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Abstract: An innovative wearable eye tracker based on a permanent-magnet marked corneal lens1

is analyzed in terms of the information that can be retrieved from the tracking parameters. We2

demonstrate that, despite missing information due to the axial symmetry of the measured field,3

physiological constraints or measurement conditions make possible to infer complete eye-pose data.4

The results show that the instrumentation considered is suitable as a new low-invasive medical5

diagnostics for the characterization of ocular movement and associated disorders.6
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Microcontroller; Eye Motion, Donders’ law, Listing’s law8

1. Introduction9

The localization of magnetostatic sources on the basis of multiple measurements performed in10

known, pre-assigned positions is widely studied and finds application in several areas, including medical11

diagnostics [1–3]. Setups based on permanent-magnet sources enable wireless measurements, which12

come with low invasivity and low cost. The developed methodology produces rich tracking data that13

include both target position and orientation and presents the advantage of an occlusion-free detection.14

Modern highly magnetized materials and solid-state magnetometric devices help to reduce the invasivity15

level and to improve the portability/wearability of the required instrumentation. We have recently16

demonstrated that this methodology can achieve sufficient time and space resolution to be applicable17

also to eye-tracking.18

Concerning the instrumentation aimed to track ocular movements, devices with diverse degrees19

of invasivity, accuracy, speed, wearability have been developed on the basis of several concurrent20

technologies. The latter include electro-oculography[4], infrared-reflection devices [5,6], video cameras21

[7,8], and inductive magnetic receivers (scleral search coil, SSC) [9–12]. In this list, the former items are22

less precise and invasive while the latter is considered the top-performance at expenses of a noticeable23

invasivity.24

Our non-inductive magnetometric instrumentation for eye-tracking is characterized by an25

intermediate level of invasivity (much less than SSC), low intrusivity (it is fully wearable), low cost (<126

k€), high speed (>100 Sa/s), high precision (< 1 degree) and good robustness with respect to external27

disturbances, such as eye-blinking, facial muscles actuation and fluctuations of ambient illumination.28

In addition, after a preliminary calibration of the sensors, it does not require additional (patient based)29

re-calibrations.30

Apart from some works aimed to localize multiple [13–15] or distributed [16,17] magnetic sources,31

most of the magnetic trackers reported in the literature use some numerical algorithms to infer the32

magnetic target pose (position and orientation) modeling the magnet in terms of a dipolar field source.33

Our device does not make an exception to this common rule, but, differing from other setups, it tracks34
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both the target pose and the ambient field, making the latter no longer a disturbance term, but a35

source of additional information.36

Like other single-target systems, our device provides comprehensive dipole pose information, which37

however is not sufficient to fully characterize the target object’s pose, even if simply modeled as a rigid38

body. More explicitly, the information that can be extracted from dipole tracking includes three spatial39

and two angular co-ordinates (the system being blind to rotations around the dipole direction), thus40

only 5 out of the 6 degrees of freedom (DoF) of a free rigid body can be retrieved.41

This paper provides an analysis of the information that can be retrieved from the 5 DoF data42

produced by a dipole tracker. We specifically address the case of a dipole eye-tracker, in which43

physiological constraints and/or predetermined maneuvers offer complementary information and make44

the tracking output data sufficient to fully determine the eye pose.45

The paper is organized as follows: after a brief description of the developed instrumentation and of46

the tracking parameters obtained from the data analysis (Sec.2), we describe in Sec.3 several approaches47

that enable a complete eye-pose retrieval from the dipole pose information. In the same section some48

examples of the retrieved gaze trajectories are reported. In particular we discuss how the dipole-gaze49

misalignment may affect the estimated gaze trajectory and how physiological constraints can be taken50

into account to improve the accuracy. Conclusion and perspectives are drawn in Sec.4.51

2. Setup52

Figure 1. The sensor array –at the left side of image (a)– contains eight three-axial magnetoresistive
sensors (one of which is indicated by the yellow arrow) distributed on two parallel printed circuit
boards (PCB) displaced by ∆z = 16.6 mm). A third PCB –at the right side of the image (a)–
hosts a microcontroller and other electronics necessary to store data during preliminary calibration
procedures and to communicate with a personal computer via a USB interface. The system is
designed to localize a small magnet –pointed out by the blue arrow in the image (b)–, which is
inserted in a scleral lens to be worn by the patient.

