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Abstract: Binary mixtures of surfactants build a binary mixed micelle in which the ratio of surfac-
tants usually differs from the initial ratio of surfactants in their binary mixture. The thermodynamic 
stabilization of the binary mixed micellar pseudophase about the hypothetical ideal state (inter-
molecular interactions between the different particles and the conformational states of the particles 
are identical to those of monocomponent states) is described by the molar excess Gibbs free energy 
(gE). The dependence of gE on the molar fraction of surfactant i (xi) from the binary mixed micelle 
can be described by a symmetric function (symmetry is described to the line parallel to the y-axis 
and passes through xi = 0.5) or by an asymmetric function. Theoretical analysis (canonical partition 
function, conformational analysis) examines how the presence of different polar functional groups, 
some of which are sterically shielded from the steroid skeleton of bile salt (surfactant), affect the 
symmetry of the function gE of the binary mixed micelle of the cholic acid anion (bile salt) and 
classical cationic surfactant (hydrophobic tail and polar head). Suppose the steroid skeleton of the 
bile salt contains non-sterically shielded polar groups (or the temperature is relatively high). In that 
case, gE is a symmetric function. At the same time, if the steroid skeleton also contains sterically 
shielded polar groups, then the gE function is asymmetric. 

Keywords: conformation; steroid skeleton; surfactants; mixed micelles; bile salts; regular solution 
theory; thermodynamic stabilization; first neighbor intermolecular interactions 
 

1. Introduction 
Surfactants are molecules or ions with a hydrophobic and a polar segment in their 

structure (Figure 1). In an aqueous solution, surfactants are embedded in the water/air 
interface, where their hydrophobic segment is oriented towards the air. In an aqueous 
solution, with an increase in the surfactant’s concentration, the number of surfactant 
particles in the boundary surface increases, and at a specific concentration - the critical 
micellar concentration (characteristic value for a given surfactant at a constant tempera-
ture) - the boundary surface becomes saturated with surfactant particles. Meanwhile, in 
the bulk of the aqueous solution, surfactant self-association occurs over their hydropho-
bic molecular surfaces - micelles formation [1]. Suppose two types of surfactants are 
present in the aqueous solution. In that case, an aqueous solution of a binary mixture of 
surfactants exists. At a specific characteristic total concentration of a given binary mixture 
(with a certain mole fraction of surfactant in the mixture) – the critical micellar concen-
tration of a binary mixture of surfactants – binary mixed micelles are formed [2]. Usually, 
the mole fraction of surfactant i in a binary mixed micelle differs from the mole fraction of 
the same surfactant in the starting surfactant mixture [3]. The change in the molar Gibbs 
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free energy of the formation of a binary mixed micelle (∆𝑔𝑔𝑖𝑖𝑖𝑖𝑚𝑚𝑚𝑚) according to the phase 
separation model is represented as the sum of the changes in the molar Gibbs free energy 
of two processes. The process (∆𝑔𝑔𝑔𝑔) of forming the monocomponent micellar pseudo-
phases from the monomer particles of surfactants (∆𝑔𝑔𝑖𝑖𝑀𝑀and ∆𝑔𝑔𝑗𝑗𝑀𝑀). Furthermore, the pro-
cess (∆𝑔𝑔𝑔𝑔𝑔𝑔) of forming a binary mixed micellar pseudophase from the monocomponent 
micellar pseudophases [4-6]:  

∆𝑔𝑔𝑖𝑖𝑖𝑖𝑚𝑚𝑚𝑚 = 𝑥𝑥𝑖𝑖∆𝑔𝑔𝑖𝑖𝑀𝑀 + 𝑥𝑥𝑗𝑗∆𝑔𝑔𝑗𝑗𝑀𝑀�����������
∆𝑔𝑔𝑔𝑔

+ 𝑅𝑅𝑅𝑅�𝑥𝑥𝑖𝑖 ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗 ln 𝑥𝑥𝑗𝑗� + 𝑔𝑔𝐸𝐸�������������������
∆𝑔𝑔𝑔𝑔𝑔𝑔

 |: 𝑝𝑝,𝑇𝑇 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐. (1) 

In equation (1), 𝑥𝑥𝑖𝑖 and 𝑥𝑥𝑗𝑗 are the mole fractions of surfactants i and j in the binary mixed 
micellar pseudophase, 𝑅𝑅𝑅𝑅�𝑥𝑥𝑖𝑖 ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗 ln 𝑥𝑥𝑗𝑗� + 𝑔𝑔𝐸𝐸 = ∆𝑔𝑔𝑔𝑔𝑔𝑔 = ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚  represents the molar 
Gibbs free energy of mixing monocomponent micellar pseudophases at constant 
temperature and pressure. The term 𝑅𝑅𝑅𝑅�𝑥𝑥𝑖𝑖 ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗 ln 𝑥𝑥𝑗𝑗� = ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖  corresponds to the 
molar ideal Gibbs free energy of mixing - it originates exclusively from the entropic 
contribution due to the random mixing (at the "atomic" level) of different surfactant 
particles [2,6]. With ideal mixing, only the distribution of particles changes in space. In 
the mixture, the particles' conformations remain identical to the conformations in the 
monocomponent state, i.e., with ideal mixing, the particles are considered rigid systems 
[7]. There is no enthalpy contribution to changes in the Gibbs free energy ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖 . It 
follows from the previous statement that the energies of intermolecular interactions 
between the identical surfactant particles in the monocomponent micellar pseudophases 
are equal to the energies of intermolecular interactions between the different surfactant 
particles in a mixed micellar pseudophase [2,7-9]. The term 𝑔𝑔𝐸𝐸 represents the molar 
excess Gibbs free energy that occurs due to deviations from the ideal mixture: different 
intermolecular interactions compared to the monocomponent states, deviation from 
random mixing, and changes in particle conformations [2,10,11]. The real (not ideal) 
binary mixed micellar pseudophase in the case of 𝑔𝑔𝐸𝐸 < 0 is thermodynamically more 
stable than the hypothetical ideal binary mixed micellar pseudophase (with the same 
molar fractions of surfactants) - synergistic interactions between the different types of 
surfactants of the binary mixed micelle. The real binary mixed micellar pseudophase in 
the case of 𝑔𝑔𝐸𝐸 > 0 is thermodynamically destabilized concerning the ideal binary mixed 
micellar pseudophase - antagonistic interactions between the structurally different 
particles of the mixed micelle [6,9]. Suppose, at a certain mole fraction (𝑥𝑥𝑖𝑖 and 𝑥𝑥𝑗𝑗) of 
surfactants, the 𝑔𝑔𝐸𝐸 of the binary mixed micellar pseudophase has a sufficiently small 
(negative) value. In that case, the critical micellar concentration of the binary mixture of 
surfactants, which corresponds to the given composition of the binary mixed micelle (𝑥𝑥𝑖𝑖 
and 𝑥𝑥𝑗𝑗), can have a smaller value even than the critical micellar concentration of the 
more hydrophobic surfactant (from the given mixture) [2,9]. It follows that a smaller 
amount from the binary mixture of surfactants is needed than the amount of 
monocomponent surfactants to achieve the same surface effect. Therefore, 𝑔𝑔𝐸𝐸  is an 
important parameter (thermodynamic function) in describing binary mixed micelles. 
The 𝑔𝑔𝐸𝐸 function most often corresponds to the first-order Margules function of the 
molar fractions of surfactants from a binary mixed micelle [8,9,12-18]: 

𝑔𝑔𝐸𝐸 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 = 𝑅𝑅𝑅𝑅𝑅𝑅(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖2) (2) 

where 𝑊𝑊  corresponds to the interaction coefficient between surfactants i and j. 
Function (2) is a symmetric function (U-shaped or inverse U-shaped) about the line par-
allel to the y-axis and passes through 𝑥𝑥𝑖𝑖 = 0.5  (parabolic symmetry concerning 
composition). Therefore the binary mixtures of surfactants whose mixed micelles for 𝑔𝑔𝐸𝐸 
have the function (2) are designated symmetric surfactant mixtures [19]. Equation (2) can 
be obtained analytically - regular solution theory (RST) - if there is no excess molar 
entropy (random mixing of rigid surfactant particles), i.e., 𝑔𝑔𝐸𝐸 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 = ℎ𝐸𝐸 (ℎ𝐸𝐸 = 
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molar excess enthalpy) [7]. However, in the experiments where the Margules function of 
the first order is obtained for the ℎ𝐸𝐸, the RST condition is usually not imposed (𝑠𝑠𝐸𝐸 ≠ 0) 
[6,10,19]. Analytically, it can be shown that function (2) can also be obtained with the 
condition 𝑠𝑠𝐸𝐸 ≠ 0 during the random mixing of particles if, in the binary mixed micellar 
pseudophase, the surfactants occupy conformational states that differ from the 
conformational states of the monocomponent micellar pseudophases [10,11]. The molar 
excess Gibbs free energies cannot be described with a symmetric function (2) – 
asymmetric mixtures – for certain binary mixtures of surfactants. However, a 
second-order Margules function is used (subregular model), which can be given in the 
form [20,21]: 

