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Abstract

A total m-labelling o on graph I' is called an edge irregular total m-labelling
if for any two different edges of I', their weights respect to « are distinct, where
the weight of any edge is defined as the sum of its label and the labels of its
end vertices. We determine the minimum m such that I' can be labelled by
an edge irregular total m-labelling whenever I' is an odd staircase graph or an
even staircase graph.
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1 Introduction

Graph labelling plays an important role in the development of graph theory nowadays.
A labelling of a graph, also called as valuation, is a function that assigns usually
positive or non-negative integers to the graph elements subject to a certain condition.
The set of all vertices alone, the set of all edges alone and the set of all vertices and
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altogether all edges are the most common sets taken as domain of labelling. Whenever
a labelling has the set of all vertices and all edges as its domain, then the labelling
is said to be total. From the most complete recent survey on labelling by Gallian
[2] we know that there are various kinds of labelling on graphs. One of well-known
labellings is edge irregular total labelling proposed by Baca et.all [I] as follows. Let
I' = (Vr, Er) be a connected simple undirected graph with non empty vertex set V-
and edge set Fr. Baca et al. [1] investigated the weight wt, (ab) of edge ab under a
total m-labelling o : Vi U Er — {1,2, ..., m} defined by

wty(ab) = a(a) + a(ab) + a(b)

for each ab € Er. The total labelling « is called an edge irregular total m-labelling
if for any two different edges ab and a'd’, the weights wt,(ab) and wt,(a'b’) are not
the same. The minimum m such that I' can be labelled by an edge irregular total
m-labelling, denoted by tes(I'), is called the total edge irregularity strength of graph
I'. In general, the total edge irregularity strength of a given graph is not easy to
obtain. The following result gives a helpful hint on the lower bound of the total edge
irregularity strength of arbitrary graph.

Theorem 1.1 [1] Let T be any graph of |Er| edges. If the mazimum vertex degree of

I' is Ar, then
E 2 A 1
e [57] 5}

Apart from the above theorem, the following conjecture on the exact value of tes(I)
for any graph T" was presented by Ivanco and Jendrol in [3]

Conjecture 1.2 [3] For arbitrary graph I' of |Er| edges and of maximum vertex
degree Ar, it follows that

tes(T) = maxH|Er|3+ 2} | [AF; 1} }

For some classes of graphs, including complete graphs, complete bipartite graphs
and trees, it has been proved that the conjecture is true. The total edge irregularity
strength of any tree was given by Ivanco and Jendrol ([3]) while the for complete
graphs and complete bipartite graphs were presented by Jendrol, et al. [4]. Some
other works also presented. Some are given in [6] and [7], where Putra and Susanti
presented the tes of centralized uniform theta graphs and the tes of uniform theta
graphs, respectively. In [8], Ratnasari and Susanti provided the exact value of total
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edge irregularity strength of some ladder related graphs. In [9], it is given the exact
value of the tes of some arithmetic book graphs. Moreover, [10] it is also provided
the total edge irregularity strength of g-tuplet book graphs. Meanwhile in [5] it is
given the tes for some double fan related graphs. In [I1] it is given the tes of some
staircase graphs including mirror-staircase and double staircase graphs. In this paper,
we consider particular arithmetic staircase graphs, namely odd staircase graphs and
even staircase graphs and give the exact value of their total edge irregularity strengths.

2 Main Results

In this section we present the total edge irregularity strength of several classes of
graphs. For the first discussion we consider odd staircase graphs. Let us denote the
odd staircase graph of level s > 1 by OSCj; (see Figure|l)). For this graph, we have

p
Vosc, ={apqlp=0,1,2,...,2s = 1,q = [gj,...,s}

as the vertex set and Epsc, which consists all edges given on the table below

edges D q

Apqptiqg 0O 0,1,2,...,s
Upqlpr1g 1,...,25—=2 [B],. .. s
apqpqr1 0,1 0,1,2,....,s—1
Upglpgr1 2,...,258—1 |B], .. s —1.

It is routine that |Vpsc,| = s*+3s and |Epsc,| = 2s* +3s — 1. The following theorem

gives the exact value of tes of OSCs.

Theorem 2.1 Let OSC, be the odd staircase graph of s > 1 level. Then the total
edge irreqularity strength of OSCy is

2
tes(0SC) = [ww _

3

Proof: Obviously, the maximum degree of the odd staircase graph is 2 for s = 1 and
4 for otherwise. Thus, by Theorem ([1.1)), we have

2
tes(OSC,) > [w-‘ .

