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Abstract: Nonlinear electrodynamics is known as the generalizations of Maxwell electrodynamics at strong
fields and presents interesting features such as curing the classical divergences present in the linear theory when
coupled to general relativity. In this paper, we consider the asymptotically flat Reissner-Nordstrom black hole
solution with higher-order magnetic correction in Einstein-nonlinear-Maxwell fields. We study the effect of
the magnetic charge parameters on the black hole, viz. weak deflection angle of photons and massive particles
using Gauss-bonnet theorem. Moreover, we apply the Keeton-Petters formalism to confirm our results of the
weak deflection angle. Apart from vacuum, their influence in the presence of different media such as plasma
and dark matter are probed as well. Finally, We examine the black hole shadow cast using the null-geodesics
method and investigate its spherically in-falling thin accretion disk. Our inferences show how the magnetic
charge parameter p affects the other physical quantities; so, we impose some constraints on this parameter using
the observations from the Event Horizon Telescope.
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1. Introduction

Gravity is the weakest force in the universe that we live in today. While it can pull everything
reachable inwards, its effect decreases with (the square of) distance until where it is no longer
significant, according to the Newtonian physics. However, when the mass of the gravitating object
increases, gravity starts to behave differently. With a mass high enough, collapsing on itself and
concentrated at a single point, it can not only overcome the other three natural forces, but also crush
the familiar laws of physics that are known to govern our universe. This object of extreme mass,
infinite density, no volume and dominating gravity — so strong that nothing that goes in comes out —
is a black hole [1]. Black holes have been particularly of interest since their discovery by the Event
Horizon Telescope [2,3].

A black hole is surrounded by an accretion disk in which matter, dust and photons are stuck in
unstable orbits around it [4,5]. The not-so-circular photon sphere gives rise to the phenomenon of
gravitational lensing. When a massive cluster falls in the light trajectory aimed at an observer, the
gravitational fields of the clusters act as a lens by deflecting the rays of light, causing distortions
of the light source in its background [6]. This fascinating phenomenon was particularly prominent
in the first images from the James Webb Space Telescope, especially of the galaxy cluster called
SMACS 0723, which was reportedly due to an astronomical quantity of matter in view on the speck
of sky almost as big as a sand grain at arm-length [7].

Gravitational lensing can be classified into strong lensing and weak lensing; this paper is built
on the latter. It majorly depends on the mass distribution of the lensing cluster. Weak lensing is a
consequence of general relativity arising from minor distortions that are too small to be detected
in terms of magnification, yet sufficient enough to distinguish between various mass distributions
[8—17]. It is known in astrophysics that distances has a dominant role in obtaining the properties of
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astrophysical objects. However, Virbhadra proved that just observation of relativistic images can  ss
also say an incredibly accurate value for the upper bound to the compactness of massive dark objects  ss
[18] and then Virbhadra showed that there exists a distortion parameter such that the signed sum 4
of all images of singular gravitational lensing of a source identically vanishes by testing this with
images of Schwarzschild lensing in weak and strong gravitational fields [19]. 4
Weak lensing utilizes the fine property of differential deflection exhibited by the bending of
light to explore the structures of the cosmic deeper. In order to achieve this, the angle of deflection is
calculated using the optical geometry derived from the Gauss-Bonnet theorem given by: [20]

//DICdS+/aDKdt+ZaZ-:2nX(D) 0

where, x is the Euler characteristic of the topology, ¢ is a Riemannian metric of the manifold of the 4
symmetric lens, (D, x, g) represent the domain of the surface, KC is the Gaussian curvature, x is the 44
geodesic curvature, and «; is the exterior angle at the i vertex. In the literature, there are various s
studies of this method on black holes, wormholes and other spacetimes [21-58]. 46

The scope of this paper extends to evaluate the weak deflection angle through two different
approaches: the Gibbons and Werner (GW) method [20] and the Keeton-Petters formalism [59]. 4
Moreover, we study the shadow cast of the black hole with thin-accretion disk. 49

The accretion disk, along with the lensing effect, creates the appearance of a shadow of the 5o
black hole. This is due to the emission region that is geometrically thick but optically thin and is s
accompanied by a distant, homogenous, isotropic emission ring [60—62]. 52

The shadow is essentially illustrated as the critical curve interior which separates the capture  ss
orbits that spiral into the black hole from the scattering orbits that swerve away from the black hole, s«
i.e. entering versus exiting photon orbits. Although the size of the shadow is primarily dependant on  ss
the intrinsic parameters of the black hole and its contour is determined by the orbital instability of s
the light rays from the photon sphere, it merely appears to be a dark, two-dimensional disk fora s
distant observer illuminated by its bright, uniform surrounding [30,31,45-48,63—118]. 58

A factor of interest that affects the radius of the shadow is the effect of magnetic charge s
especially since it cannot be neutralized with regular matter unlike electric charge in a conductive &0
medium [119]. The presence of magnetic charge tends to increase the curvature of the spacetime, e
resulting in more photons being pulled into the black hole and hence, decreasing the radius of the &2

shadow [77]. 63
Along with black hole spin, magnetic charge is found to create two distinct horizons, namely &
the inner and the outer horizons, defined by stable and unstable photon orbits [78]. 65