𝑔𝑔𝐸𝐸 = 𝑅𝑅𝑅𝑅�𝑊𝑊𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 + 𝑊𝑊𝑗𝑗𝑗𝑗𝑥𝑥𝑖𝑖�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (3) 

where 𝑊𝑊𝑖𝑖𝑖𝑖 and 𝑊𝑊𝑗𝑗𝑗𝑗 are the interaction coefficients in the limit cases, i.e., when the mole 
fraction of one of the building surfactants of the binary mixed micellar pseudophase 
tends to zero (or unity) [22]: 

lim
𝑥𝑥𝑖𝑖→0

𝑔𝑔𝐸𝐸 = 𝑅𝑅𝑅𝑅𝑊𝑊𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗𝑥𝑥𝑖𝑖  (4a) 

lim
𝑥𝑥𝑗𝑗→0

𝑔𝑔𝐸𝐸 = 𝑅𝑅𝑅𝑅𝑊𝑊𝑗𝑗𝑗𝑗𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (4b) 
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Figure 1. Classical surfactant: hydrophobic conformationally flexible "tail" and polar "head" 
(example: (DTAB)) and representative of bile salts (sodium 5β-cholate (SC)): possessing a 
conformationally rigid steroid skeleton with a concave surface (where C7 and C12 axial OH 
groups and C3 pseudoaxial OH group) – α side of the steroid skeleton and with a convex surface 
(C19 and C18 angular methyl groups) – β side of the steroid skeleton; the side chain of the steroid 
skeleton contains a carboxylate group which in aqueous solution has an α orientation; by 
projecting all the C and O atoms of the cholic acid anion into the plane P, it can be seen that in the 
case of bile salts, unlike classic surfactants, the surfactant particle has two surfaces: α - polar 
surface and β - hydrophobic surface. 

Bile acid anions are amphiphilic particles - surfactants that have a different 
distribution of hydrophobic and hydrophilic molecular segments compared to classic 
surfactants with a hydrophobic tail and a polar head (Figure 1). Bile acid salts are steroid 
derivatives with a hydrophobic and less hydrophobic (hydrophilic) molecular surface. 
In the case of 5β derivatives, the steroid skeleton's concave surface (α side) is 
hydrophilic (the presence of OH groups). In contrast, the convex surface (β side) is a 
hydrophobic molecular surface. Suppose the OH groups of the steroid skeleton have an 
α axial spatial orientation (or α pseudoaxial orientation). In that case, the hydrophobic 
and hydrophilic surface separation is most pronounced (cholic acid (SC), Figure 1).   If 
the orientation of the OH group moves towards the convex surface of the steroid 
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skeleton (equatorial orientation), then the hydrophobicity of the α side of the steroid 
skeleton increases (the hydrophilicity of the α side decreases). In contrast, the 
hydrophobicity of the β side of the steroid skeleton decreases, i.e., the difference in 
hydrophobicity between the concave and the convex molecular surfaces decreases [23]. 
The specific molecular geometry and distribution of the hydrophobic and hydrophilic 
surface result that bile acid salts forming structurally different micelles compared to 
classic surfactants [24,25]. Bile acid salts build relatively small micelles (2-15 structural 
units) of ellipsoidal or cylindrical shape; due to the stiffness of the steroid skeleton, the 
hydration of the hydrophobic surfaces of the steroid skeleton is relatively high. In 
comparison, classic surfactants build relatively large spherical micelles (with several 
hundred building units) with a low degree of hydrophobic hydration [26-29]. 

The goal is to show analytically how certain structural elements of a surfactant 
(surfactants with multiple functional groups and having different steric environments, 
for example, SC) from a binary mixed micellar pseudo phase affect the shape of the 𝑔𝑔𝐸𝐸 
function (symmetric or asymmetric concerning 𝑥𝑥𝑖𝑖 = 0.5 ). In a binary mixture of 
surfactants, one surfactant is the anion of bile acid (for example, the anion of cholic acid, 
SC), i.e., a surfactant with a conformationally rigid steroid skeleton and with two types 
of polar groups: hydroxyl and carboxylate groups. In contrast, the second component of 
the binary mixture of surfactants is a classical surfactant with a conformationally flexible 
hydrocarbon segment and a rigid polar head. In the first approximation, in the case of a 
conformationally rigid surfactant, it is assumed that both polar groups are not sterically 
shielded. In the second approximation, the real state is assumed when some of the 
steroid skeleton's OH groups are sterically shielded in the anion of cholic acid. The 
carboxylate group of the SC's side chain is not (Figure 1). 

2. Methods 
An analytical procedure is applied based on a canonical ensemble of 2D 

(dimensions) or 1D quasi-crystalline binary mixed micellar pseudophase of constant 
volume and located in a thermoreservoir (𝑇𝑇 = const.). For canonical microstates, the 
Helmholtz free energy (𝐹𝐹) is defined by the partition function (𝑄𝑄): 

𝐹𝐹 = −𝑘𝑘𝑘𝑘 ln𝑄𝑄 (5) 

where 𝑘𝑘  represents Boltzmann's constant. The canonical partition function has the 
form:  

𝑄𝑄 = �𝑒𝑒−𝐸𝐸𝑚𝑚 𝑘𝑘𝑘𝑘⁄

∀𝑚𝑚

 (6) 

where 𝐸𝐸𝑚𝑚 represents the energy of the mth microstate from the canonical ensemble, the 
summation in equation (6) refers to each microstate from the canonical ensemble, i.e., to 
the sum of microstates of the same and different energies [30]. It is easier to manipulate 
canonical partition function, that determines Helmholtz free energy, than the isobaric 
partition function that defines Gibbs free energy; in micellar pseudophases ∆𝑉𝑉 ≅ 0,  so 
that  𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚 [7]. 

To determine the steric shielding of the functional groups of the steroid skeleton, 
the Newman projection of the 4-atom segment is applied. Suppose the terminal atoms of 
the observed segment of the steroid skeleton in Newman's projection formula are 
mutually in a synclinal or synperiplanar position. In that case, the functional group (one 
of the terminal atoms of the observed segment) is sterically shielded [23,24,31]. 

3. Results and Discussion 
Suppose we observe a binary mixed micelle of classic cationic and anionic 

surfactants, then in the 2D lattice (quasi-crystalline representation of the pseudo micellar 
phase [7]) in every possible spatial direction between the different surfactants of the first 
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neighbors in terms of the energy size (intensity) there are identical intermolecular 
interactions (Figure 2). 
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Figure 2. Micelle section: binary mixed micelle is formed by classic surfactants, cationic surfactant 
dodecyl trimethylammonium bromide (DTAB = j), and anionic surfactant sodium dodecyl sulfate 
(SDS = i); in the 2D representation of the micellar pseudophase (2D lattice), whether SDS or DTAB 
is chosen as the central particle, there are identical intermolecular interactions between the first 
neighbors of the different types of surfactants in each spatial direction - the field of intermolecular 
interactions of the first neighbors i - j is characterized by the symmetry axis Cn where n = ∞. 

In binary mixed micelles of classical surfactants and bile acid salts, the steroid 
skeleton of bile acid anions occupies a position where its convex surface (hydrophobic 
surface) faces the hydrophobic core of the micelle formed by the hydrocarbon chains of 
the classical surfactant. Its concave surface (hydrophilic surface) faces an aqueous 
solution [32]. This spatial orientation of bile acid anions (for example, SC, Figure 3) 
allows the particles of classic surfactants (for example, DTAB, Figure 3) to 
simultaneously form intermolecular interactions both with the carboxylate function and 
with the OH groups of the bile acid anions, especially if the OH groups are axial 
(because then the spatial orientation of the OH group is parallel to the spatial orientation 
of the classical surfactant with an elongated conformation of the hydrocarbon chain, 
Figure 3). However, the formation of intermolecular interactions between steroid OH 
groups and the classic surfactant is also influenced by the steric environment of the OH 
group, i.e., their sternal shielding. 
 
 
 
 
 
 
 
 
 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 12 October 2022                   doi:10.20944/preprints202210.0164.v1

https://doi.org/10.20944/preprints202210.0164.v1


 6 of 23 
 

 

mixed
 micelle

β

O
O OH

OH

O
N N

H δαI
II

xy

2D latticeI
II

quazi cristaline mixed
 micellar pseudophase

bulk
 water

DTAB DTAB

SC

the 
field

 of
 intermolecular interactions 

i
 - 

j

C0
C2

j

i

0-1
 
Å

0-1
 
Å

0-1
 
Å

0-1
 
Å

0-1
 
Å

0-1
 
Å

0-1
 
Å

 
Figure 3. A binary mixed micelle is formed by the classical (cationic) surfactant dodecyl 
trimethylammonium bromide (DTAB = j) and the anion of cholic acid (SC = i); in the 2D 
representation of the micellar pseudophase (2D lattice) in the vicinity of the SC (SC as the central 
particle), there are two particular regions of intermolecular interactions: the first (I) in the vicinity 
of the carboxylate function and the second (II) in the vicinity of the C3 α pseudoaxial OH group – 
the field of intermolecular interactions of the first neighbors i - j is characterized by the axis of 
symmetry of the second order C2. 
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3

7

12
ciscis

C2  
Figure 4. Molecular graph of the SC steroid skeleton: the largest longitudinal subgraph of the 
steroid skeleton is given with a separate graph, where the second order symmetry axis (C2) is 
indicated; the C7 OH group and the D ring of the steroid skeleton are in the cis mutual position 
similar to the C12 OH group and the side chain of the steroid skeleton are also in the mutual cis 
position (the reference element to which the cis-trans stereochemistry is determined is C2); red 
circle = OH group, black circle = angular methyl group. 

