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Abstract: The task of determining the distance from one object to another is one of the important 
tasks solved in robotics systems. Conventional algorithms rely on an iterative process of predicting 
distance estimates, which results in an increased computational burden. Algorithms used in robotic 
systems should require minimal time costs, as well as be resistant to the presence of noise. To solve 
these problems, the paper proposes an algorithm for Kalman combination filtering with a Gold-
schmidt divisor and a median filter. Software simulation showed an increase in the accuracy of pre-
dicting the estimate of the developed algorithm in comparison with the traditional filtering algo-
rithm, as well as an increase in the speed of the algorithm. The results obtained can be effectively 
applied in various computer vision systems.  

Keywords: Kalman filter, median filter, impulse noise, estimate prediction, object distance determi-
nation, lidar, value calibration, point cloud. 
 

1. Introduction 
Currently, solving problems related to determining the distance to an object is prac-

tically significant in various robotic systems, including computer vision systems [1]. Mod-
ern computer vision systems obtain real information about the distance to objects using 
various sets of sensors, such as radar [2], ultrasonic sensors [3], lidars [4], stereo mate [5], 
etc. 

At the same time, in various applications (unmanned vehicles, mobile applications), 
the approach of merging lidar and camera sensors is becoming more widespread [6]. In 
[6], the authors propose an approach to merge several lidar sensors and a color camera in 
real time to recognize multi-scale objects at the semantic level, which makes it possible to 
adapt the developed module to complex scenes.  

The procedure for the simultaneous use of such sensors is that the common sensor 
receives a combination of data coming from the camera in the form of an image, and from 
the lidar in the form of a cloud of points. After that, the resulting point cloud is projected 
onto the image. The position of the point cloud in the image is the determined distance to 
the moving object. In [7], the authors propose to determine the distance to objects of 
known sizes and geometry in order to improve the estimation of the position of the object 
before quantization and to obtain systematic errors inherent in lidar. The authors also 
propose in their work to apply the fitting method to convert the lidar into a monocular 
camera, which avoids the task of extracting the target edge from the point cloud. For suc-
cessful sensor fusion, [8] uses sparse and accurate point clouds as a guideline for deter-
mining the correspondence of stereo images in a single three-dimensional volume space. 
In [9], a lidar-camera fusion approach was developed to correct oscillating lidar distor-
tions with full velocity estimation. A new mechanism for quantifying and analyzing 3D 
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motion correlation for estimating real-time temporal displacement of fusion of dissimilar 
sensors is described by the authors of [10]. A multi-sensor platform for combining camera 
and lidar data for object detection, including small obstacles and moving objects, is pro-
posed in [11]. A new merge pipeline based on the method of early fusion of image range 
and RGB image to improve the detection of 3-D objects is proposed in [12]. A new ap-
proach to the use of a convolutional neural network that detects and identifies an object 
based on data obtained from a 3-D lidar is described in [13]. Paper [14] presents a new 
method for estimating the transformation between the manipulator camera and the 2D 
lidar coordinate system, based on the use of point, line, and plane geometry constraints 
between the segmented 2D lidar scan and the reconstructed trihedron elements. The pro-
posed spatiotemporal sampling algorithm activates the lidar only in areas of interest iden-
tified by analyzing visual input and reduces the base lidar frame rate according to the 
kinematic state of the system in [15]. In [16], the authors, before calibrating the lidar cam-
era, use a new method in which they align 3D visual points on laser scans based on the 
tight coupling graph optimization method to calculate the external parameter between 
the lidar and the camera. The approach [17] uses the geometric information provided by 
the point cloud as prior knowledge and clusters the point cloud data using an improved 
density clustering algorithm to further combine data from lidar and camera sensors. The 
authors of [18] in their work at the theoretical level analyze the limitations imposed by 
boundary objects and the sensitivity of the calibration accuracy to the distribution of 
boundaries in the scene, and at the implementation level they propose a method for de-
tecting lidar boundaries based on cutting voxels from a point cloud and fitting the plane. 
Three different approaches for combining image characteristics with point cloud data in 
which lidar reflection data can be replaced with low-level image characteristics without 
degrading detector performance have been developed by researchers [19]. To solve the 
problem of combining data from different types of lidar and camera sensors, the authors 
of [20] developed a multimodal system for detecting and tracking 3D objects (EZFusion). 
The classification of 3D LiDAR point clouds using a visual object detector and an object 
tracker that jointly performs detection and tracking of 3D objects before data calibration 
is used in [21].  

