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Abstract

In this paper we study a conjecture proposed by P.Duxbury , C.laror , L.Leduino de
Salles Neto in 2021[4] on the Golumb Ruler Problem which is a classical optimization model
in discrete case . In [4] the authors constucted a continuous model for the Golumb Ruler
Problem associated to the discrete case and conjectured that the optimal value of both
cases are equal . We deal with this conjecture via algebraic geometrical methods .
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1 Introduction

The Golumb Ruler Problem is a classical optimization problem and has various applications
from astronomy [2] to information theory [I] , [14] . In [4] P.Duxbury and his cooperators
constuct a discrete optimization model and a continuous one for the Golumb Ruler Problem

More surprisingly they proposed a conjecture which claims that the optimal value of the
discrete model is equal to that of the continuos one . In this paper we study this conjecture
via algebraic geometrical tools and some easy rational approximation .

Historically , a Golumb ruler is a finite set of marked points on a ruler at integer positions
such that the distances of any two ponits are different. More explicitly , we say that a Golumb
Ruler problem is to find the smallest length of the ruler such that the n marked points form a
Golumb ruler . In [9] , a discrete model for the Golumb ruler problem was firstly presented .
Given an positive inerger n and a upper bound L,, for the length of the ruler .

min ¢
xiE{O,l}
1x; <,
Zf:nl zi=n-1, (1)
Lp—-j-1 .
."L‘j+2i:1] J}il‘H]’Sl, j=1,..., L, - 1.

In [4] a continuous model for the Golumb ruler is also established :

min ¢
z‘iE[O,l]
1Ty <ty
Swi=n-1, (2)
Ln-j-1 .
!Bj-i-zizlj wixi+j§1, 7=1,..., L, —1.

Moreover they propose a fascinating conjecture .
Conjecture 1.1 ([4]). The optimal value of model is identical with that of model @ .

We separate the study of this conjecure into three parts : (1)We regard the feasible regions
of 2 and 1 as algebraic schemes after substituting x; = yf and for n and L, we write X,
to denote the associated schemes ; (2) We intend to prove that X7_1(Q) = @ where L is the
optimal value for the discrete model 1 ; (3) Lastly we need to verify that X7_1(Q) is dense in
Xr-1(R) and it follows immediately that X7_1(R) = @ which suffices to prove conjeture .

The most difficult and technical part turns out to be part (2) , in which we utilize algebraic-
geometry-theoretical notions and tools . More specifically , it suffices to prove that X7, (AQ)Br =
@ (we will explain this termination in Definition [2.16] ) which implies that X7_1(Q) = @ ( here
Ag denotes the Adélic ring of Q , for an entire definition of the Adélic ring of a local field
, see A, Weil’s textbook [19] or J.Neukirch’s lecture [12] ) . Hence we hope to find out some
Azumaya algebras {As}ses indexed by a finite index S such that Nyes Xz-1(Ag)?* = @ (this
notation will be defined also in Definition 2.16 ) .

ii
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The idea to settle part (3) is quite simple . If an R-points P exist in X7,_; , we can pick out
a Q-points @ very close to P which also satisfies constraints in 2 . This leads to a contraction
to the temporarily assumed fact that X7 1(Q) =@ .

Organization. This paper is organized as follow : In Section 2 We recall some notions
and properties in basic Brauer group theory and realize the goal of part 2 . In Section 3 we
finish part 3 .

2 The Rational Aspect of the Proof

2.1 Preliminary

Firstly let us recall some basic algebraic geometry . The main references of this subsection are
Hartshorne’s textbook [7] and Poonen’s lecture note [I3] . The readers can also check [11] , [17]
[3] for more detailed illustrations and advanced topics on algebraic geometry and arithmetic
theory . For more detailed and interesting descriptions of Brauer groups and Brauer-Manin
obstruction , c.f. [18] , [15] , and Grothendieck’s original research on Brauer groups [6] and [5]

For the precise definition of schemes, the readers can check Section I , IT in Chapter 2
in [7] .
2.1.1 A First Review of Brauer Group
Definition 2.1. Let X be a scheme , the (cohomological) Brauer group of X is defined as

BrX == H%(X,G,,)

However , althugh the cohomological definition of Brauer group of schemes is elegant and
general ;| it is not easy to be explicitly computed and applied . We will introduce another
definition using Azumaya algebra .

