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Abstract—In this paper, decidability of the structures of Decidability: A class of questions is decidable if and only if

genuine, rational, integer and normal numbers will be examined
in several languages. Decidability or undecidability of mathe-
matical structures is one of the fundamental and sometimes
very difficult problems of mathematical logic, where several
examples of problems in this field are still open and unresolved
even after decades. One of the goals of Mathematical Logic is
the axiomatization of mathematical theoriesTarski has proved
the decidability of the theory of real and complex numbers in
the language of addition and multiplication, and it is proved
that theories of natural, integer, and rational numbers, in
the language of addition and multiplication, are undecidable
(Theorems of Godel and Robinson).

We will proof The following problemes:
The Main Problem 1: (Q;C) is decidable?
Problem 2: an explicit axiomatization for (Z; x)?
and we will study boolean algebras. Boolean algebras are
famous mathematical structures.Tarski showed the decidability
of the elementary theory of Boolean algebras.n this paper,
we conside the different kinds of Boolean algebras and their
properties. And we present for the first-order theory of atomic
Boolean algebras a quantifier elimination algorithm. The subset
relation is a partial order and indeed a lattice order,And I
will prove that the theory of atomic Boolean lattice orders is
decidable, and furthermore admits elimination of quantifiers.
So the theory of the subset relation is decidable. And we will
study decidability of atomlss boolean algebra.

Keywords—Boolean algebras, Decidability,Model Theory,
Quantifier-Elimination.

I. Introduction

Quantifier Elimination and Decidability:

The purpose is to produce an
algorithm for determining whether or not a formula is
valid . So, decision procedure is an algorithm that, given
a decision problem, terminates with a yes or no answer.

Quantifier elimination: We say that a theory T has
quantifier elimination if for every formula ¢ there is a
quantifier-free formula 1 such that ¢ < ¢ .

there is a procedure such that, when given as input any
question in the class, the procedure halts and says yes if
the answer is positive and no if the answer is negative.
Example: For any natural number n, determining whether
n is prime.

The mathematical structure consists of a specific set
(usually a set of numbers, like natural, integer, rational,
real or complex numbers) in a first-order language that
contains some functions, predicates or constants. The
theory of a structure is the set of all first-order sentences
(in the language of that structure) which are true in that
structure.

Structure : A= (A; L) Th(A)={0eL]|AF 6}

For example, the sentence "any number is equal to the
sum of another number with itself” is false in (the domain
of) integer numbers, but it is true in (the domain of)
rational numbers (e.g., 3 there are no integer n such that
n+n = 3, but the sum of 3/2 with itself is 3).

(Zi )P Vayle=y+y) (Qi+)FVady(z =y +y)

Decidable: A theory T is decidable if there exists an

effective procedure to determine whether T'F ¢ where ¢
is any sentence of the language.
Completenes: completeness of a theory 7" means that for
any sentence ¢ in the language of the theory, we have
either T'F ¢ or T+ —¢. If this property does not hold (so
if there is some ¢ that the theory says nothing about),
we have an incomplete theory.

II. Structure-decidable structure-examples of decidable
structures with proof-some examples of undecidable
structures

lammal.(The Lemma of Quantifier Elimination) A the-
ory (or a structure ) admits quantifier elimination if and
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only if every formula of the form Jz(A;a;) is (recursively) (O1) z <y« Jz(z+2=1y)

equivalent with a quantifier -free formula , where each «;

is either an atomic formula or the negation of an atomic (02) z <yVy<z

formula.

Proof:
Every formula 1 can be written (equivalency) in the
prenex normal form, say

Q121Q2x2 - Quanb(z1, T2, -, Tp)

where @Q;s ara quantifiers and 6 is quantifier-free. if
Qn = 3, then let 6 = 6, and if Q,, =V, then 6 = -,
(note that in the latter case Va, = —3z,0). Now, the
quantifier- free formula 6 can be written in the disjunctive
normal form,say \/; A; a; ; where each a; ; is a literal(i.e.,
an atomic or a negated atomic formula).Noting that

Jz(\; B; =V, Fx6;) we have
¥ = Qua1Qas -+ Quan-1 OV Fen(A; i)

where (O is nothing (empty) when @, = 3 and O = -
when @, = V. Now,if Hxn(/\j «; ;) is equivalent with a
quantifier -free formula, 1 is equivalent with a formula
with one less quantifier; counting this way one can show

that ¢ equivalent with a formula which has no quanti-
fier.[1]

A. Decidability of Structure of Natural Numbers
in Different Languages

Theoreml. the theory ThN, where Ny = (N,0,s)
admits elimination of quantifier.

Proof: [3].

Theorem2. The Theory Np = (N,0,5,<) admits
elimination quantifier, and so has a decidable theory and
is finitely axiomatizable.

Proof: [3].

The additive theory of natural numbers:
Presburger proof decidability of the theory (N; =, +) with
quantifier elimination. One common way of quantifier
elimination is to extend the language, and we add Fixed
symbols 0 and 1 and an infinite set of binary relations <,,
for n > 1. Which is defined as follows:

Ve,ye Nyx <,y (z<y & z=y (modn))

Theorem3. The following axioms at the Language L =
{+,0,1, <, {=,,}>2}, for the structure N allow quantifier
elimination.

(Al) z4+ (y+2)=(z+y) + =
(A2) z+y=y+=x

(A3) z+0=2x

(A4) z+z=y+z—ax=y

(A5) z+y=0—-z=y=0

(D1) VaTy,z(x=n-y+tAt<n)

Proof:
Step 1: Identify the terms

In structure (N;+,0,<,1,{=,)}n>2), every term
involving x is equal to,

n-xr+t (neN)
where x does not appear in t
Step 2: Identify Atomic Formulas and Delete — if
possible

All atomic formulas are,

u<wv

uU=rv
First, we eliminate the inequality behind the atoms.
Because,

r=y<rr<yANy<czx
r#yeor+l<yvy+1<cz

vy y+l<z

T FEn Y \/0<i<nx+i =nY

So, the following formula admits quantifier
elimination.

(A, ni-z+t <mia+siAN; kjatuy =g lratog)
Step 3: Simplify atomic formulas

So the following formula must be eliminated quanti-
fier.
Jx(A\;ri Smi -z +siA\jnj -z +t; <
uj AN\ k4o =g, wi)
Step 4:Uniform the coefficients x
Let M is Multiply the coefficients by =

M= Himinjnjnlkl
rlmﬂ < Mz + mﬂsl
Mz + 75ty < Jlu;

Mz + kﬁlvl wy

:;TNLIQZ ki

So the following formula admits quantifier elimination

Ju(A;r; < Mo+ s; AN\, M+t <
uj NN\ Mz + v =g, wy)
Step 5: Remove the coefficient x

y = Mx. So, we have
Fy(N\iri Sy+s; ANy +t <up ANy + v =,
w; Ay =p 0)
We use the following equations
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t=s<rct=cs
t<s<rct<cs
t =, s ct=qp CS
S0
Jx(A\;ri Sz +siAN\jo+t <ug AN T+ =g, wi)
Step 6: Identification Phrases included x

r<rt+sort+t;to<rt+s+it;+uy
r+it;<uj o rts+Ht;+u <u+ sty
THV =g w o r+8+ttu =g s+t +w
P=s;+ t; + v
SO
H;E(/\ir; < a:—i—P/\/\jx—i—P < u;./\/\lx—&-Pqu wl/)
we put y=x+ P

(N SYNNjYS U ANy =g w Ay>P) P
Therefore, it is enough to delete the quantifier in the
following formula:

(AL Sz A /\?:1 T < uj A /\;czl T =g, wy)
Step 7: Reduce Boolen Combination

A: Reduce the order
Jz(rg <z Ary <xAb(x))
x ANO())]V[r1 < 1o A Jz(rg
B: Jz(z <wug Az <up AO(x))
ug A Q@) V [ur < ug A Jz(x
C: Fx(x =4, wo Az =4, w1 AO(2))
xo A O(x))

<ryAdz(r; <
(ro <z Ab(z))]

[r

S
> ©

<

Step 8: Identify the states
(r<zhz<uiz=,w)=
UAT +i =4 W)
Jx(r<zAz<u)=r<u
Jz(r <z Az =, w)=true
Az <urz=,w)= V0G0 <uAi=,w)
Jx(r < z) = true
Jz(x < u) = true
Jz(x =4 w) = true
Fa( ) = true
|

Introduction to Decidability of the Multiplication
Theory of:
Natural Numbers
The theory of the structure (N, x) is
decidable.

