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Abstract: Bayesian Maximum Entropy (BME) is increasingly used in predicting and mapping spa-

tio-temporal data. However, studies that have fully evaluated its robustness empirically are rare. 

Therefore, this research examined empirically the effect of skewness, sample size and spatial de-

pendency level using simulated data. We considered symmetric data, data positively skewed by 1, 

3, 6 and 9, data with weak, moderate, and strong spatial dependency levels, and sample sizes from 

100 to 500 at the interval length of 50. The results showed that the variation of sample sizes and 

spatial dependency levels do not affect the Mean Square Error (MSE) and bias of BME prediction. 

However, skewness affects the MSE of prediction but does not affect the bias. This result indicates 

that BME is robust to sample size and is unbiased. Despite the significant difference due to skew-

ness, a graphical plot showed values of MSE close to zero, suggesting that BME can be considered 

robust to skewness. 
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1. Introduction 

The Bayesian Maximum Entropy (BME) method was described as a robust technique 

that is not sensitive to skewed and biased data and can generate a posterior probability 

with minimum uncertainty from prior information [1]. However, BME has been mainly 

applied to Gaussian pdfs, i.e., non-skewed data [2]. A logarithmic transformation is often 

applied when the data is skewed to correct the skewness before using the BME method. 

The posterior probability derived from the transformed variable is transformed back to 

yield the estimates of the variable [3]. Using simulated data, Orthon and Lark [2] demon-

strated that applying the standard BME method with logarithmic statistical moments in-

cluded in the general knowledge base, gives a better result by reducing the MSE and bias 

of the prediction. This is applied to cases where the first and second-order moments rep-

resent the broad knowledge base, and the mean and covariance matrix of the transformed 

SRF are known. In BME analysis, non-Gaussian pdfs arise from several sources, which 

result mainly from either the prior or the posterior stages. At the prior stage, non-Gaussian 

pdfs can be due to experimental data from moments of order higher than two or directly 

from the physical laws that govern the physical process. In contrast, at the posterior stage, 

a non-Gaussian posterior pdf can also result from a non-Gaussian prior pdf [4] Also, en-

vironmental data, including soil data, often exhibit a strong positive skewness. In this 

case, the Gaussian assumption for the Spatial random field (SRF), may not be justified [5]. 

The skewed pdfs affect entropy measures and yield a smaller measure of entropy than a 

flatter pdf when a pdf has a greater degree of peakedness. A flat pdf shows a larger un-

certainty about the variables thus, much information about this variable, while high 

peakedness shows more certainty, thus providing less information [2]. Also, when the 

data is strongly skewed, the derived variogram underestimates the spatial dependence 

due to few tremendous values contributing to many squared differences [6]. In addition, 

both sample size and sampling grids play a significant role in sampling natural resources. 
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The grid and sample size contribution to prediction accuracy, is an important parameter 

in any environmental modelling. It is crucial for better monitoring and sound decision 

making. The planning of any soil survey requires a sampling plan which specifies sample 

size and sampling grid. In most spatial prediction methods, the smaller resolution (grid 

size), the greater the precision in estimations [7]. The larger the sample size, the more sig-

nificant the reduction of MSE obtained using the BME analysis method [5]. Several sug-

gestions were made regarding sampling intensity for geostatistical analysis. Kerry and 

Oliver [8], proposed a minimum sample size of 100 locations, while they also suggested 

an optimum of 150 to 200 locations for a better variogram calculation. For soil analysis on 

a national scale, Sun et al. [9] recommended an optimal sample size to range from 500 to 

1000 locations. As a result, it is necessary to numerically evaluate the robustness of BME 

to those factors. Moreover, most of the suggestions are made about classical geostatistics. 

Therefore, the present work seeks to reveal BME robustness to skewness with varying 

sample sizes and spatial dependency levels. 

