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Abstract

Collatz conjecture (or 3n+1 problem) has been explored for about 85 years. In this
article, we prove the Collatz conjecture. We will show that this conjecture is valid
for all positive integers by performing the Collatz inverse operation on the numbers
that comply with the rules of the Collatz conjecture. Finally, it will be proved that

there are no positive integers that do not comply with this conjecture.
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1 Introduction

The Collatz conjecture is one of the unsolved problems in mathematics. Introduced by
German mathematician Lothar Collatz in 1937 [1], it is also known as the 3n + 1 prob-
lem, 3x + 1 mapping, Ulam conjecture (Stanistaw Ulam), Kakutani’s problem (Shizuo
Kakutani), Thwaites conjecture (Sir Bryan Thwaites), Hasse’s algorithm (Helmut Hasse),
or Syracuse problem [2,3].

The Collatz Conjecture or 3n+1 problem can be summarized as follows:

Take any positive integer n. If n is even, divide n by 2. If n is odd, multiply n by 3
and add 1. Repeat this process continuously. The conjecture states that no matter which
number you start with, you will always reach 1 eventually.

For example, if we start with 17, multiply by 3 and add 1, we get 52. If we divide 52
by 2, 26, and so on, the rest of the sequence is: 13, 40, 20, 10, 5, 16, 8, 4, 2, 1.0r if we
start 76, the sequence is: 76, 38, 19, 58, 29, 88, 44, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10,
5,16, 8, 4, 2, 1.
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This sequence of numbers involved is sometimes referred to as the hailstone sequence,
hailstone numbers or hailstone numerals (because the values are usually subject to mul-

tiple descents and ascents like hailstones in a cloud) [4], or as wondrous numbers [5].

2 The Conjecture and Releated Conversions

Definition 2.1. N7 the set of all positive integers, n € Nt Collatz defined the following

map:
n

fln)=4q7%
3n+1, ifnisodd

if n is even

The Collatz conjecture states that the value of every positive integer in the f function
eventually reaches 1. In the following sections, In the following sections we will refer to
the function f as Collatz operations.(CO).

Remark 2.2 According to definition of the Collatz conjecture, if the number we
choose at the beginning is even, by continuing to divide all even numbers by 2, one of
the odd numbers is achieved. For this reason, It is only sufficient to check whether all

odd numbers reach 1 by the Collatz operation.

Therefore, If we prove that it reaches 1, when we apply the Collatz operation to all
the elements of the set N, ={1,3,5,7,9,11,13,15,17,19, 21,23, 25. ..}, we have proved

it for all positive integers. (The notaion of N}, is positive odd numbers.)

Remark 2.3. If the Collatz operation is applied to the number 2" ( n € Nt ), then
eventually 1 is reached. When we apply the Collatz operation to all the elements of the

N, set, if we can convert them to 2" numbers, we reach the result.

2.1 Collatz Inverse Operation (CIO)

Let n € N*,a € N, ; if a is converted to 2" by the Collatz operation (CO), it must

satisfy the following equation,

3.a+1=2"

then,
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2 1
= 1

When we apply the collatz operation to the numbers a in (1), we always get 1.But,

Lemma 2.4. In a = % (1), a cannot be an integer if n is a positive odd integer.

Proof. Let n =2m + 1 and m € N, (n is a positive odd integer), then substituting

n to 2m + 1 in (1); We get,
22m+1 _ 1

=Ty @

The factorization of 22"+ 4 1;

22mHl 4 = (24 1)(2% —22m~1 4 22m=2 _ 4 1) = 3.k, that is multiples of 3 are

obtained. (k is positive odd numbers).
Since 22T — 1 = (22Tl + 1) — 2 =3.k — 2,
3k —2 (k€ N},) is not a multiple of 3. Therefore a is not integer, for all m.

If we substitute 2n for n in (2), we get equation

22n ]
0=y 3

Lemma 2.5. If n € Nt in (3), a = 227;’1, we can find positive odd numbers a for all

numbers of n.

Proof. Factorization of 22*~! for all n, (n € NV), if

n=1, (22-1)=2-1)(2+1)=3.1

n=2 (2'=1)=02-1)2+1)(22+1)=35

n=3 (20—-1)=(2%-1)(2°+1)=3.3.7

n =4, (28—1):(2—1)(2+1)(22+1)(24+1)—3( )

n=>5 (V-1 =2 -1)(2°+1)=2-1)2*+..)2+1)2*+...)=3.(...)
n =6, (212—1):(23—1)(23+1)(26+1)—33( )

n=7 @4-1)=2"-D2+1(2°-2°+.....)=3.(...)