2.1. Sensors and hardware53

The hardware of the eye tracker is shown in Fig.1 a. Its structure is extensively described in the54

ref. [18]. The core of the device is made of eight three-axial magnetoresistive sensors [19] that generate55

a total of 24 data per measurement. A microcontroller interfaces the sensors to a personal computer.56

The user may set sensitivity, acquisition rate and operation mode. Operation modes exist for sensors’57

precalibration and for tracking operation, which includes data recording and/or immediate analysis58

and visualization.59

The sensors are included in highly integrated circuits, which also contain preconditioning electronics60

and analog-to-digital converters (14 bit, up to 200 Sa/s). They communicate with the microcontroller61

via eight independent I2C buses, while the microcontroller is connected to PC via a USB interface. This62

architecture helps accelerate the data transfer and makes possible to acquire synchronized measurements63

from all the sensors.64
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The magnetoresistances have a quite linear response, but their gains may differ from the nominal65

value causing an anisotropic response for each sensor and different responses from one sensor to the other.66

In addition, each magnetoresistance output is affected by a non-negligible offset. Thus a pre-calibration67

procedure is necessary, to equalize the gains and to identify and subtract the offsets [18].68

2.2. Data elaboration to extract tracking parameters69

The main scope of the described instrumentation is to retrieve the eye orientation from the pose70

of a small magnet embedded in a scleral lens worn by the patient (Fig.1 b). The position and the71

orientation of the target-magnet are inferred from a set of simultaneous field measurements performed72

in pre-assigned positions. The measured field is modeled as a dipolar one generated by the magnet,73

superposed to an external one (the Earth field), which is assumed to be homogeneous over the volume74

occupied by the sensors.75

The determination of the magnet pose (orientation and position) and intensity (dipole modulus),76

plus intensity and orientation of the environmental field constitute an inverse problem, which is solved77

by means of numeric tools.78

The size of the magnet (0.5 mm thick and 2 mm in diameter) is selected in such a way as to make79

its field on the sensors of the same order of magnitude as the Earth field (few tens of microtesla), which80

creates a good condition to accurately identify both the magnet pose and the environmental field.81

We have investigated the reliabilty of ordinary best-fitting procedures obtaining encouraging results82

[20]. In particular, we verified that a Levenberg-Marquardt minimization algorithm is sufficiently fast83

and adequately robust with respect to the initial guess: there exists a volume larger than zone in which84

the magnet can move, such that if the initial guess considers the dipole in that volume with an arbitrary85

orientation, the algorithm converges systematically to the correct solution.86

Having equalized the readings to convert them in calibrated magnetometric data B⃗
(meas)
k , solving

the inverse problem requires to minimize the quantity:

S =
∑

k

∣∣∣B⃗(meas)
k − B

(mod)
k

∣∣∣2 (1)

being k = 0 . . . 7 the sensor index, and

B⃗
(mod)
k (r⃗, m⃗) =

µ0
4π

(
3 [m⃗ · (r⃗(k) − r⃗)](r⃗(k) − r⃗)∣∣r⃗(k) − r⃗

∣∣5 − m⃗∣∣r⃗(k) − r⃗
∣∣3
)
+ B⃗geo, (2)

the field expected on the basis of the dipole model, in the position r⃗(k) of the kth sensor, being m⃗ a87

magnetic dipole placed in the position r⃗. The term B⃗geo accounts for the uniform environmental field.88

The positions {r⃗(k)} are referred to the sensor frame, which is rigidly connected to the patient’s head.89

The best fit procedure minimizes S and outputs the estimates of r⃗, m⃗, B⃗geo, for a total of nine tracking90

parameters. As discussed in Ref.[20], under some conditions, the number of fitting parameters can91

be reduced to eight after having determined the modulus of m⃗, while it is definitely inopportune to92

assume a fixed value for |B⃗geo|, because the environmental field is commonly enough homogeneous on93

the volume of the array, but can vary significantly when the array is moved within the room where the94

system operates.95

2.3. From tracking parameters to eye (and head) pose96

Once the minimization algorithm outputs the estimate of r⃗, m⃗ and B⃗geo, the pose of eye and97

head can be inferred. While r⃗, m⃗ provide information of the eye pose with respect to the sensor array,98

the measure of the environmental field can be used as a three-dimensional compass to evaluate the99

absolute orientation of the sensor array, i.e. of the patient’s head. Combining relative eye-gaze and100