For a negligible charge, they are one and indistinguishable. But as the value of the charge &
increases towards a critical value, Sun et al. have obtained that these horizons become more &7
prominent as the inner horizon appears from the center, with the outer horizon existing sensitive to s

the charge. 69
Other studies have shown the influence of magnetic charge on the shadow for different cases of 7
black holes [62—-64,77,120]. 7

Here, we will proceed to discuss how magnetic charges affect the shadow of a black hole 7
starting with the black hole solution from a new model of nonlinear electrodynamics proposed by 7
[121] 74

coupled in Einstein’s gravity. The paper is organized as follows: the black hole solution is 7
introduced in section 2. This is followed by calculating the weak deflection angle using the Gauss- 7
Bonnet theorem in section 3 along with determining the deflection angle and the observables using 77
Keeton-Petters formalism. Then, the weak deflection angle for massive particles is computed in 78
section 4 with the help of the Jacobi metric. Furthermore, the weak deflection angle is calculated in 7
the presence of plasma and dark matter in section 5. With inferences and comments about shadows s
in section 6, we finish with concluding remarks about our results in section 7. 81
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2. Brief Review of Reissner-Nordstrom black hole with higher-order magnetic correction in 82
Einstein-nonlinear-Maxwell fields 83

From the beginning of the universe to the black holes, singularity has been a matter of question, s«
hindering general relativity from being unified to the other models of the universe. Researchers have &5
been working on finding the solution for a black hole without singularities pioneered by Bardeen s
[122,123]. 87

Building on this attempt to eliminate singularity, the black hole solution presented by [121] s
brings nonlinear electrodynamics into play. They have provided an analytical black hole solution &
much like the Born-Infeld-type corrections to the linear Maxwell’s theory in the weak field limit o
[124]. The governing equations for a pure magnetic field are: 91

Vector potential: Ay = — pcos0
Spacetime tensor field: F,y = du A g— aﬁAa

. . 1
Electromagnetic invariant: F = 11—“’”1—"””

1 2
Lagrangian density of the new model: £ = — B In [Cos2 (\/ —BF )} , F>— Z—
R
Action coupling £ minimally to Einstein’s gravity: [ = / dix/— g <167TG + £>
1
Energy-momentum tensor: T;; = e (5(5; — LrF, AF )
2

where, p is the magnetic charge construed as a magnetic monopole, f is a dimensional e
constant with a dimension of [Length]4, g is the metric, R is the Ricci scalar, and G is the Newton’s
gravitational constant in four-dimensional spacetime. o4

The line element of a spherically symmetric spacetime is written as:

b
f(r)

Given a radial magnetic field, B, = p/ 72, using the set of equations from (2),

ds? = —f(r) d? + —— dr? + r*( d6® + sin 0 d¢?) 3)

2

_r
]:_27’4

and the Lagrangian is derived - satisfying the Maxwell-nonlinear equations - to be:

_ 1 Br
L= —Bln [cosh2<\/;72>1

Let f(r) = 1 —2Gm(r)/r such that m’(r) = 4mr?p, the tt component of the Einstein field
equations,

OO g,

after solving for m(r) = 47w f rzp dr, can be equated to the energy-momentum tensor T} to give:

f(r)=1- ZCiM - ;C:/rlen[cosh2<\/§:2>] dx
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that reduces in the weak field limit to the non-asymptotic behavior of magnetic Reissner-Nordstrom
black hole [121]:

_2GM  Gp?
r r2

Gp* Gp®

f=1 60r

This magnetic black hole solution will be the center of analyses henceforth. Fig. | illustrates the o5
effect of the magnetic charge on incoming light rays. 9%

Figure 1. Illustration of the function f(7) in the Cartesian coordinates. The first figure shows the top view
and the second figure shows an angular view. The white circles represent the Schwarzschild case; the yellow,
red and purple circles correspond to different values of magnetic charge, p = 1.4, p = 145and p = 1.5
respectively.

The event horizon radius 7 of a black hole is the larger root of the above equation - where o
the outer horizon is located - with f(r) = 0. As shown in Fig. (2), the number of horizons are s
dependant on the parameters of f.

N

I " — B=2 — p=3 — SC

Figure 2. The lapse function f(r) as a function of r for M = 2, p = 1, G = 1 and for the different values of f.