Mostowski deals with the notion of direct product in the
theory of decision problems. This was well-known to
Mostowski, who was able to prove decidability of Skolem
Arithmetic through seeing it as a certain weak direct
product of Presburger Arithmetic. Such that; This was
well-known to Mostowski, who was able to prove
decidability of Skolem Arithmetic through seeing it as a
certain weak direct product of Presburger Arithmetic.

let L be a language with only constant 0. Let (Q;);cs be non
-empty family of L -structures such that for any ¢ € I and
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any functional symbol F' of L, we have: F(0,---,0) = 0.
The direct sum of this family is the L -structure A,
denoted by €D, ; Qi, that defined by:
B = {f € Il Ai/f(0) 0 except foratmost fi-
nite number of i}

For R is n -ary predicate of L: RA(fy,-- -, f,) iff for all
i of I we have R?:(f1(i),- -+, fu(i))
For F is n -ary function symbol of L: FA(fy, -+, fn) =
FQi(fl(i% T fn(z)>
and P, ; Q; is an L -structure, and clsed for functions is
provided by the conditions of the family of L -structures.
If I is finite, the direct sum is the same as the direct
product.We have (NT,.) = @, . y Qn where Q,, = (N, +)
for any n. And we have (N>, |) = @,,. y Qn where Q,, =
(N, <) for any n.
-adic numbers were first described by Kurt Hensel in
1897 though, with hindsight, some of Ernst Kummer’s
earlier work can be interpreted as implicitly using p -adic
numbers.The p -adic numbers were motivated primarily
by an attempt to bring the ideas and techniques of power
series methods into number theory.

e p -adic number: p -adic number is sums of the form:
oo, a;p’ where k is some (not necessarily positive)
integer, and each coefficient a; p -adic digit.and
0<a;<p-1

¢ Fundamental theorem of arithmetic
every integer greater than 1 can be represented as
the product of prime numbers and, moreover, this
representation is unique.

e FEuclid’s theorem
Euclid’s theorem is a fundamental statement in
number theory that asserts that there are infinitely
many prime numbers. It was first proved by Euclid .

e p-adic valuation:We define p -adic valuation of x with

VLI
x = pipspd- -
V(p2, ) = py'

e p is a prime number , and denoted by P(p) iff we
have: p # 1 AVx(z |p — (x =1V a =p))

e p -primary number: x is a p -primary number, and
denoted by PR(p,z) iff we have P(p) AVq((P(¢)Aq #
p) = q|x)

e trunction:

VaVy3zp(P(p) = (p |z = V(p, 2) =
Vp,y) A (pr — V(p,z) =1)))
This z is unique, and denoted by T(z,y) = Hp‘mpo‘.
so we have :
T =92u.3V. 5w . ...
y=2%-30.57....

fn = Hp p?("P) but we may not define, v(n,p) in the theory.
Hence n = Hp V(n,p) (meaning V(n,p) = p?("™P)). For little v we

have v(p, z.y) = v(p, z) + v(p,y) But for big V we have V(p,z.y) =
V(p,x).V(p,y)
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9a .38 .57
20.30.50

u#0,v#0,w#0
T(z,y) = u=0,v=0,w=0
T(2'-3%.5222.32.51) =22.5¢

e Increment:

Veyvp (P(p) = (pl/z = V(p,y) =) A(p|z—
Vp,y)=p V(p,2))))
e Separation:
Vavy32Vp((P(p) = (p |z -y AV (p,2) = V(p,y)) =
Vp,z)=p)AN(pVz-yVVip,x)#n Vip,y) =
V(ip,z)=1) neN
this z is unique, and denoted by SP,(z,y)
H(pang)p,p | z -y so we have
r =23 x 3&y = 25 x 39 x 52
SPy(z,y) =2x%x5
p=2 2|5-3
p=3, 2|/9—-4
p=52[2-0
o Divisability: Ve3y3z(z = y™ - 2 AVYVE(z = g™ -

z|2))

360 = 23 x 32 x 5!

Z—

1,4,9,16,25, -, 22
1,8,27,64,125, - -, 23

1", 2m 3n ...

360 = 22 x 32 x 2! x 5!
=(2x3)2x2x5=36x10
360 = 8 x 45
r=y" z— 360 =62 x10

We must too begin that quantifiers can be
eliminated.For any model A of the given axioms , and
any prime p of the model , one can characterize

Ay ={z € A:xisp— primary}

and consider the structure,
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so we use the additive notation (means 0,1,+,<,S5,---)
or use the multiplicative notion (means 1,p,+,,|,I,---)
for the elements of A, The results are the same.

Consider the additive formula

Yo < y1,yi = V(p, ;)
A, Evo <t & AEV(p, %) |
 AEV(p,SPi(To,71))

Mostowski observed was that Th(N>;. 1) is the weak
direct power of Th(N;+,0), The relevant theorem of
Mostowski :

Let T be a decidable theory with a unique distinguished
costant.The theory of weak direct powers of models of T
is decidable.[10, Theorem 5.2.]

So, by The Feferman-Vaught Theorem every formula of
the language (-, 1) is equivalent to a propositional
combination of formula of the form,

Ip1 - Ik(Ai<icj<n Pi # 2i A Ni<ici P(0i) A OPY)

0 is formula of the language (-, 1)

Th(N>0%;. 1) admites a quantifier elimination when

language is augmented by the function symbols

I1,T,SP,(n >0), and the unary symboles E,(n > 1).

Theorem4. the Theory (N, -) admites quantifier -

elimination. and so has decidable theory and is

axiomatizable

Proof:

in the article [[13]] 2 has been proven. [ |
Axiomatizing and decidability of the theory of (N; x):

Vavyvz (z-(y-2)) = ((z-y) - 2)
JaVy z-y=y-x=y

73?1)

E,
=D

VaVy x-y=y-x
VaVyVz (x-z2=y-2 =z =1y)
VaVy - y=1—z=y=1

VaVyz" =y" - x =y (n e N*)

(A7) Vzdy3z (x=n-y+2zAz<nAz#n)AVne N*
Ap = (4p; 1) (As) YadyJz(z = y" - 2 AVVE(z = g - £ — 2| £))
The axiomes given for Th(N>?;. 1) guarantee each A, (A9) VaIp (P(p) A pz)
to be a model of Th(N;+,0). In fact, for the model (Aro) VpVaVy((PR(p,z) A PR(p,y)) = = |yVy|x)
(N;-,1), each A, is isomorphic to (N;+,0). A, is a (A1) Vavp (P(p) = 3y (y=V(p,x))
model of the theory of addition, and A, is definable in
A in terms of the parameter p: (A12) 2=y < Vp (P(p) = 3y V(p,z) =V(p,y))

vo € Ap; PR(p, vo)

For any formula ¢uv; - - - v, of the language of A, we can (Ai4)

(Ars)
(Ass)

