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Abstract: Location-and-scale transformation of a random variable underpins normal distribution, 
but it is however fundamentally incorrect for scale estimation such as relative dispersion. In this 
paper, a parametrized alternative to a normal distribution, called scaloc-normal distribution, is pro-
posed that efficiently works and is fundamentally correct with absolute and relative dispersion es-
timators. The Monte Carlos simulation experiment was used to generate a total of 600,000 artificial 
datasets in 600 different simulation scenarios from loc-normal (normal) and scaloc-normal distribu-
tions. The absolute and relative dispersion were estimated and compared from the two distribu-
tions. The results show that scaloc-normal distribution is a good parametrized alternative to loc-
normal distribution, fundamentally correct and efficient with both standard deviation and coeffi-
cient of variation. The key statistical advancement from loc-normal to scaloc-normal distribution is 
its fundamental correctness (i.e., scale-invariant property) with an efficient relative estimator of dis-
persion (i.e., coefficient of variation). Parametrically, the loc-normal and scaloc-normal distributions 
are very different, but both have linear transformations.  

Keywords: alternative parameterization; normal distribution; dispersion estimators; location-invar-
iance; scale-invariance; scale-and-location-invariance 
 

1.0. Introduction  
In statistics, a normal distribution (called symmetric or Gaussian distribution) be-

longs to a category of continues probability distribution of a real-valued, independent and 
identically distributed random variable. The probability density function which defines a 
normal distribution is parameterized by 𝜇𝜇 (equally represents the mean, median and the 
mode of the distribution) and 𝜎𝜎2 (represents the variance of the distribution) or 𝜎𝜎 (rep-
resents the standard deviation of the distribution) with a support 𝑥𝑥 from a random vari-
able [1]; [2].  

Normal distributions are very important aspect of statistics, and are used especially 
in social and natural sciences to represent and describe the unknown distribution of real-
valued, independent and identically distributed random variables. The principle of cen-
tral limit theorem partly makes a normal distributions more uniquely attractive and im-
portant especially in analytic studies [1]; [2].  

The mean, median and mode are the unbiased, efficient and consistent estimators of 
location describing a normal distribution, while variance and standard deviation are its 
unbiased, efficient and consistent estimators of dispersion. Another good but less utilized 
estimator of a normal distribution is the coefficient of variation, described as a unitless, 
dimensionless and standardized estimates defined by the mean and standard deviation 
of a normal distribution. In terms of the estimates of the estimators, variance and standard 
deviation are the absolute measures of dispersion characterized as location-invariant es-
timators, while coefficient of variation is a relative measure of dispersion characterized as 
scale-invariant estimator [1]; [2].  

Parametrically, the additivity and scaling transformation of the mu (𝜇𝜇) and the vari-
ance/sigma (𝜎𝜎2,𝜎𝜎) respectively on a random variable underpins the concept of a normal 
distribution. It belongs to the family of scale-and-location transformed distribution of a 
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continues random variables [1]; [2]. But the resultant invariance properties (i.e., location-
invariant, scale-invariant or scale-and-location invariant) of its good estimators are not 
completely and clearly defined by the normal distribution. This is a big fundamental prob-
lem or limitation. Therefore, a better distribution based on additivity and scaling transfor-
mation of a random variable (e.g., normal distribution) should be characterized by all the 
invariances.  

In literatures, there have been decades-old of numerous characterization, evaluation 
and performance studies on dispersion estimators (from the efficient as well as the robust 
categories of good estimators) under normal and other distributions such as the studies 
by [3]; [4]; [5]; [6]; [7]; [8]; [9]; [10]; [11]; [12]; [13]; [14]. Despite that, little or no attention 
was given to the alternative parameterization of a normal distribution so that the addi-
tivity and scaling transformations on an independent and identically distributed random 
variable gives to a distribution good (i.e., fundamentally correct) with any location-invar-
iant, scale-invariant, and scale-and-location-invariant estimator. A very interesting at-
tempt was the birth of logistic distribution, which emphasized on outliers’ robustness than 
invariance properties [15]. The main aim of this paper is to propose parametrized alterna-
tive to a normal distribution and check its goodness and fundamental correctness with 
good estimators.   

