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Abstract

This article develops a duality principle and a related convex dual formulation suitable for
a large class of models in physics and engineering. The results are based on standard tools of
functional analysis, calculus of variations and duality theory. In particular, we develop applica-
tions to a model in non-linear elasticity.
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1 Introduction

In this article we establish a duality principle and a related convex dual formulation for a
large class of models in non-convex optimization.

More specifically, the main duality principle is applied to a model in non-linear elasticity.

Such results are based on the works of J.J. Telega and W.R. Bielski [2, 3, 10, 11] and on a
D.C. optimization approach developed in Toland [12].

About the other references, details on the Sobolev spaces involved are found in [1]. Related
results on convex analysis and duality theory are addressed in [7, 4, 5, 6, 9]. Finally, the model
in non-linear elasticity here presented may be found in [8].

Remark 1.1. In this text we adopt the standard Einstein convention of summing up repeated
indices unless otherwise indicated.

At this point we start to describe the primal and dual variational formulations.
Let  C R3 be an open, bounded, connected set with a regular (Lipschitzian) boundary
denoted by 0f2.
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For the primal formulation, consider a functional J : V' — R where

J(u) = ;/S)Hijkleij(u)ekl(u) dx — (ug, fi) 12 (1)

Here {H;ji} is a fourth order symmetric positive definite tensor and

{eij(u)} = {;(ui,j + uji) + ;(um,z‘um,y‘)} 7

where

u= (uy,ug,ug) €V = W&A(Q;R?’)

denotes the field of displacements resulting from the action of the external forces f = (f1, f2, f2) €
L%(Q;R3) on the elastic solid comprised by Q C R3.
Moreover, denoting Y = Y* = L?(€; R3*3), the stress tensor o € Y* is defined by

{oij(w)} = {Hjjriern(u)}.
At this point we define the functionals F1 : V XY - R, F5:V - Rand G:V — R by

K
Fl(u,a) = _ZQ/Q(ui’i)Q dx
i=1

3
K;
+ZQ/Q(%‘J + (Cimtum,j).j + f)* dx
=1

K.
+72 w; juij dr — (ui, fi) 12, (2)
Q

for appropriate positive real constants, K, K1, K9 to be specified,

K
Fg(u) = 72 /Qui’jui’j d.T,

and

3
1 K
G(u) = 5 /Q Hijeij(u)ep (u) do + Z 5 /Q(W,i)Q dx.
=1

Here, it is worth highlighting that

3

K
Fl(u,a) - FQ(U) + G(u) = J(u) + E 71 / (Uij,j + (Uz'mum,j),j + f,,)2 de,YueV,oceY".
i=1 &

Furthermore, we define the functionals F} : [Y*]3 - R, F} : Y* — R and G* : [Y*]?> = R by

Fi(0,Q,Q) = Slel‘]a{_<ui,j70'ij>L2 — (uij, Qij) 2 + (uij, Qij) 2 — Fi(u,0)},
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- ~ K
F5(Q) = sup {((v2)ijaQij>L2 - 22/(”2)2‘]‘(02%7' dx}
v2€Y Q
1 -
= m/QQijQij dx, (3)
and )
G (0,Q) = sup  {{(v1)ij,0ij) 2 + ((v2)ij; Qij) 2 — G(v1,v2)},
(v1,02)EY XY
where
G(vi,v2) = ;/QHijkl <(7J1)ij + ;(U2)mi(v2)mj> <(U1)kl + ;(U2)mk(1}2)ml> dx
3
+3 7 [ (0? da. (4)
so that ) o )
G*(0,Q) = 3 /Q(Ug)QmiQmj dz + 5 /QHijklo'ijO'kl dz,

if 0 € B* where
B*={oceY" : ||oijlloo < K/8, Vi,j € {1,2,3} and {o;} < —ely},

for some small parameter € > 0 and where I; denotes the 3 x 3 identity matrix. Observe that
such a definition for B* corresponds to the case of negative definite stress tensors, which refers
to compression in a solid mechanics context.

Here
ol +K 012 013
{U{J{} = | 091 o+ K 0923 (5)
031 032 o33 + K
U{]{ = {05 -1
and

{Hiji} = {Hiju} '
in an appropriate tensor sense.
At this point we define

J(0,Q,Q) = —F{(0,Q,Q) + F5(Q) — G*(0, Q).

Specifically for
Ko> K > K> max{l/eQ, 1, K3, HH’LJMH}7

we define
D*={Q€eY" : |Qijllc < K3, Vi,j € {1,2,3}}.

