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Abstract: In the past few years, the possibility to transfer power wirelessly has experienced growing 1

interest from the research community. Since the wireless channel is subject to a large number 2

of random phenomena, a crucial aspect is the statistical characterization of the energy that can 3

be harvested by a given device. For this characterization to be reliable, a powerful model of the 4

propagation channel is necessary. The recently proposed Generalized-K model has proven to be very 5

useful, as it encompasses the effects of path-loss, shadowing and fast fading for a broad set of wireless 6

scenarios, and it is analytically tractable. Accordingly, the purpose of this paper is to characterize, 7

from a statistical point of view, the energy harvested by a static device from an unmodulated carrier 8

signal generated by a dedicated source, assuming that the wireless channel obeys the Generalized-K 9

propagation model. Specifically, using simulation-validated analytical methods, this paper provides 10

exact closed-form expressions for the average and variance of the energy harvested over an arbitrary 11

time period. The derived formulation can be used to determine a power transfer plan that allows 12

multiple or even massive numbers of low-power devices to operate continuously, as expected from 13

future network scenarios such as IoT or 5G/6G. 14

Keywords: RF energy harvesting; wireless power transfer; path-loss; shadowing; multi-path fading; 15

unmodulated carrier; AWGN; mean; variance; correlation 16

1. Introduction 17

Recent developments in low-power integrated circuits and wireless technologies, the 18

emergence of new application paradigms in the context of IoT, and a better understanding 19

of propagation phenomena, have led the scientific community to revise Tesla’s initial idea 20

of the wireless power transfer. This idea is now seen as a promising and achievable solution 21

to overcome the limitations of conventional power supply methods, such as batteries or 22

wired connections to fixed power grids. Given the large number of nodes expected to be 23

interconnected in IoT applications and other 5G/6G scenarios, the benefits of RF-EH in 24

terms of operating cost savings and self-sustainability are undoubted. In addition, whether 25

based solely on RF-EH or combined with other primary energy sources (solar radiation, 26

mechanical vibration, air flow, etc.), the panacea of perpetual operation of wireless networks 27

seems somewhat closer today. 28

Research in RF-EH has already produced significant results, as indicated in recent 29

survey papers. Examples are [1], [2] and [3]. Also, relatively new books like [4] or [5] contain 30

good compilations of the main concepts and results. However, until now less attention has 31

been paid to the role of the propagation environment, which is crucial for the statistical 32

characterization of the energy harvested by any device. For example, many papers assume 33

the presence of a dedicated energy source, which performs channel estimation to adjust the 34

transmitted power accordingly. Therefore, in these works less importance is attributed to 35

the propagation model. However, an important application area for RF-EH is IoT, which is 36

expected to comprise thousands or even millions of extremely simple and low-cost wireless 37
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devices. Consequently, it is quite possible that neither these devices can participate in CSI 38

procedures, nor can the power transmitter cope with the excessive workload involved in 39

keeping track of each connection. 40

Other works adopt simplified propagation models. For example, the work presented 41

in [6] assumes free-space path-loss and additive white Gaussian noise, which is consistent 42

with the use of a power transmitter mounted on a UAV flying along a circular path 43

over the wireless nodes. In [7], a two-ray model is used to account for both LOS and 44

NLOS propagation, and then the average energy harvested is calculated. The use of the 45

two-ray model applies to situations where there is a direct LOS component and a clear 46

NLOS component reflected by a uniform ground plane. This model is further extended 47

to path-loss, lognormal shadowing and Rician fading, where the latter characterizes the 48

aggregation of many weak scattered rays rather than a single dominant one. However, such 49

an extension is not used to obtain more general statistics on energy harvesting, but only for 50

the estimation of experimental parameters. Reference [8] discusses a power beamforming 51

strategy for distributed power transfer from multiple transmitters to a single receiver, based 52

on a relatively simple path-loss model combined with Rayleigh fading and Gaussian noise. 53

The work presented at [1] includes a brief description of wireless propagation through 54

easy-to-handle models such as free-space, two-ray or Rayleigh. 55

However, among the reviewed literature, the closest contributions to the work pre- 56

sented in this paper are [9] and [10]. The first characterizes the average and variance 57

of the energy collected by a node from the RF signal generated by multiple transmitters 58

distributed according to a spatial Poisson process. The channel between each transmitter 59

and the collector node is initially assumed to be Generalized-K, but is then approximated 60

by a Gamma distribution and finally mixed with the rest of the channel distributions to 61

produce a general Gaussian process according to the Central Limit Theorem. Very general 62

propagation models are also considered in [10], such as the Generalized η-µ and κ-µ models, 63

which are used to obtain exact closed-form expressions for the distribution, mean, variance 64

and higher-order moments of the recharge time. However, no relationship is provided 65

between the mathematical parameters of these models and the physical parameters of the 66

system. 67

This paper fills the previous gaps by fully considering the Generalized-K propagation 68

model for the statistical characterization of the energy collected by a single device over 69

an arbitrary time interval. The Generalized K-model is doubly advantageous in that it is 70

analytically tractable (in contrast to what is stated in [9]) while also covering a wide variety 71

of scenarios with respect to all perturbations introduced by wireless channels, namely 72

path-loss, shadowing and fast fading. Furthermore, the level of these perturbations can 73

be easily adjusted through the model parameters, which in turn are closely related to the 74

physical quantities that characterize the system. Specifically, closed-form expressions are 75

obtained for the mean and variance of the energy harvested by a static device, which is 76

assumed to be illuminated by a dedicated source emitting an unmodulated carrier. To the 77

author’s knowledge, this is the first work that adopts a very general propagation model to 78

accurately characterize the statistics of the RF energy harvesting process. Moreover, the 79

obtained formulation is useful for several purposes: 80

• To analyze the effects of system parameters on the statistics of the energy harvesting 81

process; 82

• In the context of future wireless energy networks, to define guidelines for the location 83

of primary and secondary power sources [18]; 84

• Also with regards to wireless energy networks, to analyze the queuing behavior when 85

multiple energy requests are directed to the same power source. 86

The rest of the paper is organized as follows. In Section 2, the basics of RF-EH 87

are reviewed. In Section 3, the problem is formulated by stating the system model and 88

assumptions, the energy harvesting equations and the Generalized-K distribution. Exact 89

closed-form expressions for the average and variance of the energy harvested by a static 90

device are respectively obtained in Sections 4 and 5. In Section 6, the analytical expressions 91
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are validated by simulation and then numerical results are obtained. Finally, in Section 7, 92

the main conclusions and suggestions for further research are drawn. 93

2. Fundamentals of RF-EH 94

RF-EH has recently emerged as a disruptive technology that allows low-power 95

portable devices and energy-constrained wireless networks to convert the electromag- 96

netic energy present in the environment into DC current. This idea is not new, as it dates 97

back to the early years of the last century, when Nikola Tesla designed and built an experi- 98

mental station (Wardenclyffe Tower) for the wireless transfer of information and energy 99

to remote devices. However, the project did not receive enough funds and was quickly 100

abandoned before it became operational due to several reasons: the low efficiency of 101

the electric-to-electromagnetic-to-electric conversion process as well as health concerns 102

related to high power transmitters. Fortunately, in the past few years we have witnessed a 103

resurgence of the concept, as a result of its reformulation for low power wireless devices. 104