head orientations enables the determination of the absolute gaze [21]. In addition, the comparison of101

eye and head angular motions can be used to evaluate the eye actuation in response to head rotation,102
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such as in measurements of vestibulo-ocular reflex (VOR)[22] (see also Sec.3.3). However, this paper103

focuses on the analysis of the eye pose relative to the head, and we are not considering further the104

retrieval of head pose from B⃗geo.105

The orientation of m⃗ is related to eye rotations, but it does not provide the gaze direction directly,106

unless the magnetic dipole is parallel to the optical axis of the eye (let the latter be ê). Eye rotations107

around the m⃗ direction would not be revealed. This has a twofold consequence: if m⃗ ∥ ê, torsional108

angular displacements are not detected; if m⃗ ∦ ê, some extra assumptions are necessary to infer ê from109

m⃗, and, in particular, rotations around m⃗ would affect ê without being detected.110

It is worth recalling that besides m⃗, the best-fit procedure outputs the magnet position r⃗, which111

provides additional information about eye motion. However, the position co-ordinates are known with112

respect to the sensor reference frame and not to the eye center, thus the eye gaze cannot be retrieved113

directly from r⃗. Despite this feature, the partially redundant information given by r⃗ could be used in114

conjunction with that extracted from m⃗ to improve or to complete the eye pose reconstruction, as it115

will be discussed in Sec.3.6.116

3. Gaze retrieval117

In this section we examine procedures that can be followed to retrieve the eye gaze with respect118

to the sensor frame from the tracker output, more specifically from the estimates of m⃗ and r⃗. Eye119

translations, that can in principle be studied with an adequate analysis of r⃗ will not be taken into120

consideration, and we will focus on eye-ball rotations, modelling the eye as a rigid sphere rotating121

about its (fixed) center. Although mathematically unnecessary, this will turn in a useful simplification122

of the following m⃗-related discussion with no further hypothesis or loss of information. Besides, the123

fixed-center rigid sphere model applies to the r⃗ information discussion in the realistic approximation of124

very small displacements of the eye-ball center compared to the eye radius.125

It has to be pointed out that the pose of a rigid body freely rotating about an assigned point requires126

three angular parameters to be fully defined. In other terms, generally speaking, the faced problem127

has 3 degrees of freedom (DoF). The modulus of the magnetic dipole is nominally constant, and the128

tracking uses its direction m̂ only, thus the analysis of the unitary vector m̂ provides only bidimensional129

information, e.g. the zenithal and azimutal angles, when described in spherical co-ordinates. These 2D130

data are not sufficient to determine the 3 DoF orientation of the eye-ball: it is necessary to consider131

reduced-DoF problems to achieve complete pose determination.132

3.1. Small-angle and near-front sight approximation133

A simple case is obtained in the hypothesis that torsional movements can be neglected and that the134

angle between the gaze and the front direction (ẑ in the notation of our setup, see Fig.1) is maintained135

small.136

In this hypothesis the current gaze êk is always nearly parallel to ẑ and it can be expressed as
êk = R ê0, being

R =

 1 0 ϕy

0 1 ϕx

−ϕy −ϕx 1

 (3)

the first-order approximation of a rotation matrix whose parameters ϕx, ϕy represent small rotation137

angles around the x and the y axes respectively. The same rotation applies to the magnetic moment138

m⃗0, as it is rigidly connected to the eye-ball. Thus m̂k = R m̂0, and the two angles ϕx, ϕy can be139

retrieved from this last relation.140

Here ê0 is the front sight gaze, m̂0 is the corresponding orientation of the dipole, and êk is the141

gaze at the kth measurement, to be inferred from the estimated dipole m⃗k. In this approach, ê0 is142

assumed to coincide with ẑ, and m̂0 should be known from an independent characterization of the143

magnet in the scleral lens, or tentatively assigned as it will be explained below.144
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3.2. Larger rotations about the front (ẑ) direction145

A more complex case occurs when the first-order approximation is not applicable. If so, even with
the simplifying hypothesis ê0 ∥ ẑ, the eyeball rotation cannot be, in general, resolved as a sequence of
two rotations around arbitrary axes. As we will see in the following, further information is needed in
this case, like a known rotation axis or a model for the eye movements. As an intuitive proof of this,
consider the two-angle rotations around the pre-set Cartesian axes x and y defined by Ryx = RyRx or
Rxy = RxRy. These have the general form