However, in all the listed works, the sensor data are calibrated without their prelim-
inary processing. Since there may be impulsive noise among the data during projection, 
then in this case, in order to improve the accuracy of distance estimation, the received data 
require primary processing with a digital filter. From this point of view, a suitable tool is 
the median filter [22], which allows cleaning data from impulse noise. On the other hand, 
the process of combining several sensors at the same time requires the use of a suitable 
algorithm that allows you to work with multiple input signals. The Kalman filter [23] is a 
recursive filter capable of predicting the future state of a system based on previous data. 

However, in real-time computer vision systems, the process of estimating the dis-
tance to a moving object should be as fast as possible. The presence of the division opera-
tion in the traditional Kalman filter algorithm increases the computational cost [24]. There 
are various approaches that allow to increase the speed of a computing system built on 
the basis of the Kalman filter, among which are the works [24-26] and others. In this paper, 
we propose an algorithm that includes combinational filtering of data based on a median 
filter used to filter a point cloud and a modified Kalman filter with a Goldschmidt divider 
used to predict estimates of distances to a moving object.  

The article includes: Section 1 containing preliminary information and problem state-
ment; Section 2, which introduces the developed filter algorithm; Section 3 describes soft-
ware and experimental simulations of filter accuracy and time performance estimates.            

2. Materials and Methods 
The Kalman filter is a recursive probabilistic filter. Based on the filter, the past state, 

present state and future state of the dynamic system are determined [27]. In this case, the 
entire filtering procedure can be divided into two processes, consisting in performing 
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prediction and updating the state. The predicted state is a mathematical model (1) and (2). 
They use previous and input data received from a series of sensors.  

𝑥̅௞ = 𝐴𝑥௞ିଵ + 𝐵𝑢௞ିଵ                                (1) 
where 𝑥̅௞  – state variable vector, 𝐴 – transition matrix between system states, 𝐵 – con-
trol matrix, 𝑢௞ିଵ – system control action at the previous moment of time. 

𝑃ത௞ = 𝐴𝑃௞ିଵ𝐴் + 𝑄                       (2)                       
where 𝑃ത௞  – error covariance matrix, 𝑄 – technological noise covariance matrix.  

The updated state uses the predicted state value to perform the next prediction step. 
The updated state is calculated using equations (4) and (5). At each stage of the filtering, 
both the prediction and update of the state and the prediction and update of the covari-
ance error are calculated. 

𝐾௞ =
௉തೖషభ

ு௉തೖషభு೅ାோ
                      (3) 

𝑥ො௞ = 𝑥̅௞ିଵ + 𝐾௞(𝑦௞ − 𝐻𝑥̅௞ିଵ)                 (4) 

𝑃෠௞ = (𝐼 − 𝐾௞𝐻)𝑃ത௞ିଵ                   (5) 

where 𝐾௞  – Kalman gain, 𝐻 – measurement matrix showing the relationship between 
measurements and the state of the system, 𝑅 – measurement noise matrix, 𝑦௞  – meas-
urement of the system state at the current time, 𝐼 – identity matrix.  

However, the step of updating the states of a dynamical system requires a prelimi-
nary determination of the value of the Kalman gain (3) [28] . Since Kalman gain involves 
performing a division operation, it can be concluded that gain calculation is the most com-
putationally expensive operation.  

There are many methods for designing fission equipment. Among which we can sin-
gle out the quadratically convergent Goldschmidt algorithm [29]. A feature of this algo-
rithm is the ability to obtain the result of division without a remainder. For exact rounding 
of the quotient, it is usually necessary to use an additional multiplication of the quotient 
and the divisor, and then subtract the product from the dividend to get the final remain-
der.  