(Ar7)

find a formul ¢P such that , for all xg, -, x,_1 € A,

A= ¢P(Zo, -+ Zn1) & Ap = 0(Fo, -+ Un—1)

where y; = V(p, ;). To define ¢P, first relativise ¢ to A,
and then replace each free variable v; in ¢ by V(p,v;).
The construction of ¢ is uniform in the constant p,
i.e.,for each ¢, there is a single formula ¢"v; - - - v, from
which each ¢P is obtained by substituting the constant p
for the variable vg.

p7
VaVy¥p(P(p) = V(p,z-y) =V(p,x) - V(p,y))

VaVy(Yp(P(p) — V(p,z) | V(p,y) = = | y))
Vavy3zVp(P(p) — (p | = — Vi(p,2) = Vip,y)) A
(pr — V(p,2) =1)))

Voz3yvp (P(p) = (p oz = V(py) = DA | 2z —
V(p,y) =p-V(p,))))

VaVy3Vp((P(p) = (p |z -y AV(p,z) =0 V(DY)
Vip,z) = p) AN Va-yVvVipr) #Z. V(py)
V(p,z)=1) meN

4)
%

2Cégielski
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The Th(IN>9; . 1) is complete and decidable.
because:

Let L' = (-, V) which is th language obtained from L
by adding a binary function sign V, for any formula
w in L, there is the associated formula P in L’ whose
set, of free variables is the ones in ¢ plus the variables p
,that is P is obtained by replacing each free variable z
in ¢ with the term V(p,z). we let M = Th(N>%; . 1)
and A be a model of M, and ¢ be an n— formula in
L ;and p be a prime number and 7 € A"

Al e (F) e Ay EoVp, T))

and M~ denoted to a theory in the language
L =(,,V,p). Let 0 be a formula of L and k € N >0
,then we denoted Ry () to the formula in L as follows:

Jp1--- Elpk(/\lgigjgk pi #pj A Algigk P(pi) A 6077)

Any formula ¢ of L is M~ -equivalent to a com-
bination to a boolean formula of the form Ry(6);
because it is M -equivalent to a formula of L.
and M" is an extension of M .so it is sufficient
to prove complete and decidable for M ”. When %)
is a statement we can effectively reduce it to a
boolean combination of formulas of the type R (0)
where is a statement, Rj(#) is true if and only if,
it is true in the theory of addiction, since addition
theory is complete and decidable, so The theory of
multiplication of natural numbers is complete and
decidable. And The multiplication theory of natural
numbers is not finitely axiomatizable, because the
theory of addition is not finitely axiomatizable.
Skolem claimed the decidablity of the theory
(N; x,=) by using the quantifier elimination. The
first decidability proof appeared in the work of
Mostowski. Cegielski axiomatized multiplication the-
ory and proved quantifier elimination.[13]

1) Peano Arithmetic: Peano’s Axiomatic System:

1. Va-(S(z)=0)

2. VxVy(S’(x) =Sy — = y)

3. Va(z+0=ux)

4. Vavy(z +S(y) = S(z +y))

5. Vz(z-0=0)

6. VaVy(z-S(y)=z-y+2)

7. Vz[-(z <0)]

8. VxVyx<S(y)<—>x<y\/$=y)
9. VmVyx<y\/y<:z:\/x=y).

10.  (0) AVz[p(z) — ¢(S(z))] — Vap(z).
Peano Arithmetic PA is undecidable.

The decidablity of the structures of natural numbers
in different languages is shown in the following tables
so that the theories that admit QE by 4/ and, the
theories do not admit QE by x is shown.
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N
i<t (N, <)
{+} (N, +)
{x} (N, %)
{<.+} (N, <+)
{<,x} (N, <, x)
{+. x} (N, +, x)
Hx <[ IV+x<)
Tablel
Structures The decidablity of the structures
(N; <) v
(N; +) v
(N; x) v
(N; <, +) v
(N; <, x) X
(N; +, x) X
(N; +, x, <) X

Tablell

Decidability of The theory of (N;C) :
Theoremb.The following completely axiomatizes the
structure (N;LC) and, moreover , its theory admits
quanrifier elimination, and so is decidable.[6]

[1]Va(z C )

2V, y(z CyCa—a=y)

BlVz,y,z(x CyC z - x C 2)

Ve, yFz(z C o,y AVEHt C 2,y >t C 2]),z =2z Ny
BIVz,y3z(x,y C 2z AVtz,yCt - 2z Ct]),z=a Uy
[6]Vz(1 E x)

Definition 1. An element x of a lattice is join-
irreducible iff it satisfies:

Va,b(z = aVb— (x = aorz = b)) This is denoted by
SI(z) (or SI*(z) if x is not zero).

[7IVx,y[V2(SI(z) = [z Cax— 2 Cy]) = x Cy]

[V, y, 2(ST*(x) N ST*(y) A ST*(2) AN [(zx £ =z C
2AN(zCzCy)]—2sCyVyLCa)

OVz,a([ST*(a) Na E z] — FSIb) Aa C b C
x AVe(SI(c) ANcE x,a) = cCb])

b is called a valuation of x

[10]VAL(xz,a) N VAL(y,b) Afla = b =1)V (a =
Nb #£ LAVZ[ST* () ANb~c] = cZ z)V (la C )] =

VAL(zNy,a)&VAL(z Uy,a)

[11]Vz(z # 0 — Ja(P(a)&a C z))

[12]Vz(x # 0 — Ja(P(a)&a Z z)

[13]Vz3sVa(P(a) — (V(a,z) # 0 — V(a,s) #
a)&(V(a,z) =0 —= V(a,s) =0)))

this s which is unique, is denoted by SUPP(x)

[14VaVy3zVa(P(a) — ((a Z =z — V(a,z) =
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V(a,y))&a Cz — V(a,z) =0))) -
this z which is unique, is denoted by T(x,y)

o [15 — 1Va,z(SI(a,z) — Fy(SI(a,y)&x C y&y #
2&Vz((SI(a, 2)&zz) — y C 2)))
this y which is unique, is denoted by S, (z)

. [1)5)—2]Va,z(5[(a, x)Ax # 0) — Jy(SI(a,y)&S.(y) =

this y which is unique, is denoted by P, (x)

o [16]VzIyVa(P(a) — ((a L z — V(a,y) = 0)&(a
z— V(a,y) =8.V(a,x))))
this y which is unique, is denoted by I(x)

1M

o [17VaVyIVa(P(a) — (V(a,z) = 0Oora&V(a,z) =
a < ((a Cxora C y)&V(a,z) C V(a,y)))

proof: [6].

The Quantifier Elimination of the structure of natural
numbers in different languages is shown in the following
tables so that the theories that admit QE by 4/ and, the
theories do not admit QE by x is shown.

Table (I11) A Quantifier Elimination Procedure for the Natural
numbers at different Language:

Theory of
(N, <)
(N,0,<)
(N7 07 S’ <)

(N7 07 17 +7 S)
(N,O, 17 +, S7 {En}nZQ)
(N, x)

N,D)

admit QE

S X X %

B. Decidability of Structure of Integer Numbers
in Different Languages
Theorem6. The structure (Z;0, s) admits elimination of
quantifier, and it has decidable theory.
Proof:
It suffices to consider a formula,

Fz(ag A A ay)

where each «; is atomic or is the negation of an atomic
formula. In the language of Z; the only terms are of the
from S*u where u is 0 or a variable. we may suppose
that the variable x occurs in each «; For if x does not
occur in « then,

Jx(aAB) <> aA3xp

Thus each «; has the form S™x = S™u or the negation of
this equation, where u is 0 or a variable. We may further
suppose u is different from x since S™x = S™x could be
replaced by 0 =0. if m=n and by 0 £ 0 if m #n .
Case 1: Each «; is the negation of an equation. Then the
formula may be replaced by 0 = 0.
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Case 2: There is at least one a; not negated;say «aq is,
ST =t

where the term t does not contain z. Since the solution
for x must be non-negative, we replace aq by,

tA£0A---At#£ST10

Then in each other a;we replace, say, Skx = u first by
Sktmy — §™y which in turn becomes S¥t = S™u We
now have a formula in which x no longer occurs,so the
quantifier may be omitted .[3] [
Theorem7. The Theory (Z,0,5, <) admits elimination
quantifier, and so has a decidable theory and is finitely
axiomatizable.

