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Abstract: In this paper, for the Reynolds-averaged Navier-Stokes equations, a self-closed turbulence 
model without any adjustable parameter is formulated. The validation rule for self-closed turbulence 
model is rigorously derived from the Reynolds-averaged Navier-Stokes equation. The rule is not 
effected by turbulence modelling on the Reynolds stresses.
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INTRODUCTION

Solving the Reynolds-averaged Navier-Stokes (RANS)
equations [1, 2] to predict turbulent flows has been a
central subject of turbulent modelling, in which a ma-
jor challenge is turbulence model aiming to construct a
closure for the Reynolds stresses [3–7], In respect of the
turbulence modelling, a myriad of tentative theories, such
as zero-equation models, one- or two- equations models
(so called N transport equations), on the the Reynolds
stresses, have been proposed and each with its own doc-
trines and beliefs [3–7]. Unfortunately those models in-
clude some parameters from data fitting and even func-
tions appear in the N transport equations due to lack of
universal principle [3–7]. There is a great need to develop
a turbulence model that does not contain any tunable pa-
rameters.

THE REYNOLDS-AVERAGED NAVIER-STOKES
(RANS) EQUATIONS

The Navier–Stokes equations of incompressible flows
can be expressed as follows:

∂u

∂t
+ u · (∇u) = −1

ρ
∇p+ ν∇2u, (1)

∇ · u = 0. (2)

where u(x, t) is the flow velocity field, x is the vector
of spatial coordinates and t is time, ρ is constant mass
density, p(x, t) is flow pressure, µ is dynamical viscosity,
x = xkek are position coordinates, ek is a base vector, u
is flow velocity, ∇ = ek

∂
∂xk is a gradient operator, and

∇2(:) = ∇ ·∇(:).
Applying the divergence operation to both sides of the

momentum equation in Eq.1 and using the mass conser-
vation ∇ · u = 0 leads to:

∇2p = −ρ∇ · (u ·∇u). (3)

Reynolds [1], assuming that turbulent motion already
exists, sought to establish a criterion, which decides

whether the turbulent character will increase or diminish,
or remain stationary. Reynolds [1] proposed decomposing
the flow velocity u and pressure p into their respective
time-averaged quantities ū and p̄ and their respective
fluctuating quantities u′ and p′. As such, the Reynolds
decompositions are

u(x, t) = ū(x) + u′(x, t), (4)

p(x, t) = p̄(x) + p′(x, t), (5)

which convert the four independent unknowns, u and p,
into the eight independent unknowns, ū, p̄, u′, and p′.

According to Reynolds [1], the time-averaged velocity
and pressure are defined as integration transformation as
follows [2, 6, 7]:

ū(x) =
1

T

∫ t+T

t

u(x, t) dt, (6)

p̄(x) =
1

T

∫ t+T

t

p(x, t) dt, (7)

where T is the time period over which the averaging
takes place and must be sufficiently large to give mean-
ingful averages to measure mean values. Naturally, the
time-fluctuating velocity is u′ = u− ū(x) and the time-
fluctuating pressure is p′ = p− p̄(x), both with vanishing
time averages, namely, ū′ = 0 and p̄′ = 0, respectively.

The Reynolds decomposition transforms the Navier-
Stokes equations into equations for the mean velocity ū,
mean pressure p̄, velocity-fluctuation u′ and fluctuation
pressure p′ as follows:

ū · (∇⊗ ū) = − 1
ρ∇ · (p̄I) + ν∇2ū+ 1

ρ∇ · τ , (8)

∇ · ū = 0, (9)

u′,t + ∇ · (ū⊗ u′ + u′ ⊗ ū+ u′ ⊗ u′)

= −1

ρ
∇ · (p′I) + ν∇2u′ − 1

ρ
∇ · τ ,

(10)

∇ · u′ = 0, (11)

where I = ek⊗ek is an identity tensor and the Reynolds
stress tensor is defined by

τ (x) = −ρu′ ⊗ u′ = − ρ
T

∫ t+T

t

(u′ ⊗ u′)dt, (12)
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and

∇ · τ = −ρ∇ · (u′ ⊗ u′) = −ρ(u′ · (∇⊗ u′))

= − ρ
T

∫ t+T

t

u′ · (∇⊗ u′)dt. (13)

and u′ · (∇⊗ u′) = 1
T

∫ t+T
t

u′ · (∇⊗ u′)dt.
If you look at the system of equations in Eqs.8,9, 10

and 11, you can easily identify that the system has eight
equations for the eight unknowns that are the mean fields
ū1, ū2, ū3, p̄ and fluctuation fields u′1, u

′
2, u
′
3, p
′. However,

the summation of Eq.8 and 10 will cancel out the con-
tribution of the Reynolds stress tensor, namely ∇ · τ . It
means that the systems of equations in Eqs.8,9, 10 and
11 can not be directly solved without extra information
of the Reynolds stress tensor τ . We need to do some
operations on the system of the equations to get rid of
the terms containing the Reynolds stress.