By direct computation, we may obtain

0%J*(0,Q,Q)
{ 9000 }<°’
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and

P19 | _
0Q> ’

on B* x D* x Y*, so that J* is concave in (o, Q) and convex in Q on B* x D* x Y*,

2  The main duality principle and a related convex
dual variational formulation

Our main duality principle is summarized by the following theorem.
Theorem 2.1. Considering the statements and definitions of the previous section, suppose
(6,Q,Q) € B* x D* x Y* is such that
6J(6,Q,Q) =0.

Let ug € V be such that ~
OF%
(UO)i,j —_ 2~(Q) .
0Qi;

Under such hypotheses, we have
3 K,
J(uo) = min {J(U) + ; -5 /Q(?nj,j + (Gimtm.) j + fi)? diﬂ}

= inf { sup J*(J,Q,Q)}
Qev* | (0,Q)eB*xD*

= J6,0,0Q). (6)
Proof. Observe that there exists & € V' such that, defining

H(u,0,Q,Q) = —(uij,0i) 12 — (Ui j, Qij) 2 + (Wi, Qij) 2 — Fi(u, o),

we have .
0H(1,6,0Q,Q)
A w
ou

and

Moreover, from the variation in of J* in (), we obtain

~

OF3(Q)
0Q;

R (5,Q,0)
Qs

+ =0,
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where

OF;(5,0,Q)

0Qij
_ 9H(4,6,Q,Q)
aQij
8H(a)&7Q)Q) 871
+ _
ou Qi
= Uijj. (7)

From such last two equations we get

_OF(Q) _0F(6.Q.Q) _ .
" any 8@13

- ui,j?
so that from the concerning boundary conditions,

(uo)

ug = U.

On the other hand, from the variation of J* in ) we have

L OF1(3,0,Q)  9G*(5,Q)
0Qi; 0Qi;

=0,

so that

(u0)ij — 615,Qumj = 0,
and therefore X
Qij = Gim(u0)m,j + Kij(uo)i ;-
Finally, from the variation of J* in ¢ we obtain

COF1(3,0,Q)  9G*(5,Q)

adi' 8@-
J J

=0,
so that 1

(uo0)ij + §(U0)m,i(uo)m,j — Hijpiow = 0.
Thus, since {Hji } is symmetric, we get

6ij = Hijrieri(uo)-

From these last results and from

we obtain

Gijj + (Gim(uo)m,j),; + fi =0, Vi € {1,2,3},

5
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so that
(5J(u0) =0.

Finally, from such last results and the Legendre transform properties, we have
F1(6,Q,Q)
= —((w0)ij, i)z — ((w0)ij, Qij) 2 + ((w0)ig, Qij) 2 — Fi(uo, 6), (8)
F3(Q) = ((u0)ij> Qi) > — Fa(uo),
and R R
G*(6,Q) = ((u0)ij» Fij) L2 + ((u0)i > Qij) L2 — G(uo)-

From these results, we obtain

J6,0,Q) = —F16,0,Q) + F3

Il

=
=

2
ST
|

5

<

N

_|_ /\l)
Q<
<

<

Joining the pieces, we have got

3
J(uwp) = min {J(U) + Z % /Q(&ij,j + (GimUm,j),j + fz)2 daz}
=1

ueV

= inf { sup J*(07Q7Q)}
(0,Q)

Qey* €B* x D*
= J5,Q,Q). (10)

The proof is complete.

Remark 2.2. A similar result is valid if we would define
B*={oce€Y" : |oijlloo < K/8, Vi,j € {1,2,3} and {oi;} > el4}.

This case refers to a positive definite tensor {o;;} and the previous case to a negative definite
one.

3 A closely related primal-dual variational formula-
tion for a similar model

In this section we present a new primal-dual variational formulation for a closely related
model of plates.

At this point we start to describe the primal formulation.

Let © C R? be an open, bounded, connected set which represents the middle surface of
a plate of thickness h. The boundary of €, which is assumed to be regular (Lipschitzian), is
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denoted by 09. The vectorial basis related to the cartesian system {xi,z2, 23} is denoted by
(aq,as), where a = 1,2 (in general Greek indices stand for 1 or 2), and where a3 is the vector
normal to {2, whereas a; and as are orthogonal vectors parallel to €2. Also, n is the outward
normal to the plate surface.

The displacements will be denoted by

a= {’lla,fbg} = Uaa, + U3zas.
The Kirchhoff-Love relations are

Uo (1, T2, 23) = Ua(21, T2) — T3W(T1, T2) o

and U3(x1,v2,23) = w(x1, T2). (11)
Here —h/2 < x3 < h/2 so that we have u = (uq,w) € U where

U = {(ta,w) € WH(Q;R?) x W>2(Q),
ow
ua—w—a—n—() on 00}

= W2 (% R?) x W2(Q).