2.0. Background and Preliminaries 
2.1. Loc-normal distribution [𝒩𝒩𝐿𝐿(𝜇𝜇 = 𝑚𝑚𝑚𝑚, 𝜎𝜎 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑎𝑎)] 

. Loc-normal distribution belongs to the family of scale-and-location transformed dis-
tribution of a continues random variables [1]; [2]. The two important transformation pa-
rameters and the domain (support) are the location shift 𝜇𝜇, sigma 𝜎𝜎, and random variable 
𝑥𝑥 respectively. The resultant graph of the distribution is a linear transformation. 

Supposed we have a 𝜎𝜎 scaling and 𝜇𝜇 location shift of an independent and identi-
cally distributed random variable 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) 

𝒩𝒩𝐿𝐿 = 𝑥𝑥𝑥𝑥 + 𝜇𝜇 (Eq.1) 

Let 𝑐𝑐 be the coefficient of variation 
If 𝑐𝑐 = 𝜎𝜎

𝜇𝜇
 ; then 𝜇𝜇 = 𝜎𝜎

𝑐𝑐
 and 𝜎𝜎 = 𝑐𝑐𝑐𝑐 

where 𝒩𝒩𝐿𝐿  for loc-normal; 𝑥𝑥, 𝜇𝜇 ∈ ℝ; 𝜎𝜎 ∈ ℝ>0; 𝑛𝑛 ∈ ℕ; 𝜎𝜎 for sigma (a scale parame-
ter); 𝜇𝜇 for mu (a location parameter).  

The random variable 𝑥𝑥 has a normal distribution with a probability density function 
(pdf) expressed in equation 2.  

𝑓𝑓(𝑥𝑥) =
1

√2𝜋𝜋𝜋𝜋
 𝑒𝑒𝑒𝑒𝑒𝑒 �−
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𝑥𝑥 − 𝜇𝜇
𝜎𝜎

�
2
� ,𝑓𝑓𝑓𝑓𝑓𝑓 −∞ < 𝑥𝑥 < ∞. (Eq.2) 

 The parameter 𝜇𝜇 and 𝜎𝜎2 are the mean and variance of 𝑥𝑥, respectively.  

2.2. Characteristics of estimators under loc-normal distribution  
I. Normal distribution belongs to the family of scale-and-location transformed dis-

tribution of a continues random variables [2]. One of the most important prop-
erties of the normal distribution is its additivity under independence [1].   

II. It is a symmetrical distribution and has a zero skewness and kurtosis of its 
spread estimators. These estimators are very dependent on the sample size of 
the distribution of random variables [1]; [2]. 

III. The good (i.e., unbiased, efficient and consistent) estimators of location (location 
measures) such as the mean, median and mode are the same. These estimators, 
except for the median, are sensitive to outliers or contaminations and insuffi-
cient to describe a distribution because two random variables or distributions 
with different dispersion may have the same location estimates [13]; [14].  
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IV. The good estimators of dispersion (dispersion measures) such as the variance or 
standard deviation and coefficient variation are very related and important pa-
rameters. These estimators are sensitive to outliers or contaminations and insuf-
ficient to describe distributions because they are either location-invariant or 
scale-invariant and lack scale-and-location invariant property [13]; [14]. The es-
timates of the relative estimator of dispersion (i.e., coefficient of variation) lacks 
a bounded range and approaches infinity as the mean of the distribution tends 
to zero.  

2.3. Structures of the Estimates of Location and Dispersion Estimators Under Loc-Normal 
Distribution 

If for every location shift 𝜇𝜇 is freezes (fixes) and a set of sigma 𝜎𝜎 are rotated, then 
the coefficient of variation 𝑐𝑐 adjusts and varies relatively (i.e., relative to the changes in 
𝜇𝜇 and/or 𝜎𝜎) (See Fig. 3a). If for every sigma 𝜎𝜎 is freezes and a set of location shift 𝜇𝜇 are 
rotated, then the mean 𝑐𝑐 adjusts and varies relatively (i.e., relative to the changes in 𝜇𝜇 
and/or 𝜎𝜎) (See Fig. 3a).  