Definition 2.2 (Azumaya Algebra). An Azumaya algebra on a scheme X is an Ox-algebra A
which is coherent as an Ox-module with A, + 0 for all x € X , that satisfies one of the following
conditions :

(i) There is an open covering {U; — X} in the etale topology such taht for each i there exists
i € Lso such that A®g, Oy, = M,,(Oy,) .

(it) A is locally free as an Ox-module , and the fibre A(x) == A®p, k(x) is an Azumaya
algebra over the residue field k(x) for each x € X .

Definition 2.3. Two Azumaya algebra A and A" on X are similar if there exist locally free
coherent Ox-modules & and &' of positive rank at each x € X such that

A ®0x Endg, ((9@) o A,®ﬁX Endﬁz(éa,)

Definition 2.4. Given a scheme X |, the Azumaya Brauer group Bra,X is the set of
similarity classes of Azumaya algebras on X . The multiplication is induced by A,B - A®q, B
, the inverse is induced by A - A°PP | and the identity is the class of Ox .

iii
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Fact 1 (Theorem.6.6.17 in [13]). a) For any scheme X , the following map
Bra, X — BrX

18 an injective homomorphism .

b) An Azumaya algebra A on X is locally free of rank n? defines an element of Bra, X that
18 killed by n . In particular , if x has at most finitely many connected components , then
Bra, X is torsion .

2.1.2 Residue Homomorphism

There are two common way to compute the Brauer group . The first is using the Hochschild-
Serre spectral sequence in étale cohomology . The second one is apply the residue homo-
morphism . For practical reason our proof of rational emptiness is inspired by Iskovskikh’s
construction of Mannin-Brauer obstruction to his conic bundle with 4 singular fibres (c.f. []])
, we only need to utilize some properties of residue homomorphism .

Let us recall some important facts for residue homomorphisms .

Proposition 2.5. Let X be a reqular integral notherian scheme . Then the sequence
0-BrX - Brk(X) = @ HY{(K(X),Q/7)
xeX (1)

is exact , where K(X) is the function field of X , with the caveat that one must exclude
the p-primary part of all the groups if X is of dimension< 1 and some k(x) is imperfect of
characteristic p , or X is of dimension> 2 and k(x) is of characteristic p .
2.2 Proof of Rational Part
In this subsection we explain how to choose a substitution to translate the feasible region of
models 1 and 2 and reformulate the conjecture 1.1 in the language of algebraic geometry .
2.2.1 Step I : Substitution

For an integer n € Zso , let L be the optimal value of the optimization model 1 , and let
T; = z§=1 zl2 s » where x; is with additional restriction x; > 0, the same as given in models 2 and
1,fori=1,...,L -1 .And we allow

R :=R[21,1,22,1, 23,1, 24,15 - - 21,111+« » 24, L1, WL 15 - -y WAL+ -+, W1, [~2, - - -, W4, [-2]

XL—I = SPGCR/(anfla .- '7fL—2)

where the L — 1 equations are given as :

fo=2i' T2l —n+ 1, @)
L-1-j .
fi= Yo 2+ N(Eom1 22)(Zia 25 ii) + )2plty wl;-1,j=1...,L-2.
As convention we use X7_1(M) to denote the M-valued points on X7_; where M is any Q-
algebra . And we observe that :

v
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Observation 2.6. If X;_1(R) =@ , then conjeture 1.1 holds .

Proof. Let Fr,_1 to denote the feasible region determined by the following constraints :

ZiL:_llxizn—l,
w4 T witig < 1. (4)
O<zi<l,i=1,...,L-1.

