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Abstract: Today, mechanical tracking systems have been downsized to allow them to be used in the
field of airborne laser communications and in the military domain. Risley systems are used for this
purpose, which work by directing a beam of light to a given target point, this procedure is com-
monly known as the inverse problem. In this paper, an analytical method, the geometric method,
has been designed and developed to determine the beam steering in a Risley system and solve the
inverse problem. The method focuses on different geometric shapes, like circumference or ellipse,
that are described when the beam passes through the second prism. The accuracy and efficiency of
the geometric method has been analysed and found to be faster than the two-step method. Further-
more, the geometric method has been implemented in an iterative process and an accuracy of up to
1 pm has been achieved. This high accuracy would allow the geometric method to be applied in
fields such as lithography, stereolithography or 3D printers.
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1. Introduction

Beam scanners make it possible to obtain the geometry of the scanned environment
from massive data storage. Several beam scanners are available like gimbal scanners, gal-
vanometers scanners and Risley prisms scanner. Traditional carried-axis gimbal scanners
can be heavy and subsequently require more driving energy, non-carried-axis galvanom-
eters have limited aperture size while Risley scanners can offer a lighter, more compact,
vibration-insensitive scanning option. This paper is based on the latest laser scanner.

The Risley configuration consists of a combination of two or more Wedge prisms [1]
that can rotate independently, Figure 1. The system allows to set the direction of the beam
Stoa specific point in space, and to generate different patterns by setting the relative ve-
locity between the prisms.

Some of the applications of the Risley configuration are in LIDAR technology [2,3] to
scan Earth's surface with different scanning patterns or to collect wind field data [4] from
an aircraft. In addition, the Risley configuration allows the development of systems with
a wide field of view, multi-target tracking and angular scanning of the DMD (Digital Mi-
cro-mirror Device) [5].

Two problems arise in the Risley configuration, the direct and the inverse problem.
The direct problem is to determine the deviation of the laser beam direction given a set of
prism orientation angles. This problem is commonly solved by the Forward Vector Re-
fraction Theorem [6]. However, the inverse problem is more complex, based on calculat-
ing the rotation angles needed to reach any region of space within the allowed limits of
the system. Some research groups have solved it using an iterative process, which presents
a high precision solution [6,7], the third-order solution [8,9], the two-step method [10-
12], the look-up table method [13], the control system based on Newton’s method [14] and
the error compensation method based on the paraxial approximation [15], among others.
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This paper proposes a fast and direct inverse solution for applications that require a
quick response and high accuracy. Two approximations of a mathematical method based
on geometry are developed and compared with the two-step method. Later, the devel-
oped mathematical method has been implemented in an iterative method.

The organization of the paper is as follows: Section 2 expounds the method that offers
an inverse solution for the Risley prisms. Section 3 shows the results obtained from a time
and accuracy analysis of the developed method and compares the two approximations of
the method with each other and with other methods developed by other authors. Conclu-
sions are drawn in Section 4.

2. Inverse solution for Risley prism

Given the generic Risley configuration system shown in Figure 1, the two prisms
and 7z are rotated independently about the Z axis. The refractive index of the prisms has
been denoted ni and n2 and the wedge angle of the prisms, a1 and az. Orientations of the
prisms are specified by the respective rotation angles 01 and 02. The distance between both
prisms is D1 and the distance between the emergent surface of prism m and the receiving
screen is D2.
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Figure 1. Risley system diagram.

Assuming the prisms are identical and have the same characteristics:
n=n,=n
1)

a, = a, = a

The proposed method consists of modelling the pattern described by a beam when
the set of prisms rotate.

When a beam passes through the first prism m; of the Risley system a circumference
is described and when the beam passes through the second prism 7, different geometric
shapes can be approximated depending on the wedge angle of the prisms, Figure 2.

For low wedge angles of the prisms the geometric shape can be approximated to a
circumference while for high wedge angles the geometric shape is closer to an ellipse.

Knowing the equation that define the geometric shape described by the beam when
it passes through the second prism m,, the intersection points with the circumference de-
scribed by the beam when it passes through the first prism m; of the system can be calcu-
lated. In this way, by obtaining intersection points, the angles of rotation of the desired
prisms can be calculated. This process has been called the ‘geometric method’.
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Figure 2. Representation of the different geometric shapes that depend on the wedge angle of the
prisms.

