWi Wy + pWE — 2pWoWa + pWiWo) W io + (2WE 4 3W2 + 5W2 +
SWoW, — TWoWa — 8W Wy — 2pWE — pW3 — pWoWy + dpWoWo) W, i1 + (W2 — 3WE — 2W3 —
QWoWy + 5WoWa + Wi Wa + pW2 + 2pW2 + 2pWo Wy — pWoWo — 4pWy Wa)W,,

Now, we give a few basic relations between {W),, ,} and {l, .}

LEMMA 5. The following equalities are true:
(@): plp+ )Wy, = (—Wa+ Wi+ (14 p)Wo)lpns2 + (Wo+ (p — 1)W1 — (2p + 1)Wo)lpms1 + (0 +
Wy — (2p+ 1)W1 — Wo)lp p-
(b): (W — 2WgWs — 2WoWE + 3WoW 1 Wy — W + AWEWy — AW W3 + Wi, = 2WE — WE +
W3+ WoWy — 3WiWa + pWE — pWoWa)W,, 0 — (W2 + W3 + WoWy — WoWa — 2W Wo + pWE —
2pWoWo + pWiWo) Wiy + (WG — W2 — WoWo + Wi W + pW2 + pWoWy — 2pW Wa)W,,.

Next, we present a few basic relations between {G, ,} and {H, ,}.

LEMMA 6. The following equalities are true

(P* =T+ 11)Gpn = —2(2p —5)Hpnsa +2(p— 3)Hpnis — (0> — 9p+ 15)Hp iy,
P = Tp+11)Gpn = —2(Bp—T)Hpnys — (0> — 9+ 15)Hp iz + (4p — 10)Hp iy,
P =T+ 11)Gpp = —(*+3p = 13)Hp o + (4p = 10)Hp i1 + (6p — 14)Hyy 1,

P =T+ 11)Gppn = —2(0° +p —8)Hpni1 + (6p = 14)Hp o + (p° +3p — 13)Hp 1,

(P> —Tp+11)Gpr = 2(=2p* +p+9)Hpn+ (p* +3p—13)Hy 1 +2(p° +p — 8)Hp o,
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and
(-p* +p+1DHyn = —(—p*+3p+1)Gppsa+ (—4p* +8p +6)Gpnis — 2(—2p* + 3p + 3)Gp .2,
(=P +p+DHpn = 2(=p*+p+2)Gpnis —2(=2p> +3p+3)Gpnia + (—p° +3p+ )Gy,
(—p*+p+ DHyn = —2(p—1)Gpnt2+ (—p*+3p+ DGpnt1 — 2(—p*+p+ 2)Gp,n,
(—=P*+p+VHpn = —@0°+p=5)CGpni1 = 2(=p* +p+2)Gpp +2(p = 1)Gpn1,
(=p*+p+1VHp, = —202p—3)Gpn+2p—1)Gpn1+ @ +p—5GCGpn_2.

Next, we give a few basic relations between {G,,} and {l,, ,,}.

LEMMA 7. The following equalities are true

P+ 1)Gpn = —2pnta—(p—lpats+ 2p— Dlpasie,
P+1)Gpn = —Dlpniz+ (20— D)lpni2+ 2001,
P+ 1)Gpn = —lpnt2+2pni1 + Dl
(p+1)Gpn = plpn+lpn-1,
and
(P +p+ Dlpn = —2p+1)Gpnia+ (0> +4p+2)Gp iz —p(2p + )Gy,
(=P +p+ Dlpm = P°Gpnis =20+ 1)Gpnia + 20+ 1)Gpny1,
(—p* +p+Dlpn = —pGpniz+ (2p+1)Gpni1 —p°Gpn,
(—P* +p+Dlpn = Gpnp1 = 0°Gpn +0Gpn-1,
(P’ +p+ Dl = (0> =2)Gpn +PGpn-1 — Gpn2.

Now, we present a few basic relations between {H,, ,,} and {l,,,}.