Depending on the position of the OH groups, they are more or less sterically shielded in 
the steroid skeleton of SC (this also applies to bile acid salts in general). The OH group 
from the C7 carbon has a cis position about the D ring of the steroid skeleton (the 
reference element is the C2 symmetry axis of the largest longitudinal subgraph, Figure 
4) [23,24]. Therefore, around this OH group, there is a reduced spatial angle at which the 
functional group of another particle can approach to establish intermolecular 
interactions (H-bonds or interactions via the dipole of the -O-H bond). In addition, the 
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cis position of the C7 OH group with the D ring (SC) results in Newman's projection 
formula of the C7-C8 bond of the steroid skeleton that the C7 α axial OH group is in the 
mutual synclinal (sc) positions with the C9 and C14 methine groups (Figure 5). The 
synclinal position means that if a functional group of a particle approaches the C7 α 
axial OH group, then steric repulsive interactions occur that reduce the synergistic 
interaction between the observed OH group and a particular functional group. The 
degree of shielding of the spatial angle around the C7 OH group by the D ring of the 
steroid skeleton does not depend on temperature, i.e., it is a permanent character. In 
contrast, the repulsive interaction (energy) between the sc groups and the C7 α OH 
group (with the functional group of some other particle with which it builds 
intermolecular interaction) depends on the temperature. Similar steric interactions exist 
with the C12 α axial OH group (Appendix A). 
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Figure 5. Newman's projection of the C7-C8 bond of the SC steroid skeleton (sc = synclinal); 
repulsive interactions between mutually synclinal groups: the C9, C14 methine groups and the C7 
α axial OH group. 
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Figure 6. 2D lattice: the intermolecular interaction between DTAB and SC (non-symmetrical 
distribution of the intensity of intermolecular interactions in 2D space) is divided into two 2D 
lattices by the symmetrical distribution of intermolecular interaction energies (one 2D lattice refers 
to the intermolecular interactions between the cationic head of DTAB surfactant and the 
carboxylate group of SC, while the second 2D lattice on the intermolecular interactions between 
the cationic head DTAB and the C3 OH group (dipole) SC). 

In the 2D lattice as a model for the binary mixed micellar pseudophase, if, for example, 
the anion of cholic acid (Figure 1 and Figure 3) is considered as a central particle (SC), 
then in the first part of the 2D  lattice between the first neighbors SC-DTAB (DTAB – 
classical surfactant) there will be an intermolecular interaction (the interaction between 
the quaternary ammonia group (cation, DTAB) and the carboxylate group (anion, SC)) 
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that will differ from the intermolecular interactions of the first neighbors in the second 
part of the 2D lattice (interactions between the quaternary ammonia group (cation) and 
OH groups (dipoles, SC)). Therefore, the symmetry in the spatial distribution of the 
energy of intermolecular interactions in the 2D lattice of classical surfactants (Figure 2) is 
no longer present (Figure 3). However, with cholic acid anions (and bile salts with 
similar geometry), DTAB surfactants can simultaneously form intermolecular 
interactions with the carboxylate group and with the pseudoaxial C3 OH group, which 
is not sterically shielded [23,24,33]. Therefore, the 2D lattice of SC-DTAB intermolecular 
interactions can be viewed as two separate 2D lattices, one in which there are only 
intermolecular interactions of DTAB and the carboxylate group of SC and the other with 
intermolecular interactions between DTAB and the C3 OH group of SC (Figure 6). 
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Figure 7. In the 1D lattice, one microstate (i.e., one permutation with repetition, zXi) is represented, 
in which two SC particles are next to each other, and mutual interactions can be realized in several 
ways: mutual interaction via the C3 α pseudoaxial OH group (one SC particle) and carboxylate 
functions of the second SC particle - where in this dimer one carboxylate and one C3 OH group 
remain free (A); interactions via the lateral C7 and C12 sides of the steroid skeletons, with each SC 
particle the C3 OH group and the carboxylate function remain free (C – D). 

It is assumed that due to the steric shielding of C7 OH and C12 OH groups 
(shielding with fragments of SC steroid skeleton (Figure 4 and Figure 5)) as well as due 
to mutual interactions of SC particles (Figure 7), these OH groups do not interact with 
DTAB particles, but only the C3 α pseudoaxial OH group and the C24 carboxylate 
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group. Therefore, in general, the first approximation refers to binary mixtures with a 
classical surfactant and a surfactant with a rigid structure containing different sterically 
unscreened polar functional groups that build intermolecular interactions with the 
classical surfactant with different energy content. 

A 2D (or 1D) lattice representing a binary mixed micellar pseudophase of classical 
surfactant (DTAB = j) and cholic acid anion (SC = i) contains a total of 𝑁𝑁 surfactant 
particles 𝑁𝑁 = 𝑁𝑁𝑖𝑖 + 𝑁𝑁𝑗𝑗. In both lattices (I-lattice and II-lattice, Figure 3 and Figure 6), the 
number of intermolecular interactions (first neighbor type) between different surfactant 
particles is: 

𝛿𝛿𝑖𝑖𝑖𝑖 = 𝑧𝑧𝑧𝑧 (7) 

where 𝑧𝑧 represents the coordination number of the real lattice, while 𝑋𝑋 represents the 
Guggenheim parameter [7]. In microstates (permutation with repetition of DTAB and SC 
particles), the size 𝛿𝛿𝑖𝑖𝑖𝑖  corresponds to the number of intermolecular interactions 
between cationic heads of DTAB surfactants and anionic groups (carboxylate functions) 
of SC surfactants; also, 𝛿𝛿𝑖𝑖𝑖𝑖 corresponds to the number of intermolecular interactions 
between cationic heads of DTAB surfactants and dipoles of C3 OH groups SC particle 
(Figure 8): 

𝛿𝛿𝑖𝑖𝑖𝑖(I − lattice) = 𝛿𝛿𝑖𝑖𝑖𝑖(II − lattice) = 𝑧𝑧𝑧𝑧 (8a) 

According to the approximation (8a), both lattices (with SC central particle) have identi-
cal coordination numbers: 

𝑧𝑧𝑆𝑆𝑆𝑆(I − lattice) = 𝑧𝑧𝑆𝑆𝑆𝑆(II − lattice) = 𝑧𝑧 (8b) 
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Figure 8. Molecular graph of SC and 2D projections of DTAB into the plane of the molecular graph 
of the steroid skeleton: C3 OH group and C24 carboxylate function of SC approximately have 
identical coordination numbers. 

Suppose in a hypothetical 2D lattice, instead of the SC particle the central particle is 
DTAB. Around the cationic head of the DTAB particle, there are carboxylate groups SC 
(I-lattice) or C3 OH groups SC (II-lattice). The approximation is also taken that both 
lattices have identical coordination numbers and which are equal to the coordination 
number of the real lattice: 

𝑧𝑧𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(I − lattice) = 𝑧𝑧𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(II − lattice) = 𝑧𝑧 (8c) 

From the approximations (i.e., equations) (8b) and (8c) it follows: 

𝑧𝑧𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(I − lattice) = 𝑧𝑧𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷(II − lattice) = 𝑧𝑧𝑆𝑆𝑆𝑆(I − lattice) = 𝑧𝑧𝑆𝑆𝑆𝑆(II − lattice) = 𝑧𝑧 (8d) 

The geometry of the 2D lattice - the absence of crystal defects - is defined by equation 
(8d), from which it follows that the number of DTAB particles around a selected DTAB 
particle is equal to the number of SC particles around a selected SC particle (Figure 9). 
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Figure 9. In the global (not separated according to the functional groups) 2D lattice, approximately 
SC (A) and DTAB (B) have identical coordination numbers; since in the binary mixed micelle 
DTAB is a conformationally flexible surfactant in the hydrophobic segment, it follows that in 
addition to DTAB in all antiperiplanar conformation (elongated conformation) DTAB is also 
present in a more or less globular conformation (GC), whose projection in the 2D plane occupies a 
larger area than the projections of DTAB in an elongated conformation. 

Value of the Guggenheim parameter (𝑋𝑋 i.e., 𝑧𝑧𝑧𝑧) changes depending on the binary 
mixture configuration (microstate), i.e., permutation with repetition (Figure 10). Bearing 
in mind equation (8d), i.e., approximation (8d), it is sufficient to observe two 
one-dimensional (1D) lattices (whose microstates are permutations with repeating SC 
and DTAB particles): the first one in which i – j intermolecular interactions are between 
the cationic heads of DTAB and the carboxylate groups of SC (I-lattice) and the other in 
which i – j intermolecular interactions are between the cationic heads of DTAB and the 
C3 OH group of SC particles (II-lattice). Both 1D lattices have identical microstates 
(repetitive permutations). Such two 1D lattices, in terms of the intensity of 
intermolecular interactions of the first neighbors, have identical properties as 2D lattices 
I and II with SC and (or) DTAB central particles. However, they have a distortion in the 
coordination number; of course, both 1D lattices have identical coordination numbers. 