In this article, two approximations to the geometric shapes described by the beam are
proposed. A fast but less accuracy approximation (the circumference) and a slow but
higher accuracy approximation (the ellipse). Then, the geometric method has been imple-
mented into an iterative process to improve accuracy.

2.1 Circumference approximation

In this approximation, Figure 3, the geometric shape that describes the beam when
the second prism m, rotates approximates a circumference c, with centre at any point of
the circle c;. The circumference c; is described by the beam when the first prism m; ro-
tates and there is no second prism m,, with primary radius 7; and centre at the point of
origin.

Using the Forward Vector Refraction Theorem, the maximum and minimum radius
that the system can reach at a given distance D2 can be calculated. The maximum radius
is obtained when both prisms are oriented with the same angle of rotation and the mini-
mum radius is obtained when the prisms are out of phase 180°. Once both radii have been
calculated, primary and secondary radius can be obtained:

r, =1, + min _radius

)

r, = (max _radius — min _radius)/2
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Figure 3. Circumference approximation diagram.

Given the target point P to be reached with coordinates (xg,¥,), a change of axes
through the angle 6 is made, Figure 3, so that the target point P is on the X' axis, now
becoming P'(xg, ¥o").

Considering y; = 0 and solving the system of equations formed by the equations (3)
that define the radius (r;,1,), the centre point C'(x.,y,") is obtained.

r= ‘fxéz + v/

®)
r = ,/(xé —xp)? + e
Knowing the centre point C’, it is possible to calculate the angle y":
Y’ = acos(x}/ry) = acos((rf — 17 + x4°)/211x}) 4)

Finally, undoing the change of coordinate axes, the rotation angle of the first prism
0, is:

6,=v + 36 )

Where 6 is:

8 = acos <x0/ x2 + y¢ ) ©)

The centre point of the circumference C'(x;,y.') on the X' and Y' coordinate axes is
isolated from (4) to obtain the rotation angle of the second prism 6,.

x;' =1 -cos (y')

| )
Yo' = 1 -sin(y')
Translating the central point C’ to the X and Y coordinate axes:
X, = x; - cos(8) — vy, - sin(F)
(8)

v, =x; - sin(8) +y, - cos(8)

The rotation angle of the second prism 6, is the angle of the section formed by the
points (C, P, 0,) in Figure 3.

02 = acos ((x0 ~ %)/ [~ %o + %) + (=¥ + 707 ) )

2.2 Ellipse approximation

The second approximation is based on the geometric shape described by the beam is
an ellipse. Using the properties of eccentricity and the focal distance of the ellipse it is
possible to obtain the rotation angles of the prisms. To obtain the rotation angles of the
prisms is necessary to calculate the value of the semi-axis a4, which depends on the wedge
angle of the prisms a and the distance D2.

2.2.1 Calculation of the semi-axis a
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The value of the semi-axis b is the value of the secondary radius r2. On the other hand,
the value of the semi-axis 2 must be optimised so that the error between the points calcu-
lated by the Forward Vector Refraction Theorem and by the parametric equations of the
ellipse for a specific distance D2 must be minimised. The value of the semi-axis a can be
optimised with different optimisation methods such as: Nelder-Mead, Powell...

Once the value of the semi-axis 2 has been optimised for the specific distance D2, the
incident angle ¢ of the laser beam on the screen can be obtained:

e = atan(a/D2) (10)

The incident angle ¢ is constant for the optic system configuration and it does not
depend on the distance D2, so it is not necessary to repeat the optimization process. It is
possible to calculate a” for any distance D2’ as:

a' = D2' - tan (¢) (11)

Once the value of the semi-axis a has been obtained, the angles of rotation of the
prisms can be calculated.

2.2.2 Calculation of the rotation angles of the prisms

In this approximation, the geometric shape that describe the beam, when the second
prism m, rotates, approximates an ellipse e; with centre at any point of the circle c;.