On the one hand , since L is the optimal value of (1) , one can easily verify that 1 and
has no integer feasible solutions for L, = L —1 . We now give the explanation : if 4 has an
integer solution , denoted as a = (a1, ...,ar_1) , then (ay,...,ar-1,0,...,0) e RE is an feasible
solution for 1 which implies that the optimal value of 1 is not bigger than L —1 . This yields
a contradiction . Similarly if 4 has a real solution then so do 2 . The above discussion tells us
that to check whether L is the optimal value for the continuous model 2 we only need to know
whether 4 has a real solution .

On the other hand , if X7_1(R) = @ which is equivalent to say that the system 3| has no
real solution , then 4 is also free of real solutions for the reason that every positive real number
can be decomposed as the sum of four squares of real numbers (the same argument also holds
for positive rational numbers , i.e. every positive rational number can be decomposed into the
sum of four squares of rational numbers) . This implies the conjecture 1.1 .

O

The residue part of this section is devoted to prove that the Rational Emptiness of X7_;
, 1.e.

2.2.2 Step II : Local Arguments on X_;
The following fact inspires us to study the QQ-points on X7,_q .
Proposition 2.7. If X;_1(Q) =@ , then (4) has no rational solutions .

Proof. This is a straightforward result by Lagrange’s four-square theorem (c.f. Landau’s clas-

sical textbook [I0] for a detailed proof) . If there exists a rational solution of (4) , then we

can definitely find four rational numbers 21, 22, 23, 24,; € Q such that z; = Zgzl 2522- for each

i€{l,...,L—1} which means that X;_1(Q) # @ . This leads to a contradiction .
0

According to the above proposition , we only need to work on X7_1 .
Theorem 2.8. Let X1_1 be as above . Then X11(Q) =2 .

Before proving this theorem , let us recall some basic results of invariant map of Brauer
groups .

Lemma 2.9. Let k be a local field . Then we have the following properties :

(i) There is an injection inv : Brk - Q/Z , whose image is :
3Z|Z if k=R,
0 if k=C, (5)

Q/Z  if k is nonarchimedean.
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(ii) Every element of Brk has period equal to index . Especially, if A € Brk is a quaternion
algebra , then inv, A is equal to % if A is not split or 0 if A is split .

Proof. One can find the proof of (i) in p.130 of [16] and (ii) in p.25 of [13] .
O

Lemma 2.10 (Proposition 1.5.23. in [13]). Given a field k . Let L 2 k be an cyclic extension
of k of degree n and x : Gal(k/k) - Z/nZ be a continuos homomorphism . Then for a € k* ,
the k-algebra (a,x) is split if and only if a € Ny, (L*) .

Proof. The proof can be found in [13] . O

Remark 2.11. Notice that a cyclic algebra (a,x) given above is an Azumaya algebra in Brk .
(a,x) being split over k means that it is an identity element in Brk , hence invy(a,x) =0 for
every place v of k .

Lemma 2.12. Given a field k . And let a,b,c,d € k* . We have
(a,b) = (ac?, bd?)
Proof. See Exercise 4.(2) in Chapter 2 of [18] . O

Next we intend to introduce an important notion : the Brauer-Manin obsruction for a
k-variety where k is a given field .

Definition 2.13 (Evaluation of the Brauer group). Let A € BrX . If L is a k-algebra

and x € X(L) , then SpecL % X induces a homomorphism BrX — BrL , which maps A to an
element of BrL tht we call A(z) . For more detailed explanations , c.f. Section 8.1.1. in [13] .

Now assume that k is a global field and let A € BrX . Then we have :
Proposition 2.14. If (z,) € X(Ax) , then we have A(x,) =0 for almost all places v of k .
Proof. See Proposition 8.2.1 in [13] . O
Proposition 2.15. If z € X (k) € X(Ag) , then we have (A,z) =0 .
Proof. See Proposition 8.2.2 in [13] . O
Definition 2.16. For A € BrX , define that

X(B)" = {(@) € X(80) £ (A (22)) = )
Furthermore we define

X(A)P = ) X(Ap)"
AeBrX

Proposition 2.17. It is clear that X (k) € X (Ay)P" .