2.4. Python code for loc-normal distribution  
Here is a written python code for random number generation under loc-normal dis-

tribution using Monte Carlos simulation.  
def locnormal_simulation(mu, sigma, sample_size, iteration): 
    random.seed(111) 
    multiple_list = [ ] 
    for seed in np.random.randn(iteration): 
        random.seed(seed) 
        multiple_list.append(np.random.randn(sample_size)*sigma+mu) 
    simulation = [randn for randn in (multiple_list)] 
    return (simulation) 

 

3.0. Propose Distribution  
3.1. Scaloc-normal Distribution [𝒩𝒩𝑆𝑆𝑆𝑆(𝜈𝜈 = 𝑛𝑛𝑛𝑛, 𝜎𝜎 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)] 

Scaloc-normal distribution is a member of the family of scale-and-location trans-
formed distribution of a continues random variables [1]; [2]. The two important transfor-
mation parameters and the domain (support) are the scaloc (i.e., scale-and-location) shift 
𝜈𝜈, sigma 𝜎𝜎, and random variable 𝑥𝑥 respectively. The resultant graph of the distribution 
is a linear transformation.  

Supposed we have a 𝜎𝜎 scaling and 𝜈𝜈 scaloc (i.e., scale-and-location) shift of an in-
dependent and identically distributed random variable 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3 , … ,𝑦𝑦𝑛𝑛). 

𝒩𝒩𝑆𝑆𝑆𝑆 = 𝜎𝜎(𝑦𝑦 + 𝜈𝜈) (Eq.3) 

where 𝒩𝒩𝑆𝑆𝑆𝑆  for scaloc-normal; 𝑦𝑦, 𝜈𝜈 ∈ ℝ; 𝜎𝜎 ∈ ℝ>0 ; 𝑛𝑛 ∈ ℕ; 𝜎𝜎  for sigma (a scale pa-
rameter); 𝜈𝜈 for nu (a scaloc shift); 𝜇𝜇 = 𝜈𝜈𝜈𝜈; 𝜇𝜇 is the location shift of a location parameter.  

Let 𝑐𝑐 be the coefficient of variation 
If 𝜇𝜇 = 𝜈𝜈𝜈𝜈 and 𝑐𝑐 = 𝜎𝜎

𝜇𝜇
 

then 𝜈𝜈 = 𝜇𝜇
𝜎𝜎
; 𝜈𝜈 = 1

𝑐𝑐
; 𝑐𝑐 = 1

𝑣𝑣
; 𝜎𝜎 = 𝜇𝜇

𝑣𝑣
; 𝜎𝜎 = 𝑐𝑐𝑐𝑐; 𝜇𝜇 = 𝜎𝜎

𝑐𝑐
  

The random variable 𝑦𝑦 has a normal distribution with a probability density function 
(pdf) expressed in equation 4.  

𝑓𝑓(𝑦𝑦) =
1

√2𝜋𝜋𝜋𝜋
 𝑒𝑒𝑒𝑒𝑒𝑒 �−
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�
2
� ,𝑓𝑓𝑓𝑓𝑓𝑓 −∞ < 𝑦𝑦 < ∞. (Eq.4) 

The parameter 𝜈𝜈𝜈𝜈 = 𝜇𝜇 and 𝜎𝜎2 are the mean and variance of 𝑦𝑦, respectively.  
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3.2. Structures of the Estimates of Location and Dispersion Estimators Under Scaloc-Normal 
Distribution  

If for every scaloc shift 𝜈𝜈 is freezes (fixes) and a set of sigma 𝜎𝜎 are rotated, then the 
mean 𝜇𝜇 adjusts and varies relatively (i.e., relative to the changes in 𝜈𝜈 and/or 𝜎𝜎) (See Fig. 
3b). If for every sigma 𝜎𝜎 is freezes and a set of scaloc shift 𝜈𝜈 are rotated, then the mean 
𝜇𝜇 adjusts and varies relatively (i.e., relative to the changes in 𝜈𝜈 and/or 𝜎𝜎) (See Fig. 3b).   