Let’s represent the quotient as: 
𝑁 =

௔

௕
                          (6)                                                         

Then this algorithm is defined by the expression (7): 
𝑁 =

௔∗ி೔

௕∗ி೔
                         (7) 

where coefficient 𝐹௜ = 2 − 𝑏. As a result, the iterative multiplication of the dividend and 
the divisor of the fraction makes it possible to bring the denominator of the fraction to 1, 
and take the resulting numerator as an approximate division value. In section 2, we will 
show the application of the Goldschmidt algorithm in the Kalman filter when calculating 
the gain 𝐾௞, and we will also use the median filter to filter the point cloud projected onto 
the input image.  

The median filter is a non-linear digital filter [30]. Such a filter is used in image and 
signal processing to remove impulse noise and smooth the signal. In systems that receive 
information using sensors, the signals always have noise from the environment and noise 
from the loss of sensors.  

The process of median filtering is to obtain the signal values in the form of a varia-
tional series built in ascending or descending order. Signal values are taken in the vicinity 
of some point (filter window). To solve the task of determining the distance to a moving 
object, the median filter will select a cloud of points from the input images using nearby 
data. Thus, if we designate the filtered selection of array elements as 𝐷 = {𝑑ଵ, 𝑑ଶ, … , 𝑑௡}, 
so that the number of selection elements coincides with the size of the filter window, then 
the application of median filtering, which selects the central values of the ordered selec-
tion, can be written as:  

𝑥∗
= 𝑚𝑒𝑑(𝑑1, 𝑑2 , … , 𝑑𝑛)                    (8)                       
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3. Results 
This section presents a filtering algorithm that uses the median filtering method, as 

well as a modified Kalman filter based on the Goldschmidt divisor.  

3.1. Proposed algorithm  

Let some point 𝑚 = [𝑢, 𝑣]்  on the image plane be given. Moreover, it is a projec-
tion of some point 𝑀 = [𝑋, 𝑌, 𝑍]் in the space of the point cloud. Then the relationship 
between these points can be written as: 

𝑆 ∗ 𝑚 = 𝑊 ∗ [ 𝑅∗𝑡] ∗ 𝑀                     (9) 

where  𝑆 – some scalar, 𝑅∗ and 𝑡 – external parameters of the camera, 𝑊 – matrix of   
internal parameters of the camera (10): 

𝑊 = ቈ

𝛼 𝛾 𝑥௢

0 𝛽 𝑦௢

0 0 1
቉                       (10) 

where (𝑥଴, 𝑦଴) – coordinates of the point, 𝛼 and 𝛽 – compression ratios along the Ox 
and Oy axes, ,  𝛾 – coefficient of asymmetry between the image axes. We take 𝑍 = 0 and 
denote by 𝑟௜௝  the i-th element of the rotation matrix 𝑅∗. Then the projective matrix 𝑀௣ 
(11), which projects the point cloud onto the image obtained by calibrating the lidar and 
camera sensors, will take the form:  

𝑀௣ = ቈ
𝑟ଵଵ 𝑟ଵଶ 𝑥଴

𝑟ଶଵ 𝑟ଶଶ 𝑦଴

0 0 1
቉                     (11) 

Then we rewrite (9) for a point on the object 𝑀∗ = [𝑋, 𝑌, 1]்  and the corresponding point 
on the image 𝑚∗ in the form:  

𝑆 ∗ 𝑚∗ = 𝐿 ∗ 𝑀∗                      (12)                                        
where 𝐿 – image homography matrix, defined as:  

𝐿 = 𝑊[𝑟ଵ 𝑟ଶ 𝑡]                    (13) 

Let us find the homography matrix, for this we introduce the covariance matrix 𝛷௠೔
  

∑ (𝑚௜ − 𝑚௜
∗)்𝛷௠೔

ିଵ(𝑚௜ − 𝑚௜
∗)௜                 (14) 

where 𝑚௜
∗ determine from the expression (15):  

𝑚௜
∗ =

ଵ

௟య̅
೅ெ೔

ቈ
𝑙ଵ̅

்𝑀௜

𝑙ଶ̅
்𝑀௜

቉                       (15) 

where 𝑙௜̅  – i-th row of the matrix 𝐿. 
 Let 𝐿 = [𝑙ଵ 𝑙ଶ 𝑙ଷ], then from (12) we get:  