In 1D I-lattice and II-lattice, the number of intermolecular interactions between the 
identical particles is (taking into account equation (7)): 

𝛿𝛿𝑖𝑖𝑖𝑖 = (1 2⁄ )𝑧𝑧(𝑁𝑁𝑖𝑖 − 𝑋𝑋) (9) 

𝛿𝛿𝑗𝑗𝑗𝑗 = (1 2⁄ )𝑧𝑧�𝑁𝑁𝑗𝑗 − 𝑋𝑋� (10) 

Suppose the energy of particle i in the lattice is |𝜀𝜀𝑖𝑖| (i.e., 𝜀𝜀𝑖𝑖 < 0). In that case, the energy 
along each spatial direction where there is a first neighbor (i.e., energy per coordination 
number) is |𝜀𝜀𝑖𝑖| 𝑧𝑧⁄ , while the energy of one i – i  intermolecular interaction is: 

𝜀𝜀𝑖𝑖𝑖𝑖 = −2|𝜀𝜀𝑖𝑖| 𝑧𝑧⁄  (11) 
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Figure 10. Microstates of a 1D lattice (permutations with repetition), each microstate is 
characterized by the parameter 𝛿𝛿𝑖𝑖𝑖𝑖 = 𝑧𝑧𝑧𝑧 (several microstates can have the same value for 𝛿𝛿𝑖𝑖𝑖𝑖 =
𝑧𝑧𝑧𝑧, i.e., microstates can be degenerate by 𝛿𝛿𝑖𝑖𝑖𝑖 = 𝑧𝑧𝑧𝑧) since two types of intermolecular interaction 
can simultaneously exist between the different types of particles (first neighbor type) cation-anion 
and cation-dipole; therefore, the global 1D lattice is viewed as two 1D lattices, one with 
cation-anion (1D I-lattice) and the other with cation-dipole (1D II-lattice) interactions; both lattices 
(I and II) have identical parameter 𝛿𝛿𝑖𝑖𝑖𝑖 = 𝑧𝑧𝑧𝑧 with the global 1D lattice. 

The same applies to the energy of one j – j intermolecular interaction (�𝜀𝜀𝑗𝑗� = energy of 
one j particle in the lattice): 

𝜀𝜀𝑗𝑗𝑗𝑗 = −2�𝜀𝜀𝑗𝑗� 𝑧𝑧⁄  (12) 

In some k-th microstate of a 1D lattice (a permutation with repetition of elements 𝑁𝑁𝑖𝑖 
and 𝑁𝑁𝑗𝑗) characterized by the 𝑧𝑧𝑋𝑋𝑘𝑘 parameter, the total energy of all intermolecular in-
teractions between the identical particles of the first neighbor is (it is identical for both 
lattices): 

𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘 = 𝜀𝜀𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖𝑘𝑘 = (−2|𝜀𝜀𝑖𝑖| 𝑧𝑧⁄ )(1 2⁄ )𝑧𝑧(𝑁𝑁𝑖𝑖 − 𝑋𝑋𝑘𝑘) = 𝑋𝑋𝑘𝑘|𝜀𝜀𝑖𝑖|−𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| = |𝜀𝜀𝑖𝑖|(𝑋𝑋𝑘𝑘 − 𝑁𝑁𝑖𝑖) = −|𝜀𝜀𝑖𝑖|(𝑁𝑁𝑖𝑖 − 𝑋𝑋𝑘𝑘) (13) 

𝐸𝐸𝑗𝑗𝑗𝑗𝑘𝑘 = 𝜀𝜀𝑗𝑗𝑗𝑗𝛿𝛿𝑗𝑗𝑗𝑗𝑘𝑘 = �−2�𝜀𝜀𝑗𝑗� 𝑧𝑧⁄ �(1 2⁄ )𝑧𝑧�𝑁𝑁𝑗𝑗 − 𝑋𝑋𝑘𝑘� = 𝑋𝑋𝑘𝑘�𝜀𝜀𝑗𝑗�−𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� = �𝜀𝜀𝑗𝑗��𝑋𝑋𝑘𝑘 − 𝑁𝑁𝑗𝑗� = −�𝜀𝜀𝑗𝑗��𝑁𝑁𝑗𝑗 − 𝑋𝑋𝑘𝑘� (14) 

The exchange reaction between  the lattice of i  particle (monocomponent state) 
and the lattice of j particle (monocomponent state) is: 

(𝑖𝑖 − 𝑖𝑖) + (𝑗𝑗 − 𝑗𝑗)  → 2(𝑖𝑖 − 𝑗𝑗) (15) 

Energy change during reaction (15) is: 

∆𝜀𝜀 = 2𝜔𝜔 𝑧𝑧 = 2⁄ 𝜀𝜀𝑖𝑖𝑖𝑖 + |𝜀𝜀𝑖𝑖𝑖𝑖| + �𝜀𝜀𝑗𝑗𝑗𝑗� = 2𝜀𝜀𝑖𝑖𝑖𝑖 + (2|𝜀𝜀𝑖𝑖| 𝑧𝑧⁄ ) + �2�𝜀𝜀𝑗𝑗� 𝑧𝑧⁄ � (16) 

where 𝜀𝜀𝑖𝑖𝑖𝑖 corresponds to the energy of a (single) first-neighbor intermolecular interac-
tion between the different types of particles, and 𝜔𝜔 represents the Hildebrand exchange 
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parameter [34]. The energy value of intermolecular interaction i – j can be 𝜀𝜀𝑖𝑖𝑖𝑖 < 0 - at-
tractive interaction or 𝜀𝜀𝑖𝑖𝑖𝑖 > 0 - repulsive interaction. However, if the mutual exchange 
parameter is 𝜔𝜔 < 0, it means: 2�𝜀𝜀𝑖𝑖𝑖𝑖� > �|𝜀𝜀𝑖𝑖𝑖𝑖| + �𝜀𝜀𝑗𝑗𝑗𝑗��  and 𝜀𝜀𝑖𝑖𝑖𝑖 < 0 – synergistic interac-
tions between the different particles. If the mutual exchange parameter is 𝜔𝜔 > 0, then 
there are antagonistic interactions between the different types of particles: 2�𝜀𝜀𝑖𝑖𝑖𝑖� <
�|𝜀𝜀𝑖𝑖𝑖𝑖| + �𝜀𝜀𝑗𝑗𝑗𝑗�� and 𝜀𝜀𝑖𝑖𝑖𝑖 < 0 or 𝜀𝜀𝑖𝑖𝑖𝑖 > 0. Therefore, for the synergistic interactions (i.e., exo-
thermicity of reaction (16)), it is not a sufficient condition that there are attractive inter-
actions between the different types of particles (𝜀𝜀𝑖𝑖𝑖𝑖 < 0), but the relation 2�𝜀𝜀𝑖𝑖𝑖𝑖� <
�|𝜀𝜀𝑖𝑖𝑖𝑖| + �𝜀𝜀𝑗𝑗𝑗𝑗�� must be fulfilled. The energy of (one) i – j intermolecular interaction from 
equation (16) is: 

𝜀𝜀𝑖𝑖𝑖𝑖 = �𝜔𝜔 − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� 𝑧𝑧⁄  (17) 

The energy (17) differs between 1D I-lattice and 1D II-lattice. The total energy of inter-
molecular interactions i - j in the k-th microstate of a 1D lattice (I or II) defined by the 
parameter 𝑧𝑧𝑋𝑋𝑘𝑘 (according to equations (7) and (17)) is: 

𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘 = 𝜀𝜀𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖𝑘𝑘 = 𝑧𝑧𝑋𝑋𝑘𝑘��𝜔𝜔 − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� 𝑧𝑧⁄ � = 𝑋𝑋𝑘𝑘�𝜔𝜔 − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� (18) 

i.e., 𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘  (18) applied to 1D lattice I and II: 

𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘 (𝐼𝐼) = 𝜀𝜀𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖𝑘𝑘 = 𝑧𝑧𝑋𝑋𝑘𝑘��𝜔𝜔(𝐼𝐼) − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� 𝑧𝑧⁄ � = 𝑋𝑋𝑘𝑘�𝜔𝜔(𝐼𝐼) − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� (19) 

𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘 (𝐼𝐼𝐼𝐼) = 𝜀𝜀𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖𝑘𝑘 = 𝑧𝑧𝑋𝑋𝑘𝑘��𝜔𝜔(𝐼𝐼𝐼𝐼) − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� 𝑧𝑧⁄ � = 𝑋𝑋𝑘𝑘�𝜔𝜔(𝐼𝐼𝐼𝐼) − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� (20) 

The total energy of the 1D I-lattice in some k-th microstate is the sum of the total 
energy of intermolecular interactions (of the first neighbor type) between identical (13), 
(14), and different types of particles (19): 

𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 (𝐼𝐼) = 𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘 (𝐼𝐼) + 𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘𝑋𝑋𝑘𝑘 + 𝐸𝐸𝑗𝑗𝑗𝑗𝑘𝑘 = 𝑋𝑋𝑘𝑘�𝜔𝜔(𝐼𝐼) − |𝜀𝜀𝑖𝑖| − �𝜀𝜀𝑗𝑗�� + |𝜀𝜀𝑖𝑖|(𝑋𝑋𝑘𝑘 − 𝑁𝑁𝑖𝑖) + �𝜀𝜀𝑗𝑗��𝑋𝑋𝑘𝑘 − 𝑁𝑁𝑗𝑗� =  

𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼) − 𝑋𝑋𝑘𝑘|𝜀𝜀𝑖𝑖| − 𝑋𝑋𝑘𝑘�𝜀𝜀𝑗𝑗� + 𝑋𝑋𝑘𝑘|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| + 𝑋𝑋𝑘𝑘�𝜀𝜀𝑗𝑗� − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� = −𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� + 𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼) (21) 

The same is true for the II-lattice: 

𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 (𝐼𝐼𝐼𝐼) = 𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘 (𝐼𝐼𝐼𝐼) + 𝐸𝐸𝑖𝑖𝑖𝑖𝑘𝑘𝑋𝑋𝑘𝑘 + 𝐸𝐸𝑗𝑗𝑗𝑗𝑘𝑘 = −𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� + 𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼𝐼𝐼) (22) 

... ...
zXk

... ...
zXk

identical
 
intermolecular interactions 

in
 
lattice 

I
 and

 
II

= =

different
 
intermolecular interactions 

in
 
the 

lattice 
I
 and

 
II

1D
 
lattice 

I 1D lattice II

Figure 11. Since 1D lattice I and 1D lattice II between the identical particles have intermolecular 
interactions with the identical energy content when calculating the total energy of the global 1D 
lattice this energy should only be taken into account once. 