WPT techniques fall into one of two major categories, namely near-field and far-field. 105

The distinction is made because electromagnetic waves behave very differently in these 106

two regions, and correspondingly the techniques to collect energy from them are also 107

quite different. Near-field propagation takes place within an area of about one wavelength 108

of the transmitting antenna, which typically corresponds to distances of at most several 109

meters. As detailed in [3], propagation in the near-field region is essentially non-radiative, 110

meaning that power leaves the transmitter only when there is a receiver to couple to within 111

such region. Accordingly, power can be transferred in the near-field region by employing 112

inductive coupling, capacitive coupling or their enhanced versions, which consist of adding 113

resonant circuits in order to increase the power coupling coefficient and, consequently, 114

the transmission range. However, for distances of hundreds of meters or even several 115

kilometers, far-field is the only possible region of operation. In contrast to near-field, 116

far-field propagation is radiative and it obeys the well-known Friis equation when no 117

obstacles are present between transmitter and receiver. Precisely, RF-EH encompasses 118

systems and techniques devoted to far-field WPT via electromagnetic signals like radio 119

waves, microwaves or light waves. 120

The traditional receiver architecture for information decoding is not suitable for energy 121

harvesting, not only because the goals are clearly different, but also due to the fact that 122

the two processes work on very different power levels (much higher in the case of energy 123

harvesting). Accordingly, one solution is to have independent segments for wireless power 124

transfer and wireless information transfer (WIT), as depicted in Fig. 1. Such a global 125

scenario of WIPT is also referred to as separated receiver architecture. As it can be noticed, 126

power sources can be classified into two classes, dedicated power sources and ambient power 127

sources. Dedicated power sources are specifically deployed to transfer RF energy to one 128

or several nodes. These sources can use the license-free ISM frequency bands, though 129

subject to restrictive upper bounds on transmission power. On the other hand, ambient 130

power sources, that is, transmitters that are not intended for RF energy transfer, are always 131

available at no cost, but the collected energy can be very small. So, for applications that 132

require stable and predictable energy supply, dedicated power sources are preferable. Fig. 1 133

also highlights the role of a power management unit, which can implement two policies to 134

control the incoming energy flow: harvest-use and harvest-store-use. In the harvest-use mode, 135

the harvested energy is directly used to power the information decoder segment. Therefore, 136

the supplied electricity has to exceed the minimum energy demand of that segment in order 137

to guarantee its continuous operation. Otherwise, performance metrics such as delay or 138

throughput could be penalized. The harvest-use mode is very simple to implement, but it 139

has the disadvantage that any excess of energy is lost. By contrast, in the harvest-store-use 140

mode, the excess energy can be stored in a rechargeable battery. 141

The architecture represented in Fig. 1 is also known as out-of-band RF energy har- 142

vesting, because the node collects energy from an RF signal different from that used to 143

receive information. However, since the information signal also carries energy, a new 144
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modality called SWIPT, or in-band energy harvesting, was devised. The new architecture 145

is represented in Fig. 2. As it can be noticed, SWIPT allows for using a single antenna (or 146

antenna array) to obtain both information and energy. However, a splitting architecture is 147

required in order to distribute the received signal among the two processes. The reason is 148

that a serial implementation would not be feasible whichever process was implemented 149

first: either the energy harvester would destroy information, or the information decoder 150

would consume all signal power. The splitting architecture can obey different models, 151

namely time-switching and power-splitting. In the time-switching model, the node uses the 152

full received signal either for information decoding or energy harvesting at a time, whereas 153

in power-splitting the signal is divided into two streams for simultaneous information 154

decoding and energy harvesting, not necessarily under the same power levels. References 155

[1] and [3] provide very complete descriptions of the WIPT and SWIPT architectures. An 156

intermediate architecture between those of Figs. 1 and 2 is one that consists of using the 157

same RF signal to obtain information and energy, as in SWIPT, but using two different 158

antennas (or two sets of antenna arrays) at the receiving node, as in WIPT, in order to 159

avoid the splitting process. In [3], this architecture is referred to as antenna-switching, thus 160

essentially a new form of splitting architecture. 161

Finally, another architecture is frequency-splitting, whose diagram is shown in Fig. 162

3. In this architecture, the input signal transports both information and power by using 163

separated frequencies. In fact, this signal consists of the information-bearing modulated 164

component plus an unmodulated sine wave that essentially results from shifting the carrier 165

frequency used in the modulation process, from a value fc to a different value fp. The 166

figure also highlights the fact that though the transmitter sends a pure sinusoidal to transfer 167

power, the received signal exhibits some spread due to variations in channel coefficient. So, 168

there must be a sufficiently high guard band between fc and fp. 169

Figure 1. WIPT scenario, with separated WIT and WPT segments. The WIT segment contains
conventional hardware to receive (and also transmit) information, whereas the WPT segment is
essentially a voltage rectifier followed by a low-pass filter devoted to extracting the DC component of
the received signal.
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Figure 2. SWIPT scenario. Power is obtained from the same information signal, by using a splitting
architecture that generates an input for every independent process.

Figure 3. Frequency-splitting architecture. This architecture is really a variant of WIPT, because
information and power are transferred via signals differentiated in the frequency domain. However,
just a single antenna is required at each side of the link, as in SWIPT.

3. Problem Formulation 170

In this section, the system model and assumptions, the fundamental energy harvesting 171

equation and the Generalized-K distribution are formulated. 172

3.1. System Model and Assumptions 173

As stated in [1], the SWIPT architectures always impose a trade-off between infor- 174

mation rate and amount of RF energy harvested. To bypass this trade-off, specially in 175

situations where stable and predictable energy supply is required, WPT from a dedicated 176

source is preferable. Accordingly, this paper focuses on scenarios like those shown in Fig. 1 177

or Fig. 3. More specifically, the system under analysis is shown in Fig. 4, where a dedicated 178

power source generates an unmodulated carrier at frequency fp in the RF, microwave or 179

visible light bands. Both the power source and the receivers are located at fixed positions 180

and equipped with directional antennas of gains Gt and Gr respectively. In particular, the 181

power source uses a phased array that allows for tuning the main beam in the direction of 182

current receiver, whereas receiver antennas are always aligned with the power source. An 183

AWGN channel is assumed, with spectral noise density N0 and a channel coefficient h(t) 184

that obeys the above-mentioned Generalized-K distribution. Also, the energy harvesting 185

device is assumed to operate linearly, in spite of the presence of non-linear components like 186

diodes. For the sake of generality, the analysis will start from an arbitrary waveform x(t) 187

for the power-bearing signal, and only in the end it will be particularized to the special case 188

of an unmodulated carrier. The corresponding power transfer bandwidth is B, meaning 189

that the impedance matching circuit (or the combined effect of this circuit and the stop-band 190

filter at fc if the scenario of Fig. 3 is considered) has an equivalent bandwidth B centered at 191

frequency fp. 192
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Figure 4. System model.