                                                  [𝑙ଵ 𝑙ଶ 𝑙ଷ] = 𝜆𝑊[𝑟ଵ 𝑟ଶ 𝑡] 

where 𝜆 – some scalar. Knowing that 𝑟ଵ and 𝑟ଶ are orthogonal, then we write: 
𝑙ଵ

்𝑊ି்𝑊ିଵ𝑙ଶ = 0                     (16) 

𝑙ଵ
்𝑊ି்𝑊ିଵ𝑙ଵ = 𝑙ଶ

்𝑊ି்𝑊ିଵ𝑙ଶ                (17) 

For 𝑣௜௝  we get:  
                                𝑣௜௝ = ൣ𝑙௜ଵ𝑙௝ଵ, 𝑙௜ଵ𝑙௝ଶ + 𝑙௜ଶ𝑙௝ଵ, 𝑙௜ଶ𝑙௝ଶ + 𝑙௜ଷ𝑙௝ଵ + 𝑙௜ଵ𝑙௝ଷ, 𝑙௜ଷ𝑙௝ଶ + 𝑙௜ଶ𝑙௝ଷ, 𝑙௜ଷ𝑙௝ଷ൧

்
 

Then we rewrite (16) and (17) as:  

൤
𝑣ଵଶ

்

(𝑣ଵଵ − 𝑣ଶଶ)்൨ 𝑒 = 0                   (18) 

Where is the vector 𝑒: 
                                                          𝑒 = [𝐸ଵଵ, 𝐸ଵଶ, 𝐸ଶଶ, 𝐸ଵଷ, 𝐸ଶଷ, 𝐸ଷଷ ] 

𝐸௜௝  matrix elements 𝐸 = 𝑊ି்𝑊ିଵ. Then, to determine the matrix 𝑊 of the internal pa-
rameters of the camera, it suffices to use n images and equations (19): 

                                                      𝑣଴ = (𝐸ଵଶ𝐸ଵଷ − 𝐸ଵଵ𝐸ଶଷ)/(𝐸ଵଵ𝐸ଶଶ − 𝐸ଵଶ
ଶ ) 
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                                                    𝜆 = 𝐸ଷଷ − [𝐸ଵଷ
ଶ + 𝑣଴(𝐸ଵଶ𝐸ଵଷ − 𝐸ଵଵ𝐸ଶଷ)]/𝐸ଵଵ 

                                                                  𝛼 = ඥ𝜆/𝐸ଵଵ 
                                                         𝛽 = ඥ𝜆𝐸ଵଵ/(𝐸ଵଵ𝐸ଶଶ − 𝐸ଵଶ

ଶ ) 

                                                                𝛾 = −
ாభమఈమఉ

ఒ
 

                                             𝑢଴ =
௖௩బ

ఈ
−

ாభయఈమ

ఒ
 

After determining the matrix 𝑊, it is possible to determine the homography matrix, 
and using expression (12) ) to carry out a complete projection of the point cloud into the 
image space. Denote 𝑑௜௝ = 𝐿 ∗ 𝑀∗. Then after projecting the points, we get some matrix of 
values:  

𝐷 = ቎

𝑑ଵଵ ⋯ 𝑑ଵ௝

⋮ ⋱ ⋮
𝑑௜ଵ ⋯ 𝑑௜௝

቏                          (20) 

To the resulting array of values, we will apply a median filter of size 𝑁 ∗ 𝑁 for pre-pro-
cessing and removal of impulse noise. This approach will improve the accuracy of the 
position of the point cloud to further determine the distance to the object. After receiving 
the processed data, a digital Kalman filter is applied to them. The Kalman filter can predict 
future status based on previous data. We propose a modified Kalman filter algorithm based 
on the use of the Goldschmidt divider to calculate the Kalman gain value.  