Ryx =

 cos ϕy − sin ϕx sin ϕy cos ϕx sin ϕy

0 cos ϕx sin ϕx

− sin ϕy − sin ϕx cos ϕy cos ϕx cos ϕy

 ,

Rxy =

 cos ϕy
′ 0 sin ϕy

′

− sin ϕx
′ sin ϕy

′ cos ϕx
′ sin ϕx

′ cos ϕy
′

− cos ϕx
′ sin ϕy

′ − sin ϕx
′ cos ϕx

′ cos ϕy
′

 ,

(4)

and both converge to the above operator (3) in the small angle approximation. On the other hand,146

they represent intrinsically different operators for large angles1.147

Indeed, the two angular data extracted from the direction of m̂ are not sufficient to determine148

uniquely the 3-DoF configuration, and the selection of a particular rotation order corresponds to149

arbitrarily assign the missing information. Such an approach allows for producing tentative eye gaze150

trajectories, but the solution is not stringent and diverse choices results in diverse and variously151

distorted trajectories. Nevertheless, also with this under-specified analysis, the main features of the152

gaze trajectories can be identified, which can be satisfactory in some eye-tracking applications.153

As an example, in Fig.2 we represent tracking results obtained in a in-vivo experiment, using154

the Rxy and Ryx operators alternatively. The subject was requested to read a short text (title, a155

complete line, a half-line) on a monitor and then to follow the monitor frame. The four represented156

trajectories are obtained from the same dataset, with an analysis of the dipole orientation based upon157

the two operators, respectively. In this elaboration, one selects (tentatively) the m̂0 orientation, i.e.158

the trajectory point to which the (ϕx = 0, ϕy = 0) co-ordinates are being assigned in such a way to159

obtain as straight lines and right angles as possible. As one can see, in all cases features like text line160

distribution and small displacements around the running line of sight are well tracked, while distortions161

can’t be canceled and affect long segments that should be straight and angles at the monitor corners162

that should be right.163

The subject was sitting in front of the monitor so that ê0 is expected to coincide with (to be in164

the proximity of) the measurement tracked at the monitor center. Two of the trajectories –(a) and165

(c)– are obtained in this hypothesis, assigning ê0 to the central point of the figure (thus selecting166

the corresponding m̂ as m̂0). The other trajectories –(b) and (d)– are instead obtained with a167

wrong assignment (ê0 in coincidence of the upper-left corner, about 20 degree away from the nominal168

direction). As can be seen, the main features of the trajectory are well reproduced also in this case,169

which demonstrates robustness with respect to the (ê0, m̂0) assignment.170

Is worth reminding that in principle, also the ê0 could be at some angle from ẑ, however this angle171

amounts at less then 10° and it would cause minor changes to the plots shown in Fig.2.172

1 Indeed the two operators coincide if ϕx = ϕx
′ = 0 or ϕy = ϕy

′ = 0, that is if one of the two x or y axes happens to
be the unique rotation axis. This has a practical utility that will be discussed in subsection 3.3
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Figure 2. Gaze trajectories reconstructed on the basis of the approach described in Sec.3.2. The
subject was sitting about 110 cm away from a monitor, whose frame is 40 cm × 71.5 cm in size.
He was requested to read a three-line text and then to follow the monitor frame (see also Fig.5).
The upper plots (a,b) are obtained using R = RyRx, while the lower ones (c, d) are obtained with
R = RxRy. The front sight direction (0,0) is not known and is in turn assigned to a central point of
the screen (left plots, a, c), or to the upper-left corner (right plots, b, d). The small displacements of
the trajectory are well tracked in all the cases, but evident image distortions occur over the large
distances, i.e. when large rotations are involved. This kind of distortion arises independently on the
assignment of the front-sight direction.

3.3. Large rotations about an assigned axis173

The issue related to the non commutativity of finite 3D rotation is overcome in a preeminent174

application of the eye-tracking systems. In VOR measurements, the head of the patient is rotated175

around a predetermined axis, which is usually vertical (pitch) or horizontal (yaw), the expected (ideal)176

response of the eye is an opposite (compensating) rotation around the same axis, and this is the quantity177

to be estimated and analyzed.178

In this case, the data are to be interpreted in terms of a single rotation angle around one axis.179