LEMMA 8. The following equalities are true

(p+1DHpn = —(p—6)lpnta+ (4p—13)lpn+s —2(2p — 3)lpn2,
(p+1DHpn = (2p—Dlpnys —2(2p = 3)lpnt2 + (0 — 6)lpnt1,
(p+1D)Hpn = 4ppto+ (p—6)lpnr1 — (2p = Llpn,

p+D)Hpn = (P+2)lpms1r — 2= Dlpn — 4lpn-1,

(p + I)Hp,n = 5lp,n - 4l107"—1 - (p + 2)1177”—2’
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and

(p2 -+ 11)lp,n —(5p — 14)Hp,n+4 + (4p — 15)Hp,n+3 - (p2 -3+ 10)Hp,n+2v

(p2 =T+ 1)lpn = —(6p—13)Hpnis — (p2 —8p+10)Hpny2 + (5p — 14)Hp 1,

(p* = Tp+ 1), —(p* +4p —16)H py2 + (5p — 14)H,y 111 + (6p — 13)H,,
(P —Tp+ 1)l = —(20°+3p—18)Hy i1 + (6p — 13)H,,, + (p* +4p — 16)H, 101,

(p* —Tp+ 1)1, —(4p* — 23)H, . + (P* +4p — 16)H, o1 + (2p* + 3p — 18)H, ;1.

We can give a few basic identities by using Lemma 3.

COROLLARY 9. The following identities hold:
(a): (—0° +p* +p)Gn = (= 1) Gpura — (1° = 1) Gpnt1 + Gy
(b): Gpn=—(p—1)Gns2+ (2p —2) Gpy1 + Gy.
(©): (=p* +p* +p)Hy = (=3 +2p + 1)Gpnp2 + (49> = 1) Gyt — (3p + 1) G-
(d): 5Gpn = (8p + 1) Hpso — (Tp — 1) Hpyy — (6p + 2)H,.
€): (P> +p*+p)ln=—0* =P+ DGpnia+ P> +p+1)Gpni1 — (0* +p— )Gy
(£): 4G, 0 = —2plpto+ (2p + 2)lpt1 + (4p — 2)1,,.

Proof.
(a) and (b): Take W,, = G, = G,, in Lemma 3.
(c) and (d): Take W,, = Hy,, = H,, in Lemma 3.
(e) and (f): Take W,, =11, =1, in Lemma 3. O

We now present a few basic identities as a result of Lemma 4.

COROLLARY 10. The following identities hold:
(a): p(p? = Tp+11)Gp, = —(2p® — 11)Hp nyo + (5p — 11)Hp, 1 + (0> +2p — 1) Hpy .
(b): Hp»o=2p—2)Gry2— (Ap —7)Gry1 + (p — 5)G,.
(c): p(p* = Tp+11)H, = —(4p* = 15p + 11)Hpy nyo + (3p* — 14p + 11)Hp o1 + (2p° — 8p + 11)H .
(d): 5Hp, = —(Tp = T)Hypi2 + (8p — 8)Hpy1 + (4p + 1) Hy.
(e): p(p* = Tp+ 1)l = (=3p* +3p+ 11)Hy nyo + (0> +p — 1) Hp 1 + (p° + 3p — 11) Hp .
(f): 2Hp o = (p+3) 2 — Slypy1 — (3p — 2)1,.

Proof.

(a) and (b): Take W,, = G1, = G,, in Lemma 4.
(c) and (d): Take W,, = Hy, = H,, in Lemma 4.
(e) and (f): Take W,, =1y, =1, in Lemma 4. O

We next give a few basic identities by using Lemma 5.
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COROLLARY 11. The following identities hold:
(a): plp+1)Gy = =lpnio+ P+ 1) lpg1 + lpn-
(b): lpn = —pGni2+ (2p + 1)Gry1 — G
(©): p(p+ D Hn = Bp+ Dlpnrz — (4p + Dlpnt1 = lpn-
(d): 5lpn = 8p+3)Hpto — (Tp+2)Hptq1 — (6p+ 1)H,.
(@): p(p+Dln = (0= Dlpntz = (0 = Dlpnsr + (0 + Dlpn-
(£): 4lpn =—(2p —2)ly2 + (2p — 2) 141 + 4ply.