Proof. c.f. Corollary 8.2.6 in [13] . O

vi
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Proof of Theoren|2.8. As stated in the Introduction section , we want to find finitely many
quaternion algebras to obstruct Xj_; . Let Az{j = (zfj - 2,—1),A227j = (zfj - 3,—1),A§’7j =
(zf] -4, —1),A;{j = (ZZQJ -5,-1), to denote the quaternion algebra generated by (zf] -a) for
a=2,3,4,5and -1 € K(X[_1)* for some i,j where 1<i<4and 1<j<L-1.

First we need to show that Ak- are all in Br(Xp_1) for k = 1,2,3,4 . According to the
construction of Xj_q , it is clear that X1-1(Z) = @ . Hence z —k has no zeroes in X7,_; . That

is to say Ak i has no residue along X1 . By Prop051t10n , we know that Af’ ; are all in
Br(Xp-1) for k=1,2,3,4.
Then we need to compute invaf’ ;(P) for all places p of Q and each P e X1_1(Qy) .

(1) If p ¢ {2,00} , we will show that inva'? (P)=0. If vp(z,;) <0, then vy(1 - k‘/z2 ) =
Which means that 1 - (k + 1)/22.%. €z, . 1If vp(z”) >0 and 22 (P)-k-1%0, we have

J —k—-1¢€¢7Z* . Therefore Ai.“, ; € BrZ, applying the assumptlon p # 2 . However for
any local field K , its Brauer group is equal to zero . Hence BrZ, = 0 . It follows that
inv,, ZJ(P) 0 When p#2,00.

(2) If p = oo , it is obvious that 27 (P)-k-1<0 that is imposible to be a norm form in
NQ(\/jl)/Q(Q(\/ 1)) . It 1mphes that inve z’](P)

(3) If p=2, the case is different from those of p #2 .
(a) We firstly study this case when va(z; ;) >0 . One 1mmed1ately obtains that 22 k-1 =
-k- 1(m0d4) for k =1,2,3,4 . Therefore when k =4 , 22 ;=5=-1( (mod 4)) Wthh means
that zi’j -5 ¢ No,(v/1)/0 (Q2(v-1)) and 1nV2Ai = 1/2 Except when k =4 z -k-1
can always be written as a norm form in Ng,  /~7)q, (Q2(v/-1)*) and it is du“ect to see

that inVQAﬁj =0.
(b) If wa(ziy) = 0, then 22, -2, 22, -3, 22,
class modulo 4 , sunllarly we have exactly one b € {1,2,3,4} such that invAi-’yj =1/2 and

invA}; =0 for ke {1,2,3,4} ~ {b} .
(c)

. That is to say ,

-4 zz~2 ; — O also range over the residue

k+1) 0 and then 1- £ =1 (mod 4) for all k=1,2,3,4

'LJ

No,(v=T)/g, (Q2(vV-1)*) . Moreover

, the basic property of qjuaternion algebras , i.e. Lemma [2.12) and Lemma2.10], tell us
that Af -(1- kﬂ -1) = (zzj,—l) =0 . Hence invaﬁj =0for k=1,2,3,4.

k+1
2
Zi .

Combining the computation results above in (1) , (2) and (3) , we achieve that if P €
Xr-1(Ag) then (A”,P) =y, inv, A¥ ;(P)=0o0r1/2, where k =1,2,3,4 . What’s more

, by the result of part (3) we know that there are at least two k, k' € {1,2,3,4} such that
(A”,P) * (A”,P) . Therefore , we can conclude that N}_, XL_l(AQ)Afd =@ . It suffice
to justify that X7, 1(Q) =@ .

vii
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3 Approximating the Real Points

3.1 Outline of the Proof

The proof of emptiness of real-valued points only depends on the original form of 1.1 and will
not involve any algebraic-geometry-theorectical notions and techniques . If a real point exists
in X7_1 , it is equivalent to say that 2 has a real-valued feasible point B . Hence our strategy
is to turn back to model 2 and find a rational feasible point close enough to B that also lies in
the feasible region of 2 . This will contradict with X7_;(Q) = @ we have proven in Section 2 .