2. Methods 

2.1. Brief Bckground on Bayesian Maximum Entropy* 

The Bayesian Maximum Entropy (BME) is a method for predicting spatial and tem-

poral data [10]. BME is a knowledge-based approach with a rigorous mathematical back-

ground and inference schemes [11, 4]. It combines the maximum entropy theory with op-

erational Bayesian statistics to construct its scientific mathematical framework [12]. Ini-

tially developed for continuous variables [12,13], BME was extended to categorical varia-

bles (ordinal or nominal variables) [14, 15], and then the combination of both categorical 

and continuous variables [16]. 

The BME analysis involves three steps namely the prior stage, the meta-prior stage 

and the posterior stage [4, 17, 18]. At the prior stage, data on the general knowledge is 

collected and processed to build the prior distribution. The prior G pdf fg(xmap) is expressed 

in the general form: 
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�

��������������,                                           (1) 

 

In the Meta-prior stage, the hard and soft data on the site are collected, arranged and 

transformed as possible to build the site-specific knowledge S. According to Christakos, 

[13] the quality and quantity of both data collected is a matter of experimental and 

computational investigations. In this step, Information from Prior and Metaprior are tied 

together using logical rules. Therefore, the posterior step uses the laws of probability to 

process the available site-specifc data (i.e. any measurement, hard or soft, recorded from 

the site) using the prior pdf and considering soft and hard data, the Bayes condition is 

applied to fg(xmap) to fnd the general posterior probability distribution function, fk(xk), 

expressed as follow: 
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BME robustness to spatial prediction was evaluated by testing several sample sizes, 

skewness’s and spatial dependency levels. The sample sizes considered were 100, 150, 

200, 250, 300, 350, 400,450 and 500. Symmetric data (skewness=0) and data positively 

skewed by 1, 3,6 and 9 were considered. Data with strong (≤ 25%), moderate (25-77%) and 

weak (>75%) relative nugget effects (NE) [19]. 

 

��(%) =
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∗ 100.                                                                                      (3) 

 

Each spatial dependency levels and the ranges were repeated three times by spatial 

dependency levels shown in the table 1.  
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Table 1. simulation parameters. 

Spatial dependency Repetitions Nugget Psill Range 

Weak 1 0.9 0.1 6 

2 0.8 0.2 5 

3 0.7 0.3 4 

Moderate 1 0.5 0.5 6 

2 0.4 0.6 5 

3 0.3 0.7 4 

Strong 1 0.2 0.8 6 

2 0.1 0.05 5 

3 0.05 0.95 4 

2.2. Simulation design 

A random space field was simulated with a spherical covariance model having a sill 

c0 + c1 of 1 and ranges over three spatial dependency levels, as presented in table 1 [2, 20]. 

Two types of data were generated: hard and soft data. The hard data were generated using 

the unconditional sequential simulation method [21]. (See simulib from BMELIB package) 

to generate gaussian and non-gaussian data. For each spatial dependency level, fifteen 

thousand independent realizations of the standard gaussian variable were generated 

using a function built in R 3.6.2 (R Core Team 2019). A constant (range) was added to the 

value to yield a positive minimum value. Then, each value was raised to a given power, 

this exponentiation gives the data a positive coefficient of skewness. The data were then 

standardized to zero mean and unit variance [22]. The simulation function was based on 

the following arguments: Alpha (the exponentiation power to generate highly skewed 

values) and Skewness (the variable with this skewness is returned out of the 50,000 

variables simulated: Sample size, Nugget effect, Effective range, Partial sill, and 

Variogram model). 

Interval-type soft data was assumed to be randomly located over the unit size square. 

The width of the intervals was equal to 1.5, such that the simulated values were uniformly 

distributed over the intervals. In addition, a function was built to generate location 

parameters from a shapefile of 1ha extracted from the map of Benin republic by specifying 

the soft data size and the hard data size. 

2.3. BME parameters specifcation and computation 

BME method computation was performed using BME modes with the aim of 

predicting the best values at the nodes of grids. The computations were executed in 

Matlab 2016a with the library BMElib 2.0c.[23]. 