3.2. Energy Harvesting Equation 193

Using complex notation, the power-bearing signal x(t) can be expressed in terms of 194

its equivalent low-pass signal or complex envelope x̃(t) as follows: 195

x(t) = ℜ
{

x̃(t) · ej2π fpt
}

(1)

Here, ℜ stands for the real part. As pointed out in [12], the received signal can be 196

generally formulated in this way: 197

r(t) = ℜ
{

K(t)

∑
k=0

αk(t) · x̃(t − τk(t)) · ej(2π fp(t−τk(t))+φk)

}
+ n(t) (2)

In this expression, n(t) is the AWGN component, K(t) is the total number of resolv- 198

able multi-path components and αk(t), τk(t) and ϕk are, respectively, the time-dependent 199

amplitude and delay parameters and a constant phase offset associated with the k:th re- 200

solvable multi-path component. If the delay spread of the channel, Tm, verifies Tm ≪ 1
B , 201

then x̃(t − τk(t)) ∼= x̃(t). This is the so called narrow-band fading condition. Note that 202

for x(t) consisting of an unmodulated carrier, this condition holds for any Tm. So, under 203

narrow-band fading, we have: 204

r(t) = ℜ
{(

K(t)

∑
k=0

αk(t) · e−j(2π fpτk(t)−φk)

)
· x̃(t) · ej2π fpt

}
+ n(t) (3)

The summation term between parentheses is independent of the complex envelope 205

x̃(t) and hence it simply introduces a multiplicative effect on the signal. It’s the so called 206

channel coefficient, typically denoted by h(t). Accordingly, equation (3) can be rewritten in 207

the following way: 208

r(t) = ℜ
{

x̃(t) · h(t) · ej2π fpt
}
+ n(t) (4)

The noise component can also be reformulated in terms of its complex envelope ñ(t) 209

as n(t) = ℜ{ñ(t) · ej2π fpt}, and therefore the channel output signal can be expressed as 210

follows: 211

r(t) = ℜ
{
(x̃(t) · h(t) + ñ(t)) · ej2π fpt

}
(5)

The term multiplying the exponential is nothing else but the complex envelope of the 212

received signal r(t), namely r̃(t): 213
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r̃(t) = x̃(t) · h(t) + ñ(t) (6)

Figure 5. Equivalent low-pass model of the channel.
Fig. 5 shows the equivalent low-pass representation of the channel effect, as well as

the subsequent energy harvesting and power management units. The energy harvesting
unit is capable of producing a certain amount of energy at the end of an exposition time
period T. This energy, denoted as E(T), can be mathematically formulated as follows:

E(T) = η
∫

T
r2(t) · dt (7)

Here, the integral represents the RF energy captured by the receiving antenna along the 214

period T, whereas η denotes the RF-to-DC conversion efficiency. Equation (7) constitutes 215

the starting point of the analysis performed in this paper. 216

3.3. The Generalized-K Distribution 217

The Generalized-K distribution is a powerful description of the perturbation effects 218

experienced by signals in wireless propagation environments. It was proposed at the begin- 219

ning of the 2000 decade as a compound probability density function (PDF) encompassing 220

all sources of wireless signal degradation, namely path-loss, shadowing and fast fading. In 221

addition, it enjoys the property of analytical tractability, which helps to obtain closed-form 222

expressions for the performance measures of interest. An example is the statistical charac- 223

terization of the energy harvested performed in this paper. The availability of closed-form 224

expressions for magnitudes such as the mean and variance of the energy harvested is very 225

useful for network planning, specially in scenarios like IoT, where the energy provider 226

cannot rely on CSI to adjust its transmission power because of the expected massive number 227

of participating devices. 228

The Generalized-K model combines the Nakagami-m distribution for fast fading and 229

the Gamma distribution for path-loss and shadowing (Nakagami-Gamma). In addition, 230

it can be particularized to numerous well-known models, such as Rayleigh-Lognormal 231

(Suzuki model), Nakagami-Lognormal, Rayleigh-Gamma (K model) and, in an approximate 232

way, Rician-Gamma and Rician-Lognormal. 233

Let z = z(t) = ∥h(t)∥ be the module of the channel coefficient. Assuming that
the channel is stationary, z can be treated as a single random variable whose statistical
characterization is independent of time. If the Nakagami distribution is used to model
small-scale multi-path fading whereas the Gamma distribution is used to model path-loss
and shadowing, the resulting composite fading process obeys the Generalized-K model.
Accordingly, the probability density function (PDF) of z can be expressed as follows:

fZ(z) =
4
√

m
b

Γ(a)Γ(m)

(√
m
b

z
)a+m−1

Ka−m

(
2
√

m
b

z
)

(8)
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In this expression, a and b are respectively the shape and scale parameters of the Gamma
distribution (a > 0, b > 0), whereas m > 0 is the so-called Nakagami parameter. Ka−m
stands for the modified Bessel function of order (a − m). In turn, a and b can be formulated
in terms of physical parameters:

a =
1

e
σ2

ΨdB
ζ2 − 1

(9)

b = e
µΨdB

ζ +
σ2

ΨdB
2ζ2

(
e

σ2
ΨdB
ζ2 − 1

)
(10)

In these expressions, ζ = 10
ln 10 , and µΨdB and σΨdB are, respectively, the average and

standard deviation of ΨdB = 10 log10 Ψ = 10 log10
Pr
Pt

, that is, the ratio of power received
to power transmitted expressed in dB. The expected value µΨdB is given by the following
expression:

µΨdB = 10 log10 α − 10β log10
d
d0

(11)

Here, d is the distance between the transmitter and the receiver (transmission distance), 234

d0 is the reference distance, β is the path-loss exponent and α is a constant that depends 235

on multiple parameters (antenna gains, reference distance, path-loss exponent, average 236

blockage and carrier frequency). There is no mathematical expression for σΨdB (shadowing 237

spread), but it’s value has been experimentally set up within the range [4, 13] dB [12]. The 238

generic path-loss model given in (11) can be replaced by more specific models (free-space, 239

two-ray, Okumura, Hata, COST 231, etc.) when further details about the scenario are 240

provided [12]. 241

Equations (8) to (11) define a versatile propagation model that is entirely formulated in 242

terms of physical (and measurable) parameters. To summarize, the inputs to this model are 243

the constant α, the path-loss exponent, both the transmission and reference distances, the 244

delay spread and the Nakagami parameter. This parameter can take on any value above 245

0, thus providing high flexibility to capture quite different small-scale multi-path fading 246

conditions: 247

• If m > 1, the channel is Rician, meaning that there is a dominant line-of-sight (LOS) 248

propagation component over the scattered non-LOS component. This is the so-called 249

non-isotropic propagation environment. In this case, the degree of fading is low, becoming 250

less severe with increasing m. In particular, for m → ∞ there is no fading. 251

• If m ≤ 1, there is no dominant LOS component in the received signal and the degree 252

of fading is high, increasing as m decreases. Such scenario is referred to as isotropic 253

propagation environment. Particular cases are m = 1 (Rayleigh channel), m = 0.5 254

(one-sided Gaussian channel) and m ≪ 1 (very severe fading channel). 255

4. Average Energy Harvested 256

The first step in the characterization of the amount of energy harvested as a random
variable is to obtain its average. Recalling equation (7), the expected energy harvested can
be formulated in this way:

E{E(T)} = E
{

η
∫

T
r2(t) · dt

}
= η

∫
T

E
{

r2(t)
}
· dt =

η

2

∫
T

E
{
∥r̃(t)∥2

}
· dt (12)