The total energy of the k-th microstate of the global 1D lattice is the sum of the energies 
of the 1D lattice I and 1D lattice II, where care should be taken that the energy of inter-
molecular interactions between the identical particles is taken into account only once 
since both 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 (𝐼𝐼) and 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 (𝐼𝐼𝐼𝐼) contain this energy (Figure 11): 

𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 = 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 (𝐼𝐼) + 𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘 (𝐼𝐼𝐼𝐼) − (−𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖|) = −𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� + 𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼) + 𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼𝐼𝐼) (23) 
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The canonical partition function for the global 1D lattice at some constant 
temperature is: 

𝑄𝑄𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 = � exp �
−𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚𝑘𝑘

𝑘𝑘𝑘𝑘
�

∀𝑘𝑘

= � exp �
−(−𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� + 𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼) + 𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼𝐼𝐼))

𝑘𝑘𝑘𝑘
�

∀𝑘𝑘

  (24) 

𝑄𝑄𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 = exp �
𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| + 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗�

𝑘𝑘𝑘𝑘
�  � exp �

−(𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼) +  𝑋𝑋𝑘𝑘𝜔𝜔(𝐼𝐼𝐼𝐼))
𝑘𝑘𝑘𝑘

�
∀𝑘𝑘

  (25) 

In expression (24), the sum of exponential energy functions is taken, i.e., each microstate 
has a single exponential term of energy (the energy of a given microstate), while the 
number of microstates is: 

𝑊𝑊 =
�𝑁𝑁𝑖𝑖 + 𝑁𝑁𝑗𝑗�!
𝑁𝑁𝑖𝑖!𝑁𝑁𝑗𝑗!

  (26) 

Over the set whose elements are permutations with the repetition of two objects, i and j, 
by number 𝑁𝑁𝑖𝑖 and 𝑁𝑁𝑗𝑗, Guggenheim obtained the mean value for the parameter that 
gives the number of mutual contacts (of the first neighbor type) between different 
objects. Therefore the mean value of the parameter 𝑋𝑋 from equation (7 ) is [7]: 

𝑋𝑋� =
𝑁𝑁𝑖𝑖𝑁𝑁𝑗𝑗
𝑁𝑁𝑖𝑖 + 𝑁𝑁𝑗𝑗

= 𝑁𝑁𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (27) 

where 𝑥𝑥𝑖𝑖 and 𝑥𝑥𝑗𝑗 are the mole fractions of i and j particles (surfactants) in the global 1D 
lattice as a model for a crystalline binary mixed micellar pseudophase. Since the 
parameter 𝑋𝑋𝑘𝑘 is identical for both 1D lattices (I and II), the canonical partition function 
is: 

𝑄𝑄𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 = exp �
𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| + 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗�

𝑘𝑘𝑘𝑘
�  � exp �

−𝑋𝑋𝑘𝑘(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼))
𝑘𝑘𝑘𝑘

�
∀𝑘𝑘

 (28) 

Furthermore, if at each of 𝑊𝑊 (26) microstates, the parameter 𝑋𝑋𝑘𝑘 is characterized by the 
mean value of the given parameter 𝑋𝑋� (27), it follows: 

𝑄𝑄𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 = exp �
𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| + 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗�

𝑘𝑘𝑘𝑘
�  

𝑁𝑁!
𝑁𝑁𝑖𝑖!𝑁𝑁𝑗𝑗!

exp �
−𝑋𝑋�(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼))

𝑘𝑘𝑘𝑘
� (29) 

The Helmholtz free energy of the global 1D lattice of i and j particles according to 
equation (5) and (29) is: 

𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 = −𝑘𝑘𝑘𝑘 ln𝑄𝑄𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 = −𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� − 𝑘𝑘𝑘𝑘 ln
𝑁𝑁!

𝑁𝑁𝑖𝑖!𝑁𝑁𝑗𝑗!
+𝑋𝑋�(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼)) (30) 

Using the Sterling expression (ln𝑎𝑎! = 𝑎𝑎 ln𝑎𝑎 − 𝑎𝑎) [51] on this equation (30), we obtain: 

𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 = −𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| − 𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� + 𝑁𝑁𝑁𝑁𝑁𝑁�𝑥𝑥𝑖𝑖ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗ln 𝑥𝑥𝑗𝑗� + 𝑋𝑋�(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼)) (31) 

Let us consider that the global 1D lattice (binary mixed micellar pseudophase of i and j 
surfactants) is formed by mixing (at the atomic level) the monocomponent 1D lattices 
(monocomponent micellar pseudophases) of i and j surfactants (Figure 12). The 
Helmholtz free energy of the mixing is: 

∆𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐹𝐹𝑖𝑖 − 𝐹𝐹𝑗𝑗 = −𝑘𝑘𝑘𝑘 ln𝑄𝑄𝐶𝐶𝑚𝑚𝑚𝑚𝑚𝑚 + 𝑘𝑘𝑘𝑘�ln𝑄𝑄𝐶𝐶𝑖𝑖 + ln𝑄𝑄𝐶𝐶
𝑗𝑗� (32) 

where 𝐹𝐹𝑖𝑖 and 𝐹𝐹𝑗𝑗 are the Helmholtz free energies of the monocomponent states of the i 
and j particles, while 𝑄𝑄𝐶𝐶𝑖𝑖  and 𝑄𝑄𝐶𝐶

𝑗𝑗  are the canonical partition functions of the mono-
component states. The monocomponent states are characterized by only one microstate, 
therefore 𝑄𝑄𝐶𝐶𝑖𝑖  and 𝑄𝑄𝐶𝐶

𝑗𝑗  are: 
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𝑄𝑄𝐶𝐶𝑖𝑖 = exp[−(−𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖|) 𝑘𝑘𝑘𝑘⁄ ] = exp[𝑁𝑁𝑖𝑖|𝜀𝜀𝑖𝑖| 𝑘𝑘𝑘𝑘⁄ ] (33) 

𝑄𝑄𝐶𝐶
𝑗𝑗 = exp�− �−𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗�� 𝑘𝑘𝑘𝑘⁄ � = exp�𝑁𝑁𝑗𝑗�𝜀𝜀𝑗𝑗� 𝑘𝑘𝑘𝑘⁄ � (34) 

... ...

zXk

... ...
zXk-1

... ...

zXk+1

...

...

(Ni+Nj)!/(Ni!Nj!)

1D
 
(binary

 mixture)
 
lattices 

(microstates)

... ... ... ...

1D
 

(monocomponent)
 

lattice

1D
 

(monocomponent)
 

lattice

 

Figure 12. The formation of a binary mixture, which exists in several microstates, from 
monocomponent states (characterized by a single microstate). 

Based on equations (32), (31), (33), and (34), the Helmholtz free energy of mixing is: 

∆𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚 =  𝑁𝑁𝑁𝑁𝑁𝑁�𝑥𝑥𝑖𝑖ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗 ln 𝑥𝑥𝑗𝑗� + 𝑋𝑋�(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼)) (35) 

Alternatively, if 1 mol of the binary mixture 𝑁𝑁 = 𝐿𝐿 is observed (𝐿𝐿 denotes Avogadro's 
number): 

∆𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 = ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑅𝑅𝑅𝑅�𝑥𝑥𝑖𝑖ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗ln 𝑥𝑥𝑗𝑗� + 𝑋𝑋�(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼)) (36) 

where ∆𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 represents the molar Helmholtz free energy of mixing, ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚 corresponds 
to the molar Gibbs free energy of mixing, while 𝑅𝑅 = 𝑘𝑘𝑘𝑘 is the universal gas constant. 
Taking into account Guggenheim's equation (27), ∆𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚  is: 

∆𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 = ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑅𝑅𝑅𝑅�𝑥𝑥𝑖𝑖ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗ln 𝑥𝑥𝑗𝑗� + 𝐿𝐿𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼)) (37) 

The first term in equation (37) corresponds to the ideal Helmholtz free energy of mixing 
when obtaining an ideal binary mixture: 