This research was carried out to compare 9 sample sizes, 5 degrees of skewness and 

3 spatial dependency level in 3 repetitions, giving 405 (9 ∗ 5 ∗ 3 ∗ 3) combinations of 

parameters levels to be compared. The sample sizes vary from 100 to 500, so the largest 

sample size was considered a reference sample. The prediction accuracy can be assessed 

using the Mean Square Error (MSE), Mean Absolute Error (MAE) or Mean Error (ME), 

and a good model is expected to have MSE, MAE or ME close to 0.24 The accuracy of each 

sample size (from 100 to 450) is compared to the reference sample (500) to find the 

optimum sample size. Then, firstly, the exploratory analysis was applied to assess the 

overall data variability in estimates and the MSE summaries [24]. The bias of prediction 

was also estimated. Secondly, the effect of sample size, skewness and spatial dependency 

level were graphically plotted using R 3.6.2 (R Core Team, 2019). Finally, the significance 

of the effect of the factors considered (skewness, sample size, and spatial dependency) on 

the MSE and bias were assessed using Analysis of Variance (ANOVA). The Materials and 

Methods should be described with sufficient details to allow others to replicate and build 

on the published results.  
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3. Results 

3.1. Effect of skewness, sample size and spatial dependency on BME performance 

We notice from Table 2 that MSE and bias are significantly affected by the interaction 

between the Skewness and the spatial dependence (SD), with p-value, respectively 0.016 

and 0.019. However, the sample size, and its interaction with the spatial dependency and 

skewness do not affect BME accuracy. This indicates that BME is robust to sample size 

variation and spatial dependence but sensitive to the combined effect of skewness and 

spatial dependency. 

Table 2. Test of sample size, skewness and spatial dependency on MSE and bias of BME. 

Source 
MSE Bias 

DF F-value Pr (> F) F-Value Pr (> F) 

Skewness (Sk) 4 116.94 < 0.001 1.91 0.110 

SD 2 1.23 0.293 2.73 0.067 

Sample size (Ss) 7 0.38 0.921 0.97 0.514 

Sk:SD 8 2.40 0.016 2.36 0.019 

Sk:Ss 28 0.64 0.921 0.97 0.514 

SD:Ss 14 0.85 0.617 0.64 0.829 

Sk:SD:Ss 56 0.89 0.689 1.19 0.185 

Legend: SD: Spatial dependency; Sk: Skewness; Ss: Sample size 

 

For the MSE, there is a significant variation in BME performance based on skewness 

and spatial dependency (Figure 1). For strong spatial dependency, no significant differ-

ence exists between the BME prediction accuracy of data skewed by 0 and 1; 0 and 3; and 

1 and 3. However, there is a significant difference between data skewed by 0 and 6; 0 and 

9; 1 and 6; 1 and 9; 3 and 6; and 6 and 9. For moderate spatial dependency, only data 

skewed by 9 is significantly different from 0. Also, no significant difference was observed 

between data skewed by 3 and 6. Only data skewed by 3, 6, and 9 are significantly different 

from 0 for weak spatial dependency. Also, no significant difference was observed between 

data skewed by 3 and 6. This means that skewness greater than 3 is highly significant from 

0 in the MSE, regardless of spatial dependency. Also, strong spatial dependency is more 

accurate when data is skewed by 6 and 9. 

 

Figure 1. MSE of the effect of skewness and spatial dependence. 
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The variation of bias of BME prediction between skewness and spatial dependency 

(Figure 2) reveals that despite the significance of the difference between all degree of 

skewness irrespective to spatial dependency, there is small variation with the bias very 

close to zero. No significant different between data skewed by 1 and 0 is observed. Data 

skewed by 3 is significantly different from data skewed by 0 only in weak spatial depend-

ency. When data is skewed by 6, significant different from 0 is observed in strong and 

weak spatial dependency. There is a significant difference between data skewed by 9 and 

0 irrespective of the spatial dependency level. This indicate that in the bias, skewness 

greater than 3 is highly significantly different from 0 irrespective of the Spatial depend-

ency. Additionally, strong spatial dependency is more accurate when data is skewed by 6 

and 9. Weak spatial dependency is more accurate when data is skewed by 0, 1 and 3. 