Since the sum of the focal distance of any point P on an ellipse is constant and equal
to the length of the major axis of the ellipse (b):

PF1+PF2=2b—d, +d, = 2b (12)

For simplicity, a rotation of the coordinate axes through the angle 6 is made, Figure
4, so that the target point P is on the X' axis, being now the point P'(xg, o).

Figure 4. Rotation of the coordinate axes. a) The diagram is represented on the original axes (X, Y).
b) The diagram is represented on the rotated axes (X', Y’).

Knowing the target point P’ and the points of the focal F1'(x;’, y;) and F2’(x3,y,"),
the distance between them is calculated as:

d, = \/(x1’ —x)%+ (1 —¥0)?
(13)

dy = (' = x")2 + (02’ — ¥0')?

Where,
x1,, =Tp1- COS(V”)
yi' =1 sin(y)
(14)
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lel =Tr2 C?S(V:)
Y2' = 1py - sin(y’)

The radius 77, and 1%, is the radius of the circle formed with centre at the origin and
passing through the focus point F1 and the focus point F2, respectively. The focus points
(F1 and F2) are at the same distance from the primary radius. This distance is vb? — a2.

Considering y, = 0 and with the equations (12), (13) and (14), it is possible to obtain
the solution of the angle y' between the X'-axis and the line that pass through the centre

point C’ of the ellipse:
y' = —acos(—(cy, —4b - c; + ¢5)/xp - €3) (15)
Where,
¢, = —4b% - 1p — 4b% -1,

_ 3 2 2 3
Cy = Tp1” —Tp1” " Tpa — Tp1Tr2” + 1p2
€3 =2 (Tp1 — Tr2)

C4, = _C]_
(s = —C

— AW2 3 2, 2 3
Co = 4b“Tp1Tpy — Tr1 " Tpa + 2751 “Tp2 ™ — Tp1Th

_ 2. . 12 _ 12 2., 2
¢; = e + 1% %o 2Tpy " Ty Xg 2 + Tr? - Xg

Finally, the rotation angle of the first prism 6; and the second prism 6, can be fol-
lowing the same process as the circumference approximation (undoing the change of co-
ordinate axes) with (5), (6), (7), (8) and (9).

2.2 Iterative method with geometric method

To improve the accuracy to reach the target point, Anhu Li developed an iterative
method [6] consisting of a combination of the two-step method [10] and the Forward Vec-
tor Refraction Theorem. In this paper, the two-step method has been replaced by the geo-
metric method in the iterative method.

In the first iteration, the exiting point of the system is assumed to be the centre
N (0,0,D1) of the second surface of the prism II,. Given a target point P (xp, Vp» zp), itis
possible to calculate the rotation angles (6,, 8,) of the prisms by the geometric method.
Then, substituting the rotation angles into the Forward Vector Refraction Theorem, the
corresponding exiting point N = (xp, yn, z,) and the tracking point P = (X, ¥rp, Zyp) i
obtained. The tracking point P. has a deviation (¢, ¢,) from the target point P, being
Px =Xp = Xp Y Py = Yp — Vrp:

In the second iteration, taking the point P; = (x;,y;,2) = (X, + ¢y, ¥y + ¢y, D2) as
the target point of the system, it is possible to calculate the rotation angles (6,, 8,) of the
prisms by the geometric method. This process is iterated until the separation distance be-
tween tracking point P, and target point P meets the given accuracy requirement 6.

The steps to implement the geometric method in the iterative method are:

Step 1. Given a target point P (xp,yp,zp), assume that the initial point is
N (Xn, Yn, Zn) = (0,0,D1) on prism II,. Also, it is assumed that the deviation (¢, ¢,) is
Zero.

Step 2. Calculate the rotation angles (64, 6,) of the two prisms using the geometric
method by considering the initial point P; = (x;,y;,2;) = (X, + @x Yy + ¢y, D2) as the
point to be reached.

Step 3. Update the current exiting point N = (x,, ¥, z,) and the current target point
P. = (Xyp, Yrp» Zrp) substituting the rotation angles into the Forward Vector Refraction
Theorem.