3.3. Python code for scaloc-normal distribution 
Here is a written python code for random number generation under scaloc-normal 

distribution using Monte Carlos simulation.  
def scalocnormal_simulation(nu, sigma, sample_size, iteration):     
    random.seed(111) 
    multiple_list = [ ] 
    for seed in np.random.randn(iteration): 
        random.seed(seed) 
        multiple_list.append((np.random.randn(sample_size)+nu)*sigma) 
    simulation = [randn for randn in (multiple_list)] 
    return (simulation) 

 

4.0. Methods and Simulations 
Monte Carlos simulation experiment was used to generate artificial datasets for com-

parison of the loc-normal and scaloc-normal distributions. For each distribution, a total of 
300,000 datasets in 300 different simulations using a matrix combinations of parameters 
were generated. The matrix combinations was guided in two scenarios: (i) 𝒩𝒩𝐿𝐿(𝜇𝜇 = 𝑚𝑚𝑚𝑚,
𝜎𝜎 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)  or 𝒩𝒩𝑆𝑆𝑆𝑆(𝜈𝜈 = 𝑛𝑛𝑛𝑛, 𝜎𝜎 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)  (ii) 𝒩𝒩𝐿𝐿(𝜎𝜎 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 𝜇𝜇 = 𝑚𝑚𝑚𝑚)  or 𝒩𝒩𝑆𝑆𝑆𝑆(𝜎𝜎 =
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 𝜈𝜈 = 𝑛𝑛𝑛𝑛). The location estimators (i.e., mean, median and mode) were evaluated 
with the first simulation, and the dispersion estimators (i.e., standard deviation and coef-
ficient of variation) were evaluated with the second simulation (See Fig. 1). For the second 
simulation, any mixed data point (mixed of positive and negative data points) of data 
points were avoided by carefully choosing the parameters such that the location parame-
ters are relatively greater than the scale parameters for all the possible matrix combina-
tions. The efficiency (refer to Eq. 6) and relative efficiency (refer to Eq. 7) were evaluated 
to check how relatively good are the dispersion estimators in the two distributions. A 
Bland-Altman plot was use to check the level of agreement between the loc-normal and 
scaloc-normal distributions in terms of skewness and kurtosis estimates for all the differ-
ent same size.  

For each estimates (of mean, median, mode, standard deviation, and coefficient of 
variation), the average or efficiency of the 1000 iterations were used in the results presen-
tations. Python Jupyter Notebook was used to write the codes for the data generation and 
its in-build or imported libraries were used for the analysis. 
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Fig. 1: Simulations parameters for random numbers generation under loc-normal and scaloc-normal distributions. 

4.1. Evaluation of location, spread, dispersion and other estimators  
 The arithmetic mean, median, mode, skewness, kurtosis, and standard deviation 

were evaluated using the python in-build and imported functions. The coefficient of var-
iation was evaluated using Eq. 5 which was defined as a code in the python. The efficiency 
and relative efficiency were evaluated using a standardized variance as expressed in Eq. 
6 and Eq. 7.  

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑜𝑜𝑜𝑜 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 (𝐶𝐶𝐶𝐶) =
𝜎𝜎
𝜇𝜇

 (Eq.5) 

where 𝜎𝜎 is the sigma, and 𝜇𝜇 is the arithmetic mean.  

𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸 (𝐸𝐸) =
1
𝑆𝑆
��

𝜎𝜎2

𝜇𝜇2
�

𝑆𝑆

𝑖𝑖=1

 (Eq.6) 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 (𝑅𝑅𝑅𝑅) =
𝐸𝐸𝑐𝑐𝑐𝑐
𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠

 (Eq.7) 

where 𝜎𝜎2 is the variance of the estimates of the estimator; 𝜇𝜇 is the mean of the esti-
mates of the estimator;  𝑖𝑖 = 1, 2, 3, … , 𝑆𝑆; 𝑆𝑆 was the iterations (size of the Monte Carlos 
simulation). If: 𝑅𝑅𝑅𝑅 = 1, coefficient of variation is equally efficient than standard devia-
tion; 𝑅𝑅𝑅𝑅 < 1, coefficient of variation is more efficient than standard deviation; 𝑅𝑅𝑅𝑅 > 1, 
coefficient of variation is less efficient than standard deviation. 

4.2. Evaluation of fundamental correctness  
 The fundamental correctness of the estimators under the loc-normal and scaloc-nor-

mal distribution was evaluated as fundamentally correct if the structure of the estimates 
of the estimator satisfies at least one of the conditions of invariances (i.e., location-invari-
ance, scale-invariance, scale-and-location-invariance.  

 Let a random variable 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) 
i. Supposed we have an 𝑎𝑎 scaling of a random variable 𝑥𝑥. 

Estimator 𝐸𝐸 is scale-invariant (i.e., robust to scale, unitless and dimensionless) if: 
𝐸𝐸(𝑥𝑥1, 𝑥𝑥2,𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) = 𝐸𝐸(𝑎𝑎𝑥𝑥1, 𝑎𝑎𝑥𝑥2, 𝑎𝑎𝑥𝑥3, … , 𝑎𝑎𝑥𝑥𝑛𝑛) 

where 𝑥𝑥 ∈ ℝ; 𝑎𝑎 ∈ ℕ 
ii. Supposed we have a 𝑏𝑏 location shift of a random variable 𝑥𝑥. 

Estimator 𝐸𝐸 is a location-invariant if: 

Evalutions
i) Mean, ii) Median, iii) Mode, vi) skewness, v) 

kurtosis, vi) Standard deviation, vii) coefficient of 
variation,   viii) standardized variance (efficiency), ix) 

Bland-Altman plot  x) fundamental correctness

Loc-normal distribution
•First simulation

• mu = [-5,-2,0,2,5]
• sigma = [1,2,3,4,5]
• sample_size = [200,100,25,10]
• iteration = 1000

•Second simulation
• mu = [-80,-50,30,50,80]
• sigma = [1,2,3,4,5]
• sample_size = [200,100,25,10]
• iteration = 1000

Scaloc-normal distribution
•First simulation

• nu = [-5,-2,0,2,5]
• sigma = [1,2,3,4,5]
• sample_size = [200,100,25,10]
• iteration = 1000

•Second simulation
• nu = [-80,-50,30,50,80]
• sigma = [1,2,3,4,5]
• sample_size = [200,100,25,10]
• iteration = 1000
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𝐸𝐸(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) = 𝐸𝐸(𝑥𝑥1 + 𝑏𝑏, 𝑥𝑥2 + 𝑏𝑏, 𝑥𝑥3 + 𝑏𝑏, … ,𝑥𝑥𝑛𝑛 + 𝑏𝑏) 
where 𝑥𝑥, 𝑏𝑏 ∈ ℝ  

iii. Supposed we have an 𝑎𝑎 scaling and 𝑏𝑏 location shift or scaloc shift of a random variable 
𝑥𝑥. 

Estimator 𝐸𝐸 is scale-and-location invariant if: 
𝐸𝐸(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) = 𝐸𝐸(𝑎𝑎𝑥𝑥1 + 𝑏𝑏, 𝑎𝑎𝑥𝑥2 + 𝑏𝑏, 𝑎𝑎𝑥𝑥3 + 𝑏𝑏, … , 𝑎𝑎𝑥𝑥𝑛𝑛 + 𝑏𝑏) 