That axis can be assumed to coincide with the nominal one that is approximately either the x̂ or the ŷ180

direction defined in Fig.1 in the cases of pitch or yaw, respectively.181

Improved accuracy is achieved if the actual rotation axis is identified on the basis of the B⃗geo

measurement set {B⃗i} (i = 1, . . . , N) recorded during the maneuver. For instance, one can find the
common plane intercepting the measured B⃗i vectors (with a mean square distance minimization). The
perpendicular direction to the plane, û, provides an estimate of the rotation axis direction [23,24].
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Subsequently, both the head and eye rotations can be evaluated around the determined direction. The
eye rotation angle can be estimated from two measured values m⃗i (i = 1, 2) as

ϕu,1 − ϕu,2 = arcsin
|m⃗1,⊥ × m⃗2,⊥|
|m1,⊥||m2,⊥|

(5)

being m⃗i,⊥ = m⃗i − (m⃗i · û)û, and similarly –using B⃗geo– for the head.182

This perfecting produces just a slight enhancement of the accuracy, if the misalignment between183

ideal and actual rotation axes is small, i.e. û ≈ x̂ or û ≈ ŷ. Whatever the actual rotation axis is, in184

this application eye and head rotations never exceed π/2, which makes unnecessary to refine eq.5 for185

out-of-range arcsine issues.186

An alternative method to determine the rotation axis is fitting a 3D circle on the B⃗i, as B⃗ moves187

nominally on a circle at constant zenithal angle with respect to the rotation axis [25]. To this end, we188

have implemented a procedure that:189

• applies a rotation matrix parametrized with a couple of Euler angles (α, β) to a set {B⃗i} or {m⃗i};190

• represents the data in spherical co-ordinates;191

• determines the couple (α, β) as that minimizing the standard deviation of the zenithal angles.192

Considering the case of a generic rotation, it is worth noting that the VOR gain is not isotropic193

[26,27], so that –also in the simplified assumption of a linear and non-delayed response– the VOR gain194

should be expressed tensorially. E.g., focusing on the angular velocities, the relationship between eye195

and head speed would be expressed as ω⃗e = Gω⃗h, where G is a 3 × 3 matrix. G is expected to be a196

non-diagonal matrix, implying that eye and head rotation axes are generally not parallel. A correct and197

complete analysis of the VOR gain involves the determination of all the elements Gij , which (at least in198

principle) can be obtained from the above described data. The way this task should be accomplished199

goes beyond of the scopes of this paper.200

As an additional remark, is worth noting that our prototype contains only magnetometric sensors,201

however improved setups could be designed to include gyroscopic detectors. In this case, additional and202

complementary estimates of the head rotations would be available, with improved accuracy in VOR203

gain estimations.204
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3.4. Physiological constraints205

Figure 3. Definition of the axes and geometry of the Listing’s model. The primary orientation ê0
(along the normal p̂ to the Listing’s plane λ) is nearly parallel to ẑ. In our setup, when the eye is
in its primary orientation the magnetic dipole is generically oriented (m̂0). When the gaze varies,
both vectors m⃗ and ê undergo rotations (dashed arcs) obeying the Listing’s law: each accessible
configuration is such that it could be reached from the primary orientation with one rotation around
an axis laying on λ. In this figure, the direction û embodies one of those axes.

The arbitrariness of the rotation matrix introduced in Sec.3.2 (eq.4) can be avoided if the DoF206

reduction is performed on the basis of physiological constraints of the eye. Torsional movements of the207

eye are strongly depressed and in a good approximation the eye movements respect a 1D constraint208

enunciated in the 19th century and named Donders’ law. Abundant literature is available on this209

subject. The reader may find a useful introduction to the matter in Ref.[28] and more mathematical210

details in Ref.[29]. Donders’ law states that each direction of the gaze corresponds to a single orientation211

of the eye, regardless of the trajectory that led to the corresponding eye pose. In other words, each212

direction of view corresponds to a unique eye configuration and torsional movements around the current213

line of sight do not occur or can be neglected.214

As far as the Donders’ law is respected, the eye movements have only two DoF, hence it is possible215

to search for a biunique relationship between m̂ and ê. A second phenomenological law that rules the216

eye movement is known as Listing’s law. It suggests a good parametrization to describe these two-DoF217

configurations allowed by the Donders’ law.218

According to the Listing’s law, there exists a direction (primary orientation) (p̂) such that any eye219

configuration can be described as if reached moving from that primary orientation by means of a single220

rotation around an axis perpendicular to p̂, as sketched in Fig.3.221

In other terms, making reference to a spherical co-ordinate systems having the polar axis along p̂, all222

the eye configurations can be reached with one opportune zenithal rotation from the primary orientation:223

the rotation axes lay on the equatorial plane of that co-ordinate system, the so-called Listing’s plane.224