Step 4. Calculate the error A between the tracking point and the current target point
on the receiving screen as: A= \/(X;p — %)% + Vrp — ¥p)? + (Zrp — 2p)?. If the error is
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less than the error threshold (A < §) the rotation angle (64, 8,) are the final rotation angle.
If not, update deviation ¢, = x; — Xy, ®, = ¥; — Yrp and go to step 2.

This procedure is the same that the iterative method developed by Anhu Li except
for the step 2.

3. Results of the geometric method

In order to evaluate how good a method is, it is necessary to evaluate its accuracy
and efficiency. In this section, an analysis of these two aspects of the geometric method
and the two-step method will be made to compare them. In addition, an analysis of time
and number of iterations of the iterative method with the geometric method and with the
two-step method will be made to compare them.

The parameters of two identical prisms used to obtain the results are: refractive index
n =1.517; the diameter of the prisms is 25.4 mm; the distance between two prisms D1 =40
mm; the thickness of the thinnest end d, =2.75 mm.

There are three parameters that have been modified to analyse the behaviour of the
approximations under different conditions. The distance between the emergent surface of
prism m, and the receiving screen D2 has taken values between 500 mm and 16.384 km,
the wedge angle o has been changed between 22 and 40° and the error threshold 6 for the
iterative method has taken values between 0.1 ym and 1 pm.

The computer used to obtain the following results has an AMD Ryzen 5 CPU and 8
GB memory, and the code has been developed in C++.

3.1. Comparative of the error obtained by geometric method and the two-step method

The accuracy in the direction of the laser beam to any point in space varies radially
and also depends on the wedge angle a. To analyse the accuracy of the method the error
is calculated, where the error is the difference between the target point and the point that
has been reached with the method used.

The Figure 5 (a)(c)(e) shows that the error increases when the wedge angle is larger
for the three methods. In addition, three wedge angle values have been selected to observe
their profile as a function of the radius, Figure 5(b)(d)(f). The two-step method (Figure
5(e)(f)) has a radial behaviour, the error increases as the radius increases. However, in the
geometric method (Figure 5(a-d)) the minimum error is obtained at the minimum and
maximum radius. This is because the laser beam does not actually describe a circumfer-
ence, it is closer to an ellipse and the radius of the circumference is the same to the semi-
axis b of the ellipse. Moreover, in the ellipse approximation (Figure 5(c)(d)) the error has
been minimized so that when the radius is 65% of the maximum radius, a minimum error
occurs.
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Figure 5. Error of the two approximations for different values of wedge angle a and radius of the
target point. (a) Represents a heat map with the error obtained by the circumference approximation.
(b) The graph represents the error profile obtained by the circumference approximation. (c) Repre-
sents a heat map with the error obtained by the ellipse approximation. (d) The graph represents the
error profile obtained by the ellipse approximation. (e) Represents a heat map with the error ob-
tained by the two-step method. (f) The graph represents the error profile obtained by the two-step
method.

In the three methods the error depends on the wedge angle of the prisms o, however,
the error as a percentage of the distance D2 does not change even if the distance increases.
Considering a target distance (D2) of 1 m, the Figure 6 shows the mean error as a percent-
age of the distance D2 and the shadow regions correspond to the standard deviation of
the measurements for each wedge angle of the prisms. The mean error has been obtained
from a set of eighty points. This set of points has been obtained on a straight line for an
azimuth angle of 45°, as the error is radial it does not matter which angle is considered.

It can be seen from Figure 6 that the error obtained by the ellipse approximation is
smaller than the error obtained by the circumference approximation. The error of the cir-
cumference approximation is approximately twice the error of the ellipse approximation.
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However, both approximation of the geometric method have a smaller error than the two-
step method.

Mean error as a function of alpha
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Figure 6. Mean error as percentage of D2 for each value of the prism angle a.

Another important aspect to consider is the time needed to obtain the desired data,
the results of time obtained are shown in Table 1. It has been obtained from a set of 4900
points, which contain points for seventy different angles of the whole possible region and
seventy different radii between the minimum radius and the maximum radius. This set of
points has been repeated sixteen times giving a total of 78,400 points to calculate the mean
time.

The ellipse approximation has a longer computation mean time than the circumfer-
ence approximation. The circumference approximation is about 1.6 times faster than the
ellipse approximation. However, both approximations of the geometric method are faster
than the two-step method.