99
The 4-velocity is determined by:
u=u'o; (5)

accompanied by the satisfying normalization condition:
1=ulu, (6)

where ut = 1/./gu. 100

Correspondingly, the particle acceleration a’; is given by:

a' = —g"9, Inu'


https://doi.org/10.20944/preprints202208.0368.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 August 2022 d0i:10.20944/preprints202208.0368.v1

5o0f 24

[125] as the metric components exist as functions of r and 6. The surface gravity (ng) is defined as:

. y/atay
Ksg = lim

ror, ut

which helps in finding the black hole temperature:

1
ng = anfz ’ T . (7)

The horizon area is plainly calculated as:

27 7T
App = / dg / /—gdo = 47 @®)
0 0
giving the black hole entropy to be:

A
SpH = % =Ty ©)

As for the thermodynamic properties of a black hole, the mass of a black hole described by

800l—r, =015 2.6 4 2
r+ By Pp 4

M(ry) = = —~ . 10

) =3¢+ 1620, 12075 Tar, (10)

At the limit of the Gauss-bonnet coupling and the magnetic parameters vanishing 8 = p =0, 1o

the black hole mass and temperature reduce to the Schwarzschild case, My =74 /2G and Try = 102
1/87 M respectively. 103
3. Weak Deflection Angle using Gauss-Bonnet Theorem 104

For the equatorial plane 8 = 71/2, applying null geodesics to the line element in eq. (3) yields
the optical metric:
dr? 12
di? = — + —— d¢>. (11)
fr)2 - f(r)
where the determinant of the optical metric ¢ = %/ f(r)3. In order to calculate the deflection angle 105
while accounting for the optical geometry using a domain outside the light rays’ trajectory, the 10

Gauss-Bonnet theorem introduced by Gibbons and Werner is employed [20]. 107
The light rays are treated as spatial geodesics in the optical metric which induces a topological 108
effect. 109

The Gaussian curvature /C is found to be proportional to the Ricci scalar computed from the 110
non-zero Christoffel symbols as I = R/2. 111
To calculate the deflection angle utilizing the optical Gaussian curvature, a non-singular region
Dg with a boundary of D = 75 U Cg is selected. Alternatively, a non-singular domain outside of
the light trajectory where the Euler characteristic x(Dg) = 1 can also be chosen. For this region,

the GBT can be stated as [20]:

//IC ds + ]{ x dt+)_6; = 27x(Dg), (12)
Dy oD i

As R — oo, the jump angles (8¢, 65) can be equated to 7t/2 which says that the sum of the
jump angles of the source S, and of the observer O transpires as 6 + 85 — 71. Defining y as the
unit acceleration vector, the geodesic curvature:

x =3 (Vi1 7) (13)
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Figure 3. Hawking temperature T versus r for M = 2, p = 1, and for the different values of B.

along with the unit speed condition (-, ¥) = 1 affects eq. (12) to become:

&
///Cds+7fxdtR2°°///Cds+/ dg = 7. (14)
CR Doo 0

Dr

Since 73 is a geodesic and x(yz) = 0, choosing Cg := r(¢) = R = const, the geodesic
curvature becomes:
K(CR) = |VC'RCR|, (15)
where, the radial part can be evaluated as:
2

(VeuCr)" = Ch (39CR) + Ty (CF) (16)

While the first term vanishes, the second term is determined by eq. (7) under the unit speed
condition to be:

. . . 1
Fmx(C0) = fim [e | = @
On the other hand, when the radial distance is very large, 112
lim dt — (R) de¢. (18)
R—o00

Combining the last two equations, x(Cg) dt = d ¢. 118
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Taking the straight-line approximation as ¥ = b/ sin¢, where b is the impact parameter. 114
The deflection angle can thus, be determined by the Gibbons and Werner method through the 115
Gauss-Bonnet theorem to be [20]: 116

54——/7r 7 K dS. (19)

0 b/sing

where differential surface dS = /g dr d¢. Substituting eq. (4) in eq. (11), the optical metric 117
for a magnetic black hole using the new solution gives the Gaussian curvature evaluated from the  11s
non-zero Christoffel symbols to be: 119

K ~ 3624]\/12 N M<19,BG2;74 _ 6G*p? zc) p*(40G*r? — 7BG) N 3Gp? o)
r 3079 s r3 2078 rt
(20)
Ignoring the higher order terms, the above equations simplify to the asymptotic deflection angle 120
given by: 121
2 2712 33 27 [12 4
i~ 4GM  3nGp n 3nG*M " 8G"M” 8G"Mp 7npGp 21

b 4b? 4b? 303 3b3 384b°

This reduces to the Schwarzschild case in the absence of the magnetic charge, p = 0. Owing 12
to the topological effects that exist as its salient features, the GBT method can be used in any 12
asymptotically flat Riemannian optical metrics. 124

Fig. 4 has been plotted to examine the effects of B and p more closely and separately. Itis 1z
interesting to compare the variation scales of both figures: while B does not show much difference 125
for small changes, it tends to increase as b increases, whereas, p appears to be quite sensitive to 127
any change and tends to decrease as b increases. Therefore, for a given impact parameter, more  12s
the magnetic charge, more is the deflection. It is interesting to note that though both parameters 12
tend to merge with the Schwarzschild case for high values of impact parameter, B is close to 130
the Schwarzschild case in the lower range, while p is closer to the same in the higher range. a1
This emphasizes on the nature of influence of § and p on the deflection angle and the inverse 1z
proportionality between each other. Fig. 5 illustrates the effect of the magnetic charge on the bending 13
of an outgoing light ray. 134