On the other hand, from equation (7), we have:

r̃(t) =
(
x̃I(t) + j · x̃Q(t)

)
· (hre(t) + j · him(t)) + ñI(t) + j · ñQ(t) (13)

In this expression, both x̃(t) and ñ(t) have been decomposed into their in-phase and
quadrature components, respectively (x̃I(t), x̃Q(t)) and (ñI(t), ñQ(t)), and the channel
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coefficient into its real and imaginary parts, namely (hre(t), him(t)). Further manipulation
allows to separate the real and imaginary components of r̃(t) as follows:

r̃(t) = x̃I(t) · hre(t)− x̃Q(t) · him(t) + ñI(t) + j ·
(
x̃I(t) · him(t) + x̃Q(t) · hre(t) + ñQ(t)

)
(14)

Then, the squared module of r̃(t) is nothing else but the sum of the squared real and
imaginary parts:

∥r̃(t)∥2 =
(

x̃I(t) · hre(t)− x̃Q(t) · him(t) + ñI(t)
)2

+
(
x̃I(t) · him(t) + x̃Q(t) · hre(t) + ñQ(t)

)2

(15)
Proceeding through standard calculations, we can end up with the following exact result
for ∥r̃(t)∥2:

∥r̃(t)∥2 = ∥x̃(t)∥2 · ∥h(t)∥2 + ñ2
I (t) + ñ2

Q(t) + 2
(
x̃I(t) · hre(t)− x̃Q(t) · him(t)

)
· ñI(t)

+ 2
(
x̃I(t) · him(t) + x̃Q(t) · hre(t)

)
· ñQ(t) (16)

Next, we can obtain the expectation of ∥r̃(t)∥2. The analysis can be simplified by recalling
some valuable properties of AWGN ([14]): (i) E

{
ñ2

I (t)
}

= E
{

ñ2
Q(t)

}
= E

{
n2(t)

}
=

NR = η0 · B, where NR stands for the received noise power, η0 for the spectral density
power and B for the power transfer bandwidth, (ii) E{ñI(t)} = E

{
ñQ(t)

}
= 0, and (iii)

ñI(t) and ñQ(t) are mutually independent Gaussian random variables. In addition, since
noise is independent of both, input signal and channel coefficient, and E{ñI(t)} = 0, we
also have E

{(
x̃I(t) · hre(t)− x̃Q(t) · him(t)

)
· ñI(t)

}
= E

{(
x̃I(t) · hre(t)− x̃Q(t) · him(t)

)}
·

E{ñI(t)} = 0. Similarly, E
{(

x̃I(t) · him(t) + x̃Q(t) · hre(t)
)
· ñQ(t)

}
= 0. Because the input

signal and the channel coefficient are also mutually independent random variables, the
squared module of the complex envelope can be expressed in this way:

E
{
∥r̃(t)∥2

}
= E

{
∥x̃(t)∥2

}
E
{
∥h(t)∥2

}
+ 2E

{
n2(t)

}
(17)

Accordingly, the average energy harvested formulated in (12) obeys the following expres-
sion:

E{E(T)} = η
∫

T

(
E
{
∥x̃(t)∥2}

2
E
{
∥h(t)∥2

}
+ E

{
n2(t)

})
· dt (18)

The equivalent low-pass input signal x̃(t) is defined by the modulation. So, in principle,
x̃(t) = A(t)ejθ(t), where A(t) and θ(t) denote, respectively, the time-varying amplitude
and phase of the modulating signal. So, in general, ∥x̃(t)∥2 is not a stationary process,
which means that its expectation is not time-independent and cannot be taken out of the
integral in the above equation. So, under these conditions, at most we can write:

E{E(T)} = η
∫

T

(
E
{

A2(t)
}

2
E
{
∥h(t)∥2

}
+ NR

)
· dt (19)

In [13], exact closed-form expressions for the moments of the Generalized-K distribution
are provided, among which the second moment is given by E

{
∥h(t)∥2} = a · b, where

a and b obey, respectively, expressions (9) and (10). This second moment is nothing else
but the contribution of the channel to the expected value of the squared envelope of the
received signal. In agreement with [17], this contribution will be renamed from now on as
Ωp. So, in summary, Ωp represents the global channel effect on the transmitted power, as
it includes path-loss, shadowing and multi-path fading. Accordingly, the average energy
harvested can be rewritten as follows:

E{E(T)} = η
∫

T

(
E
{

A2(t)
}

2
· Ωp + NR

)
· dt (20)
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Finally, if the input signal corresponds to an unmodulated carrier, then A(t) = A and the
previous equation can be reformulated in a simpler way:

E{E(T)} = η · T
(

A2

2
· Ωp + NR

)
(21)

The term A2

2 is nothing else but the transmitted power (normalized to a 1Ω-load). If we
denote this power as Pt, the expected energy harvested is as follows:

E{E(T)} = η · T
(

Pt · Ωp + NR
)

(22)

Note that the average energy harvested depends on the shape and scale parameters of the 257

Gamma distribution (via Ωp), but not on the Nakagami parameter that characterizes multi- 258

path fading. Note also that it has two components, the main one due to the power-bearing 259

signal, and the thermal noise. 260

5. Variance of Energy Harvested 261

To obtain the variance of the energy harvested, first we can analyze the second moment
about zero:

E
{
E2(T)

}
= η2E

{(∫
T

r2(t)dt
)2
}

= η2E
{(∫

T
r2(s)ds

)(∫
T

r2(t)dt
)}

= η2E
{∫

T

∫
T

r2(s)r2(t)ds · dt
}

= η2
∫

T

∫
T

E
{

r2(s)r2(t)
}

ds · dt

=
η2

4

∫
T

∫
T

E
{
∥r̃(s)∥2∥r̃(t)∥2

}
ds · dt

(23)

The next step is to evaluate the expectation inside the integral, which is nothing else
but a correlation. However, the analytical procedure that yields an exact closed-form
expression for this correlation is very complex, and thus the details have been relegated to
the Appendix. Setting s = t + τ, the result is - equation (A.31):

E
{
∥r̃(t + τ)∥2∥r̃(t)∥2

}
= ϕ∥r̃∥2(t, τ) = ϕ∥x̃∥2(t, τ)ϕ∥h∥2(τ) + 4NR · E

{
∥x̃(t)∥2

}
E
{
∥h(t)∥2

}
+ 16ϕñ(τ) · ℜ{ϕx̃(t, τ)ϕh(τ)}+ 4N2

R + 4ϕ2
ñ(τ)

(24)

Next, the terms that appear in this equation are analyzed individually. 262

If we assume that the input signal is an unmodulated carrier, that is, x̃(t) = Aejθ , we
have:

E
{
∥x̃(t)∥2

}
= A2 = 2Pt (25)

ϕ∥x̃∥2(t, τ) = E
{
∥x̃(t + τ)∥2∥x̃(t)∥2

}
= A4 = 4P2

t (26)

ϕx̃(t, τ) =
1
2

E{x̃(t + τ)x̃∗(t)} =
1
2

E
{

Aejθ · Ae−jθ
}
=

A2

2
= Pt (27)