Table 1. Result of time of the geometric method and the two-step method.

Geometric method
: : Two-step

Circumference Ellipse

S N method
approximation approximation

Mean time (us) 2.72571 4.33776 9.67367
Deviation (us) 0.475435 0.501481 7.39166

Number of point 78,400

3.2. Comparative resulst of the error with the iterative method.

The iterative method proposed by Anhu Li [6] has been implemented with the two-
step method and compared with the circumference and ellipse approximation of the geo-
metric method for a wedge angle a of 10°. However, the ellipse approximation has been
performing worse than the circumference approximation due to it takes almost twice as
long as the circumference approximation. Therefore, only the results of the circumference
of the ellipse will be shown.

The mean computation time that each method takes to reach the required error
threshold have been calculated, the result obtained are shown in Figure 7. Each point rep-
resented in the graphs in Figure 7 is the mean time obtained for a set of 40,000 points.
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Mean computation time as a function of distance D2
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Figure 7. Mean computation time as a function of distance D2 for each error threshold. a) Represents
the mean computation time obtained by the iterative method with the geometric method (circum-
ference approximation) for each error threshold. b) Represents the mean computation time obtained
by the iterative method with the two-step method for each error threshold.

Figure 7 shows that the iterative method has a shorter computation time with the
geometric method than with the two-step method for any distance D2 and error threshold.
The shortest time taken by the iterative method with the geometric method to obtain the
final rotation angles is 3 ps while with the two-step method it is 7 us.

The maximum number of iterations that the iterative method can reach is fifty itera-
tions, this maximum value has been established because after several tests it has been
found that if the method is not able to reach the required threshold error in fifty iterations
it will never get there.

The graph in Figure 7 b) shows that with the two-step method for large distances
(more than 100 m) and for very small error thresholds (1 nm) the results are obtained in
100 us on average. This is because the method has reached the maximum number of iter-
ations, i.e., the two-step method does not achieve error thresholds smaller than 1 nm. On
the other hand, an error threshold up to 1 pm can be achieved for any distances up to
16.384 km with the geometric method (Figure 7 a).

The iterative method with the geometric method achieves an accuracy three orders
of magnitude lower than the iterative method with the two-step. Moreover, the iterative
method with the geometric method achieves more accurate results for larger D2 distances
than the iterative method with the two-step method.

4. Conclusion

Many studies on the inverse problem have been performed, such as the third-order
theory [8], the inverse solution [4], the two-step method [10-12] and the iterative method
[6]. In this paper, a geometric method is proposed to solve the rotation angles for a given
target trajectory in less computing time and with high accuracy.

Two approximations have been made for the geometric method and the accuracy and
time obtained by both approximations have been analysed. The error of the circumference
approximation is approximately twice the error of the ellipse approximation. However,
the ellipse approximation has a longer computation time than the circumference approx-
imation.

The geometric method has been compared with the two-step method and it has been
concluded that the geometric method is faster and more accurate than the two-step
method.

Until now, the most accurate method was the iterative method using the two-step
method. Therefore, the geometric method has been implemented in the iterative method
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to analyse if it improves time and accuracy. It has been concluded that the iterative
method with the two-step method obtains good time and accuracy results for small D2
distances while the iterative method with the geometric method obtains good results for
small and large D2 distances. In addition, the iterative method with the two-step method
takes more iterations to reach the established error threshold and, therefore, the compu-
tation time is longer than the iterative method with the geometric method.

Therefore, the geometric method can solve the inverse problem of Risley systems that
prevent the laser beam from being steered to any region of space. Solving the inverse
problem enables applications involving the control of dual-prism rotary motions such as
multimode beam tracking in the field of airborne laser communications, the monitoring
of containers in harbour operations and target tracking in the military domain. Moreover,
the geometric method could be used in applications that require a higher accuracy like
lithography, stereolithography or 3D printers.

Future research will apply the geometric method in various real applications.

6. Patents

Funding: This research was funded by ‘PROGRAMA INVESTIGO 2021 — MRR’, grant number
2022-5070- G/241H/4480200- 40M5007-00020093" .