It is worth emphasizing that the boundary conditions here specified refer to a clamped plate.
We define the operator A : U — Y x Y, where Y = Y* = L?(Q; R?>*?), by

Au) = {7(u), s(u)},

Ua,g +Usa | WaWg

Yap(u) = 5 5
Fap(U) = —Wap.
The constitutive relations are given by
Nog(u) = Hogrpyau(u), (12)
Meag(u) = hagrpkru(u), (13)

where: {H,g),} and {hag Au = %Hag )\M}, are symmetric positive definite fourth order tensors.

From now on, we denote {F&/g)\#} = {Haﬂ)\“}_l and {Ea,é’)\,u} = {haﬁ)\u}_l.
Furthermore {N,g} denote the membrane force tensor and {M,s3} the moment one. The
plate stored energy, represented by (G o A) : U — R is expressed by

1 1
(GoA)(u) = 2/QNag(u)’yag(u) dx + Q/QMag(u)/iag(u) dx (14)
and the external work, represented by F': U — R, is given by
F(u) = (w, P)r2 + (uq, Pa) 12, (15)

where P, P, P, € LQ(Q) are external loads in the directions a3, a; and as respectively. The
potential energy, denoted by J : U — R is expressed by:

J(u) = (GoA)(u) = F(u)

7
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More explicitly, recalling that
_ Uaptusa 1

Tos(u) = U2 TRy Dy g,
we have
J(u)
1 Ug, 5 + UB, 1 U,y + Up ) 1
= 5 /Q Haﬁ)\p, <O¢20¢ + 2w,aw75> <u2'u + 2w,)\w,u) dx
1
—1—5 hoéfg)\uwyaﬁwy)\u dx — (ua, Pa>L2 — <w, P>L2
Q

1
= ~(pl), Nog)i2 + 5 [ Hamtas@haule) de

1 Uq,p + U 1
+5 / ha g0 0.apW A A + <a75 3 T gt Nog >
Q

—(Uas Pa)p2 — (w, P) 2

L2

. 1
> ;g}ff {<Ua,87 Na,B)LQ + 5 /Q Haﬂ)\;ﬂ)aﬁv)\,u dx}
. 1
+ inf ) {2/ hapauW apW sy dx
{ua}e[Wy2(Q)] Q
Ua,8 T UB 1
+ # + §w7aw,g, Nag — <UaPa>L2 — <w,P>L2
L2
1 [
> _Q/QHaﬁ)\uNa,BN/\u dx
1 1
+5 [ hapaptapwa de +( Swaw,s Nog ) = (w, P)pa
Q L2
= Ji(u,N), (16)

Vu € U, N € B*, where B* = B} N Bj,
Bf ={N€Y* : Nogs+Po=0, inQ},
B ={NeY* : |N|o < K},

for an appropriate constant K > 0
At this point, we also define

i = {u eU : H’LU,QBHOO < Kj, Va,pB € {1,2}},

for an appropriate constant K3 > 0

We highlight the constants K3 > 0 and K > 0 must be such that the restrictions which
define B5 and V; are not active at a concerning critical point.

Here we present the following primal-dual formulation suitable for an optimization of the
original primal variational formulation

* * K 2
J5 (u, N) =J] (u, N) + 5 . ((hag)\#w’)\u)@ﬁ — (Nagw’g),a — P) dx.

8
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More specifically,

* 1 ag
Jy(u,N) = —2/ HogruNapNyy, dx
Q

1 1

+7 / ha7:87>‘uu‘w7a:8w7)‘“ dm + 7w7aw):87 Naﬂ
2 Q 2 2

—<’lU, P>L2
Ky 2

5, ((hamuw,ww — (Napw,s)a = P) dz. (17)

We may observe that for

1
-0z
Al|H|| K3

and K3 > 0 sufficiently small, J3 is convex in u and concave in N and on V; x B*.
Finally, we may also define J3 by

J3(u) = Sup. J3(u, N).

We observe that Js has a large region of convexity around any critical point.

4 Conclusion

In this article we have developed a convex dual variational formulation suitable for non-
convex variational primal formulations.

It is worth highlighting, the results may be applied to a large class of models in physics and
engineering.

We also emphasize the duality principle here presented is applied to a model in non-linear
elasticity. In a future research, we intend to extend such results for other related models of
plates and shells.
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