S3. Yy(y # 0 — Jzy = Sx)

L1. VaVy(x < Sy < = < y)

L2. <0

L3. VaVy(z <yVy<zVz=y)
L4. VaVy(z <y — y £ @)

L5. VaVyVz(z <y 2y <z = x < 2)
Proof:

We consider a formula,

Jz(Bo A+ A Bn)

where each (; is atomic or the negation of an atomic
formula. The terms are of the form S*u Where u is 0 or
a variable.There are two possibilities for atomic formula,

Sky = S't, S*u < St

1. We can eliminate the negation symbol.Replace t1t2 by
t1 =ty Vig < t1 and replace t1 7£ to by 11 <t Vig <ty
By regrouping the atomic formulas and noting that

Fz(p V) < Jxg V Jxep
we may again reach formulas of the form,
Fx(ao A N ay)

where now, each «; is atomic
2. We may suppose that the variable x occur in each «;
This is because if  does not occure in «; then

Jx(aAB) <> aAJxp

Furthermore,we may suppose that z occurs on only one
side of the equality or inequality «;

Casel: Suppose that some «; is an equality.Then we can
proceed as in case 2 of the quantifier-elimination proof
Previous theory’

Case2: Otherwise each «; is an inequality. Then the formula
can be rewritten

Je(N\;ti < S™MaAN; S < uy)
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we have lower bounds on z

If the second conjuction is empty (i.e., if there are no
upper bounds on x) then we can replace the formula by
0 = 0 If the second conjunction is empty (i.e., if there are
no upper bounds on z) then we an replace the formula by
A j S"0 < u; which asserts that zero satisfies the upper
bounds. Otherwise, we rewrite the formula successively as,

Ja \; (i < S™a NS < ug)(1)
Jz A, (S"ﬂt < SMiti g < SMi)(2)
(Aij S"J‘Ht < S™iug) AN S0 < uy

In each case, we have arrived at a quantifier-free version
of the given formula.[3] ]

The additive theory of Integer numbers:
Theorem8.The theory of the structure Z = {+,0,1,<
,{=m}>2}, admits quantifier elimination, and this theory
is decidablr theory.

(A1) z4+(y+2)=(x+y) +=2

(A2) z+y=y+=x

(A3) z+0=2x

(A4) z+z=y+z—-ax=y

(A5) z+y=0—-2z=y=0

(01) z<y+ Iz(z+2z=y)

(02) z<yvy<z

(03) 0A£1IAVY(O0<y<l—oy=0vy=1)
(D1) Va3y,z(z =n-y+tAt<n)

Proof: at structure (Z;+,0,<,1,{=,)}n>2) ev-
ery term involving x is equal to
n-r+t (n € N)
for some z -free term ¢ and n > 1. Therefore, every
atomic formula involving x is equall to the following
formulas:
U=
u<wv
U =rv
whence ¢ is an atomic formula and z is a variable.
¢ is of the form: tg = sg or toRsy such that R € (<
) (En)n22)-
If ¢ is L atomic formula with variables x then ¢
t (Z;+,0,1,<,=,)n>2) is equivalent to one of the
following formulas
ar+t=sjar+t<s;ar+t>sax+t=,sn>1
because:
n-rx+t=m-z+k=>a-x+t=s
n-r+t<m-rz+k=>a-cz+t<sVs<a-z+t
n-r+t=,m-r+k=a-x+t=,s
first we remove the following negation signs. Because:
t#seot<sVs<t
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ts<>t=s5Vs<t;

—\(tzns)<—>(t5ns—|—1) (t:ns+n—1).

We have ¢ = (a1 A--+ A ak) V(BN A B)

s0

xgp(z, 21, 2,) © Jx((@r A ANag) V-V (81 A
A Bk))

< (Fr(ar A ANag) V
Then,we can assume,
Jr(og A+ A ag)
a; is of the form ax +tAs ;A € {=,<,>,=,} It can
be assumed that any «; is of the form,
ar+t=sjar+t<s;ar+t>sar+t=,sn>1
Thus, by the Main Lemma of Quantifier Elimination
it suffices to show that every formula of the form
3z (A\;op, Niz +a; = b; /\/\]<p <
ij+dj/\/\k<q Krx+s, <t AN\, Mlx+u7l =, V1)
is equivalent with a quantifier -free formula, Step 1:
Unification of coefficients x.
We assume A be the least common multiple of the
coefficients of x.

-V 3z(Br A A Br)).

Jx(N\;cp Az +d; = b; /\/\J<p
Aa:—l—d /\/\,€< Az + s, <tk/\/\l< Am—i—ul =m, 1)
Step 2 : substituting A - x with y :
E|y(/\¢<h y+d; = bi/\/\j<p ¢ < y+dj/\/\k<q y+si <
te A PNey Y+ U =, 1 Ay =4 0).
By the equivalences
t=s<rct=cs
t<s<rct<cs
t=, s ct = CS
which are provable, where ¢ > 0 is an integer and s, ¢
both L are terms. By adding x =4 0, It suffices to
eliminate the quantifier of
Fe(Nichz+ai=biANN\jopc5 <
x+d; /\/\k<qx+sk < tk/\/\l<rm—|—ul =, VI)-
We can assume h = 0 Because if h # 0 then

¢ =ap < bo/\/\i<hb0+ai :ao—‘rbi/\/\j<p0j+a0 <
b0+dj/\/\k<q bo+sk < a0+tk/\/\l<r bo+u; =m, vitao
quantifier was removed.
Now that A = 0 we have:

Fe(N\jopci <T+dj ANy @+ 8k <

te N\ /\l<T$ +up =y, Ul>.

Now we can assume that p < 1 because for p > 1, we
have ,

Jz(co <z +doNer <z +di ANp(x))
.T>0,Co—do <l‘,01—d1 <0
0<co—dp<ci—dy
0<c1—di <co—dp
=co < doAN(co+di < dog+ciAdx(cr < z+di AY(x))
V(er +do < co+dy AFz(ep < x + do Ap(x)).

And we can assume ¢ < 1 because for ¢ > 1

Jz(x 4+ s < tg Az + s1 < t1 ANp(x))
r<ty—so>0,x <ty —s51>0
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r <tg—sg <t1— 51 (A4
r <t —s1 <th— So (A5
= (50 <toNtg+s1 < 50+t1/\3$($+50 < to/\?j)(l’))
\/(81 <tiANt1+ S0 < to+ s1 /\Elx(x—i— s1 <t /\Qb(x))(AG,n
And most importantly we can assume that r < 1( A,
because for r > 2 we have

,n

—_— — — — ~— ~— ~— ~—

A
Fz(z 4+ uo Emg Vo AT + U1 =py v1 AY(T)) EAS
T =g, Vo — Up & T =moy + (vo — Uo) (Ag
T =m, V1 — Ul S Moy + (’Uo — UO) =m, U1 — U1 (AIO
Moy =m, (V1 — w1 — vo + Uo) !
d=moMNmy
1= mopm (hro)
e (A13)
V1 — U1 —U0+’LLO Ed(){:}UO—f—Ul Emgﬂml (1 +UO
moYy =m, (Ul_ul_U0+u0> TPy =m %
l="2N" & dnn - 20 =m 1 ‘ (A1a)
d d (Ars)

n'TOE 11<:>n dy—mly
=0, 01— ~v g &y =n- Bttt | T,
Y =m, 1~ U =Y+l <Y d (Asg)

x = MOy 4 TR0 (y) — uy — vg + ug) + (Vo — uo)
mol_lrm*modm1 (A

17)
T Zmoumy 1 Tt (v — ) + ( 7° )(WO*UO)