∆𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖 = ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑅𝑅�𝑥𝑥𝑖𝑖ln 𝑥𝑥𝑖𝑖 + 𝑥𝑥𝑗𝑗 ln 𝑥𝑥𝑗𝑗� (38) 

and which originates from the entropic contribution [6,7,35,36]. Since the enthalpy 
change is zero for an ideal binary mixture, the second term in equation (37), according to 
expression (1), corresponds to the molar excess Gibbs free energy, i.e., in RST to the mo-
lar excess enthalpy [7-9]. Namely, according to RST, in a binary mixture, different parti-
cles are randomly mixed, i.e., every microstate from the set of all microstates is equally 
likely - a permutation with repeating elements 𝑁𝑁𝑖𝑖 and 𝑁𝑁𝑗𝑗 (Figure 12). In addition, the 
approximation is taken that the conformations of surfactants in the binary micellar 
pseudophase are identical to those in the monocomponent state. Therefore the molar 
excess entropy (𝑠𝑠𝐸𝐸) is 0: 

𝑔𝑔𝐸𝐸 = ℎ𝐸𝐸 = 𝐿𝐿𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗(𝜔𝜔(𝐼𝐼) +  𝜔𝜔(𝐼𝐼𝐼𝐼)) (39) 

Therefore, equation (37) in the theory of regular solutions is: 
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∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚 = ∆𝑔𝑔𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑖𝑖 + 𝑔𝑔𝐸𝐸�: 𝑠𝑠𝐸𝐸 = 0 (40) 

In Rubingh, in the theory of binary mixed micelles (RST), instead of the Hildebrand 
exchange coefficient (𝜔𝜔), they use the interaction coefficient [8,9,37]: 

𝛽𝛽 =
𝑧𝑧
𝑅𝑅𝑅𝑅

�𝐸𝐸𝑖𝑖𝑖𝑖 +
�𝐸𝐸𝑖𝑖𝑖𝑖 + 𝐸𝐸𝑗𝑗𝑗𝑗�

2
� (41) 

where 𝐸𝐸𝑖𝑖𝑖𝑖(𝐸𝐸𝑖𝑖𝑖𝑖) are interaction molar energies of the first neighbors. Multiplying equation 
(16) by Avogadro's number (𝐿𝐿) gives: 

𝐿𝐿∆𝜀𝜀 = 2𝐿𝐿𝐿𝐿 𝑧𝑧 = 2⁄ 𝐿𝐿𝐿𝐿𝑖𝑖𝑖𝑖 + 𝐿𝐿|𝜀𝜀𝑖𝑖𝑖𝑖| + 𝐿𝐿�𝜀𝜀𝑗𝑗𝑗𝑗� (42a) 

𝐿𝐿∆𝜀𝜀 = 2𝐿𝐿𝐿𝐿 𝑧𝑧 = 2⁄ 𝐸𝐸𝑖𝑖𝑖𝑖 + �𝐸𝐸𝑖𝑖𝑖𝑖 + 𝐸𝐸𝑗𝑗𝑗𝑗� (42b) 

If the expression (42b) is introduced into the equation that defines the interaction coeffi-
cient (41), then the connection between the exchange coefficient (𝜔𝜔) and the interaction 
coefficient (𝛽𝛽) is obtained: 

𝛽𝛽 =
𝑧𝑧𝑧𝑧∆𝜀𝜀
2𝑅𝑅𝑅𝑅

= �
𝑧𝑧
𝑅𝑅𝑅𝑅

�
2𝐿𝐿𝐿𝐿
𝑧𝑧2

�� =
𝐿𝐿𝐿𝐿
𝑅𝑅𝑅𝑅

→ 𝐿𝐿𝐿𝐿 = 𝑅𝑅𝑅𝑅𝑅𝑅  (43) 

By introducing the interaction coefficient (𝛽𝛽), the equation that defines the molar excess 
Gibbs free energy (39) is: 

𝑔𝑔𝐸𝐸 = ℎ𝐸𝐸 = 𝑅𝑅𝑅𝑅�𝛽𝛽(𝐼𝐼) +  𝛽𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 = 𝑅𝑅𝑅𝑅𝛽̂𝛽𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (44) 

The Gibbs function (44) is a first-order Margules function with parameter 𝛽̂𝛽 =  𝛽𝛽(𝐼𝐼) +
 𝛽𝛽(𝐼𝐼𝐼𝐼), and which is symmetric concerning about the line parallel to the y-axis and passes 
through 𝑥𝑥𝑖𝑖 = 0.5. Therefore, in a binary mixture of surfactants (particles), one compo-
nent is a classical surfactant, while the other component is a conformationally rigid par-
ticle with two different polar groups (functional groups) which are not sterically shield-
ed (Figure 1). Then each functional group in the overall interaction coefficient has its 
(individual) contribution originating from the interaction coefficient of the observed 
functional group and the classical surfactant (as if the second functional group on a con-
formationally rigid particle with two polar groups is not even present). Of course, in the 
experiments where the critical micellar concentration of the binary mixture of surfac-
tants is determined (and from which the function (44) is obtained), the overall interac-
tion coefficient is obtained (𝛽̂𝛽) [6,8-11]. 

3.2. The second approximation 
If it is taken into account that in the intermolecular interactions between SC (or 

some other bile acid salt) and DTAB (or some other classical surfactant) in addition to 
the C24 carboxylate group and the C3 pseudoaxial OH group of the steroid skeleton, the 
axial C7 and C12 OH groups (sterically shielded OH groups) can also participate, then 
the intermolecular interactions between these OH groups - which are sterically shielded 
- and the cationic heads of DTAB surfactants can be viewed as belonging to a particular 
1D lattice (the first one, I). The second 1D lattice consists of the sterically unprotected 
polar groups of the SC steroid skeleton. As the C24 carboxylate group is located on the 
C17 side chain of the steroid skeleton, in interaction with the cationic head of the DTAB 
surfactant, it can be considered that parts of the steroid skeleton do not sterically screen 
this carboxylate group (some carbons from the side chain may contribute to the steric 
shielding of the C12 α axial OH group). Similarly, the C3 α pseudoaxial OH group is not 
sterically shielded (there are no Newman projection formulas of the corresponding 
bonds from the steroid skeleton in which this OH group would be synclinal with some 
fragments of the steroid skeleton, Figure 13). Therefore, the C3 OH group and C24 car-
boxylate group – groups that are not sterically shielded – in intermolecular interactions 
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with cationic polar heads of DTAB surfactant form another (second, II) hypothetical 1D 
lattice. 
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Figure 13. A: the axially oriented substituent (OH group) in the cyclohexane ring in the chair 
conformation is in a 1,3-diaxial interaction with the axial hydrogens (repulsive steric strain 
equivalent to van der Waals strain); B: equatorially oriented substituent (cyclohexane in chair 
conformation) has no 1,3-diaxial steric strain (no synclinal or synperiplanar interactions in the 
Newman projection of the C3-C2 bond) by rotating the cyclohexane ring by 60° degrees 
(counter-clockwise) about the axis that is normal to the C3 symmetry axis of cyclohexane (in the 
chair conformation without a substituent), the A ring of the steroid skeleton is obtained which is 
cis connected to the B ring, whereby the equatorial OH group (in the isolated ring of cyclohexane) 
is parallel to the axial OH groups – pseudoaxial C3 OH group without steric strain unlike true 
axial OH groups (MP = mean plane of ciclohecsane, SSMP = steroid sceleton mean plane). 

So if we consider the molar excess Gibbs free energy of the binary mixed micellar 
pseudophase (as a hypothetical crystalline mixed 1D lattice), then this Gibbs free energy 
is the sum of the Gibbs energy of the hypothetical 1D lattice (I) and the Gibbs free energy 
of the hypothetical 1D lattice (II): 

𝑔𝑔𝐸𝐸 = 𝜗𝜗𝑔𝑔𝐸𝐸(𝐼𝐼) + 𝑔𝑔𝐸𝐸(𝐼𝐼𝐼𝐼) (45) 

Where the linear combination coefficient is: 𝜗𝜗 = 𝜃𝜃𝜃𝜃(𝑇𝑇) and has the role of a stoichio-
metric coefficient, the parameter 𝜃𝜃 shows a static dependence on the degree of shield-
ing of a functional group in the steroid skeleton (it always exists, i.e., it does not depend 
on temperature as long as the conformation of the steroid skeleton is rigid), while the 
parameter 𝜏𝜏(𝑇𝑇) shows a dynamic dependence on steric shielding (it depends on tem-
perature). 