Proof.
(a) and (b): Take W,, = G1, = G,, in Lemma 5.
(c) and (d): Take W,, = H; ,, = H,, in Lemma 5.
(e) and (f): Take W,, =11, =1, in Lemma 5. O

4. Relations Betwen Special Numbers

In this section, we present identities on p-modified Leonardo, p-Leonardo-Lucas and p-Leonardo numbers

and Fibonacci and Lucas numbers.

LEMMA 12. For all integers n, we have the following identities:

(a):
Gpn = pFupi+F,—p, (4.1)
5Gpn = (p+2)Lps1+ (2p— 1)L, — 5p. (4.2)
(b):
Hyn = @=p)Fu1+(p—2)F, +p, (4.3)
5H,, = (p—1)Lni1+ (8—3p)Ly + 5p. (4.4)
()
lpn = pPFai1+ Fuy1 —p, (4.5)
5lyn = (p+1)Lpi1+2(p+ 1)L, — 5p. (4.6)
Proof. Note that
Foyo = Fag1 + Iy,
Foys = 2F,41 + Fy,
Fota = 3Fh41+2F,,
Lnte = Lpt1+ Ly,

Ln+3 = 2Ln+1 + Ly.
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We know that

Gn - Fn+2_17
H, = L,+1,
lh = 2F,, L

We also know from Corollaries 9, 10 and 11 that

Gpn = —(P—1)Gny2+ (20— 2) Gny1 + G,
5Gpn = (Bp+ 1) Hpyo — (Tp— 1)Hpp1 — (6p + 2)H,y,
4Gpn = —2plpio + 20+ 2)lugr + (4p — 2)1n,
and
Hy,, = (2p—2)Guyo— dp—T7)Gpy1+ (p —5)Gn,
5Hyp,, = —(Tp—T)Hpio+ (8p—8)H,y1 + (4p+1)H,,
2H,, = (p+3)lng2 = 5lpny1 — (3p — 2)ly,
and
b = —PGni2+ (2p+1)Gny1 — Gy,
5lpn = (Bp+3)Hpyyo — (Tp+2)H,41 — (6p+ 1)H,,
dpn = —(2p=2)lnt2 + (2p — 2)lnt1 + 4ply,

Now, use the above identities. [

5. Special Identities

As special cases of Catalan’s identity of the generalized Leonardo sequence, we have the following corol-

lary.

COROLLARY 13. For all integers n and m, the following identities hold:
(@) GputmGpn-m =Gy = (Fosmrz+ (0= 1) Fosmi1 =) (Fuemiz + (P — 1) Fpemir —p) = (Fagz +
(P =1 Fps1 —p)°
(b): HpnmHpnm—Hp , = (0=2) Foims2+(5—2p) Fppm1+0) (0—2) Fremt2+(5-2p) Fommp1 +
p) = ((p = 2)Furz + (5 — 2p) Fpsa +p)?
©): bpmsmlpm—m =12, = =@+ 1) (0Fnins1 +0Fmi1 — @+ 1) Fopni1 Fgng1 + (p+ 1) Flyy —
2pF,11)

As special cases of Cassini’s identity of the generalized Leonardo sequence, we have the following corollary.

COROLLARY 14. For all integers n, the following identities hold:
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(@) Gpnt1Gpn-1—Gy = (P> +p+ V) FL +(0° —p—1)F; +(p* —p—1)F Fog1 +p(p—2) Frp1 —
p(2p = 3)F,.

(b): Hyni1Hpp1—H2, = (p>—Tp+11)F+(p* = Tp+11)F, Fo 1 —p(5p—12) F, + ((—p* 4+ 7p—11)
Fngl +pBp — 7)Fry1.

(©): bpntrlpn—1 =l = =P+ 1)?F2 + (0 +1)2F + (p+1)2FoFog +p(p+ 1) Fogr — p(2p + 2) .