3.1. Calculation of weak deflection angle using Keeton-Petters formalism 135

The Keeton-Petters formalism is a general PPN (post-post-Newtonian) approach [59,126] 13
showing that (21) for the weak field deflection angle can be exactly obtained. The light propagation 137
in the metric (3) can be studied by following the general approach mentioned in [59] for arbitrary 13
spacetimes that are static and spherically symmetric. Specifically, the deflection of the light in the  13¢
metric of the black hole and, more importantly, the corrections imposed to a few lensing observables 140
owing to the non-linearity of the Lagrangian are focused. 141

Given the following metric:

ds* = —A(r)dt> 4+ B(r)dr? + r*dQ)?, (22)
such that the coefficients are expressed in power series as: 142
A(r) = 1+42a1p+2ay¢* 4 2a3¢> + ..., (23)

B(r) = 1—2by¢+4byd* —8b3¢> + ..., 24)
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Figure 4. First figure shows the weak deflection angle & versus impact parameter b with M = 2 and p = 1 for
different values of B. Second figure shows « versus b with M = 2 and § = 0.5 for different values of p. The
solid black line represents the Schwarzschild case.
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Figure 5. Illustration of the function f(r) deflecting a ray of light for different values of p. The first figure
shows the top view and the second figure shows an angular view. The while circles represent the ray of light;
the cyan circles represent the Schwarzschild case; the yellow, red and purple circles correspond to different
values of magnetic charge, p = 1.4, p = 1.45 and p = 1.5 respectively.

where ¢ = —M /r is defined as the Newtonian potential. Comparing this to the metric in eq. (3),
A(r) = f(r) and B(r) = 1/ f(r). Setting P = pM leads to eq. (3), eq. (23) and eq. (24) to yield:

=G ay=GP?/2,a3=0 55
bi=G by=1(4G> - GP?). (23)

In General Relativity (GR), & expanded as a series expresses the corrected deflection angle in
the weak-field limit. Defining re = M as the gravitational radius of the source, it can be seen that
the GR bending as a consequence of mass M is &gr = 4 7¢/b. The derived bending angle from the
aforementioned metric in eq. (22) for first order of M will be:

r To 2 Fo\3

e=a(y) + ay) +o(3) 26

€ 17 + A2 b + b (26)

The coefficients A1, Ay do not depend on M/b. As for the coefficients a1,bq,a;, and by, they
2

become Ay =2(a; +b1)and Ay = 7 (2&1% —ay +a1by — % + b2>. With respect to eq. (25),

1 11G>  GP?
Al =4G; Ay =7 7<4G2—GP2)+ G- _ G 27)
4 4 2
Since the metric eq. (22) is of the linear order of M /¥, the contribution of the term proportional to

M? /b? can be neglected. Subsequently, the beding angle given by eq. (26) evolves into:

. AGM 3nGp?
=T w0
372 (28)
f=agg(1-2LF
16bM
which agrees with eq. (21) to the first order of M /b. 143

The lensing geometry is shown in Fig. 6. The angular position of the source is B and that of the
image is @ with the bending angle &; D is the distance and the subscripts S, L, and LS correspond
to observer-source, observer-lens, lens-source. An observer at point O views the image at point
S of the source as though it was at S’. The location of the lens is at L. Applying the thin-lens
approximation, all the light trajectories are approximated to straight lines. The impact parameter b
becomes a constant of motion in terms of the propagation of light: relative to an inertial observer at
infinity, it is essentially the perpendicular distance from the point of the lens center at the asymptotic
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Figure 6. Lens Geometry [126].

tangent to the line connecting the path of the ray of light to the observer. It is evident from Fig. 6
that b = Dy sin ®. Hence, the lens equation can be derived by using elementary geometry to be:

Dstan B = Dgtan® — D;s[tan ® — tan(® — ¢)] (29)

This can be used to determine ® (angular position of the image) as a function of B (angular position 14
of the source) and €. Some underlying assumptions here are the lens being static and spherically 15
symmetric, the source and the observer being asymptotically flat, and the light rays being propagated 146
external to re i.e. say, rg is the distance of nearest approach, then, ry > Tq. 147
For small angles due to weak-lens approximation, the preceding lens equation eq. (29) can be
written as Dg B = Ds ® — Dy €. By employing the GR expression for both €5z = 4 M /b and
b = Dy O, the subsequent lens equation can be written as:
DSB:D5®—%LLS% (30)
When B = 0, the solution of this equation implies that the source, the lens and the observer are
all aligned to be on the same line, giving rise to a characteristic angular scale called the Einstein

angle, O expressed as:
4MDy s
0 = 31
E=/ D, Ds (31

Sequentially, a characteristic length scale called the Einstein radius Rg = Dy 0 is also defined. All
angular positions are scaled with respect to O as:

= E, 0= 9, (and setting) € = ®—M (32)
O O O

where, @) = tan~!(M/Dy) is identified as the angle subtended by the lens’ gravitational radius.
The lensing observables are expanded in power series with the help of the parameter €. The lens
equation from eq. (29), rendered similar to € in the form of eq. (26), for the position of the image
becomes:

0 =6y + 61e + O(e?), (33)

where, 0 is the position of the image in the weak-field limit solved as:

1
0:—/3+90—%. (34)
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The images position, one of the observables, is accordingly obtained to be:

9§—;<\/4+ﬁzilﬁl) (35)

where Gf)t denotes the parity image with respect to the lens; the positive sign implies that the image
lies on the same side as the source ( 5 > 0) while the negative sign implies that the image lies on its
other side opposite to the source ( 8 < 0). Here, the second-order term becomes [59]:

A
b= 2. (36)
Ay +46;
Therefore, the image position up to the first order of € is found to be:
Ay
0 =00+ ——5¢. 37
O Ay + 402 7)

Considering the values of A1 and Aj; in eq. (27), the image position for the said black hole
metric is written as:

3nG(5GM? — p?)
16M2 (G + 63)

6 — 6+ (38)

The actual angular positions defined as @ = 0 0 can be corrected as @1 = 61 0 €; for small angles,
this is determined to be:

e M 3nG(5GM? —p*) M

—p, 16M2 D;

The next observable is the magnification of an image y at © that can be obtained with its sign
sin B(®) dB(©®)] "

G

in this formalism. Having the expression y(®) = for general case, the

sin @ do
series expansion in € gives:
1= o+ e+ O(e?), (39)
where,
1663 16A263
HWo=—7—"5 and Y1 =———""->=. (40)
1605 — A2 (Aq +463)°
Once again, taking the values of A1 and A; from eq. (27) into account for the metric in question: 148
65 371G63 (5G — P?) @D
Ho= -7 =5/ 1= - .
05 — G* 16(G + 62)°

Naturally, # > 0 corresponds to 6, the positive parity image, and # < 0 to 6, the negative 1o

parity image. The sign of P is seen to influence the magnification; if P> > 5G, then iy < 0 and 15

the positive-parity image appears faint while the negative-parity image is bright. Technically, this 151

condition can be utilized as a test in observation for the theoretical quantity P. Since the total 152

magnification is not altered to the first-order of € when the second-order term is rather proportional  1ss

to A%, it is found to be null in this approximation. 154
The last observable is the time delay, which is defined as the travelling time difference (due to

the lens) between the actual time that light takes and the time that it would take if there were no lens,

and it is given by:

T 1
[ 111—1-‘32—95—

TE 2 2 4DLS

a + b In Dy 9(% 9%
16 69

)] L (80— da +Amby — b +4by) € + O(€).
(42)
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which becomes:

1 Dy 6% 62 2
lei 4G+/529352G1n< L7 E) + L(lSGZ—SG—p)e + O(). (43)
E

4D;s 166, 2M2

for this case under scrutiny. In physical units, Tz = 4GM /> while in natural units, the gravitational
constant G and the speed of light ¢ are taken to be unity and thus, T = 4M is obtained for the
regarded system in the natural time-scale. The differential time delay can be calculated between the
negative and the positive parity images as:

AT = ATy + eATy 4+ O(€2) (44)
where, 185
B () 2= (65)% a1+b b0
Aty = Tf [ 5 - 5 In % ’ (45)

(0 —60)

AT
' 03 65

T
TE T (8(1% —4a, +4a1b1 — b% + 4b2> (46)

Applying the values from eq. (25) for ay, by, a, and by for the RR metric, the above equations  1ss

become: 157
- -2 _ 9+ -2 0-
PN LU el C RV R ) )
2 N
T 3Gp?\ (64 — 6y
Aty = 1 —(15G* - i 48
R ( 2M2 > ( 05 0y @
The time delay corrected to first-order gives an order of magnitude:
_TE 2 3Gp?
AT€e ~ 16 (15G e )ne. (49)
4. Weak deflection angle of massive particles 158

For a static and spherically symmetric (SSS) spacetime, the general form
ds® = gy dx¥ dx¥ = —A(r) dt* + B(r) dr* + C(r) dQ? (50)

can be re-written for the Jacobi metric as:

4 B(r) C(r)
2 _ .. i j — 2 2 2 2
dI* = g;j dx' dx (E m A(r)) (A(r) dr® + A dO (51)
where, E is the particle energy per unit mass m and dQ? = d6? + r2 sin® ¢ 159

is the line element of the unit two-sphere. The Jacobi metric can be utilized to derive the radius
of the circular photon orbit using a geometric method for a particle in the equatorial plane. The
Jacobi metric dI? obviously reduces to the optical metric dt? for null particles with E = 1 and
m = 0. (A non-zero mass term implies that the particle under consideration is a massive particle and
thus, not travelling at the speed of light c.) An asymptotic observer perceives one of the constants of
motion, the particle energy, far away from the black hole as:

F=_" (52)

V1—192
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where, v is the particle velocity prevailing as a fraction of ¢. In the equatorial plane 6 = 71/2, the
Jacobi metric is [127]:

wow(iae o) B Se) e

maintaining the generality. The determinant of the above metric is determined to be:

A(r) (02 —1) + 1} 2 54)

= m'Bc0) |G

Using GBT to find the weak deflection angle,

&:/n 7 K ds (55)

0 b/sing

for the Jacobi metric defined above, the weak deflection angle of massive particles is written as:

. npGp* N npGp* | 16G°M>  40G°M®  10G*M®  2G’M? | 4G*Mp*  6G*Mp?
384h0 64b602 3p300 3p3v4 b3v2 3p3 b3v4 b3v?
_2GMp?  nGEM? | 3nGM? | nGIM?  nGp?  nGp? | 2GM | 2GM
363 b2vt 20202 4p? 20202 4b? bo? b

For null particles, v = 1 which in turn gives:

4GM  3nGp? N 7npGp*  3nG*M?*  8G*Mp? N 8G3 M3
b 42 384h6 412 3b3 33

&= 57
as expected. Furthermore, when there are no charge, the Schwarzschild case & = 4M /b is recovered.

In Figs. 7, the case of the deflection angle due to a massive particle is plotted against the impact
parameter. The parameter v is observed to reduce the value of &, approaching the Schwarzschild
caseas b/ M — oo.

10—
8’ v

s | 5

°

(=] L

c

< 6t 4

c

S

©

§ | 3

a ar

K4 L

©

(]

s | 2
2,
I 1
0\

Impact parameter b

Figure 7. Figure shows the weak deflection angle & versus impact parameter b for M =2, p = 1 and B = 500
for different values of v. The solid black line corresponds to a photon with v = ¢ = 1.

160

161

. (56)

162

163

164

165
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5. Weak Deflection Angle in plasma medium and dark matter 166
5.1. WDA in plasma medium 167

Another non-trivial factor influencing a gravitational lens is plasma. Refraction arises in a 168
plasma medium causing more deflection. It is particularly eminent in the radio regime and is 1
described by the refractive index which pursues to acquire auxiliary components. 170

To encompass the effects of plasma, let v be the velocity of light travelling through hot, ionized
gas. The refractive index, n(r) = ¢/v for the magnetic black hole in question is expressed by [58]:

w2 [, 2GM Gp> GBp* Gp*pb
— 1= e |1 ZF
n(r) \/ { r r2 60r¢ 810710 (58)

where ¢ = 1, w, is the electron plasma frequency and we is the photon frequency measured by an
observer at infinity. The line element in equation (3) is re-written as:

dr?
f(r

do? —gOPt dx' dxf = f((r)) {

This yields the optical Gaussian curvature to be:

) +r d4>2} : (59)

Kﬁ_12G3M3w§ 148G M?*p*w?  32G3M?p*w?  23G3Mpiw?  12G*MPw?

Pwi, 571002 réw2, % rwi,
278G *Mpw;  26G*Mp*w;  10G*p*w; 3GMwi 13pGp*w;  5Gp*wi
109w rPwZ rowZ r3wZ 20r8w2, rtw
N 3G*M? | 19pG*Mp*  6G*Mp? N 2G*p*  2GM  7BpGp* | 3Gp?
rt 3079 r 76 r3 2078 r4
(60)
With the GBT becoming: 171
T+&
lim [Kda} dq) =7 — lim K ds (61)
0—% Jo dq) p—rco D,
where,
x(Cp) dt = de. (62)

for very large radial distances. Therefore, for this profile of number density and the physical metric
that indicates an asymptotically Euclidean optical metric, it can be seen that:

=1 (63)

as expected. For the linear order of M, using eq. (61) in the limit of p — oo, and taking y, the
geodesic curve that is approximated by its flat Euclidean counterpart parameterized as p = b/ sin ¢,
in the physical spacetime to give:

= — lim / / (64)
p—ro b/sin cp
The deflection angle of the black hole in a medium for the leading order terms is calculated 172
non-trivially to be: 173

i npGplw? | 7npGpt  2GPMPw? N 2G’Mp*wi  8GMP  8G*Mp?
64b0w2, 384h6 3b3w2, b3w2, 3b3 3p3

 nG*M*wi;  nGp*wi  3nG*M?*  3nGp? N 2GMw? N 4GM

2b2w2, 2022, 412 42 bw2, b’

(65)
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which agrees with the conventional results in the limit where it’s presence is insignificant (ng = 1), 17
reducing to the familiar expression in vacuum, & = 4M /b. Note that GBT is exhibiting a topological 175
effect partially. 176

Fig. 8 is plotted to study the effects of plasma. For obvious reasons, the range of the refraction 177
parameter, Z = w2 /w2, is set to be < Z < 0.9. Evidently, plasma appears to increase the deflection 17
angle for a given value of b: this is expected as the bending that occurs in this case is due to both 17

gravity and refraction, resulting in a distinctly additional component. 180

1.0
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Figure 8. Figure shows the weak deflection angle & versus impact parameter b for M = 2, p = 1 and § = 500
for different values of refraction parameter, Z = wg /w2, The solid black line represents the Schwarzschild
case.