(UO + V1 Smonim, U1 +Uo) /\E|$(1'+’LLO + momml (’LL1 +
V0) Smoum o (V1 + o) +vo A (). (As)
That n is a natural number and n- 20— = _m 1.
ol lma mgMmy

Finally, we can assume that h = 0,p,q,7 < 1. Check
the available cases: if p = ¢ = r = 0 is equivalent
true. And the rest of the cases are as follows:
e p=q=0 1# 03z(x+ug =m, vo) =0 =0 = true
e  p=0,q# 0,7 = 03z(x + sg < tg) > S0 < tp =
true
o p=0,q# 0,7 # 03z(x + so < to Az + Uy =,
vg) \/i<m0({+ 5o < to Ni+up Zm, Vo) = true
e p#0,g=r=03x(co <z +dy) =0=0=true
e p#0,q=0,r # 03x(co < z+doAx+ug =m, Vo)
x = moco + (mo — L)ug + vg > ¢
=0=0=true
o p#0,g#0,r =03x(co <xz+do Nz + 50 <
to) > co+ o+ 1< tg+dy = true
e p#£0,¢q#0,r #£0x(co < x+dg Az + 89 <
to A X + Uy =my Vo)
\/Zmo1 1(Co+l < do/\%+80 < to/\%+u0 =mo
vg) = true
So we showed the theory of the addition of the integer
numbers of the language (4,0, 1, <, (=, )n>2) admits

quantifier elimination.[2,3] n
The Decidability of The multiplicative theory of
integers:

Theorem9.The following theory completely axiomatizes
the structure (Z>°;-,1) and,moreover , its theory admits
quantifier - elimination. and so the Theory (Z,-) is
decidable.

(A1) Vavyvz (z-(y-2)) = ((z-y) - 2)
(Ag) JaVy z-y=y-x=y
(A3) VaVy - y=y-x

VaVyVz (x-z=y-z—>x=y)

VaVy - y=1—ac=y=1

VeVyz" =y" s x =y (n € N*)

Vedydz (x=n-y+zAz<nAz#n)AVn e N*

Vaedydz(z = y™ - 2 AVIVE(x = g™ - £ — 2z | £))
Vz3p (P(p) Apz)

VpVaVy((PR(p,z) A PR(p,y)) =z |y Vy| )
Vavp (P(p) = Jy (y=V(p,z) )

r=y+Vp (P(p) =3y V(p,z) =V(p,y))
VavyVp(P(p) = V(p,xz-y) = V(p,z) - V(p,y))

VaVy(Vp(P(p) = V(p,2) | V(p,y) = 2 | y))
Vavy3Vp(P(p) — (p | = — Vi(p,2) = Vip,y)) A
(pr = V(p,2) = 1)))

VozIyvp (P(p) = (p oz = V(p,y) = A |z —
Vip,y)=p- V(§% ))))

VaVy3Vp((P(p) — (p |z -y AV (p,z) =, V(p y)) —
) A (p -

Vip,z)=1) meN
Vedyr +y =0
Proof:[13]. [ |
Table (IV) :A Quantifier Elimination Procedure for the
integers:
Theory of Language admit QE

(Z,+) L=() X
(Z,+,;—<) L=(0;1+;—<) X
(Z70717+7§7{En}n22) L= (0517+77»{ Tbn>2}) \/
(Z, X) L=(,v,p) v

C. Decidability of Structure of rational Num-
bers in Different Languages

Theorem10.Theory (Q,<) admits elimination of
quantifier.

Proof:

1: Identify the terms

In structure (Q;<), every term involving z is
equal to,

n-c+t (n € N)
where x does not appear in t
2: Identify Atomic Formulas and Delete — if possible

All atomic formulas are,

u<v

uU=0v
First, we eliminate the inequality behind the atoms.
Because,

rFyr<yNy<zx
rdyeorr=yVy<c
3: Simplify atomic formulas

So the following formula must be eliminated quanti-
fier.
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Ju(N\;ri <mi-x+si ANN\jngx+t <
uj/\/\lkl-x+vl :wl)
4:Uniform the coefficients z
Let M is Multiply the coefficients by x

M: Himinjnjnlkl
TimMi < Mz + %si
M M
Mzx + Etj < Cug
Mz + 700 = 3w
So the following formula admits quantifier elimination

333(/\1.7“;/< Mz + s, A/\j M/x—i—t; <
u; A\ Mz + v, = w))

5: Remove the coefficient x
y = Mz. So, we have
FyNiri <y+s; AN Y+ <ug AN Y+ =w)
We use the following equations

t=s<rct=cs

t<s<rct<cs
SO
Jx(N\;ri <z +si ANN\jr+t; <ug AJ\jz 4 v =w)
6: Identification Phrases included =

r<xr+sort+titu<zrts+it;+u
r+ti<u;j < xr+stti+u<uj+s;+u
rtuy=w s xt+s+t v =38 +t; +w
P=s+t;+vy
SO
Jz(\, 7 <x+P/\/\jx+P<u;-/\/\lx+P:wl,)
we put y=x+ P
Fy(N\irs <y ANy <u; ANy =w,)
Therefore, it is enough to delete the quantifier in the
following formula:
Je(A\iri <z AN\jz <ug ANz =w)
7: Identify the states
L#0= N\, <woAN\jwo <ujANjwo =w =True
l=0=32x(\;ri <z AN; 2 <uy)
l=j=0=3x(\,r <z)=True
l=i=0=3z(\;z <uj) =True
1=0,d,j #0=3z(\;ri <z ANz <uy) =
Ni\jri <u; =True
|
Decidability Mathematical Structures: Structures The
Theory of Addition (@, +):
Theorem11.The Theory of Addition
elimination of quantifier.
Proof:
Step 1: Identify the terms

admits

(Q,+)

In structure (Q,4+), every term involving z is equal

to,
n-c+t (n€eN)

where x does not appear in t

: 4 October 2022
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Step 2: Identify Atomic Formulas

All atomic formulas are,

U="v

uFv

Step 3: Simplify atomic formulas

So the following formula must be eliminated quantifier.

Jx(A\; ki x v =wi ANN\;my x4y # sp)
=3x(N\jki -z =u ANN\;my -z # )
Step 4:Uniform the coefficients x
Let M is Multiply the coefficients by x

M = TT; ki [T;m;

So the following formula admits quantifier elimination

Jo(\; M-z =u; N\; M-z #1))

Step 5: Remove the coefficient x
y = Mzx. So, we have

Ny =u ANy #t))
We use the following equations

t=s+<ct=cs
t#£ s« ct#cs

SO

Jr(N\jz=uwi ANN\;z #5)
Step 6: Identify the states

i#OE/\iuozui/\/\juo#tj

1=0,j#0=True

Theorem12. the Theory (Q;+, —.0, <) admites quantifier
- elimination. and so has decidable theory . Proof:

The following formula must be eliminated quantifier.

Elx(/\ini'fﬂ:ti/\/\j()<mj.x_’_sj)

Similar to previous proofs, admites quantifier -
elimination. and so has decidable theory .
|
Theorem13. the Theory (Q%; x,1.071, {Rp}n>2 <) ad-
mites quantifier - elimination. and so has decidable theory

Proof:[1]

Similar to previous proofs, admites quantifier - elimina-
tion. and so has decidable theory .

Theorem14: The theory of the rational numbers (Q, E)
is decidable, and moreover axiomatizable.

Proof:
quantifier elimination for The theory of the rational
numbers (Q*,C):
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pC g+ ImeNT(p-m=yq)

Structure (Q*,C) Is equivalent With structure (QT, x)
First,We conclude decidablity (Q™, x) of paper [1] so,
the structure (Q*, C) Based on the article [1] is decidable .