As special cases of the d’Ocagne’s and Melham’s identities, we have the following three corollaries. First

one presents d’Ocagne’s and Melham’s identities of modified p-Leonardo sequence {G).,}.

COROLLARY 15. Let n and m be any integers. Then the following identities are true:
(a): (d’Ocagne’s identity)
Gpm+1Gpn = GpmGpni1 = (P> + 0 + 1) (FnFrsr — FuFui1) = p(Fng1 = Fos) — p(p —
V(E,, — Fy).
(b): (Melham’s identity)
Cpn+1Gpmi2Gpints— Gy oy = —p(0* —p—1)F +(0° —p—1)F —p(Tp+5)(2p+ 1 F7 -
pp+1)(5p+2)F +(p=1) (0> —p— ) E Fo+ (p+ 1) (0% —p— 1) Fo 1 Ff = p(1Tp? +21p+7) Fry 1 Fry +
P*(Tp+4)Foy1 + p*(4p + 3) Fy.

Second one presents d’Ocagne’s and Melham’s identities of p-Leonardo-Lucas sequence {Hp, ,, }.

COROLLARY 16. Let n and m be any integers. Then the following identities are true:

(a): (d’Ocagne’s identity)
Hymi1Hpn — HymHp 1 = —p(p — 2)(Fur — Fong1) — p(2p — 5)(Fy — Fu) + (—p° + Tp —
1) (F Fostr — FonFroi)-
(b): (Melham’s identity)
Hy i1 HpnioHpnis = Hy s = (0= 3)(p* = Tp+ 1)Fl + (0 = 2)(0° = Tp + 1) F] +
p(p—4)(2p — 1) F7 —pBp — 1) F; — (2p = 5)(p* — Tp + 1) 3 Fyy + (p° — Tp + 11) F I +
p(3p? — 25p + 55)F 1 B — p*(3p — 13)Fi1 — p2(p — 6) F,.

Third one presents d’Ocagne’s and Melham’s identities of p-Leonardo sequence {l, }.

COROLLARY 17. Let n and m be any integers. Then the following identities are true:
(a): (d’Ocagne’s identity)
bntilpn = lmlpn1 = —=(p + 1)2(FaFing1 — FnFos1) = p(p + 1) (Fn — Fa).
(b): (Melham’s identity)
bpniilpntalpnie = b pps = =0+ D((p + 1)?Fly + Mplp + DEFZ +5p(p + DET = (p +
122 Fo = (p+ 1) Foga B+ 17p(p + 1) Fr1 Fo — T0° Fogr — 4p°F).


https://doi.org/10.20944/preprints202211.0045.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 November 2022 d0i:10.20944/preprints202211.0045.v1

14 YUKSEL SOYKAN
6. On the Recurrence Properties of Special Cases of Generalized Leonardo Sequence

We present modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo numbers at the negative index.

Here, H,, = Hy .

COROLLARY 18. For n € Z, we have the following recurrence relations:

(a): modified p-Leonardo sequence:

Gp,fn = (_1)_n(GP,2n - H”Gp’”)'

(b): p-Leonardo-Lucas sequence:

. 3
Hy,n = (=1)"(Hyp2n = HoHyn + 5 (Hy = Hap)).

(c): p-Leonardo sequence:

1
pn=5(=1)7" (H2 — Hoyp + 2 0n — 2H, 1 ) -

Note that since

Gpn = pFppi+Fn—p,
H,, = @B-=p)Fu+®-2)F, +p,
lpn = pFny1+ Fog1 —p,
and
F_,=(-1)""F,,
we get
Gp—n = (=1)"(pFp-1—F,)—p,
Hyn = (=1)(3=p)Facr — (p—2)F0) +p,
bp,n = (P+1)(=1)"Foa —p.

7. Sums

The following Corollary gives sum formulas of Fibonacci and Lucas numbers.