5.2. WDA in dark matter medium 181

The refractive index is defined for the dark matter medium as: [24,53,128] 182

n(w) =1+ Bu + vw? (66)

where, w is the frequency of light, B = po/ 4m?w? with Po as the mass density of the scattered 1ss
particles of dark matter, 1 = —2¢2e? with € as the charge of the scatterer in units of e, and v > 0. 14
The order of terms in O (wz) and higher are associated with the polarizability of the dark matter 1es
particle. This is the anticipated refractive index for an optically inactive medium. The order of w2 s
corresponds to a dark matter candidate that is charged and w? to a dark matter candidate that is 17
neutral. Additionally, a linear term in w is a possibility when parity and charge-parity asymmetries 1ss

exist. 189
Consequently, the Gaussian curvature is obtained as: 190
€ 3G>M? 198G*Mp* B 6G2Mp? 2G%p*
r(Bu+vw?+1)*  30P°(Bu+ow2+1)>  S(Bu+ow?+1)*  r6(Bu+vw? + 1)
2GM 7BGp* 3Gp?

- 5 — 5 5+ O(M%) (67)
r3(Bu+ovw? +1)°  20r8(Bu+ovw?+1)°  r4(Bu+ow? +1)
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prompting the deflection angle to be: 191
Ao  7nBBGp*u  7npBGpuvw®  7mpGp*  7mpGpvw?  16BG>Mp*uvw?
192b° 64b° 3846 192b° b3
16BG*Mp*u  16G*Mp?vw?  8G?*Mp?> 9nBG>M*uvw?  37BG>M?u
3B 363 3 262 AT
9nBGp?uvw? 3nBGp*u 3nG*MPvw?  3nG?M?  3nGp*uw?
2 M 202 4b? 262
3nGp?> 24BGMuvw? 8BGMu 8GMow? 4GM
- + - - =+ (68)
4p2 b b b b
Therefore, the dark matter medium can be seen to affect the deflection angle by inducing small s
deflections in comparison to the standard case of a Schwarzschild black hole. 193
Fig. 9 shows the variation of the bending angle with respect to the impact parameter in the 104
presence of dark matter. Its effect is more spaced out than the other cases that were examined — 195

dark matter is observed to impact the deflection angle drastically. Apparently, low values of the 1
dark matter parameter w is seen to produce a high deflection, whereas, high values of w gives low 17

deflection. 198
5
4+ w
s 1.0
()]
E
< 3l 0.8
c
2
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1+ 0.2
o 1 1 L n n I n n I i i
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Impact parameter b

Figure 9. Figure shows the weak deflection angle & versus impact parameter b for M = 2, p = 1, § = 500,
u = —2,p0 =1and v = m = 1 for different values of w. The solid black line represents the case of vacuum
containing no dark matter.

6. Shadow of the black hole 199

Here, the shadow of a black hole is analysed and the effect of the magnetic charge on the shadow
cast is studied. A black hole shadow represents the interior of the so-called apparent boundary or the
critical curve, the latter being such that the light rays that are a part of it approaches a bound orbit of
photons asymptotically when a distant observer traces it back to the black hole. The Hamilton-Jacobi
approach in the equatorial plane 6 = 7t/2 for a photon is expressed as [117]:

1 1/L2 E? i
H = — po = — — — —/ — - 0. 69
2 e =3 (5~ 75 77) .
where, Pu is the momentum of the photon, L = Pe is its angular momentum, E = —py is its energy,
and 7 = dH /dp, . Using the above equation, a complete dynamics with an effective potential V is
described by:
) 2 E?
V+i=0 V= - — = |- 70
o (5 75) 70
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Figure 10. Spacetime traced out by null geodesics.

The circular null geodesics, as depicted by Fig. 10, holds the stability condition V(r) =
V'(r) = 0and V" (r) > 0 For circular photon orbits, the instability is linked to the maximum value

of the V as:

V()—y, =0, V'(],_, =0, (71)

|7:Tp
where, the impact parameter b = L/E = r,// f(rp) and r, = 3 + /36 — 8p? is the radius of
the photon sphere: the latter can be computed from the largest root of the relation:

f/<rp) 2 72)

flrp) 1y’
Analytically, this is a complicated equation to solve — numerical methods are employed to obtain the 200

radius 7y, of the photon sphere to find that as the value of the confining charge parameter increases, o1

the photon sphere tends to increase as well. 202
The radius of the shadow of a black hole with respect to a static observer at a position rq is

[129]:
f(ro)
Rs=r , (73)
P\ £ ()
and for a distant observer (f(rg) = 1), it is:
2
r
RZ=_F 74
7iry) o

Therefore,

ﬁ(,/9 i 3)
R =
’ p2+4/9—2p2-3

pZ

(75)
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To gather more perspective in this context, Fig. 11 is plotted for different values of p. The 20
inverse proportionality between the shadow radius and the magnetic charge can be noticed implying 204
that the greater the magnetic influence, smaller the radius. 205

- p=2 — p=1.5 —— p=1.2 — p=1.1

Figure 11. Figure shows the shadow of the black hole with M = 2 and B = 0 for different values of p.