We will express the axioms of rational numbers as
follows:

Positive rational numbers are formed from two parts,
the integer part whose denominator is one, and the Intrevel
Algebra of rational numbers. The positive part of all the
properties of natural numbers .So we have the axioms of

(N,C) and atomless Boolean Algebra and the axioms

of (QT, x).

so we have the following axioms for (Q*,C):

[1]Vz(z C )

2V, y(r CyCax —a=y)
BlVx,y,z2(e CyC z = a2 C 2)

MVa,yFz(z C o,y AVt Cz,y =t C 2]),z=x My
[5]

(6]

[7]

(8]

SV, y3z(z,y C 2z AVtfz,y Ct - 2Ct]),z=a Uy
6)Vz (1l C x)
TIVx,y[Vz(SI(2)[z Cx — 2 Cy]) = 2 C y]

8V, y, 2(ST*(x) N ST*(y) NST*(2) A [(z,y EzV 2z C
z,y)] >z CyVyLC )

OV, a([ST*(a) Aa E ] — F(SI(b)* ANa
x AVe(SI(c) ANcC x,a) = cCb])
[10]VAL(z,a) N\VAL(y,b) A [(a=b=1)V
IAVz[ST*(c) ANb~c] = clZz)V
VAL(x Ny, a)&VAL(z Uy, a)
[11Vz(z # 0 — Ja(P(a)&a C x))
[12Vz(z # 0 — Ja(P(a)&a Z x)
[13]VzIsVa(P(a) — (V(a,z) #0 —
a)&(V(a,z) =0 — V(a, s) 0)))
s = SUPP(z)
[14]VaVyIzVa(P(a) — (e Lz — V(a, z) =
£ V(a,2) = 0)))

z="T(z,y)

[15 — 1)Va, z(SI(a,z) — Jy(SI(a,y)&z C y&y #
x&Vz((SI(a, 2)&x C 2) = y C 2)))

y = Sq(z)

[15—2]Va,z(SI(a,z)Ax # 0) — Jy(S1(a,y)&S.(y) = x)).
y="Pai(z)
[16]VzIyVa(P(a) —

CbC

(a=Nb#
(1Cald)=

= Vla,s) #

Via,y))&a C

(aZx—V(a,y) =0)&(aCx—

V(a,y) = 8.V (a,x))))

y =1(z)

[17)VaVyIzVa(P(a) — (V(a,z) = 0ora&V(a, z) = a <
((a € zora E y)&V(a,z) E V(a,y)))

[8lzMNy=yNz rUy=yUx

[19]zM(yMz) = (xMy)Nz xU(yUz) = (zUy)Uz
20](zNy) Uy =y (zUy)Ny=y
2llzN(yUz)=(zNy)U(zMNz) xU(y) =
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24V, y, 2(z - (y - 2)(x - y) - 2)
[25|Vr, y(0 < 2z <y — Fz(z? < 2 < 9?")),n > 1
[26]Vvy, - - -, v 2V /\2:1(,@" vp #E 2T

The axiomatization is a modeling in the first order
language L, (QT,C), will be a model of this language.

[1Vz(z C )
2Vz,y(z CyC oz —x=y)
BlVa,y,z2(x CyC z — a C 2)

C is a strict partial order.

number theory | T | M | U
set theory CliNnjuUulel| X ’
logic <|IAJVIO] 1]~

ANVz,y3z(z Cz,y AVt Co,y >t C 2]),z=z Ny
BIVz,y3z(z,y C 2z AVtz,yCt—2Ct]),z=zUy

Axioms 4 and 5 are equivalent to the following axioms in set
theory:

AVT]

[4)VA, BAC(C C A, B T C
A C AVT[A, B

A, A,
[5]VA, BAC(A, B C C

N
11
QX

-
,B

Definition: z is p-primary and denoted by PR(p,x) iff we
have P(p) AVq((P(q) Ap # q) — qz)z =p"
Definition:An element z is join-irreducible iff it satisfies
Va,b(zx =allb— (x =a)V (z =10)). This is denoted by
SI(z) or ST*(z) if x #1

lemma 2: z is p-primary number why?
If = is not p-primary number then we have:

z=[], p‘”=pz

[, 7"

then z is not join-irreducible .

[7IVz,y[Vz(SI(z)[zExz — 2z Cy]) = = C y]
Propostion 1: Vz,y < Vz(SI(2)[z Ez < z C y])

8]V, y, 2(ST*(x) AST*(y) N SI*(2) A
rCyVyLCuz)

[(z,yCzVzlay)]—
Propostion 2: xy & CyVyCx

OWVz,a([ST*(a) Na C z] — 3b(SI(b)" Aa
x AVe(SI(e) NeC z,a) — ¢ C b))
Propostion 3: (1)Vz,y(x C y <> VaVAL(z,a) — a C y)
(2)Vz,y(x =y +> VaVAL(z,a) = VAL(y,a))

Proof:

)z Cy<«>VaVAL(z,a) »aCly

—

It is obvious.Because:

zCy—Va(VAL(z,a) > aC z) —

CboC

aCy)

7
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We consider that Va(VAL(x,a)) then by axiom (7) we show:
Vz(SI(z)[zCx — zC y])

S0,

for the z arbitrary, we suppose that SI(z),z C z by (9),
3b,SI(b),zEbAVe(SI(c)ANzEcCax—cLb)

then we have, VAL(z,b). so, bC y then z C b= 2z C y so,
zCy.

[10)VAL(z,a) N\VAL(y,b) A[(la=b=1)V (a =
1AVZ[ST* () ANb~c] = cZz)V(ICalb)] =
VAL(x My,a)&VAL(x Uy, a)

Propostion 4:

Ab #

Va,y,z(xM(yUz) = (zMNy) U (zMz))

Atom: a # O0Vz(z < a — (z =0V = a)), we denotes by A(a).

[11Vz(z # 0 — Ja(P(a)&a C x))
[12)Vz(z # 0 — Ja(P(a)&a £ x)

Propostion 5: Vz(SI*(z) — 3la(P(a)a C z))

lemma3. la(P(a)a C z) — SI*(a)
Proof:
a=bUc=bCa=b=ayVb=1
b=1=>a=1=c¢/

The decidability of the structure of rational numbers in
different languages is shown in the following tables so that
the theories of decidable by y/and, undecidable theories by x

is shown.

L Q

{<t (@, <)

{+} Q.+

{3 (@, %)

{<7+7_,O} <Q7<7+>
{c} @D
TableV
Structures | The decidablity of the structures

Q<) i
Q; 1) i
(Q; x) v
(Q; <, +) v
(QC v

1 ableV1

D. Deciability of structures of real numbers at
different Language

Theorem14.The structure (R; <) admites quantifier
elimination , so has a decidable theory.

Proof:

Quantifier Elimination Procedure for (R; <)

m n P
Ela:[/\x:xi/\/\zj <3:/\/\x<uk]
i=1 j=1 k=1

7]

If m > 0:

R|:ga<:>/\7;2x1:ac,-/\/\;;lzj<x1/\/\zzlac1 <
Uk

If m = 0 then we distinguish 3 subcases:
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If n =0, then R |= ¢ <= true, because R has no
minimum. If p =0, then R | ¢ <= true, because R has
no maximum.If n > 0 and p > 0, then
R ': /\;.l:1 i:l 2z < Uk

Proof:
" "< is transitive.
" <" there exists z € R with maz;z; < x < mingus.

Theorem15.The structure (R; <,4) admits quantifier
elimination,and so is decidable. [1]

Proof:

It suffices to prove that the following formula is equivalent to
a formula without quantifier.