Note that, for the case of an unmodulated carrier, the input signal does not only become a 263

stationary process, but its associated correlations are constant. Also, despite it has been 264

assumed that θ is a constant phase offset, the analysis that follows would also be valid, 265

with some minor modifications, for a phase-modulated signal, that is, θ = θ(t). 266

Another auto-correlation involved in (24) is ϕñ(τ). For the case of AWGN, the follow-
ing expression is provided in [14]:

ϕñ(τ) = η0
sin (πBτ)

πτ
= η0B

sin (πBτ)

πBτ
= NR(πBτ) (28)
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The remaining terms are ϕh(τ) and ϕ∥h∥2(τ), which are channel auto-correlations. They
capture the variations, in statistical sense, perceived by the user as it moves at certain
speed v over the combined path-loss, shadowing and multi-path fading scenario under
consideration (in the present case, the scenario that leads to the Generalized-K distribution).
These temporal correlations can always be transformed into spatial correlations, since the
dependence on τ is, in fact, on the product v · τ. However, because the focus of this paper
is on static users, that is, v = 0, which has the same effect as τ = 0, we are really interested
in ϕh(0) and ϕ∥h∥2(0). Regarding the first one, we can write:

ϕh(0) =
1
2

E{h(t) · h∗(t)} =
1
2

E
{
∥h(t)∥2

}
=

Ωp

2
(29)

To analyze the second term, it is useful to introduce the auto-covariance µ∥h∥2(τ), which is
related to the auto-correlation as follows:

µ∥h∥2(τ) = ϕ∥h∥2(τ)− E
{
∥h(t + τ)∥2

}
· E
{
∥h(t)∥2

}
(30)

Accordingly:
ϕ∥h∥2(0) = µ∥h∥2(0) + E2

{
∥h(t)∥2

}
= µ∥h∥2(0) + Ω2

p (31)

Since the auto-covariance at the origin is nothing else but the variance, we have:

ϕ∥h∥2(0) = Var
{
∥h(t)∥2

}
+ Ω2

p (32)

Moreover, Var
{
∥h(t)∥2} can be expressed in terms of the second and fourth moments of

the distribution of ∥h(t)∥:

Var
{
∥h(t)∥2

}
= E

{
∥h(t)∥4

}
− E2

{
∥h(t)∥2

}
(33)

Note that the second term in the right-hand side of this equation is Ω2
p. In [13], a generic

closed-form expression is provided for the moments of the Generalized-K distribution.
This expression is exact and can be particularized for the fourth moment as follows:

E
{
∥h(t)∥4

}
=

Γ(a + 2)Γ(m + 2)
Γ(a)Γ(m)

(
b
m

)2

(34)

Recall that a and b are, respectively, the scale and shape parameters of the Gamma distri-
bution that describes path-loss and shadowing, and m is the Nakagami parameter that
characterizes multi-path fading. Next, considering equations (33) and (34), equation (32)
can be rewritten in terms of the parameters of the Generalized-K distribution:

ϕ∥h∥2(0) =
Γ(a + 2)Γ(m + 2)

Γ(a)Γ(m)

(
b
m

)2

(35)

Now, introducing (25), (26), (27), (28), (29) and (35) into equation (24), and rearranging
terms, we can obtain the definite result for E

{
∥r̃(t + τ)∥2∥r̃(t)∥2}:

E
{
∥r̃(t + τ)∥2∥r̃(t)∥2

}
= 4P2

t
Γ(a + 2)Γ(m + 2)

Γ(a)Γ(m)

(
b
m

)2

+ 8NRPtΩp(1 + (πBτ))

+ 4N2
R(1 +

2 (πBτ))

(36)

As it can be noticed, this expression depends exclusively on system parameters. In particu-
lar, PtΩp is the average received power, since it is the product of the average transmitted
power and the channel effect represented by Ωp. Finally, the variance of the energy har-
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vested can be obtained by integrating expression (36) according to (23), and then subtracting
the square of the expected energy harvested given by (22). An exact closed-form expression
is obtained:

Var{E(T)} = (ηPtT)2
(

Γ(a + 2)Γ(m + 2)
Γ(a)Γ(m)

(
b
m

)2

− Ω2
p

)
+

4η2NRPtΩp

π2B2 (−1 + cos(πBT) + πBT · Si(πBT))

+
η2N2

R
π2B2

(
− 1 − γ + cos(2πBT) + Ci(2πBT)

− ln(2πBT) + 2πBT · Si(2πBT)
)

(37)

Here, γ is the Euler’s constant (γ ≃ 0.577216) and Si() and Ci() stand respectively for the
sine integral and cosine integral functions, which are defined as follows:

Si(x) =
∫ x

0

sin(u)
u

du (38)

Ci(x) = −
∫ ∞

x

cos(u)
u

du (39)

As it can be noticed from equation (37), the variance of the energy harvested has three 267

components: one that depends exclusively on the power-bearing signal, a cross-term 268

that depends on both the power-bearing signal and the thermal noise, and finally a third 269

component that only depends on noise. 270

The squared coefficient of variation of the energy harvested, namely SCV{E(T)}, is
given by:

SCV{E(T)} = P2
t

(
Γ(a+2)Γ(m+2)

Γ(a)Γ(m)

(
b
m

)2
− Ω2

p

)
(PtΩp + NR)2

+
4NRPtΩp(−1 + cos(πBT) + πBT · Si(πBT))

π2B2T2(PtΩp + NR)2

+
N2

R
π2B2T2(PtΩp + NR)2

(
− 1 − γ + cos(2πBT)

+ Ci(2πBT)− ln(2πBT) + 2πBT · Si(2πBT)
)

(40)

If the signal-to-noise ratio is very high, we can approximate the squared coefficient of
variation of the energy harvested (SCV{E(T)}) by the next limit:

lim
NR→0

SCV{E(T)} =
Γ(a + 2)Γ(m + 2)

Γ(a)Γ(m)Ω2
p

( b
m

)2
− 1 (41)

Recall that Ωp = a · b. Equation (41) is nothing else but the squared coefficient of variation 271

of ∥h(t)∥2. 272

6. Validation and Performance Assessment 273

In this section, the analysis performed in this paper is validated via simulation, and 274

then the evolution of E{E(T)} and SCV{E(T)} in terms of multiple input variables is 275

studied. With no loss of generality, an exposition time of 1 minute is assumed. To highlight 276

the possibilities of the RF energy harvesting technology, a long-range scenario is considered, 277

which is based on a real case: the KING-TV tower located at Seattle (Washington, US). This 278

telecommunications tower transmits several analog and digital TV channels in the VHF 279

and UHF bands respectively. Particularly, it uses a source power of 960 kW to broadcast a 280
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6-MHz digital TV signal at the frequency of 0.677 GHz. The evaluation that follows assumes 281

that all transmit power is concentrated on this frequency ( fp = 0.677 GHz), though the 282

receiver bandwidth is kept to 6 MHz (B = 6 MHz). Other fixed parameters are the reference 283

distance (d0 = 1 m), the energy conversion efficiency (η = 0.5), the ambient temperature 284