A SELF-CLOSED TURBULENCE MODEL

Since ū(x), p̄(x), τ (x) and u′ ·∇u′ are the function of
space coordinates x, hence their derivatives with respect
to the time equal to zero, namely ū,t = 0, p̄,t = 0 and

∂τ

∂t
= τ,t ≡ 0 (14)

From Eqs. 10 and 11, we have following equations for
the fluctuation fields

u′,tt − ν∇2u′,t +
1

ρ
∇ · (Ip′,t)

= −∇ · (ū⊗ u′,t + u′,t ⊗ ū+ u′,t ⊗ u′ + u′ ⊗ u′,t), (15)

The beauty of Eq.15 is that there is no any terms con-
taining the Reynolds stress.

After having Eq.15, let’s us expand the Reynolds stress
tensor in Taylor series. Denoting σ = u′(x, t)⊗ u′(x, t),
and applying the product rule of integration, namely∫
udv = uv−

∫
vdu, to integration

∫ t+T
t

σ(x, ξ)dξ, leads
to∫ t0+T

t0

σ(x, t)dt =

∫ t0+T

t0

σ(x, t)d(t− t0 − T )

= Tσ(x, t0) +
1

2!
T 2 dσ

dt
|t=t0 +

1

3!
T 3 d

2σ

dt2
|t=t0 . . . ,

=

∞∑
n=0

Tn+1

(n+ 1)!

[
∂nσ(x, t)

∂tn

]
|t=t0 . (16)

According to Reynolds [1], turbulent motion is assumed
already exists, namely t0 = 0, the Reynolds stress tensor
is hence expressed as follows

τ (x) = − ρ
T

∫ t0+T

t0

σ(x, t)dt

= −ρ
∞∑
n=0

Tn

(n+ 1)!

[
∂n(u′ ⊗ u′)

∂tn

]
t=0

. (17)

Since the period T must be sufficiently large to give
meaningful averages to measure mean values, hence the
series in Eq.17 is divergent. For a sufficient large T , the
series summation can’t go to infinite and must truncated.
How to fix the divergence problem ?

The period T can be considered as observable time
scale, for a problem with characteristic length L, mass
density ρ and viscosity ν, by dimensional analysis, then
period T can be proposed as follows

T =
ρL2

µ
=
L2

ν
. (18)

To have some ideas about this periodic scale, for ex-
ample, the kinematic viscosity of water at 20o is about
ν = 106m2s−1, and if the length scale of the fluid is L = 1,
Eq.18 gives the time scale T = 106 s = 278 hours. As
can be seen, the time scale of such a definition is consid-
erable. The time scale in Eq.18 indicates that, for given
viscosity, the length scale L will effect the turbulence.

If the length scale is taken as the longest Lmax of the
problem, there is the maximum time Tmax = L2

max/ν.
Chen and Sun proposed a new summation of divergent
series by Möbius inversion [9], which has been praised by
She [10]. According to Chen and Sun [9], for a divergent
series in Eq.17 can be expressed as

τ (x) ≈ −ρ
[Tmax/T ]∑
n=0

Tn

(n+ 1)!

[
∂n(u′ ⊗ u′)

∂tn

]
t=0

. (19)

It is easy to see that there is an essential difference be-
tween Eq. 17 and Eq. 19. The conventional summation
in Eq. 17 is made up to infinity, however, the modi-
fied summation in Eq. 19 is made up to a finite number
[Tmax/T ]. The infinite terms summation leads to diver-
gent, however, the controllable finite terms of summation
bring a convergent, since the number of summation is a
function of the ratio of [Tmax/T ]. This strategy of dealing
with the divergent series in Eq. 19 has been successfully
used for studying hypersoic compressible fluid by Renard
et al. [11].

In practical computations, it is very often to keep the
divergent series only up to its first two terms [9]. It seems
surprising that in this case the approximation solution is
quite accurate with a reasonably large range of T . As an
application, if the Tmax is defined as T ≤ Tmax < 2T , or
in ratio 1 ≤ Tmax/T < 2, which leads to [Tmax/T ] = 1,
hence the Reynolds stress tensor can be approximated as
follows

τ (x) ≈− ρ [u′ ⊗ u′]t=0 −
ρ

2!