 

Figure 2. Bias of the effect of skewness and spatial dependence. 

4. Discussion and conclusion 

Bayesian Maximum Entropy (BME) is a spatiotemporal approach that provides a 

unique framework for combining theoretical concepts and physical knowledge beyond 

classical methods. According to Christakos [13] most spatial temporal techniques, such as 

regression methods, spline functions, basis functions, etc. have reached their limits. New 

scientifc methods capable of considering their shortages needed to be developed. He dis-

cussed four main issues related to classical methods: scientific content, indetermination 

thesis, spatiotemporal geometry, and sources of physical knowledge. Furthermore, he 

presented BME as a robust and flexible method for the researcher’s choice of covariance, 

variogram, and generalized covariance models. Thus, this research was carried out to 

fully investigate Bayesian Maximum Entropy (BME) robustness empirically in spatial es-

timation. We specifically assessed the effect of skewness level, sample size and spatial 

dependency level on BME prediction accuracy. This study revealed that, firstly, 

BME predictions are robust to sample size variations in terms of MSE and bias of predic-

tion. BME accuracy is affected by neither sample size nor its interaction with spatial de-

pendence or skewness, suggesting that BME provides accurate estimation without being 

affected by large samples requirement or limited by high soil sampling costs. According 

to Somarathna et al. [25], the sample size is the major driving factor of prediction accuracy. 

Additionally, larger sample sizes deliver equally good prediction accuracy despite the 

model type and when the sample size increases, the model’s uncertainty related to the 

prediction decreases. The robustness to sample size and higher accuracy result from the 

use of a wide range of soft data. Lee et al. [26] demonstrated that the use of soft data in 

Urban Climate Research increased BME accuracy up to 35.28 percent over traditional lin-

ear kriging analysis and reduced the need for costly sampling protocols. This could also 
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justify the large adoption of BME by many research felds [4]. According to Hengle et 

al.,[27] sampling cost is also used to evaluate map quality in pedology in terms of cost per 

area (eg. 2 US$ per km2). Secondly, the effect of skewed hard data (1,3, 6 and 9) on 

BME was evaluated. The results showed that skewness highly affects the MSE of predic-

tion but does not affect the bias of prediction. Furthermore, the interaction between the 

skewness and the spatial dependence affected both the MSE and bias. These results indi-

cate BME sensitivity to skewed data. Christakos [13] assessed the effect of incorporating 

skewness as prior knowledge into mapping numerically; he considered prior skewed by 

0, 2, 3, and 3.5. His results indicated that the error pdf’s varies with the skewness values. 

Despite the significance in MSE induced by the degree of skewness, we still observed that 

MSE remains very close to zero. Only data skewed by 6 or more are significantly different 

from symmetric data (skewness=0). This is an indication of BME robustness to skewness 

as compared to Kriging. The prediction bias was not significant in a variation of skewness 

and sample size which indicates BME unbiasedness. Thirdly, the variation due to spatial 

dependency level did not affect the prediction’s MSE and bias. However, the interaction 

between the skewness and the spatial dependency affected both the MSE and bias of pre-

diction. 

These results are in accordance with Christakos [13, 11] findings on BME robustness 

in spatial estimation. It clearly showed that Bayesian Maximum Entropy (BME) is robust 

to sample size and spatial dependency. In fact, the prediction’s bias was not significant in 

a variation of skewness and sample size which indicates BME unbiasedness. We conclude 

that BME is robust to sample size, spatial dependency, skewness (less than 6).  

Supplementary Materials: Data used was simulated, it will be available on GitHub 

(https://github.com/) with the scripts if the manuscript is accepted. 
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