Thus, based on the conditions described, the paper proposes an algorithm for imple-
menting data filtering to detect the distance to an object in a video data stream     
  
Proposed algorithm: Data filtering using median filter and Kalman filter built using the Gold-
schmidt algorithm to calculate the Kalman gain 
Input data: 

1:              ൛𝑚, 𝑀, 𝑆, 𝑅∗, 𝐿, 𝐸, 𝑟ଵ, 𝑟ଶ, 𝑡, 𝑥଴,௜ , 𝑃௢,௜ , 𝐴, 𝐵, 𝐶, 𝐷, 𝐻, 𝑄, 𝑅ൟ 

Calibration of sensor values: 

Determination of the internal parameters of the camera matrix 𝑊: 

2.             𝑣଴ = (𝐸ଵଶ𝐸ଵଷ − 𝐸ଵଵ𝐸ଶଷ)/(𝐸ଵଵ𝐸ଶଶ − 𝐸ଵଶ
ଶ ) 

3.              𝜆 = 𝐸ଷଷ − [𝐸ଵଷ
ଶ + 𝑣଴(𝐸ଵଶ𝐸ଵଷ − 𝐸ଵଵ𝐸ଶଷ)]/𝐸ଵଵ 

4.                         𝛼 = ඥ𝜆/𝐸ଵଵ 

5.                   𝛽 = ඥ𝜆𝐸ଵଵ/(𝐸ଵଵ𝐸ଶଶ − 𝐸ଵଶ
ଶ ) 

6.                    𝛾 = −
ாభమఈమఉ

ఒ
 

7.                   𝑢଴ =
௖௩బ

ఈ
−

ாభయఈమ

ఒ
 

Definition of homography matrix: 

8.                   𝐿 = 𝑊[𝑟ଵ 𝑟ଶ 𝑡] 
Projection matrix calculation 𝐷: 

9.                    𝑑௜௝ = 𝐿 ∗ 𝑀∗ 
Calculation of median filtering values: 

10.                   𝑥∗ = 𝑚𝑒𝑑(𝑑ଵ, 𝑑ଶ, … , 𝑑௡) 
Kalman filtering: 

Prediction Calculation: 

11:                  𝑥̅௞ = 𝐴𝑥௞ିଵ + 𝐵𝑢௞ିଵ 
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12:                           𝑃ത௞ = 𝐴𝑃௞ିଵ𝐴் + 𝑄 

Kalman gain calculation: 

13:                        𝑏଴ = 𝐻𝑃ത௞𝐻் + 𝑅 
14:                         𝐹௞ = 2 − 𝑏௞ 
15.                         𝑁௞ = 𝑁௞ିଵ𝐹௞ 
16:                         𝑏௞ = 𝑏௞ିଵ𝐹௞ 

   If 𝑏௞ = 1, then 
17:                        𝐾௞ = 𝑃ത௞𝐻்𝑏௞ 
    other 𝐹௞ାଵ = 2 − 𝑏௞ , 
Update Calculation: 

18:                   𝑥ො௞ = 𝑥̅௞ିଵ + 𝐾௞(𝑦௞ − 𝐻𝑥̅௞ିଵ) 

19:                       𝑃෠௞ = (𝐼 − 𝐾௞𝐻)𝑃ത௞ିଵ 
 

The developed algorithm makes it possible to obtain such a filter design that is capable 
of processing data obtained after calibrating the values coming from different types of sen-
sors. At the same time, the use of median filtering preliminarily clears the projected data from 
different planes from impulse noise. In turn, the modified Kalman filter, due to the use of the 
Goldschmidt algorithm in calculating the Kalman gain, makes it possible to avoid the division 
operation in the filter design, which will reduce computational costs during filtering.  

Let us consider the numerical implementation of the algorithm described above, which 
proves the effectiveness of the proposed algorithm and theoretical results in comparison with 
the known algorithm      

 

3.2. Numerical and software implementation 
Let the system under consideration consist of 2 sensors: a lidar sensor and a camera 

from which images are received. The system matrices and input data are proposed to be 
equal: 𝑚 = [4, 3]் , 𝑀 = [2,1,0]் , 𝑊𝑖 = 10 × 10;  𝛼 = 𝛽 = 1 , 𝛾 = 0 , 𝑅∗ = 1 , 𝑡 = 1 ,  
∆𝑇 = 0,05 – sampling time for each frame, 𝐵 = 0, 𝜏 = 0,05 – measurement noise variance 