𝐸𝐸(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) = 𝐸𝐸(𝑎𝑎𝑥𝑥1 + 𝑎𝑎𝑎𝑎, 𝑎𝑎𝑥𝑥2 + 𝑎𝑎𝑎𝑎, 𝑎𝑎𝑥𝑥3 + 𝑎𝑎𝑎𝑎, … , 𝑎𝑎𝑥𝑥𝑛𝑛 + 𝑎𝑎𝑎𝑎) 
where 𝑥𝑥, 𝑏𝑏 ∈ ℝ; 𝑎𝑎 ∈ ℕ 

5.0. Results 
5.1. Location and dispersion estimators under loc-normal and scaloc-normal distributions  

 The estimates location estimators (i.e., mean, median, and mode) under loc-normal 
and scaloc-normal distribution were evaluated with the first simulation parameters de-
scribed in Fig. 1. The results indicate that under scaloc-normal distribution; the mean, me-
dian and mode are basically the same both in the estimates and outlooks (See Fig. 2). This 
important property of scaloc-normal distribution is analogous to that of loc-normal distri-
bution.  

 The estimates dispersion estimators (i.e., standard deviation and coefficient of vari-
ation) under loc-normal and scaloc-normal distributions were evaluated with the second 
simulation parameters described in Fig. 1. The results by estimators’ comparison indicates 
that under scaloc-normal distribution, the estimates of the standard deviation and coeffi-
cient of variation operate the location-invariance and scale-invariance property respec-
tively (See Fig. 3a & b). Furthermore, the two distinct scale-invariance and location-invar-
iance property are clearly expressed with the standard deviation and coefficient of varia-
tion respectively (See Fig. 3a & b). However, the results the dispersion estimators by esti-
mators’ comparison indicates that under loc-normal distribution, the estimates of the 
standard deviation operate the location-invariance and thus the scale-variance property, 
while the estimates of the coefficient of variation fails to operate neither the scale-invari-
ance nor location-invariance property (See Fig. 3a & b).  
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Fig. 2: Location estimators (i.e., mean, median, and mode) under loc-normal and scaloc-normal distributions.  
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Fig. 3a: Dispersion estimators (i.e., standard deviation and coefficient of variation) under loc-normal distribution.  
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Fig. 3b: Dispersion estimators (i.e., standard deviation and coefficient of variation) under scaloc-normal distribution.  

5.2. Shape estimators under loc-normal and scaloc-normal distributions  
 The estimates shape estimators (i.e., skewness and kurtosis) under loc-normal and 

scaloc-normal distributions were evaluated with the first simulation parameters described 
in Fig. 1. The results by estimates’ comparison indicate that the skewness and kurtosis 
under loc-normal and scaloc-normal distributions are generally low (< 1.0) and also be-
low the range marks suggested by [16]; [17]; [18]; [19].  (See Fig. 4). Bland-Altman plots 
of the skewness and kurtosis indicates very good agreement between the loc-normal and 
scaloc-normal distributions’ shapes (See Fig. 5a & b).  
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Fig. 4: Estimates of shape estimators (i.e., skewness and kurtosis) under loc-normal and scaloc-normal distributions. 

 
Fig. 5a: Level of agreement (Bland-Altman plots) between the estimates of skewness under loc-nor-
mal and scaloc-normal distributions. 
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Fig. 5b: Level of agreement (Bland-Altman plots) between the estimates of kurtosis under loc-nor-
mal and scaloc-normal distributions. 

5.3. Efficiency of the estimators under loc-normal and scaloc-normal distributions   
The efficiency of the estimates of dispersion estimators (i.e., coefficient of variation 

and standard deviation) under loc-normal and scaloc-normal distributions were evalu-
ated with the second simulation parameters described in (See Fig. 1). The efficiencies of 
the standard deviation and coefficient of variation ranges from 0.002 to 0.06 and varies 
with the sample size under both the loc-normal (See Fig. 6a) and scaloc-normal (See Fig. 
6b) distributions. The efficiencies are asymptotically the same under the both distributions 
(See Fig. 6a & b).  