References

[1] S. Jianfeng, L. Liren, Y. Maojin, W. Lingyu, and Z. Mingli, “The effect of the rotating double-prism wide-
angle laser beam scanner on the beam shape,” Optik (Stuttg), vol. 116, no. 12, pp. 553-556, 2005, doi:
10.1016/j.ijleo.2005.01.040.

[2] P. Church, J. Matheson, X. Cao, and G. Roy, “Evaluation of a steerable 3D laser scanner using a double
Risley prism pair,” Degraded Environments: Sensing, Processing, and Display 2017, vol. 10197, p. 1019700,
2017, doi: 10.1117/12.2262198.

[3] A. Li, X. Liu, J. Sun, and Z. Lu, “Risley-prism-based multi-beam scanning LiDAR for high-resolution
three-dimensional imaging,” Opt Lasers Eng, vol. 150, p. 106836, Mar. 2022, doi:
10.1016/].OPTLASENG.2021.106836.

[4] C.T. Amirault and C. A. DiMarzio, “Precision Pointing Using a Dual-Wedge Scanner.,” NASA Contractor
Reports, 1985, doi: 10.1364/a0.24.001302.

[5] F. Souvestre, M. Hafez, and S. Régnier, “DMD-based multi-target laser tracking for motion capturing,”
Emerging Digital Micromirror Device Based Systems and Applications 1I, vol. 7596, p. 75960B, 2010, doi:
10.1117/12.840982.

[6] A.Lietal., “Inverse solutions for a Risley prism scanner with iterative refinement by a forward solution,”
Appl Opt, vol. 54, no. 33, p. 9981, 2015, doi: 10.1364/a0.54.009981.
[7] J. Li et al., “Improvement of pointing accuracy for Risley prisms by parameter identification,” Appl Opt,

vol. 56, no. 26, p. 7358, 2017, doi: 10.1364/20.56.007358.

[8] Y. Li, “Third-order theory of the Risley-prism-based beam steering system,” Appl! Opt, vol. 50, no. 5, pp.
679-686, 2011, doi: 10.1364/A0.50.000679.

[9] Y. Yang, “Analytic solution of free space optical beam steering using Risley prisms,” Journal of Lightwave
Technology, vol. 26, no. 21, pp. 3576-3583, 2008, doi: 10.1109/JLT.2008.917323.

[10]  Y.Li, “Closed form analytical inverse solutions for Risley-prism-based beam steering systems in different
configurations,” Appl Opt, vol. 50, no. 22, pp. 4302—4309, 2011, doi: 10.1364/A0.50.004302.


https://doi.org/10.20944/preprints202209.0280.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 September 2022

[11]

[12]

[13]

[14]

[15]

Y. Lu, Y. Zhou, M. Hei, and D. Fan, “Theoretical and experimental determination of steering mechanism
for Risley prism systems,” Appl. Opt., vol. 52, no. 7, pp. 1389-1398, Mar. 2013, doi: 10.1364/A0.52.001389.
Y. Zhou, Y. Lu, M. Hei, G. Liu, and D. Fan, “Motion control of the wedge prisms in Risley-prism-based
beam steering system for precise target tracking,” Appl Opt, vol. 52, no. 12, pp. 2849-2857, 2013, doi:
10.1364/A0.52.002849.

A. Li, W. Sun, and X. Gao, “Nonlinear inverse solution by the look-up table method for Risley-prism-
based scanner,” Optica Applicata, vol. XLVI, no. 4, 2016, doi: 10.5277/0a160401.

S. Alajlouni, “Solution to the Control Problem of Laser Path Tracking Using Risley Prisms,” IEEE/ASME
Transactions on Mechatronics, vol. 21, no. 4, pp. 1892-1899, 2016, doi: 10.1109/TMECH.2016.2554560.

A. Beltran-Gonzalez et al., “Error compensation in a pointing system based on Risley prisms,” Applied
Optics, Vol. 56, Issue 8, pp. 2209-2216, vol. 56, no. 8, pp. 2209-2216, Mar. 2017, doi: 10.1364/A0.56.002209.

d0i:10.20944/preprints202209.0280.v1


https://doi.org/10.20944/preprints202209.0280.v1