Subsit.u.t.ing nto 2™, (m € NT);
-1 =02-DR2+DH22+DR*+ D)2+ 126 +1).......(22" 1 -1)=3.(...)

d0i:10.20944/preprints202210.0432.v1
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Since each of these infinite numbers has a factor of 3, we can find infinite positive

odd numbers a, and when the Collatz operation is applied to these numbers, 1 is always

obtained. In (3),

Ifn=1,
n =z,
n:7
n:7

n=2>9,

22 24
]
A= {1, 5,

Corollary 2.6. We get a set of A with infinite elements,these numbers reach 1 when
we apply the collatz operation. (In the following sections, we will call the elements of the

set A and the another numbers that fit the Collatz conjecture as Collatz numbers.)

a|; = 1
a9 =
ag = 21 =3.7
ay = 85
as = 341

26 28 210

Lo
21

212
1

22 _ 1
a =
3
214 216
1 \

I

218 .

l

, 85, 341, 1365, 5461, 21845, 87381 ... }

Example 2.7. 5 — odd number, 16 -8—4—2—1.

21— odd number, 64—32—16—8—4—2—1.

If we can generalize the elements of the set A = {1, 5,21, 85,341, 1365, 5461, 21845, 87381. ..}

to all positive odd numbers, the Collatz conjecture is proven.

2.2 Transformations in the Set A with Infinite Elements

Let the elements of set A = {1, 5,21, 85,341, 1365, 5461, 21845, 87381. ..} be {ay, a1, as, as, a4,

as, g, Ay, . . }

respectively.

Lemma 2.8. In the set of A\{ac}, if a, =1 (mod 3)

n

3

22m q. —

b, =

d0i:10.20944/preprints202210.0432.v1
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m € NT, from each a, we get infinite different B, sets, that have infinite elements
b, (Collatz numbers), these numbers fit the conjecture. And than, from each b, to C,,

(with infinite elements) from each ¢, to D,, ... similarly goes on forever.
Proof. If a,=1 (mod 3), we can take a, as 3.p+ 1. (p € N.};)

a, = 3.p + 1, substituting in (4),

22m (3. 1)—1 22m 22m 1 22m 1
_ (Bp+1) _23p+ gy,

bn
3 3 3

is divisible by 3 (Lemma 2.5.). Therefore, we get set of b,, with infinite different elements,

which can be converted to a,, so 1 by the Collatz operation. The elements of b, are odd

numbers.
Example 2.9. Let a; = 85, ;=1 (mod 3),

in (4), ay =85 — by = L= = 113 by = =1 — 453 py = 2821 — 1813

by = 85l — 7953 by — 2921 — 29013, by — 22851 — 116053

B = {113,453, 1813, 7253, 29013, 116053. . .}

Lemma 2.10. In the set of A\{ao}, if a,, =2 (mod 3),

92m—1 4 1
by = ——"— (5)

m € N7, from each a, we get infinite sets with infinite elements b,,, that fit the collatz

conjecture.

Proof. If a, =2 (mod 3), we can take a, as 3.p+ 2. (p € N,
a, = 3.p+ 2, substituting in (5),

bn

_PLEp 421 Iy o1, 2]
- 3 - 3 - p 3

22”;_1 is divisible by 3 (Lemma 2.5). Therefore, we get set of b, with infinite different

elements, which can be converted to a,, so 1 by the Collatz operation. The elements of

b, are odd numbers.
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Example 2.11. Let a; =5 and a; =2 (mod 3) ;

a=5— b =22 =3 by = 251 =13 by = 2321 = 53

b4 — 27.2—1 — 2137 b5 — 29'2_1 = 8537 b6 = % = 3413 ..

B = {3,13,53,213,853,3413, 13653, 54613. . .}

Lemma 2.12. In the set of A\{ao}, if a,, =0 (mod 3),

2".a, — 1
b, = ———— 6
; (6)

m € N, there is no such integer b,.

Proof . If a,= 0 (mod 3), we can take a, as 3.p (p € N,
a, = 3.p, substituting in (6),

2" 3p)—1 2M3p—1
Bp) —1 _2"3p _omy

1
bn = . B
3 3 3

is not integer. We can apply Collatz inverse operation again to each element of the B,

set, we obtained above.

2.3 Converting the Collatz Numbers to all Positive Odd
Integers
In the previous sections, when we applied the Collatz operation, we had named the

numbers that reached 1 as the Collatz numbers. Now let’s see how these collatz numbers

convert to all integers.