We let x = (z1,...,21-1) , gj(x) = x; + ZiL:_ll_j xixivj for j =1,...,L -2 . And explicitly
write B = (t1,...,t7-1) € RE7! which is the hypothetical real-valued feasible solution of the
following equations which has been given in (4) .

Siatwi=n-1,
gi(x) <1, forj=1,...,L-2. (6)
O<wi<li=1,...,L-1.

Notice 3.1. In this section we use notation (a,b) to denote an open interval in the real axis
where a,be R . And don’t be confused with the notation of a quaternion algebra in Section 2 .

The main target of this section is to prove :
Theorem 3.2. (@ has no real feasible solutions .

Sketch of the Proof. Let B be as above . The special case is that all g;(B) <1 . We firstly
work in this case . Suppose

_ minygjcr-2(1 - g;(B))

- 2(L-1)

Define a neighborhood of B as U, := HiL:_ll(ti —¢,t; +€) . It is easy to check that the
intersection of U, and the hyperplane P, : Zf:_ll x; =n—1is lie in the feasible region of (6) .
However , by the density of Q“~! ¢ RE7! | one can definitely find one rational point in U, Py
and we will demonstrate why this fact is true in Lemma3.3]. This leads to a contradiction
with X71(Q) =@ .

In the general cases , let T ¢ {1,2,...,L -2} to denote the index set such that ¢,(B) =1
for each n € I . And write I the complement of I in {1,...,L -2} .That is ,

{QAB)zL ifnel, -

gn(B) <1, ifnel.

And suppose § := min; ;(1 - g;(B))/2(L - 1) . Define an open subset Us = [T;e;(ti = d,t;) x
[T,e7(ti = 9,t; + 6) . One can also find a rational point in Us M Py which is also open in REL-1
. This also contradicts with the fact that X7_1(Q) = @ (we will give a proof of this issue in

Lemma 3.3 in the next subsection) .
O

viii
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3.2 Filling the Gap in the Proof of X, 1(R) =g
3.2.1 Reduce the Irrational Point to a Rational Point

In this subsection we prove some technical issues for the front subsection . The main goat is
to construct a rational feasible from the given hypothetical point B .

Lemma 3.3. Let U, and Py be the same as defined in the proof of Theorem . Then (1)
when g;(x) <1 forall1<j<L-1, U.NPyNQY1 is nonempty and contained in the feasible
region of the system (6) ; (2) generally , let § , Us be as stated in the last paragraph in the
previous subsection , Us PoN QY is also nonempty .

Proof. (1) Firstly we need to show that U, lies in the feasible region of g;(x) <1 . Let ue U, .

Then
L-1-j L-1-j
9i () = gj(B) =uj+ Y witisj—ti— Y titisj (8)
=1 =1
L-1-j
<et Y (2e+¢€) 9)
i
<2(L-1)e (10)
= 13%%72(1—93'(3)) (11)

Hence g;(u) <1 for all 1 <j < L -2 . This justifies that U lies in the feasible region of
g;(x) <1 . Then it remains to show that U. N PyN QL1 is nonempty .
It is easy to construct such a rational point in U, N PyNQY ! . Not uniquely , choose

s1e(ti—-t9,t1+15)NQ,i=1,...,L -2, and choose 511 :n—l—ZiL;lZsi . It is clear that :
L-2

|sp-1—tr-1] < Z |s; — ti] (12)
i=1

<e (13)

It implies that (sy,...,s5-1) € U.NPyNQEL .