COROLLARY 19. For n > 0, Fibonacci and Lucas numbers have the following properties:
(1)
(a): Y7 o Fh=2F,+F, 1 —1.
(b): > i o For =2Fp, — Foy o — 1.
(e): Yh_o Fors1 =2Fonq1 — Fop.
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2)
(a): ZZ:O Ly=2L,+ L, 1—1.
(b): 32— Lok = 2Lap — Lop—2 + 1.
(©): Yh—o Lakt1 = 2Lans1 — Lop—1 — 2.

Proof. Tt is given in Soykan [5, Corollary 4.5.]. O
The following Corollary presents sum formulas of modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo

numbers.

COROLLARY 20. For n > 0, modified p-Leonardo, p-Leonardo-Lucas and p-Leonardo numbers have the

following properties:

1)

(a): 2heo Gpk = 2P+ DFopr + (p+ 1)F = (n+2)p - 1.

(b): 3k—o Gpor = (p+ 1) Faps1 + pFop — (n+1)p — L.

(e): Yk oGpokt1 = (2p+1)Fopi1 + (p+ 1) Fop — (n+ 2)p.
2)

(a): 5> p_gHpr = (6 —p)Lyt1 + (7—2p)L,, + 5(n+ 1)p — 5.

(b): 5> 1o Hpor = (7= 2p)Lons1 + (p — 1) Loy, + 5np + 10.

(c): 53 % o Hpokt1 = (6 —p)Lont1 + (7 — 2p)Lon + 5(n + 2)p — 15.
®3)

(@): Ypolpr =2p+1)Fpy1+ (p+1)F, — (n+2)p—1.
(b): ZZ:O lpok = (p+ D Font1 + (p+ 1) Fan — (n+ 1)p.
(C): E.Z:O lp’gqu = 2(p + 1)F2n+1 + (p + 1)F2n - (n + 2)p — 1.

Proof. The proof follows from Corollary 19 and the identities (4.2), (4.4) and (4.6), i.e.,

Gpn = pFuj1+F,—p,
5Hyn = (p—1)Lynt1+ (8—3p)Ln +5p,
lp,n = pFnJrl —+ Fn+1 — P. D

8. Matrices and Some Identities Related With Generalized p-Leonardo Numbers

Next, we present formulas for the p-modified Leonardo, p-Leonardo-Lucas and p-Leonardo numbers.

COROLLARY 21. For all integers n, we have the following formulas for the p-modified Leonardo, p-

Leonardo-Lucas and p-Leonardo numbers.
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(a): Modified p-Leonardo Numbers.

where

n

2 0 -1 ail  aiz2 a3
1
Lo 0 =Ty | % 2
01 0 31 G32 433
a1 = (p—1)Gpnys — (p2 —1) Gpny2+ Gpnpa
azr = (p—=1)Gpnsa2— (p2 - 1) Gpn+1+ G
azi = (p—1)Gpnt1— (P* = 1) Gpu + Gpon
a2 = —((p—1)Gpn+1 — (p2 - 1) Gpn + Gpn-1)
a2 = ~((P=1)Gpn— (1" = 1) Gpno1 + Gpn2)
azz = —((p—=1)Gpu-1~ (1" = 1) Gpn—2 + Gpu-s)
a3 = —((p—1)Gpnsz = (p? = 1) Gpns1 + Gpn)
azz = —((p=1) Gpusr = (p* = 1) Gpn + Gp)
azg = —((P=1)Gpn— (p*=1)Gpn-1+Gpns)

(b): p-Leonardo-Lucas Numbers.

where

b32

b13
bas

b33

n

2 0 -1 bir bz bis
1
10 W —Tp+11) ba1 baa  bog

—(2p* = 11)Hp g3 + (5p — 11)Hp io + (p° + 2p — 11)Hyp i1
_(2172 - 11)Hp7n+2 + (5p — 11)Hpm-i-l + (p2 +2p — 11)Hp,n