22 24 26 28 210 212 214 216 218 o
L4 4L L
A= {1, 5, 21, 85, 341, 1365, 5461, 21845, 87381 ... } (Collatz Numbers)
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Example 2.13. A small fraction of the Collatz numbers that convert to 24

46421 2389 4949 1077 34581 69173
11605 597 1237 269 8645 17293

2901 149 309 67 2161 4323
725 37 77 1 1 1
181, 9, 19 — 25, 101, 405, 1621, 6485, ...
5 45, 1 4
111 = 7, 29, 117, 469, 1877, 7509, 30037, ...
3 1
13— 17, 69, 277, 1109, 4437, 17749, 70997, ...
53 1 1 I 4
213 151 739 23665 47331
853 605 2957 94661 189325
3413 2421 11829 378645 757301
13653 9685 47317 1514581 3029205
54613 38741 189269 6058325 12116821
218453 154965 757073 24233331 48467285

Example 2.14. Collatz numbers converting to 2°

26 — 21 (There are no other Collatz numbers. Lemma 2.12)

Lemma 2.15. There is only one different Collatz number which converts into each

of 20m; (26, 212 218 924 ) numbers.
Proof. Factorization of 26" - 1,

20m—1 = (23" —1)(2%"+1), In the expression 2°"- 1, there is always a factor of (2°+1),
Because when factoring (23" — 1) and (23" + 1),

if nis even, (25" — 1) = ... (23 +1) 3f is odd integer.

if n is odd, in (23" + 1), 3n is odd integer.

And if 3f, 3n are odd,

2% 41 = (28 4+ 1)(23n73 — 2300 4 23n=9 _ 23n—12 4 93n=15 4 1)

Therefore 26" — 1 = (23 4+ 1).(...) = 9.(odd integer)

And, when we divide (2" — 1) by 3, only one collatz number is obtained. We can’t

obtain another collatz number because it is a multiple of 3.(Lemma 2.12)
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Example 2.16. There is only one Collatz number of each of 26", because the numbers
are the multiple of 3.
20521
21231365
218 387381
22435592405

Example 2.17. A small fraction of the Collatz numbers that convert to 2%

85

o
113 — 75, 301, 1205, 4821, 19285, 77141, 308565 ...
453 I

1813 401 — 267, 1069, 4277, 17109 ....
7253 1605 1l

29013 6421 1425 2851 — 3801 ...
116053 25685 5701 11405 — 7603 ...
464213 102741 22805 45621 !

Lemma 2.18. We obtain new Collatz numbers by applying the Collatz inverse op-
22au=1) (m € N7), to the Collatz numbers. All of these numbers are different

from each other.

eration (

Proof. Let a; and ay be any Collatz numbers, when we apply the collatz inverse

operation to each of them, the resulting numbers are b; and by. If by = by then,

m _ t _ . .
2 'gl L — 2 '“32 L and 2".a; = 2'.ay for odd positive integers, must be a; = ay and

m =t.

Lemma 2.19. Let a,= 0 (mod 3) and a,, Collatz numbers. We can derive a,,, from

other collatz numbers.

Proof. If a,= 0 (mod 3), we can write a,, = 3.k , k € N},,, then let b, # 0 (mod 3),
With the Collatz operation to a, is

3a"+1_b _33k+1  9%k+1
on " on  on

Then, we get kK = 2.m + 1, for divide b, by 2;
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b, = 2EMUFL — 9y 4 5 if b, = 9m + 5 is odd, b, # 0 (mod 3)

2n

if b, = 9m + 5 is even, m is odd, take that m = 2y + 1 and then,

substituting m to 2y + 1, b, = 18y + 14 when we divide b,, by 2,

b, =9y + 7 if b, is odd, b, Z 0 (mod 3)

if b, = 9y + 7 is even, y is odd , take that y = 2z 4+ 1 and then,

substitutingny to 2z + 1, b, = 18z + 16 when we divide b,, by 2, b, = 92 4+ 8 if b, is

odd, b, # 0 (mod 3)

if b, = 9z + 8 is even,x is even, take that = 2.z and then,

substituting z to 2z , b, = 182 + 8 when we divide b,, by 2, b, = 9z + 4 if b, is odd,
b, 0 (mod 3)

when we go on like this b, = 9s+ 2, b, Z 0 (mod 3)

and b, = 9r + 1,

consequantly b, # 0 (mod 3)

2" bp—1

so we aplly Collatz inverse operaton to b,, we get a,, ==

:an

Corollary 2.20. The Collatz conjecture is valid for all positive odd integers.

Corollary 2.21. From each element of the infinitely element set A (the set of collatz

numbers), we create new Collatz sets with infinite elements. [Note: If the elements of set

A are a,, must be a, # 0 (mod 3) | From the new infinite Collatz numbers that have

been formed, infinite new numbers are formed, and it goes on like this forever and ever

without stopping. So we get the whole set of positive odd numbers and we prove the
Collatz conjecture for all N* (Remark 2.2).

3 The Absence of Any Positive Integer Other Than

Collatz Numbers

In this section, we prove that there are no positive integers that do not comply with this

conjecture.

Lemma 3.1. Cannot be any positive integer other than Collatz numbers.