L2

ν

[
∂(u′ ⊗ u′)

∂t

]
t=0

. (20)

From Eq.20, we have the divergence of the Reynolds
stress

∇ · τ (x) =− ρ [u′ · (∇⊗ u′)]t=0

− ρ

2

L2

ν

{
∂[u′ · (∇⊗ u′)]

∂t

}
t=0

. (21)
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Hence, the self-closed turbulence model for the Reynolds-
averaged Navier-Stokes equations are proposed as follows

ū · (∇⊗ ū) = −1

ρ
∇ · (p̄I) + ν∇2ū

− [u′ · (∇⊗ u′)]t=0 −
1

2

L2

ν

{
∂[u′ · (∇⊗ u′)]

∂t

}
t=0

,

(22)

∇ · ū = 0, (23)

u′,tt − ν∇2u′,t +
1

ρ
∇ · (Ip′,t)

= −∇ · (ū⊗ u′,t + u′,t ⊗ ū+ u′,t ⊗ u′ + u′ ⊗ u′,t),
(24)

∇ · u′ = 0. (25)

The above system of equations has eight equations for
the eight unknowns, namely the mean velocity ū, mean
pressure p̄, velocity-fluctuation u′ and fluctuation pres-
sure p′. It is obvious that there is no any adjustable con-
stant in the system of the equations. Therefore, we call
the system as self-closed turbulence model of the RANS.

VALIDATION RULE OF TURBULENCE MODEL

Now the question is how to validate the the self-closed
turbulence model. Since there is no exact solution for
any turbulent flows has even been found, for isotropic ho-
mogenous turbulence, Kolmogorov [8] used dimensional
method and obtained E(κ) = Cκε

2/3κ−5/3, where Cκ
is the Kolmogorov constant, E(κ) is turbulence energy
density, ε is dissipation energy rate and κ wave number.
The Kolmogorov −5/3 law is so well established that, as
noted by Rogallo and Moin [3], theoretical or numerical
predictions are regarded with skepticism if they fail to
reproduce the Kolmogorov −5/3 law. Its standing is as
important as the law of wall [3, 4, 7]. Let’s us to see
whether the self-closed turbulence model will lead to a
self-validation rule.

Although the Kolmogorov −5/3 law was not derived
from the the Reynolds-averaged Navier-Stokes (RANS)
but rather from the dimensional arguments, the Kol-
mogorov −5/3 law is still the only validation law of tur-
bulence models. The validation laws for real flow turbu-
lence models have not been developed from the Reynolds-
averaged Navier-Stokes (RANS) equations [3, 4, 7].

Since ū = u′ = 0 on the boundary surfaces of the
region ∂V or at infinity, namely

∫
V
∇ · (ū ⊗ u′,t + u′,t ⊗

ū + u′,t ⊗ u′ + u′ ⊗ u′,t)d3x =
∫
∂V

(ū ⊗ u′,t + u′,t ⊗ ū +
u′,t⊗u′+u′⊗u′,t) ·d2x = 0. Hence we have a validation
rule for our turbulence model as follows:∫

V

(
u′,tt − ν∇2u′,t +

1

ρ
∇ · (p′,tI)

)
d3x ≡ 0. (26)

Obviously, the proposed validation rule in Eq.26 have
an advantage, namely the validation laws do not include

the Reynolds stress tensor and successfully bypassed the
closure issue for the Reynolds stresses, which reveals that
the validation laws in Eqs.26 will not be effected by tur-
bulence modelling on the Reynolds stresses, while the
Kolmogorov law E(κ) = Cκε

2/3κ−5/3 is linked with the
diagonal of the Reynolds stresses and will be effected by
the stresses models due to the fact that

∫ κ
0
E(κ)dκ =

1
2u
′ ⊗ u′ = 1

2 (u′21 + u′21 + u′21 ).

It is worth pointing out that our validation laws are
rigorously derived from the Reynolds-averaged Navier-
Stokes equations and applicable to real fluids, while Kol-
mogorov ”-5/3” law was not derived from the Reynolds-
averaged Navier-Stokes equations and supposed to be
only valid for isotropic homogenous turbulence.

CONCLUSIONS

By introducing a period of time scale, and applying the
product rule of integration and divergent series truncated
summation, the Reynolds stresses have been expressed
in an explicit form, a self-closed turbulence model for
the Reynolds-averaged Navier-Stokes equations has been
successfully formulated. The proposed self-closed turbu-
lence model does not contain any adjustable parameter.
The validation rule for the self-closed model is derived
rigorously.

Although we therectically propose a self-closed turbu-
lence model, its correctness are still to be validated. Due
to the complexity of turbulence, it must be welcomed in
any case to come up with any novel ideas in its modeling.
In the future, the self-closed turbulence model can be
used to turbulence numerical simulations.
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