—(2p® = 11)Hp i1 + (5p = 1) Hp o + (p* +2p — 11)H, 0 4

—(—(2p2 - 11)Hp,n+1 + (5p — 11)Hp,n + (p2 +2p— 11)Hp,n—1)
—(=(2p* = 1)Hpn + (5p = 1) Hpp o1 + (p° +2p = 11) Hp o)

—(=(2p* = 1) Hyp 1+ (5p — 11)Hpp—o + (p* +2p — 11)H,p ,—3)

—(—(21)2 - 11)Hp,n+2 + (5]) - 11)Hp,n+1 + (p2 +2p— 11)Hp,n)
—(=(2p® = 1) Hp i1 + (5p — 11)Hp o + (p* 4+ 2p — 11)H, 1)

—(—=(2p* = 11)Hpp + (5p = 11)Hp 1 + (p° +2p — 11)Hpy 1 —2)

doi:10.20944/pre

rints202211.0045.v1


https://doi.org/10.20944/preprints202211.0045.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 November 2022 d0i:10.20944/preprints202211.0045.v1

SPECIAL CASES OF GENERALIZED LEONARDO NUMBERS 17

(c): p-Leonardo Numbers.

n

2 0 -1 €11 C12 (13
1 0 0 = Zﬁ C21 C22 (23
0 1 0 C31 C32 (33
where
cir = —dpniz+ @+ lnt2 +lpni
21 = —lpni2o+ @+ lnr1 +ipn
csi = —lppr1+@+1)pn+lpna
¢z = —(“lppr + @+ bn+lpn-1)
o2 = —(~lpu+ P+ D lpno1 + o)
cz2 = —(~lpp-1+ @+ lpn-2+lpn-s)
as = —(hnt2+ @+1) s +lpn)
c3 = —(hpmr+ @+ b0 +lpn-1)
cz3 = —(~lpn+ @+ lpn-1+1lpn-2)
Proof. We know that
20 -1\ [ Gu —Gu —Gu
A'=110 0 | =| Gu —Gunz —Gun.
01 0 Gno1 =Gz —Gp

Now, use the following identities respectively:

(—p*+9°+p)Gn = (p—1)Gpny2— (p° —1) Gpny1 + Gy (Corollary 9),
p(P* —Tp+11)G, = —(2p*> —11)H, 2+ (5p — 11)Hp i1 + (p* + 2p — 11)H,, ,, (Corollary 10),
plp+1)G, = —lpnio+®+1)l, 41 +1pn (Corollary 11). O

In the following corollary, we give identities for the p-modified Leonardo, p-Leonardo-Lucas and p-

Leonardo numbers.

COROLLARY 22. For all integers m,n, we have
Gp,n+7n = Gp,nGm+1 - Gp,n—le—l - Gp,n—ZGmy
Hp,n+m = Hp,nGerl - Hp,nflefl - Hp,n72Gm7

lp,n+m = lp,nGm+1 - lp,n—le—l - lpm—2va
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where
Gm-1 = Gim—1,
Gm Gim,
Gm+1 = Gimt,
and
* =P = P)Gpusm = —((0—1Gpms + (1= 1*)Gpmtz + Gpms1)Gpn

+((p— 1)Gp,m+1 +(1 _pQ)Gp,m + Gp,m—l)Gp,n—l

+((p—-1) Gp,m+2 +(1 _p2)Gp,m+1 + Gp,m)prn—Z’

and
—p(* = Tp+ 1) Hpnim = —((11=20*)Hp iz + (5p = 1) Hp i + (0° + 20 — 11)Hp i1 ) Hp
+((11 = 2p*)Hpny1 + (5p — 1) Hy o + (0> +2p — 11)Hp 1) Hpono 1
+((11 = 2p*) Hp my2 + (5p — 11) Hy i1 + (0% +2p — 11) Hp ) Hp 2,
and

PP+ D) bpnrm = =@+ 1) Upmrs = 0+ Dlpnsz = bty
+ @+ 1D Upmrr — @+ Dlpm = lpm—1)lpn—1
+®+1) Upmtz — 0+ Dlpmt1 = lpm)lpn—2-
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