When the head is erect and the eye is at the primary orientation, the gaze is approximately straight225

ahead, thus the Listing’s plane is not far from being vertical.226

Summarizing, the Listing’s law reduces the DoF of eye configuration to two: each eye configuration227

can be considered as the result of a rotation by a given zenithal angle around an axis û that lays on the228

Listing’s plane and has a given orientation (azimuthal angle) on that plane. The data elaboration needed229

to retrieve êi from m̂i consists in the determination of those two angles from the current orientation of230
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the dipole (m̂i) and its orientation (m̂0) when the gaze is along the primary direction. This problem is231

focused in next Sec. 3.5.232

3.5. Applying the Listing’s law to the present case233

Figure 4. In the rotated system XY Z, the Listing’s plane λ is the XY plane. In (a) the projections
of m̂0 and m̂i on that plane are represented. The rotation axis û lays on that plane and is identified
as the normal to the difference between the projections of m̂0 and m̂i. The direction of û, together
with the Z axis, identifies the plane βu. In (b) the projections of m̂0 and m̂i on βu are shown: βu is
the plane where the rotation angle φi around û can be evaluated.

In our implementation, p̂ is approximately antiparallel to ẑ. Let p̂ be known or tentatively assigned234

(see below). First of all we refer the tracking data to a rotated coordinate system XY Z such that235

p̂ = −Ẑ. To this end, we determine the Rodrigues’ matrix [30,31] that leads ẑ to coincide with Ẑ = −p̂236

and we use this matrix to represent the measurements m⃗i in these new co-ordinates XY Z, where the237

Listing’s plane is the XY plane2.238

Let m̂0 and ê0 be the magnet and the eye directions corresponding to the primary orientation: by239

definition, ê0 = −Ẑ, while m̂0 must be known or tentatively assigned. The task is now to determine the240

orientation êi corresponding to the measured m̂i on the basis that êi = Rφi,ûi
ê0 and m̂i = Rφi,ûi

m̂0,241

where Rφi,ûi
is a rotation by an angle θ around the direction û that lies on the XY plane (again, the242

Rodrigues’ formula can be used to determine the corresponding matrix).243

Rφi,ûi
can be uniquely determined from m̂0 m̂i as follows. The rotation axis û = (uX , uY , 0) is244

perpendicular to the projection of ∆m̂ = m̂0 − m̂i on the XY plane: û · (m0X − miX , m0Y − miY , 0) = 0.245

Now consider the projections of m̂0 and m̂i on the plane perpendicular to û: φi the angle between246

those projections can be evaluated with the method described by eq.5. The retrieved û and ϕi give the247

axis and the rotation angle, respectively, in the Listing’s model of the eye.248

When p̂ and/or m̂0 are not known a priori, they can be tentatively assigned and their249

appropriateness can be evaluated on the basis of the distortion of the reconstructed gaze trajectory250

corresponding to regular and known shapes. This is the case of the trajectory represented in Fig.5.251

The same recording used for Fig.2 is here processed according to the above described Listing’s model252

procedure. A direct comparison with the trajectories shown in Fig.2 puts in evidence a clear reduction of253

2 Note that the reference axis X can be arbitrarily chosen on the Listing’s plane, since all data of interest are related to
angular displacements (and not to absolute directions).

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 28 September 2022                   doi:10.20944/preprints202209.0443.v1

https://doi.org/10.20944/preprints202209.0443.v1


Version September 27, 2022 submitted to Instruments 10 of 14

distortion effects. On the basis of this observation, we conclude that the Listing’s law makes it possible254

to develop a good procedure to accurately retrieve the eye-gaze, despite the m̂ − ê misalignment.255

Figure 5. The same data used to produce the gaze trajectories represented in Fig. 2 are here
elaborated on the basis of the Listing’s model. With an appropriate selection of the m̂0 and p̂

directions, the whole data set fits with much lower distortion onto a shape that reproduces the text
and the monitor frame observed by the subject (sketched in the right figure).