(290 K) and the receiver noise figure (9 dB). 285

For the simulation and performance assessment, four input variables were taken into 286

consideration: the transmission distance, the path-loss exponent, the shadowing spread 287

and the Nakagami parameter. Accordingly, Table 1 shows the analytical and simulation 288

results for both the expected and squared coefficient of variation of the energy harvested. 289

For each set of values, at least 30000 runs were executed in order to achieve relative errors 290

within 10% at a 90% confidence level. As it can be noticed from the table, there is high 291

agreement between analytical and simulation results. 292

Table 1. Comparison between analytical and simulation results for different parameter sets.

d(m), β, σΨdB, m E{E(T)} analytical E{E(T)} simulation
SCV{E(T)} analytical SCV{E(T)} simulation

10000, 4.0, 4.5, 1.0 0.000618319 0.000615756
4.76260 4.63304

10000, 3.0, 8.5, 2.0 24.3135 25.1643
68.1367 68.2532

20000, 2.0, 6.5, 4.0 27440.9 26991.4
10.7423 10.0688

20000, 3.0, 8.5, 5.0 3.03919 2.9721
54.3092 54.1187

30000, 3.5, 6.5, 7.0 0.00235284 0.00233108
9.6885 9.19882

30000, 2.5, 4.5, 9.0 39.2981 39.7297
2.2511 2.24226

40000, 2.0, 6.5, 10.0 6860.24 6774.42
9.3332 8.927

40000, 4.0, 8.5, 6.0 0.0000152195 0.0000151148
20.5507 19.1669

50000, 2.5, 4.5, 3.0 10.9585 11.0875
2.90132 2.7808

50000, 3.5, 10.5, 8.0 0.00238773 0.00235364
385.967 361.542

60000, 3.0, 8.0, 5.0 0.0904563 0.0897801
34.7094 33.9685

60000, 2.0, 4.0, 10.0 1520.35 1529.88
1.56925 1.551

70000, 2.5, 6.0, 1.0 7.17395 7.23829
12.4884 12.2202

70000, 3.5, 5.0, 5.0 0.0000822848 0.0000825077
3.04467 3.03913

80000, 4.0, 10.0, 3.0 6.96074 · 10−6 6.95204 · 10−6

8.44362 8.39472
80000, 3.0, 7.0, 7.0 0.0256447 0.0253276

14.3489 13.7613
90000, 2.5, 10.5, 6.0 27.3988 27.1551

402.224 407.723
90000, 3.5, 8.0, 1.0 0.0000950559 0.0000937424

51.6893 50.6754
100000, 2.0, 7.5, 4.0 1590.89 1523.16

23.6669 23.0866
100000, 3.0, 4.5, 2.0 0.00613169 0.00616622

3.38267 3.43746
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To assess the performance of the energy harvesting process, several input-output 293

relations were explored, the results of which are reflected in subsequent figures. For 294

instance, Figure 6 plots the evolution of the average energy harvested in terms of distance 295

for different values of the path-loss exponent. As expected, the average energy harvested 296

increases as the distance and the path-loss exponent decrease. A similar plot is shown in 297

Figure 7, but parameterized by the shadowing spread instead of the path-loss exponent. 298

The figure reveals that the average energy harvested increases with the shadowing spread. 299

The interpretation is less intuitive, but we can think of shadowing as a low-frequency 300

"noise" superimposed on the signal, whose power is directly proportional to its variability 301

(as it occurs with thermal noise). Figures 8, 9 and 10 describe the behavior of the squared 302

coefficient of variation. In particular, Figure 8 shows the dependence of this coefficient on 303

distance, for different path-loss exponents. We can observe that the squared coefficient of 304

variation decreases as the distance and/or the path-loss exponent increase, that is, as the 305

expected energy harvested decreases. Such a reduction of variability with the decrease 306

of the average is typical of non-negative random variables, like the energy harvested 307

considered here. Figure 8 does not allow to distinguish between the curves obtained for 308

the lowest path-loss exponents. However, these differences can be better highlighted by 309

exchanging the roles of distance and path-loss exponent in the representation. This is shown 310

in Figure 9, which confirms that beyond β ∼= 3.5 the decay profiles begin to distinguish. 311

Finally, Figure 10 shows how the squared coefficient of variation varies with the shadowing 312

spread and the Nakagami parameter. As it can be noticed, the influence of the shadowing 313

spread is much higher than that of the Nakagami parameter. The figure also highlights the 314

fact that the squared coefficient of variation of the energy harvested can vary within a very 315

large range, consistently with the relatively shorter variability of the shadowing spread. 316

Figure 6. Evolution of the average energy harvested as a function of distance, for different path-loss
exponents and a shadowing spread of 8.5 dB.

Figure 7. Evolution of the average energy harvested as a function of distance, for different levels of
shadowing spread and a path-loss exponent equal to 3.0.
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Figure 8. Evolution of the squared coefficient of variation in terms of distance, for different path-
loss exponents. The shadowing spread and the Nakagami parameter have been set to 8.5 and 5.0,
respectively.

Figure 9. Evolution of the squared coefficient of variation in terms of the path-loss exponent, for
different distances. The shadowing spread and the Nakagami parameter have been set to 8.5 and 5.0,
respectively. The outermost curve corresponds to d = 10000 m.

Figure 10. Evolution of the squared coefficient of variation as a function of the Nakagami parameter,
for different values of the shadowing spread. The transmission distance and the path-loss exponent
have been set to 50000 m. and 3.0, respectively.

7. Discussion 317

In this paper, exact closed-form expressions for the average and variance (and squared 318

coefficient of variation) of the energy harvested by a static device have been obtained and 319

validated via simulation. To model the propagation scenario, the Generalized-K model has 320

been adopted, as it encompasses the effects of path-loss, shadowing and multi-path fading 321

for a broad set of wireless scenarios. It has been assumed that the device is illuminated by 322

a dedicated source that emits an unmodulated carrier during an arbitrary exposition time. 323

A long-range scenario has also been assumed with the goal of highlighting the capabilities 324
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of the RF energy harvesting technology. The results obtained in this paper can be useful to 325

design an energy transfer plan for scenarios with massive amounts of low-power devices, 326

as expected with technologies like IoT and 5G and beyond. Particularly, the results obtained 327

in this paper reveal that the path-loss and shadowing components of propagation have a 328

much larger influence than multi-path fading in the energy harvesting process. 329

Future work may consist of applying the obtained formulation to analyze the effects 330

of system parameters on the statistical behavior of the RF power harvested by energy- 331

demanding devices. Also, the proposed formulation can be applied to several issues in the 332

context of future wireless energy networks (network deployment, queuing performance). 333

Finally, the work performed in this paper can be extended to mobile devices. 334
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Abbreviations 342

The following abbreviations are used in this manuscript: 343

344

5G/6G Fifth/sixth generation
AWGN Additive white Gaussian noise
CSI Channel state information
EH Energy harvesting
IoT Internet of things
LOS Line of sight
NLOS Non line of sight
RF Radio frequency
SWIPT Simultaneous wireless information and power transfer
UAV Unmanned autonomous vehicle
WIPT Wireless information and power transfer
WIT Wireless information transfer
WPT Wireless power transfer

345

Appendix A 346

As stated in Section 5, the variance of the energy harvested is based on the expectation
E
{
∥r̃(s)∥2∥r̃(t)∥2}. By recalling equation (16), the argument of such expectation can be

formulated as follows:

∥r̃(s)∥2∥r̃(t)∥2 =

(
∥x̃(s)∥2∥h(s)∥2 + ñ2

I (s) + ñ2
Q(s)

+ 2
(

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)
· ñI(s) + 2

(
x̃I(s) · him(s) + x̃Q(s) · hre(s)

)
· ñQ(s)

)
·
(
∥x̃(t)∥2∥h(t)∥2 + ñ2

I (t) + ñ2
Q(t)

+ 2
(

x̃I(t) · hre(t)− x̃Q(t) · him(t)
)
· ñI(t) + 2

(
x̃I(t) · him(t) + x̃Q(t) · hre(t)

)
· ñQ(t)

)
(A.1)
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To evaluate the expected value of such a long expression, we can first identify the 347

following terms: 348

349

• I1 : ∥x̃(s)∥2∥h(s)∥2
350

351

• I2 : 2
(

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)
· ñI(s) + 2

(
x̃I(s) · him(s) + x̃Q(s) · hre(s)

)
· ñQ(s) 352

353

• I3 : ñ2
I (s) + ñ2

Q(s) 354

355

• I4 : ∥x̃(t)∥2∥h(t)∥2
356

357

• I5 : 2
(

x̃I(t) · hre(t)− x̃Q(t) · him(t)
)
· ñI(t) + 2

(
x̃I(t) · him(t) + x̃Q(t) · hre(t)

)
· ñQ(t) 358

359

• I6 : ñ2
I (t) + ñ2

Q(t) 360

361

Note that I1, I2 and I3 are formally equivalent to I4, I5 and I6, respectively. According to
these new variables, equation (A.1) can be simply reformulated in the following way:

∥r̃(s)∥2∥r̃(t)∥2 = (I1 + I2 + I3) · (I4 + I5 + I6) (A.2)

The subsequent procedure consists of developing all terms generated by the product in
equation (A.2), and then take their respective expectations. In fact, only six out of the nine
terms lead to different results:

Product I1 · I4

I1 · I4 = ∥x̃(s)∥2∥h(s)∥2∥x̃(t)∥2∥h(t)∥2 (A.3)

Then, the expected value can be obtained after several manipulations:

E{I1 · I4} = E
{
∥x̃(s)∥2∥h(s)∥2∥x̃(t)∥2∥h(t)∥2

}
= E

{
∥x̃(s)∥2∥x̃(t)∥2

}
E
{
∥h(s)∥2∥h(t)∥2

}
= E

{
∥x̃(t + τ)∥2∥x̃(t)∥2

}
E
{
∥h(t + τ)∥2∥h(t)∥2

}
= ϕ∥x̃∥2(t, τ) · ϕ∥h∥2(τ)

(A.4)

Note that the total expectation has been expressed as a product of expectations thanks
to the independence between x̃(t) and h(t). Moreover, the temporal variable s has been
replaced, with no loss of generality, by t + τ, where τ is a time lag. The first expectation
is nothing else but the auto-correlation of the squared module of x̃ in terms of the abso-
lute time and the time lag τ, because no assumption has yet been made about the input
signal being stationary (it depends on the type of modulation). Instead, since the channel
is assumed to be stationary, the second auto-correlation depends exclusively on the time lag.

Product I1 · I5

I1 · I5 = 2∥x̃(s)∥2∥h(s)∥2 ·
((

x̃I(t) · hre(t)− x̃Q(t) · him(t)
)
· ñI(t)

+
(

x̃I(t) · him(t) + x̃Q(t) · hre(t)
)
· ñQ(t)

)
(A.5)

Since noise is independent of both input signal and channel coefficient, the expected value
of the previous expression depends directly on the expected values of the in-phase and
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quadrature components of noise, which are identically zero: E{ñI(t)} = E
{

ñQ(t)
}
= 0.

Accordingly:
E{I1 · I5} = 0 (A.6)

Product I1 · I6

I1 · I6 = ∥x̃(s)∥2∥h(s)∥2
(

ñ2
I (t) + ñ2

Q(t)
)

(A.7)

Again because of the mutual independence between input signal and channel coefficient,
we have:

E{I1 · I6} = E
{
∥x̃(s)∥2

}
E
{
∥h(s)∥2

}
E
{(

ñ2
I (t) + ñ2

Q(t)
)}

= E
{
∥x̃(s)∥2

}
E
{
∥h(s)∥2

}(
E
{

ñ2
I (t)

}
+ E

{
ñ2

Q(t)
})

= 2NR · E
{
∥x̃(s)∥2

}
E
{
∥h(s)∥2

} (A.8)

Here, the first property of AWGN stated in Section 4 has been recalled.

Product I2 · I4

This product is formally equivalent to I1 · I5; thus, we have:

E{I2 · I4} = 0 (A.9)

Product I2 · I5

I2 · I5 = 4
((

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)
· ñI(s)

·
(

x̃I(t) · hre(t)− x̃Q(t) · him(t)
)
· ñI(t)

+
(

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)
· ñI(s)

·
(

x̃I(t) · him(t) + x̃Q(t) · hre(t)
)
· ñQ(t)

+
(

x̃I(s) · him(s) + x̃Q(s) · hre(s)
)
· ñQ(s)

·
(

x̃I(t) · hre(t)− x̃Q(t) · him(t)
)
· ñI(t)

+
(

x̃I(s) · him(s) + x̃Q(s) · hre(s)
)
· ñQ(s)

·
(

x̃I(t) · him(t) + x̃Q(t) · hre(t)
)
· ñQ(t)

)

(A.10)

This expression involves the following expectations:

E{ñI(s) · ñI(t)} = E{ñI(t + τ) · ñI(t)} = ϕnoise
I (τ)

E
{

ñI(s) · ñQ(t)
}
= E{ñI(s)} · E

{
ñQ(t)

}
= 0 · 0 = 0

E
{

ñQ(s) · ñI(t)
}
= E

{
ñQ(s)

}
· E{ñI(t)} = 0 · 0 = 0

E
{

ñQ(s) · ñQ(t)
}
= E

{
ñQ(t + τ) · ñQ(t)

}
= ϕnoise

Q (τ)

(A.11)

Note that the fact that noise is stationary and that its in-phase and quadrature components
are independent (Section 4) has been taken into account. On the other hand, from [14] we
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have ϕnoise
I (τ) = ϕnoise

Q (τ) = ϕñ(τ). Then, based on these preliminary results, the expected
value of I2 · I5 can be initially written as follows:

E{I2 · I5} = 4E
{(

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)

·
(

x̃I(t) · hre(t)− x̃Q(t) · him(t)
)}

· ϕñ(τ)

+ 4E
{(

x̃I(s) · him(s) + x̃Q(s) · hre(s)
)

·
(

x̃I(t) · him(t) + x̃Q(t) · hre(t)
)}

· ϕñ(τ)

(A.12)

Next, by performing standard calculations, the latter equation can be rewritten in this way:

E{I2 · I5} = 4E
{
ℜ{x̃(s) · h(s)}ℜ{x̃(t) · h(t)}

}
· ϕñ(τ)

+ 4E
{
ℑ{x̃(s) · h(s)}ℑ{x̃(t) · h(t)}

}
· ϕñ(τ)