EIJU(/\i<l tipi - T A /\j<m gi T <85 A /\k<n T T = Uk)

Consider the coefficients p;, g;, rx are equal. As a result, we
have the following equivalence

3y(/\z‘<l ti <yA /\j<m Yy <55 A /\k<n y= uk)

Now the quantifier of this formula is easily removed.
Theorem16.The structure (R;+) admits quantifier

elimination,and so is decidable. [1]

Proof:

Each term included x is equivalent to k- z 4+ ¢t. So each
atomic formula contains x equal to k -z = t. For term ¢
without = and positive integers k It is enough to delete the
suras of the following formula:

3x</\i<l ni & =1t A /\j<k m; - T # s;)

We can assume all of n;s and m’s are equal to each other.
As a result, we show the following equivalence

E|3:(/\i<lq =t A /\j<kq ‘T # 85)
We consider y = ¢ - ¢ so, we have
Hy(/\z(l y=1t A /\j<k Yy 7& Sj)
If I > 0 so we have
/\i<lt0:ti/\/\j<kt0§£8j

If I = 0 so we have /\j<,c y # s; and so is equivalent with the
quantifier-free formula 0 = 0

Theorem17.The structure (R; x) admits quantifier
elimination,and so is decidable. [1]

Theorem18.The structure (R; x,07*,0, —1, P*) admits
quantifier elimination,and so is decidable. [1]

Table (VII) :A Quantifier Elimination Procedure for the Reals
Numbers at different Language:

Theory of Language admit QE
[GRS) L=() v
(R,0,+,-) L=(0+-) v
(R707+7_7<) L:(07+7_7<) \/
(R, x) L=(x,0"10,1,-1,P) v

E. Deciability of structures of complex numbers
at different Language

The additive of theory of the complex number is similiar
to the additive theory of real and rational number, and

3postivity property
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so has a decidable theory. It is interesting , we know that
the proof desidability of thr theory of (C;+) and (R;+)
and (Q;+) is easire than (Z;+), (N;+).

Theorem19.The theoty of (C;x) admits quantifier
elimination , and so has a decidable theory.[1]

Table (VIIT) :A Quantifier Elimination Procedure for
the complex Numbers at different Language:

Theory of | admit QE
(C,+) i
(C. x) v

F. Deciding Boolean Algebras:

Boolean algebras was to begin with intoduced by Boole
in an effort to automate reasoning.Since that they have
been extensively studied, and have proved fundemental
in numerous application areas. At the consider of
Boolean algebras, we show decidability and
undecidability questions for the class of Boolean
algebras,And We describe an algorithm for deciding the
Boolean algebras. A basic result of Tarski is that the
elementary theory of Boolean algebras is decidable. Even
the theory of Boolean algebras with a distinguished ideal
is decidable. On the other hand, the theory of a Boolean
algebra with a distinguished subalgebra is undecidable.
Both the decidability results and undecidablity results
extend in various ways to Boolean algebras in extensions
of first-order logic.

Definition:Atoms are exactly the minimal nonzero elements,
le.aisanatomiff 0<gand 0 <z <a=— z =a.
An algorithm for deciding the theory Atomic Boolean
algebras: We present an algorithm and show how
decide.We have some definitions:

e L={C,N,U,A\B,=,0,Cp,E,,n e N}
o Ala) »Vz[zCa—z=0Vae=aAa#0
() = Jar-an(N\icjai # aj A Ay A(a;) A
Niiai € X)
. En(z) = C’n(x) AN _‘Cn—i-l(x)
e The next step of the algorithm is eliminate =:
Because: a =b<—=a CbAbCa
e climinate C
Because: a Cb<=a\b= 0+ Ey(a—Db)
e And eliminat: —:
Because: =C,,(z) <=/, E;(z)
—En(z) <= Cpy1(z) VV, Ei(z)
Quantifier-Elimination for Boolean formulas is as follows:
o L={NU,\,={C},{E,},ne Nt}
We have the following
. R ={=[{Ch}n>o0l € {En}n>0}
F = {A|Fy N F3|Fy V Fy|—F|3F|VF}
A ={By = Bs|B; C B3|C(B), En(B)}
B = {SL‘|®|I|B]_ N BQ|Bl U BQlBC}
n={0[1[2[---}

2
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So it is enough to consider only the following formulas:
Cpn(z) = |z| > n, E,(z) = |z| = n. Contradictions of
liters are eliminated according to the above definitions.

Slzl=nejz|=0V---V]zgl=n—-1V]z|>n+1
Szl >nejz|=0V---Vi]zl=n—1

So at this step we’'ve removed some of the relationships
as follow :
1.Eliminate equality

a=b+<aCbAbCa
2. Delete inclusion

aCb+land=0

3.Eliminate contradictions
—Chn(z) < Vi, Ei(2)
~Bo(2) & Cop (@) V Vo, Bi(2)

Language to Quantifier-Elimination
n,u,° 7@7 {On}nZOa {En}nZO
term:
z,0,N,U,°

Quantifier Elimination:

In the resulting formula, each set variable x occurs in
some term |t(x)|. each set expression |t(x)| as a union of
cubes (regions in the Venn diagram). The cubes have
the form (), x{"" where x{" is either x; or z§ ; there
are m = 2™ cubes . The resulting formula is then
equivalent to

32 (AiCh, (t:()) A (A En, (£(x)))
for example:

Jx(lzNe >3AlzNc| >TA|lc—x] =2)
Fz(Cs(xnec) ANCr(xzNe) A Eg(ec—x)) = Cy(c)
Fz(Cs(xNec) ACr(zNd) A Eg(c—x)) = Cri(c) A Cr(d)

More explained in the table below

The main formula Deleted form
Jz-vlanz| > kAjlznze| >0 | x| >k+1
z--znzl=kAlznzt| >1--- |z] > k+1
ez nz|>kA|lznzt =1 | |z|>k+1
Jz--znzl=kAlznzt=1--- x| =k +1

TABLE IX

A Boolean Algebra is atomless if it has no atoms.Every
atomless Boolean algebras with more than one element
must be infinite.Indeed,the unit 1 is different from zero,
so there is a non-zero element p; strictly below
1;otherwise, 1 would be an atom. Because p; is not
zero,there must be a non-zero element p, strictly below
p1; otherwise, p; decreasing sequence of elements
1>p1>pa>---.
atomless boolean algebra: we have the interval algebra of
rational number . the intrval algebra of the rational
number is aomless.
lemma4. We have in every Boolean algebra:
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pCPqCQPNQ=0,P-Q=0—=p+q¢+Q

Proof: p+q¢ C P+ Q.
To show:
p+q # P+ Q We assume
p+q=P+Q so.
(P+Q)-p=P-p+Q-p

Because QNp=0 we have =P -p+Q=(p+q) D
p-p+q-p
=q (¢gnp=10)
=4q
(P Q)p-qg=q-q=0
+Q-p-G=0 <:>P §+Q-p=0

<~ P-¢g=Q-p=0
Which contradicts with the assumption
lemmab. The following formulas are equivalent:

Jr(re =0A sz =0A AL wix # 0N NJ_ vz #0)
rs =0A Jy(A 1umy7é0/\/\J_'vjsy7é0)

Proof:
=
If there is x such that,

rsz/\sf:O/\/\:nzluix#0/\/\?:11]-:73750)
re=0ArsT=0=rs(x+Z)=0=rs(1)=0=rs=0
wx 0= wz(r+7)£0
= u;xr + u;xF # 0
u;xr # 0
= Jz(AL luzmr;éO/\/\

<
Suppose rs = 0 , there is y such that ,

Niey ity # 0N Nj_ ;55 # 0
We put,

v;5% # 0)

r=T-(s+y)
T=r+3y=+35(+7)

5-(r+7y9)