(2) The proof of the general part is similar but requires more delicate shifting of each x; .
Set {a1,as,...,04} an irrational basis of {t1,...,t;-1} where a7 = 1, here by an irrational
basis we mean that each t; can be uniquely written as the summation from a; to a; with
rational coefficients . If ¢ = 1 , then all the terms ¢; are rational numbers that contradicts wuth
X1-1(Q) =@ . We focus on the case when ¢ >2 . Write

t
tl:za’%papa 1::1""7L_1‘
p=1

For some computational reasons we intend to choose the basis properly to make each co-
efficient a;;, > 0 . Assume 1 = a1 < a2 < --- < o , and set p, = minig<r-1a;), for each
pe{l,...,t} . And suppose that o := Oay + Z;,;ll ppCyp , where 6 is the minimum integer such
that oy + Z;‘:ll ppoyp > 0 . It is clear that {a1,...,a¢-1,a;} is also a transcendental basis for

X
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{t1,...,tr-1} . Furthermore , under this basis {aq,...,a:-1,a;} , the coefficient agyp of oy, for
t; is always non-negative . And we use this basis in the following computations .
And we have

L-1 L-1 ¢t

Z ti = a; ,pap (14)

i=1 i=1 p=1

t
=2 cpay, (15)
p=1

=n-1, (16)
where ¢, = ZZL e a;p . It implies that ¢; =n—1 and ¢, = 0 for all p > 2 for {ov,...,a;} are

linearly independent over Q . Moreover , rewriting other equations ( g;(B) =1 when j € I )
under this basis we have

L-1-j L-1-5 t
Tj + Z LiLitrj = Z al pap + Z (Z a; pap) (Z az+]p (17)
i=1 =1 p=1
= Zdl pOp+ D Lipg0ipag (18)
2<p<t
2<q<t
=1, jel (19)

where d;;, is the sum of rational coefficients in (17)) whereas l;,, is the sum of coefficients of
apay . Notice that the coefficients d;j, and Ij,, in (18) are all non-negative . If we substitute oy,
by a slightly smaller rational number , the value of (15) is still equal to n — 1 and the value of
(18) will not exceed 1 . Choose t positive rational numbers {7, }1<p<¢ Where 7, is in the interval

4]

max{?, ¢ - max;pla; |}

(max{(), ap -

},Olp),

and ¢ = min (1 - g;(B))/2(L - 1) as defined in the previous subsection . And substitute
all aj, by m, and define

t
Z oTps i=1,...,L-1.

Of course we have 0 < b; <t; <1 . Moreover we have
¢
ti] < Z ag’p|7rp - a;| (20)
p=1
¢
<Y o/t (21)
p=1

= 4. (22)

Without doubt b; is in Q for all 1 <i< L -1 . Denote Q = (by,...,br_1) € QF"1 . What’s

more , we have
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ZiL:_l bi=n-— 17

L L-1-j . (23)
g;(Q) =bj+ X, by <1, jel.
And for jeI ,
L-1-j
19;(Q) = g5 (B) = (b = t5) + X (bibirj = titis;)] (24)
i=1
L-1-j
<0+ Z ((ti+ti+j)(5+(52) (25)
i=1

<2(L-1-j)6+6+(L-1-35)8 (26)
<2(L-7)6 (27)
<min(1 - g;(B)). (28)

jel

This immediately forces that ¢;(Q) <1 for all 1 <j <L -1 . That is to say , @ lies in the the
feasible region of 6 as a rational points .
O

3.2.2 Conclusion

Combining results in Section2 and Section 3 we give an entire proof of conjecture 1.1 . The
method we use in the proof is purely algebraic and arithmetic including some elementary com-
putations . In general one can expect to reformulate a optimization problem as an algebraic
geometric problem which is extremely powerful to deal with some special problems , for exam-
ples , the existence of integer feasible solutions of a given optimization model whose constraints
are all rational polynomials . It is also expected to find out more optimization models whose
discrete case and continuous case have the same optimal value .
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