A hardware solution based on an accurate alignment of the magnetic dipole with the lens optical256

axis would greatly simplify the task of retrieving the gaze from the measured m̂. To this aim, the257

magnetic disc should be inserted out of the lens axis (to be non obstructive for the view) and tilted258

with respect to the lens surface, which comes with some geometrical issues, as sketched in Fig.6 b,c.259

In the scheme 6 b, for instance, ê0 and m̂0 come to a complete identity and no reciprocal rotation260

has to be measured or estimated. The scheme 6 c, instead, opens new possibilities by allowing direct261

measurements of the torsional movement of the eye. These interesting perspectives are beyond the262

scope of the present work and will be subject of further investigation.263

3.6. Retrieving the eye gaze from the magnet position264

An alternative approach that could enable the estimation of the eye orientation with respect to the265

sensor array is based on the analysis of the magnet position. As said (Sec.2.2), the best fit procedure266

provides, beside B⃗geo and m⃗, also the position r⃗ of the dipole. As far as the eye is adequately described267

in terms of a fixed-centre sphere, r⃗ is expected to move on a spherical surface. The radius of that sphere268

is the eye radius (12 mm, as a typical value), and its center is located at the eye center R⃗e, which is (at269

least initially) an unknown position.270

In principle (see Fig.7), one could first determine R⃗e fitting a large set of {r⃗i} on a sphere and271

then use the quantities {s⃗i = r⃗i − R⃗e}, similarly to what is done with m⃗.272
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Figure 6. Schematic representation (not to scale) of an eye-ball (EB) (OA is its optical axis) wearing
a lens (L) with a magnetized disk (M) embedded. The red-blue colors represent the M magnetization.
In the current implementation (a), the disk is axially magnetized and is inserted tangentially to the
lens, a few mm displaced from the optical axis. This reduces the magnet encumbrance, at expenses
of a m̂ − ê misalignment and consequent need of indirect gaze retrieval. Constructive efforts can
be devoted to make the dipole parallel to the gaze direction (b) or perpendicular to it (c). This
would simplify the data elaboration and –in the case (c), i.e. with a diametrical magnetization– it
would make the system highly responsive to torsional movements: an unprecedented feature of this
methodology. As sketched, the (b) and (c) arrangements may present issues to guarantee a complete
magnet embedding)

Figure 7. The retrieved positions r⃗i are determined with respect to the sensor array frame. A large
set r⃗i might enable the determination of the eye center R⃗e, and hence the positions s⃗i with respect
to the eye center. The gaze orientation e⃗ moves rigidly with the position s⃗ of the magnet, and s⃗

could be used alternatively to (or in conjunction with) m⃗ to determine e⃗. This requires that R⃗e is
determined with a high accuracy, which is not the case due to the small range of available r⃗i.

More interestingly, provided that m̂ e ŝ are not parallel, it would be possible to use both to273

determine the eye orientation with no need for extra hypotheses. Indeed, m̂, ŝ (e.g. together with274

m̂ × ŝ) would constitute a basis in the 3D space, hence the matrix R such that m̂i = Rm̂0 and ŝi = Rŝ0275

would be uniquely determined (even over-determined) from two subsequent estimates of m̂ and ŝ.276

Physiological constraints prevent r⃗ from ranging over a sufficiently wide portion of the spherical277

surface and this results in a rather rough estimation of R⃗e. As a consequence, these alternative278

approaches –at least with the precision achieved in current implementation– do not help improve the279

quality of the gaze estimations.280
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4. Conclusion281

An innovative eye-tracker is developed, based on non-inductive magnetometric measurements282

simultaneously performed at 100 Sa/s rate in a set of prearranged positions with the aid of an array of283

magnetoresistive sensors. This kind of instrumentation extends to the eye-tracking some advantageous284

features of similar magnetostatic trackers developed for other applications.285

Moderate invasivity, high speed, spatial and angular accuracy, robustness, simplicity and low cost286

emerge as attractive characteristics in comparison with other eye-tracking technologies.287

Despite position and orientation of the magnet are fully characterized, the conversion of magnet288

tracking data to gaze information is not immediate and may require specific procedures. In this paper,289

we have examined the problem of retrieving the eye gaze from the magnet orientation when eye and290

dipole are not parallel.291

In particular, we have demonstrated how the combination of tracking parameters with physiological292

constraints of the eye motion enables an accurate reconstruction of the eye-gaze trajectories, while293

alternative simplified analyses can be implemented and –despite some distortion effects– they enable294

the extraction of basic features of the gaze trajectory.295
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