The relative efficiency (of coefficient of variation against standard deviation) under 
loc-normal and scaloc-normal distributions were evaluated with the second simulation 
parameters described in Fig. 1. The results by estimates’ comparison indicate that the 
standard deviation and coefficient of variation are almost equally efficient with estimates 
approximately 1.00 (See Fig. 7).  
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Fig. 6a: Efficiency of the estimates of dispersion estimators (i.e., coefficient of variation and standard deviation) under loc-normal 
distribution.  

 

 

 

Fig. 6b: Efficiency of the estimates of dispersion estimators (i.e., coefficient of variation and standard deviation) under scaloc-
normal distribution.   
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Fig. 7: Relative efficiency (of coefficient of variation against standard deviation) under loc-normal and scaloc-normal distributions.  

5.4. Probability density function under loc-normal and scaloc-normal distributions 
 The standardized loc-normal and scaloc-normal distributions were plotted using the 

following standard parameters: 𝒩𝒩𝐿𝐿(𝑚𝑚𝑚𝑚 = 0, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1) for loc-normal, and 𝒩𝒩𝑆𝑆𝑆𝑆(𝑛𝑛𝑛𝑛 =
0, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 1) for scaloc-normal distributions. The probability density function of the 
loc-normal distribution (See Eq. 2) and scaloc-normal distribution (See Eq. 4) were used 
to demonstrate and compare the density fitness of the loc-normal and scaloc-normal dis-
tributions. The results by graphical comparison indicate that the probability density func-
tions under loc-normal and scaloc-normal distributions basically fits each model and look 
the same (See Fig. 8).  
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Fig 8: Standardized loc-normal and scaloc-normal distributions.  

6.0. Discussion 
The aim of this study was to propose a parametrized version of a statistical normal 

distribution that is fundamentally correct and efficient with both the absolute and relative 
estimator of dispersion (i.e., standard deviation and coefficient of variation respectively). 
The results indicated that, overall, the proposed distribution (scaloc-normal distribution) 
is fundamentally correct and efficient distribution with both the standard deviation and 
coefficient of variation, unlike the loc-nornal (normal) distribution which is only funda-
mentally correct and efficient distribution with the standard deviation.  

Based on the parameters setting, the loc-normal (See Eq. 1) and scaloc-normal (See 
Eq. 3) distributions are very different, but both have linear transformation. The para-
metrized difference is the location shift for loc-normal and scaloc shift for scaloc-normal 
distributions. The additivity and scaling of the parameters on random variables make loc-
normal and scaloc-normal distributions members of scaloc-transformed (i.e., a scale-and-
location-transformed) distributions [1]; [2].  

As presented in Fig. 2, the mean, median, mode, skewness and kurtosis are basically 
the same in both the loc-normal and scaloc-normal distributions. Based on these results, 
it is provided that the location estimators are the same functionally and structurally. 
Henceforth, the probability density function under both the distributions follow the same 
structure and principle (See Fig. 8). Therefore, the proposed distribution (i.e., scaloc-nor-
mal distribution) is a parametrized alternative to a normal distribution. 

As presented in Fig. 3b, Fig. 6b and Fig. 7 the estimates of standard deviation and 
coefficient of variation are fundamentally correct (i.e., operate the location-invariance, and 
scale-invariance properties respectively) and efficiently suitable with scaloc-normal dis-
tribution. But with loc-normal distribution, only the standard deviation is fundamentally 
correct (i.e., operate the location-invariance property) and efficiently suitable (See Fig. 3a, 
Fig. 6a and Fig. 7). This result is clear for what has been known that the additivity and 
location-invariance of a loc-normal distribution are its most important properties [1]. The 
key statistical advantage of scaloc-normal over loc-normal distribution is its goodness 
with both standard deviation and coefficient of variation.  

Recommendations 
 Following the results of this paper, the following recommendations were provided 

in relation to which distribution suit which estimators to be used.  
I. Loc-normal distribution is suitable and efficient for the mean, median, mode, 

and standard deviation. 
II. Scaloc-normal distribution is suitable and efficient for the mean, median, mode, 

standard deviation, and coefficient of variation.  
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