                                      𝐴 = ቎

1
0
0
0

0
1
0
0

∆𝑇
0
1
0

0
∆𝑇
0
1

቏ 

                                𝑄 = ൦

∆𝑇ସ/4
0

∆𝑇ଷ/2
0

0
∆𝑇ସ/4

0
∆𝑇ଷ/2

∆𝑇ଷ/2
0

∆𝑇ଶ

0

0
∆𝑇ଷ/2

0
∆𝑇ଶ

൪ ∗ 𝜏ଶ 

                                      𝑅 = ቎

𝜏ଵ

0
0
0

0
𝜏ଵ

0
0

0
0
𝜏ଵ

0

0
0
0
𝜏ଵ

቏ 

                                       𝐻 = ቎

1
0
1
0

0
1
0
1

0
0
0
0

0
0
0
0

቏ 

 
Comparison of the simulation results for the well-known Kalman filtering algorithm and 

the developed algorithm are presented in Table 1. The error in determining the distance was 
found as the difference between the true value of the distance and the determined one. Each 
scenario number has a different distance. Simulation was carried out on 10 scenarios with 
different true distance values, respectively, from 1 to 10 m.  

 
Table 1. Results in the measurement error and the time of determining the distance to the 
object in the known and proposed algorithm.   
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№ 
Known Algorithm Proposed Algorithm 

Error Temporary  
delay 

Error Temporary  
delay 

1 0.89 0.17 0.48 0.12 
2 0.65 0.17 0.57 0.14 
3 0.87 0.16 0.32 0.14 
4 0.35 0.18 0.13 0.16 
5 0.78 0.19 0.07 0.15 
6 0.26 0.23 0.18 0.19 
7 0.37 0.22 0.33 0.19 
8 0.58 0.27 0.31 0.22 
9 0.82 0.25 0.55 0.25 
10 0.82 0.25 0.39 0.22 

 
  
Figure 1 shows the results of software simulation. To carry out software simulation, ar-

chival data was used in the form of a video file with a frame size of 720 × 1280 and an input 
rate of up to 30 frames per second. The simulation was carried out using the Matlab R2021a 
software package. The purpose of the simulation is to measure the distance from the sensor 
to the object. The object of interest is in the bounding box, and the bounding box is created 
by detecting the object. The determined distance corresponds to the measured distance from 
the point cloud. The data is unstable due to the large number of point clouds from the envi-
ronment and objects in the bounding box. There was a difficulty in choosing an objective point 
cloud. The median filter helps you select a bounding box point cloud using nearby data. 

 

  
(a) 
 

 
(b) 
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(c)        

Figure 1. The result of software simulation of determining the distance from the object to the car a) 
the distance to the approaching object; b) distance to turning objects; c) distance to the receding 
object 

4. Discussion 
The obtained results show that the developed algorithm gives a gain in the measure-

ment error due to the use of the median filter and the detection time of the distance to the 
object in the video data stream. Moreover, the greater the distance to the object, the higher 
the error and the time of determining the distance.  

As a result of the program, the distance to moving objects is determined. During the 
entire video sequence, moving objects can be covered by other objects, projective trans-
formations associated with camera tilt do not occur. However, there are affine transfor-
mations associated with scalability and rotation of moving objects. The results obtained 
make it possible to determine the distance to moving objects when this object is over-
lapped in computer vision systems.   

5. Conclusions 
In this paper, we studied the solution of the problem of determining the distance to 

an object using the well-known Kalman filtering algorithm and the developed filtering 
algorithm, which uses the Goldschmidt divider design to improve the performance of the 
computing system. Also, the developed algorithm includes a block of median data filter-
ing to improve the accuracy of determining the distance to the object. The results of soft-
ware simulation showed a faster determination of the distance to an object in the video 
data stream, as well as a smaller error in such determination. The results obtained showed 
that the developed algorithm can be applied in computer vision systems to combine data 
obtained from different types of sensors. In addition, the proposed algorithm should be 
applied in computer vision systems, where a critical indicator is to increase the perfor-
mance of the system, i.e. indicator of the time delay of the system.  

Further research will be aimed at developing the hardware implementation of the 
developed algorithm, the architectural implementation of the median filtering units, and 
the modified algorithm divider, as well as comparing the work of the developed architec-
tures in positional and non-positional number systems.  
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