Let 𝜏𝜏(𝑇𝑇) = 1 first. When forming one mole of a 1D crystalline binary mixed lattice, 
in the Gibbs free energy of intermolecular interactions of the first neighbor type (excess 
Gibbs free energy originates from intermolecular interactions and which do not exist in 
monocomponent states [2]), the Gibbs free energy of intermolecular interactions from 
the lattice (II) contributes with stoichiometric coefficient 𝜗𝜗(𝐼𝐼𝐼𝐼) = 1. However, due to the 
steric shielding of C7(12) OH groups, if intermolecular interactions are formed between 
the cationic heads of classic surfactants and the C24 carboxylate group and C3 α pseu-
doaxial OH group of SC particles, this does not mean that in the common 1D lattice sim-
ultaneously will forming intermolecular interactions between the cationic heads of clas-

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 12 October 2022                   doi:10.20944/preprints202210.0164.v1

https://doi.org/10.20944/preprints202210.0164.v1


 17 of 23 
 

 

sic surfactants and the sterically screened OH groups of SC. Therefore, for 1 mol of hy-
pothetical 1D lattice (II) comes a smaller amount of hypothetical 1D lattice (I): 

𝜏𝜏(𝑇𝑇) = 1|: 𝜗𝜗(𝐼𝐼𝐼𝐼) = 1 < 𝜗𝜗(𝐼𝐼) (46) 

The C7(12) OH groups of SC are not only sterically screened with parts of the steroid 
skeleton but also with neighboring SC particles in repeating permutations (when anoth-
er SC particle is adjacent to the observed SC particle from the C7 or C12 lateral side of 
the steroid skeleton, Figure 7). The higher the mole fraction (𝑥𝑥𝑗𝑗) of the classic surfactant 
(j), the higher the probability for intermolecular interactions of the first-neighbor type 
with the sterically screened groups of particle i, i.e., SC, so it is valid: 

𝜏𝜏(𝑇𝑇) = 1|: 𝜗𝜗(𝐼𝐼) = 𝜃𝜃(𝐼𝐼) = 𝑥𝑥𝑗𝑗 (47) 

With the increase of 𝑥𝑥𝑗𝑗 in a 1D crystalline binary mixed lattice (i.e., in permutations 
with repetition), the number of intermolecular interactions decreases, in which, next to 
some selected particle i, is also a particle i (neighboring particle). 

The dynamic parameter 𝜏𝜏(𝑇𝑇) considers that the formation of intermolecular inter-
action has the character of a chemical reaction (15), i.e., that there is a specific energy 
barrier that the particles that form intermolecular interaction must possess. The greater 
the steric shielding, the greater the repulsive interactions, i.e., the higher the energy bar-
rier to the formation of intermolecular interaction. At a specific temperature value T, the 
number of particles j (DTAB) - which form intermolecular interactions with the sterically 
screened functional groups of particle i (SC) - with an energy content equal to the energy 
barrier (𝐸𝐸𝑘𝑘ℶ(𝑗𝑗)) is determined by the Boltzmann distribution: 

𝜏𝜏(𝑇𝑇) = 𝑁𝑁𝑘𝑘(𝑗𝑗) 𝑁𝑁(𝑗𝑗)⁄ = exp[−𝐸𝐸𝑘𝑘ℶ(𝑗𝑗) (𝑘𝑘𝑘𝑘)⁄ ] 𝑞𝑞⁄  (48) 

where 𝑁𝑁(𝑗𝑗) represents the total number of particle j, while 𝑞𝑞 is the molecular partition 
function [30]. 

Taking into account the equation for the molar excess Gibbs free energy (44) as well 
as expressions (46)-(47), equation (45) is: 

𝑔𝑔𝐸𝐸 =  𝑅𝑅𝑅𝑅�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (49) 

 
Figure 14. Dependence of the excess molar Gibbs free energy on the surfactant mole fraction in the 
binary mixed micellar pseudophase; A:  𝑔𝑔𝐸𝐸 𝑅𝑅𝑅𝑅⁄ = −�0.1𝑥𝑥𝑗𝑗 + 1�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 ; B: 𝑔𝑔𝐸𝐸 𝑅𝑅𝑅𝑅⁄ = −�0.8𝑥𝑥𝑗𝑗 + 1�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗; 
C:  𝑔𝑔𝐸𝐸 𝑅𝑅𝑅𝑅⁄ = −𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 . 

Figure 14 presents the functions (49) for the value 𝛽̂𝛽(𝐼𝐼𝐼𝐼) = 1 and the values 𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇) =
0.1 and 𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇) = 0.8; the more significant the term with 𝑥𝑥𝑗𝑗  (i.e., 𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)) is, the 
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more the function (49) deviates from the symmetrical first-order Margules function, 
which means that sterically shielded functional groups are more likely to form intermo-
lecular interactions with surfactants of classical structure. Applying the two-fluid theory 
[38,39] to the binary mixed micellar pseudophase for the molar excess Gibbs free energy 
always yields the second-order Margules function (2). Therefore, the influence of steri-
cally shielded and non-sterically shielded polar groups of surfactant i on the formation 
of intermolecular interactions with classic surfactant j cannot be distinguished. If the 
temperature of the system, i.e., the thermal energy of surfactant j (surfactant of classical 
structure), is large enough, then the following applies: 

lim
𝑇𝑇→∞

[𝐸𝐸𝑘𝑘ℶ(𝑗𝑗) (𝑘𝑘𝑘𝑘)⁄ ] = 0 (50) 

which means that 𝜏𝜏(𝑇𝑇) = 1, so the function (49) is: 

𝑔𝑔𝐸𝐸 =  𝑅𝑅𝑅𝑅�𝛽̂𝛽(𝐼𝐼)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (51) 

If during the formation of the transition state, when the intermolecular interaction with 
the sterically shielded functional group is formed, 𝐸𝐸𝑘𝑘ℶ(𝑗𝑗) is high and the temperature is 
low, then the function (48) tends to zero (particle j does not have sufficient thermal en-
ergy to form an intermolecular interaction with the sterically shielded functional group 
of particle i), i.e., 𝜏𝜏(𝑇𝑇) = 0. It follows that the function (49) turns into the first-order 
Margules function: 

𝑔𝑔𝐸𝐸 =  𝑅𝑅𝑅𝑅 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗�������
0

+ 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� 𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 → 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (44) 

In the case of SC and DTAB, a symmetric function (44) is obtained experimentally 
for the molar excess Gibbs free energy, which means that in the binary mixed micellar 
pseudophase, the intermolecular interactions occur between the cationic head of DTAB 
and the sterically unprotected groups of SC (C3 α axial OH group and C24 carboxylate 
group) [11]. On the contrary, in the binary mixed micelle of sodium deoxycholate (bile 
acid anion, unlike SC, which has no C7 OH group) and sodium decyl sulfate, the de-
pendence of 𝑔𝑔𝐸𝐸 on 𝑥𝑥𝑖𝑖 is an asymmetric function. This is probably a consequence that 
the sulfate groups of sodium decyl sulfate forming hydrogen bonds with the C12 OH 
group (sterically protected group) of the anion of deoxycholic acid [40]. During the for-
mation of a hydrogen bond, a sufficient amount of energy is probably released to reduce 
the energy barrier 𝐸𝐸𝑘𝑘ℶ(𝑗𝑗) in the transition state of H-bond formation (i.e., the structure of 
the transition state tends to the structure of a classical surfactant, which means that the 
classical surfactant is far from the synclinal methine groups of the steroid skeleton - 
Hammond's postulate [41]). So that the limit value (50) can be fulfilled even at lower 
temperature values, i.e., the molar excess Gibbs free energy is described by the asym-
metric function (51). 

The molar excess Gibbs free energy of the binary mixed micellar pseudophase ac-
cording to the asymmetric function (49) or (51) originates from the principle of the theo-
ry of regular solutions (random mixing of two types of particles, whose conformations 
do not change compared to the monocomponent states) which would mean that the 
molar excess entropy equal to zero (𝑠𝑠𝐸𝐸 = 0) , i.e.,:  𝑔𝑔𝐸𝐸 = ℎ𝐸𝐸 . However, the condition 
𝑠𝑠𝐸𝐸 = 0 is rarely fulfilled [10,11], but the existence of excess entropy does not disturb the 
form of the function (49) or (50); it only modifies the parameters of the function (49) or 
(51) about (49) and (51) with the condition 𝑔𝑔𝐸𝐸 = ℎ𝐸𝐸 . Namely, the phenomenon of en-
thalpy-entropy compensation applies to the formation of the binary mixed micelles: ℎ =
±𝑇𝑇𝑐𝑐𝑠𝑠 + 𝑏𝑏  (𝑇𝑇𝑐𝑐 = compensation temperature, 𝑏𝑏 = coefficient that can be assumed to be 
𝑏𝑏 ≅ 0) [42]. Therefore, based on the function (49) and 𝑔𝑔𝐸𝐸 = ℎ𝐸𝐸 , and with the condition 
ℎ = −𝑇𝑇𝑐𝑐𝑠𝑠, the molar excess entropy is (Appendix B): 

𝑠𝑠𝐸𝐸 = −𝛿𝛿𝛿𝛿(𝑇𝑇 𝑇𝑇𝑐𝑐⁄ )�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (52) 
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where 𝛿𝛿 is the enthalpy share parameter (Appendix B). Considering the molar excess 
entropy function (52) and the molar excess enthalpy function ℎ𝐸𝐸 =  𝑅𝑅𝑅𝑅�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 +
𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (49), the excess molar Gibbs free energy is (with application 𝑔𝑔 = ℎ − 𝑇𝑇𝑇𝑇 [43]): 

𝑔𝑔𝐸𝐸 =  𝑅𝑅𝑅𝑅�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 +  𝛿𝛿𝛿𝛿(𝑇𝑇2 𝑇𝑇𝑐𝑐⁄ ) �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� 𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 (53a) 

=  𝑅𝑅𝑅𝑅�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗(1 + 𝛿𝛿𝛿𝛿 𝑇𝑇𝑐𝑐⁄ ) = 𝑅𝑅𝑅𝑅�𝜂𝜂𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝜂𝜂𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗  (53b) 

where 𝜂𝜂 = (1 + 𝛿𝛿𝛿𝛿 𝑇𝑇𝑐𝑐⁄ ). Function (53) at constant temperature and pressure is an asym-
metric function like (49). 