(A.13)

Here, ℑ stands for the imaginary part. Given the linearity of the expectation operator, the
latter result can be further simplified:

E{I2 · I5} = 4ϕñ(τ)

· E
{
ℜ{x̃(s) · h(s)}ℜ{x̃(t) · h(t)}

+ℑ{x̃(s) · h(s)}ℑ{x̃(t) · h(t)}
}

= 4ϕñ(τ)E
{
ℜ
{

x̃(s) · h(s)
(

x̃(t) · h(t)
)∗}}

(A.14)

Recall that the asterisk denotes the complex conjugate operator. Now, we can replace s by
t + τ and formulate E{I2 · I5} in terms of correlations:

E{I2 · I5} = 4ϕñ(τ)

· E
{
ℜ
{

x̃(t + τ) · h(t + τ)
(

x̃(t) · h(t)
)∗}}

= 4ϕñ(τ)ℜ
{

E{x̃(t + τ) · x̃∗(t) · h(t + τ) · h(t)∗}
}

= 4ϕñ(τ)ℜ
{

E{x̃(t + τ) · x̃∗(t)} · E{h(t + τ) · h(t)∗}
}

= 4ϕñ(τ)ℜ
{

2ϕx̃(t, τ)2ϕh(τ)

}
= 16ϕñ(τ)ℜ

{
ϕx̃(t, τ)ϕh(τ)

}

(A.15)

Note from [15] that, in the complex field, ϕU·V = 1
2 E{U · V∗}.

Product I2 · I6

I2 · I6 = 2
(

ñ2
I (t) + ñ2

Q(t)
)

·
((

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)
· ñI(s)

+
(

x̃I(s) · him(s) + x̃Q(s) · hre(s)
)
· ñQ(s)

) (A.16)
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Now, we can determine the corresponding expected value by making use of the indepen-
dence properties already outlined:

E{I2 · I6} = 2E
{(

x̃I(s) · hre(s)− x̃Q(s) · him(s)
)}

· E
{(

ñ2
I (t) + ñ2

Q(t)
)
· ñI(s)

}
+ 2E

{(
x̃I(s) · him(s) + x̃Q(s) · hre(s)

)}
· E
{(

ñ2
I (t) + ñ2

Q(t)
)
· ñQ(s)

}
(A.17)

Note that this formula relies on four expectations that only involve noise, namely E
{

ñ2
I (t) · ñI(s)

}
,

E
{

ñ2
Q(t) · ñI(s)

}
, E
{

ñ2
I (t) · ñQ(s)

}
and E

{
ñ2

Q(t) · ñQ(s)
}

. Two of them are zero as a result
of the statistical independence between the in-phase and quadrature components of the
equivalent low-pass noise signal:

E
{

ñ2
Q(t) · ñI(s)

}
= E

{
ñ2

Q(t)
}
· E{ñI(s)} = NR · 0 = 0 (A.18)

E
{

ñ2
I (t) · ñQ(s)

}
= E

{
ñ2

I (t)
}
· E
{

ñQ(s)
}
= NR · 0 = 0 (A.19)

On the other hand, since ñI(t) is a zero-mean normal random process, any set of random
variables obtained from it by selecting particular time instants constitute a zero-mean
multivariate normal random vector. Hence, it satisfies the Isserlis’ theorem [16], which
states that any odd-order moment of a zero-mean multivariate normal random vector is
zero. Accordingly:

E
{

ñ2
I (t) · ñI(s)

}
= 0 (A.20)

The same statements can be formulated about process ñQ(t) to conclude that:

E
{

ñ2
Q(t) · ñQ(s)

}
= 0 (A.21)

Thus, we definitely have:
E{I2 · I6} = 0 (A.22)

Product I3 · I4

As this product is formally equivalent to I1 · I6, we have:

E{I3 · I4} = E{I1 · I6} (A.23)

Product I3 · I5

This product is formally equivalent to I2 · I6. Thus:

E{I3 · I5} = 0 (A.24)

Product I3 · I6

I3 · I6 =
(

ñ2
I (s) + ñ2

Q(s)
)
·
(

ñ2
I (t) + ñ2

Q(t)
)

(A.25)
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Its expectation is as follows:

E{I3 · I6} = E
{(

ñ2
I (s) + ñ2

Q(s)
)
·
(

ñ2
I (t) + ñ2

Q(t)
)}

= E
{

ñ2
I (s) · ñ2

I (t)
}
+ E

{
ñ2

I (s) · ñ2
Q(t)

}
+ E

{
ñ2

Q(s) · ñ2
I (t)

}
+ E

{
ñ2

Q(s) · ñ2
Q(t)

} (A.26)

This expression contains two types of expectations: those that involve both the in-phase
and quadrature components of noise, and those that only involve one of these components.
Regarding the latter, we can substitute s by t + τ and formulate them as auto-correlations,
whereas for the former we can make use of the properties highlighted in Section 4:

E{I3 · I6} = E
{

ñ2
I (t + τ) · ñ2

I (t)
}

+ E
{

ñ2
I (s)

}
· E
{

ñ2
Q(t)

}
+ E

{
ñ2

Q(s)
}
· E
{

ñ2
I (t)

}
+ E

{
ñ2

Q(t + τ) · ñ2
Q(t)

}
= ϕñ2

I
(τ) + NR · NR + NR · NR + ϕñ2

Q
(τ)

= 2N2
R + ϕñ2

I
(τ) + ϕñ2

Q
(τ)

(A.27)

Next, by making use of the Isserlis’ theorem for the even-order moments [16], we have:

ϕñ2
I
(τ) = E

{
ñ2

I (t + τ) · ñ2
I (t)

}
= E{ñI(t + τ) · ñI(t + τ) · ñI(t) · ñI(t)}
= E{ñI(t + τ) · ñI(t + τ)} · E{ñI(t) · ñI(t)}
+ E{ñI(t + τ) · ñI(t)} · E{ñI(t + τ) · ñI(t)}
+ E{ñI(t + τ) · ñI(t)} · E{ñI(t + τ) · ñI(t)}

= NR · NR + 2
(

ϕnoise
I (τ)

)2
= N2

R + 2ϕ2
ñ(τ)

(A.28)

Similarly:

ϕñ2
Q
(τ) = N2

R + 2ϕ2
ñ(τ) (A.29)

Next, by introducing equations (A.28) and (A.29) into equation (A.27), and making some
additional manipulations, we can obtain the following result:

E{I3 · I6} = 4N2
R + 4ϕ2

ñ(τ) (A.30)

Finally, from equations (A.4), (A.6), (A.8), (A.9), (A.15), (A.22), (A.23), (A.24) and (A.30), we
can derive the following expression for E

{
∥r̃(s)∥2∥r̃(t)∥2}, with s = t + τ:

E
{
∥r̃(t + τ)∥2∥r̃(t)∥2

}
= ϕ∥x̃∥2(t, τ)ϕ∥h∥2(τ)

+ 4NR · E
{
∥x̃(t)∥2

}
E
{
∥h(t)∥2

}
+ 16ϕñ(τ) · ℜ{ϕx̃(t, τ)ϕh(τ)}
+ 4N2

R + 4ϕ2
ñ(τ)

(A.31)
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