Proof. Let’s a number ¢, that is not Collatz number, ty € N, then
When we apply the collatz inverse operation to g,

on

to — =1 we get T _{ ty, to, ts, ta, ts, b6, t7, ts, to, t10 ...}, and the elements of

set T are not Collatz numbers.

d0i:10.20944/preprints202210.0432.v1
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Also, apply the collatz operation to ¢y, until finding odd numbers;

to—)g't;—n—i—l, S] — S92 —> 83 — S4 — S5 — Sg —» Sy — S8 — Sg — Sy

We get S = {s1, s9, 3, S4, S5, S6, 7, S8, S9, S10- - -} and the elements of set S are not
Collatz numbers.

When we apply the Collatz inverse operation to each number that is not divisible by
3 in the sets T and S, we get new numbers that is not Collatz numbers. If ¢y is multiple

of 3, we take s; instead of set T.

to

1

1 = iy, L), tasy 5 L), tas)s tie)s tier)s tis)s  tueys tiqoy ---
to 4

t3 ti1(1)y —tiy, tii(e), tiis)s tiriga), tiics)s tiiice)s tii(r)s - - -

ta  ti(e) { { { { 4 { 1

ts tie)  tu) tiiza) tiasa) tinaa) toasa) tioea) tiray -

te tira)  ti11(3) tini2e3)- t11133) tir143) tinise) ties) tiz(s)

4 ti1(s)  tii11(2) ti1122)- t1113(2) ti11a2) tiiis(2) i) tiiize) - - -

ls liie)  tinnr(e) taniz(e) t11s(e) tiiiaqe) tiis() tiie() titiza) - - -

) tinery  tiiies) tiizes)- ti1ises) tiiaes) tiiises) ties) titiees) - - -

t10 tirs)y  tiniee) trinzee) ti11sce) Li1iace) ti1se) tiie(e) L1z - - -
s1— to

1

S1(1) — S11(1); S11(2), S11(3) » S11(4), S11(5);511(6), S11(7), S11(8); S11(9), S11(10) - - -
S1(2) {

51(3) S111(1) 7 S1111(1)5 S1111(2), S1111(3) 5 S1111(4)5 S1111(5),51111(6)> S1111(7) - - -
S1(4) S111(2)— S1112(1); S1112(2)5 S1112(3) > S1111(4)> S1111(5),51111(6)s S1111(7) - - -
51(5) S111(3)— S1113(1)5 S1113(2)5 S1113(3) » S1113(4)5 S1113(5),S1113(6)5 S1113(7) - - -
S1(6) S111(4)— S1114(1)» S1114(2)5 S1114(3) 5 S1114(4)5 S1114(5),51114(6)5 S1114(7) - - -
S1(7) S111(5)—7 S1115(1)> S1115(2)> S1115(3) » S1115(4); S1115(5),51115(6)s S1115(7) - - -
51(8) S111(6) 7 S1116(1)s S1116(2)> S1116(3) > S1116(4); S1116(5),S1116(6); S1116(7) - - -

$1(9) S111(7) = S1117(1), S1117(2)> S1117(3) » S1117(4)s S1117(5),51117(6)s S1117(7) - - -

10
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Lemma 3.2. The elements of set S do not loop with any element of set S or T.

Proof. We assume that such a loop exist.

to— S1 — SS9 — S3 — S84 — S5 — Sg — S7 — Sg—r Sg

T \

CIO$ c. S10 \L CO
T !
Sp S e — .. — <— S12 < S11

For such a loop to exist, must have the same value, any number in the loop is applied

the Collatz inverse operation and the Collatz operation. This is not possible.

Example 3.3. Lets take ¢ in the loop and ¢ty Z 0 (mod 3), then for such a loop to

occur, must be tg—10 = t;—0 = s.

If £, = 2 (mod 3) Mol — Skl 9l gy — 27 =9t + 3

to = 243
0= on¥ig

orif tp =1 (mod 3) o=t =3rl  gnt23, — 9n — Of; 4 3

o — 243
0= Znrz_g

There is no such a positive integer ty. Therefore, a loop cannot exist.

As a result, since we assume that there is a number ¢y that is not a Collatz number,
we obtained two sets (T and S) with infinitely different elements from this number. The
elements of T and S sets are not Collatz number. From the new infinite numbers that
have been formed, infinite new numbers are formed, and it goes on like this forever and
ever without stopping. And they don’t form a loop. If there was such a number g,
there would be no Collatz number. This result contradicts the result we found above

(Corollary2.21). Therefore, there cannot be any number that is not the Collatz number.

4 Conclusion

We proved the Collatz conjecture with the Collatz inverse operation method. It is shown
that all positive integers reach 1 as indicated in the Collatz conjecture. In this study,
with the methods described for 3n + 1, numbers such as bn + 1, Tn +1, 9n + 1 ... etc.

It can be found whether it reaches 1.
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