Fig. 12 is plotted numerically the radius of the black hole (R, /M) shadow with variation 206
of p. The exponential and inverse dependence of p is intriguing, aside from the range of variation 207
that is observed in either of the parameters. Fig. 13 shows the upper limit of p from the EHT 208
observations that the 68% confidence level (C.L.) [64] upper limit p < 0.8 and the 95% C.L. upper 200
limit p < 0.92. 210

Rsh/m

0.0 0.2 0.4 0.6 0.8 1.0
P

Figure 12. The first plot shows the shadow of the black hole with varying p and fixed values of M = 1 and
g =0.8.
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Figure 13. Constraints from EHT horizon-scale image of SgrA* at 1o and 20, after averaging the Keck and
VLTI mass to distance ratio priors for SgrA* M =1, and p = 1.

6.0.1. Spherically in-falling accretion 211

Following the technique of [130], spherically free-falling accretion is investigated in this
section. The accretion disk is dynamic and spherical, unlike the static disc that was inspected before.
The number of orbits formalism of [79] is implemented again for this dynamic model, except that the
crossings are throughout the entire spherical accretion and not at the equatorial plane. The integrated
intensity observed at a specific frequency v, expressed as an integral over the null geodesic 7y to be
of the form:

I(VobSI b'y) = /7g3]'(1/e) dlpr/ (76)

where, b, is the null geodesic of the impact parameter, j is the emissivity per unit volume as a
function of the emitted frequency, dl, is the infinitesimal (proper) length. and g is the redshift

factor altered as:
kﬂug

g , K=y, 7)

ke

with k¥ as the 4-velocity of the photon, ul) as the 4-velocity of a static observer at infinity, and ul! as
the 4-velocity of the in-falling accretion such that:

k=1, kr:ibf%\/w and uz:<]%,— 1—f(r),0,0> (78)

allowing:
by ket
9= (ue + —uZ) . (79
k¢
The proper distance along 7y can be represented in terms of an affine parameter besides proper time
as: \ "
dl, = kyu, dA = —— dr. (80)
! e glkr

For the sake of simplicity, a monochromatic emission with a rest-frame frequency v, and a
radial profile 1/72 is assumed in this model such as:

S(ve — v4)
)

j(ve) , (81)
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Figure 14. Observational appearance of a spherically free-falling accretion emission near a black hole of charge
M=2p=01andp=0.

where, ¢ is the delta function. Integrating eq. (76) over all frequencies gives the total observed flux
to be:

F(b,) « [ 87 dr, (82)
vy r

With the expressions for the flux, we have used Okyay-Ovgiin Mathematica notebook package [31], 21
(used in [48,86,115]) and numerically integrated the flux to see the effects of the charge parameters. 213
See figures 14, and 15 for examples. 214

With the help of stereo-graphic projection in the celestial coordinates X and Y, the apparent 215
shape of the black hole shadow is plotted in Fig. 14 and 15. Evidently, the shadow radius increases 216
as value of p increases, proving that the magnetic charge has a strong effect on the black hole shadow 217

size. 218

Therefore, it is seen that the introduction of a charge term greatly increases the apparent size of 219
the shadow, but decreases the intensity of the incoming light. 220
7. Conclusion 221

In this paper, we have examined the weak deflection angle and the shadow of the Reissner- 22
Nordstrom black hole under the influence of a magnetic charge for various conditions. We considered 223
higher-order magnetic correction in the Einstein-nonlinear-Maxwell fields to explore the extent 22
of its impact. We defined the function f(r) as the solution of a magnetic black hole. Then, we  zs
calculated the weak deflection angle using the Gauss-Bonnet theorem and we found that the magnetic 22
charge had a direct proportionality to the deflection angle for a given impact parameter. We used the 227
Keeton-Petters formalism to verify our result and extended it to determine three observables, namely, 228
angular position, magnification, and time delay. 229

In addition to that, we calculated the deflection angle of massive particles using the Jacobi 23
metric in which the velocity of the particles were inversely proportional to the deflection angle  zs
and seems to converge into the Schwarzschild case for higher values of the impact parameter. 232
Furthermore, we computed the deflection angle in the presence of plasma and dark matter. The 233
deflection angle was found to be directly dependant on the ratio of electron frequency to photon 2
frequency suggesting that more refraction led to more bending. On the other hand, the deflection 235
decreased with more dark matter activity. Finally, the shadow of a black was studied with respect to 236
the black hole solution, and a special case of a spherically in-falling accretion was probed, studying 227
some parameters of interest. Moreover, we show in Fig. 13 that the upper limit of p from the EHT s
observations that the 68% confidence level (C.L.) upper limit p < 0.8, and the 95% C.L. upper limit 230
p < 0.92. 240
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Figure 15. Observational appearance of a spherically free-falling accretion emission near a black hole of charge
M =2, p=0.99 and B = 0. Note that in the last figure, Black line is for (p = 0.1) and Blue line stands for
(p = 0.99).
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