The excess chemical potential (partial molar excess Gibbs free energy [43]) based on 
the function (49) is (Appendix C): 

𝜇𝜇𝑖𝑖𝐸𝐸 = �
𝜕𝜕𝜕𝜕𝑇𝑇𝑔𝑔𝐸𝐸

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅𝑥𝑥𝑗𝑗2 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)(1 − 2𝑥𝑥𝑖𝑖) + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� (54) 

𝜇𝜇𝑗𝑗𝐸𝐸 = �
𝜕𝜕𝜕𝜕𝑇𝑇𝑔𝑔𝐸𝐸

𝜕𝜕𝑛𝑛𝑗𝑗
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑖𝑖

= 2𝑅𝑅𝑅𝑅𝑥𝑥𝑖𝑖2 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� (55) 

The excess chemical potential is related to the coefficient of activity: 𝜇𝜇𝐸𝐸 = 𝑅𝑅𝑅𝑅 ln𝑓𝑓 . 
Therefore, the activity coefficients of surfactants i and j in the binary mixed micellar 
pseudophase are: 

ln𝑓𝑓𝑖𝑖 = 𝑥𝑥𝑗𝑗2 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)(1 − 2𝑥𝑥𝑖𝑖) + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� (56) 

ln 𝑓𝑓𝑗𝑗 = 2𝑅𝑅𝑅𝑅𝑥𝑥𝑖𝑖2 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� (57) 

In the limiting case, the hypothetical state of an infinitely dilute micellar pseudophase, 
when the mole fraction of surfactant i (SC, i.e., surfactant with a rigid conformation and 
with sterically shielded as well as sterically unshielded polar groups) tends to zero [44], 
then the ln of the activity coefficient of surfactants i is: 

lim
𝑥𝑥𝑖𝑖→0

ln𝑓𝑓𝑖𝑖 = 𝑥𝑥𝑗𝑗2𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇) + 𝑥𝑥𝑗𝑗2𝛽̂𝛽(𝐼𝐼𝐼𝐼) (58) 

From the above expression, it follows that with a large amount of classical surfactant 
(hypothetical micelle contains only one i particle, while the other particles are j), both 
types of polar groups (sterically shielded and sterically not shielded) of surfactant i par-
ticipate in the intermolecular interactions with classical surfactant. At the other extreme, 
when the micellar mole fraction of the classical surfactant tends to zero, then the ln of 
the activity coefficient of the classical surfactant is: 

lim
𝑥𝑥𝑗𝑗→0

ln𝑓𝑓𝑗𝑗 = 2𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑖𝑖2 (59) 

In this case, the intermolecular interactions are possible only between the classic surfac-
tant and the sterically unshielded polar group of surfactant i. 

5. Conclusions 
Suppose the molar excess Gibbs free energy originates from the intermolecular in-

teractions of sterically unshielded functional groups of surfactants with a steroid skele-
ton and classical surfactants. In that case, each sterically unshielded functional group has 
an individual interaction coefficient (it depends on the structure, i.e., classical surfac-
tant's polar heads). The total interaction coefficient is obtained experimentally, where the 
molar excess Gibbs free energy function is the first-order Margules function. At low 
temperatures and with significant repulsive steric interactions, intermolecular interac-
tions with the sterically screened functional groups can be ignored, so for 𝑔𝑔𝐸𝐸, a sym-
metric function is obtained. If the sterically screened functional groups also participate 
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in the intermolecular interactions, then there is a deviation from the symmetrical 𝑔𝑔𝐸𝐸 
function. 
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Appendix A 
The side chain from the C17 carbon of the steroid skeleton in the molecular graph 

(Figure 4) is cis with the C12 α axial OH group, which sterically allows the C24 carbox-
ylate function (from the SC side chain) to form a hydrogen bond with the C12 OH group 
(Figure A1). In contrast to the D ring, which represents a permanent steric shielding of 
the spatial angle in the vicinity of the C7 OH group of SC, the C17 side chain with the 
carboxylate group represents a steric shielding of the C12 OH's spatial angle (SC) with a 
variable character, since by shifting the equilibrium towards the form where the side 
chain is not H-bonded connection decreases the steric shielding of the C12 OH group. 
However, the C12 OH group, like the C7 OH group (SC), is in a synclinal position with 
two methine groups (C17 and C14) that create steric strain if the C12 OH group partici-
pates in intermolecular interactions (Figure A1). 
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Figure A1. Newman's projection formula of the C12-C13 bond of the SC steroid skeleton. 

 

Appendix B 
If there are synergistic interactions between structurally different particles of a bi-

nary mixed micelle, then the excess enthalpy is (based on function (49)): 

ℎ𝐸𝐸 =  𝑅𝑅𝑅𝑅�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 < 0 (B1) 

This enthalpy (B1, heat at P = const.) during the formation of a binary mixed micelle goes 
to the thermoreservoir (thermal energy that leaves the system, i.e., the mixed micelles, to 
the environment, i.e., the thermoreservoir). However, part of this enthalpy (B1): 

𝛿𝛿ℎ𝐸𝐸 > 0 (B2) 

returns to the binary mixed micelle (system) and is spent on repulsive interactions when 
surfactants occupy the globular conformational states (conformational states that do not 
exist in monocomponent micelles) (𝑠𝑠𝐸𝐸 > 0). 

Appendix C 

𝜇𝜇𝑖𝑖𝐸𝐸 = �
𝜕𝜕𝜕𝜕𝑇𝑇𝑔𝑔𝐸𝐸

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗
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= 𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

+ 𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

 (C1) 

𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇) �
𝜕𝜕𝜕𝜕𝑖𝑖𝑛𝑛𝑗𝑗2𝑛𝑛𝑇𝑇−2

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑛𝑛𝑗𝑗2 �
𝜕𝜕𝜕𝜕𝑖𝑖𝑛𝑛𝑇𝑇−2

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2 + 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑛𝑛𝑗𝑗2𝑛𝑛𝑖𝑖 �
𝜕𝜕𝑛𝑛𝑇𝑇−2

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2 − 2𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑛𝑛𝑗𝑗2𝑛𝑛𝑖𝑖𝑛𝑛𝑇𝑇−3  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2 − 2𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2𝑥𝑥𝑖𝑖    (C2) 

𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼) �
𝜕𝜕𝑛𝑛𝑖𝑖𝑛𝑛𝑗𝑗𝑛𝑛𝑇𝑇−1

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑛𝑛𝑗𝑗 �
𝜕𝜕𝑛𝑛𝑖𝑖𝑛𝑛𝑇𝑇−1

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑛𝑛𝑗𝑗𝑛𝑛𝑇𝑇−1 + 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑛𝑛𝑗𝑗𝑛𝑛𝑖𝑖 �
𝜕𝜕𝑛𝑛𝑇𝑇−1

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑛𝑛𝑗𝑗𝑛𝑛𝑇𝑇−1 − 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑛𝑛𝑗𝑗𝑛𝑛𝑖𝑖𝑛𝑛𝑇𝑇−2  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗 − 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗𝑥𝑥𝑖𝑖 = 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗 − 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗�1 − 𝑥𝑥𝑗𝑗� = 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗2 (C3) 

Based on the expressions (C2) and (C3), the excess chemical potential of component i is 
(C1): 

𝜇𝜇𝑖𝑖𝐸𝐸 = �
𝜕𝜕𝜕𝜕𝑇𝑇𝑔𝑔𝐸𝐸

𝜕𝜕𝑛𝑛𝑖𝑖
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑗𝑗

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2 − 2𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2𝑥𝑥𝑖𝑖 + 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗2  

= 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗2(1 − 2𝑥𝑥𝑖𝑖) + 𝑅𝑅𝑅𝑅𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑗𝑗2 = 𝑅𝑅𝑅𝑅𝑥𝑥𝑗𝑗2 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)(1 − 2𝑥𝑥𝑖𝑖) + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� (C4) 

𝜇𝜇𝑗𝑗𝐸𝐸 = �
𝜕𝜕𝜕𝜕𝑇𝑇𝑔𝑔𝐸𝐸

𝜕𝜕𝑛𝑛𝑗𝑗
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑖𝑖

= 𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑗𝑗
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑖𝑖

  

= 𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇�𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗�𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑗𝑗
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑖𝑖

+ 𝑅𝑅𝑅𝑅 �
𝜕𝜕𝜕𝜕𝑇𝑇𝛽̂𝛽(𝐼𝐼𝐼𝐼)𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗

𝜕𝜕𝑛𝑛𝑗𝑗
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑖𝑖

  (C5) 

The above partial derivative (C5) is solved similarly to derivative (C1): 

𝜇𝜇𝑗𝑗𝐸𝐸 = �
𝜕𝜕𝜕𝜕𝑇𝑇𝑔𝑔𝐸𝐸

𝜕𝜕𝑛𝑛𝑗𝑗
�
𝑝𝑝,𝑇𝑇,𝑛𝑛𝑖𝑖

= 2𝑅𝑅𝑅𝑅𝑥𝑥𝑖𝑖2 �𝛽̂𝛽(𝐼𝐼)𝜏𝜏(𝑇𝑇)𝑥𝑥𝑗𝑗 + 𝛽̂𝛽(𝐼𝐼𝐼𝐼)� (C6) 
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