We show,

Niey wiz # 0N Nj_ vz #0
wx = w;T(s +y) = wiTs + u;Fy 2 w7y #0
;T =v;8(r+§) = v;5r +v,;57 D v;55 # 0
|
Theorem20. The theory of atomless Boolean algebra in
the language L = (0,1, A, V,—, =) accepts the quantifier
elimination.
Proof:

F = {A‘Fl A F2|F1 vV F2|_|F|E|F|VF}
A={t =15}
T = {$|0|1|t1 V t2|t1 A\ t2|ﬁt}

we have:
t=sand t# s so

t=Uer(Njesisd)

such that ¢, 7 Is variable or complement variable.
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. Terms included z:
r-r+2r-s
Atomic formulas:

t=s<t-5+t-s=0
t#£set-5+t-s#£00

Atomic formulas include z:

r-r+s-z=0
—r-x=0As-2=0
S axCPFAsCarsr=0

Contradiction of atomic formulas include z:
rr+sT#0r-x#0Vs-2#0

so it is enough to eliminate quantifiers of the folloeing
formulas:

Jz(re =0Asz=0A A~ luzx;«éO/\/\]_vjx;«éO)
=rs=0A (AL, wiry # 0N Nj_v;59 # 0)

becuase:

if there is z such that
rs = 0AJy(N\Z, wity 0 AN

SO

v;5y # 0)

rst =0,7sT=0—rs(x+Z)=0—>1rs=0
wx #0= wz(r +7) #0

= w;xr + uat £ 0

= w;xr # 0

;T #0—=v;Z(s+5)#0

— ;TS5 +v;Z5 # 0

—>vjzf§7é0

= Jr(ALy witz # 0 A N_v;57 #0)

~=:

we assume there was rs # 0 and y such that

Niey ity # 0N Nj_ ;55 # 0
we put
x="7(s+y)
T=r+55=(r+35)(r+7)
=5-(r+y9)

so rx = 0,sZ = 0 it is enough to show
AL wiz # 0N /\?: v;T#0
w;x = wiT(s + §) = wiTs + w;ry 2 w;ry
;& =v;8(r+§) = v;5r +v;57 2 v;55 # 0

so it suffices to eliminate the quantifier of the formula
YA ay # 0 A N by £ 0)
E/\izlai #OA/\j:bj #0

—> it isobviously.
<~
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we consider all cells Cy, includin a;, b;
both cells are distinctly distinct C, NCs =0,Cy-Cg =0
each set is equall tocommunity of cells contained in it
Z =3 c,czCq for all Z and any cell C' we have C'C Z
with C C Z.

Z#04 3a(Cy € ZACy #0)

for any cells is not equall zero C,, from being atomless
d, there is such that

0#d,Cyo #0

if Co =0 put do =0 we put it now y = > ¢ _;da
aiy #0:aiy =a;i Yoo 40da =D ¢, 10 ida
D) azd@ D) Cﬁdﬁ = d/g 75 0
0#a;=
36 : Cga; A Cég 75 0
0+#dgCs #0
bjy #0: b]y_bHC7£0 HC#Obd

forall C, we have C, C b; with C, C bj —-C,D b;

if Cy # 0 then dyCy — do 2 Co 2 bj 50 bjdy = b;

bjy =Tlc, co, bida = Iloxc, cp, bida
Co=0—dy =

Co #0 = 0% doCo C b

Zo;&qagbj da Zo;ﬁcagbj Co = bj
bjz dapha 7é 0

b; Iozc. ch, datpha # 0

bjy # 0

The above proof we proved theory of Boolean algebras
by the quantifier-elimination is decidable.
The first-order theory of Boolean algebras, established
by Alfred Tarski in 1940 (found in 1940 but announced
in 1949).

Theory of Proved by A method of proof

Boolean algebras | by Tarski in 1949 | model completeness

Table(X)

G. Mereological structures

Mereology is sometimes understood as a formal, or
logical, analysis of the part-to-whole relation.A theory of
parts and wholes should tell us what items can be parts.
Since something is a part only if it is a part of a whole,

a mereology will tell us what items can be wholes.

Classic extensial mereology was intoduced by
S.Lesniewskien 1916 and developed by him in the years
thereafter.It was reformulatedas calculus of individualas

by H.Leonard and N.Goodman in 1940.
Classic mereology is equivalent (isomorphic ) to Boolean
Algebra complete (withoutO ) * .Mereology is about the

41t has been stated by Tarski and proved by Grzegorczyk tat:
The models of mereology and models of complete Boolean algebra
with zero deleted are identical
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relation of part to whole between objects or
individuals.Any whole is a part of itself .And the empty
object is a pat of every whole. Any part of a whole
different from the empty part and from the whole itself
is a proper part.
In section , we consider a set-theoretic version of
mereology based on the inclusion relation C . We
consider a mereological perspective in set theory.
Mereology, in set theory by means of the inclusion
relation C, so that one set x is a part of another y , just
in case = is a subset of y, written x C y .
The axioms of mereology are these of complete Boolean
algebra , provided with the following interpretation:
x C y:x is a part of y
x U y: Mereological sum or union of x and y
x My: Mereological product or overlap of x and y
0: the empty individual
1:the universal individual
1 —x : complement of z, the universal individual minus x
The mereological sum coresponds to the join or union of
Boolean algebra, which is supremum or least upper
bound of two members of the algebra.Classical mereology
accepts the mereological sum of any number of objects,
without any restriction .It is because of this generosity
that it costitues a complete Boolean algebra(i.e. a
Boolean algebra in which every subset has a supermum).
An atom (in the mereological sense)is an object lacking
proper parts.Classical mereology can be atomistic or
atomless.[14,6]
Theorem 21.If (W, €") is a model of set theory with the
corresponding inclusion relation C , then (W, C) is an
atomic unbounded relatively complemented distributive
lattice, and this theory satisfies the elimination of
quantifiers in the language containing the Boolean
operations of intersection x Ny, union z Uy, relative
complement zy and the unary size relations |z| = n, for
each natural number n.[14]
Theorem. 22. Set-theoretic mereology, considered as the
theory of (V,C) , where V is the universe of all sets; is
precisely the theory of an atomic unbounded relatively
complemented distributive lattice, and furthermore, this
theory is finitely axiomatizable, complete and
decidable.[14]
Mereology is often contrasted with set theory and its
membership relation, the relation of element to set.
Teorem 23. Let A = (A, +,e,—,0,1), be a complete
Boolean algebra. Assume C=< |4\ o} ,where the relation
< is defined by (def < ). Then (A \ {0},C) is a
mereological structure. After «adding» zero element to
some mereological structure we will «turn» it into a
complete Boolean algebra.
And the particular formulation of set-theoretic mereology
via the inclusion relation C is a decidable theory.

III. Conclusion

We could completey axiomatize the theoty (QT;C) ,
Indeed , the theory of the structure (Q*;C) is decidable.
But we result decidability theorical, we leave open the


https://doi.org/10.20944/preprints202210.0024.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 October 2022

problem of finding a (Q*;C) such that admits quantifier
elimnation.The theory (INV; x) is decidable and
axiomatizable.So the theory (Z; x) we proved by mthods
o decidability of (IV; x) is decidable and axiomatizable,
and this paper we present an explicit axioomatization
for the theory (Z; x). And , in this paper, decidability
(i.e., there exists an algorithm that decides whether a
given sentence is derivable from the theory) of the
structures study in different languages and introduce
ways that it allows quantifier elimination (for the
theory) and review some classical theorems and give for
some of old results ,new proofs.

The Quantifier Elimination of the structure and
decidability of them in different languages is shown in
the following tables so that the theories that admit QE

by +/ and, the theories do not admit QE by x is shown.

N|Z|Q|R|C
i+ [ VIVIVIVIY
xr [ VIVIVIVIYV

{+H,x} [ x | x| x|+ |V

i [ VIV ]7?
Table(X1I)
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