3

3
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Figure 1: Odd Staircase Graph OSC}s
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To prove the upper bound, i.e. tes(OSCy) < [%-‘, we are constructing a total

25243s+1
3

edge irregularity m-labelling with m = [ —‘ Before we give the labelling, we

determine the largest positive integer ¢ such that

ﬂé[%i%?iEW—L

(On Table 1 it is given several s’s and t’s.) Now we define a labelling

%2+3s+1W}

0611VOSCSUEOSCS—>{1,2,...,’7 3

as follows

label of edges and vertices p and ¢

a1<ap,q):q2+1 p=0,1,...,2¢+1
q=0,1,2,...,t
a1 (Apgtping) =p+qg+1 p=0,1,...,2q
q=0,...,t—1
ar(apapi1y) =p+q+1 p=0,1,...,2t -2
q=1
ar(apgapgr1) =p+q+1 p=0,1,....2¢+1
q=0,...,t—1.
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If t = s, then the labelling is done. If ¢ < s, then we continue to assign labels as the

following

label of edges and vertices p and ¢

a1 (ap,gapt1,4) =p+q+1 p=20—1,2t
qg=t

al(ap,q>:(2sz+#] p=20,...,2¢g+1
g=t+1,...,5s—1

O‘I(ap,q>:[2sz+#] p=0,...,2s =1
q=3:5

O‘l(ap,qap,qﬂ):p+t2+3t+3—[m#w p=0,...,2t+1
q:

a1(Apgprig) =D+ (E+k —1)(20 + 2k +3) + 6 — 2[ 2] p=0,...,2¢+1
g=t+k
k=1,...,s—t—1

1 (pgapgr1) = p+ (E+ k) (2t + 2k + 3) + 4 — 2[ 2] p=0,1,...2(t+k) +1
qg=t+k
k=1,....,s—t—1

a’l(ap,qap—l—l,q):p+252+8+3—2|7252+#—‘ q=Ss

From the above assignment, we obtain the following edge weights:

weights p and ¢

Wtay (Apgapi1g) =p+2¢° +q+3 p=0,1,...,2¢q
q=0,1,2,...,t

Wa, (Ap,gQp,g+1) =p+2¢°+3¢+4 p=0,1,...,2¢+1
q=1,2,...,t

Wta, (pgapi149) =0+ (E+E—1)2t+2k+1)+4 p=0,...,2q
g=t+k

k=1,....,s—t—1

Wta, (Apgtpgr1) =p+ (t+ k) (2t +2k+3)+4 p=0,1,....,2(t+k)+1
g=t+k
k=1,....,s—t—1

Wty (Apgpi1,g) =p+25° +5+3 qg=s
p=20,1,...,2s — 2.

The fact that the weights are all different can be verified as a routine. ]

5
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Table 1 Several s’s and t’s such that ¢? < [%] —1

s |t s |t S t S t S t S t
1)1 6 |5 1119 16 | 13 21 | 17 26 | 21
2|2 716 12 | 10 17 | 14 22 | 18 27 | 22
313 8 |7 13| 11 18 | 15 23 119 28 | 23
413 9 |7 14 | 12 19| 16 24 | 20 29 | 24
514 10 | 8 15112 20 | 16 25 | 21 30 | 25

Below we give the tes for the second graph, namely the even staircase graphs E.SCjy
of level s > 1. Let ESC; be the even staircase graph of level s > 1 (see Figure .
Let the vertex set be

—1
Vesc, = {apqlp =0,1,2,...,25 and ¢ = LPTJ,...,S}.

We have that Eggsc, consists of all edges as shown below

edges P q

Upglpsig 0,1,...,25 =1 [B], ... s
ApqQpg+1 0 0,1,2,...,s—1
Apgpg+1  1,2,...,2s Lp%lj,.. ;s —1

By a simple counting it can be shown that [Vgge,| = s*+4s+1 and |Fgsc,| = 25*+5s.
In the following theorem the exact value of tes(ESCy) is given.

Theorem 2.2 For any s > 1, let ESCy be the odd staircase graph of s level. Then
the total edge irregularity strength of ESCj is
2s* + 5s + 2}

tes(ESC,) = [ :

Proof: Obviously, the maximum degree of ESCy is 2 for s = 1 and is equal to 4
otherwise. Thus we have

2
tes(BSC,) > FSJ“—;SH-‘

by Theorem (1.1). For the upper bound, we prove that tes(ESC;) < [—25%353*2—‘, by

showing that there exists a total edge irregularity m-labelling with m = [%—‘

For the first step, we determine the biggest positive integer ¢ such that

252+5s+2w

t(t+1)§[ -1

6
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(Several s’s and t’s are listed on Table 2.) We then construct a total m-labelling
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Figure 2: Even Staircase Graph ESCj

QQIVESCSUEESCS%{1,27---7[ 3

with m = [%—‘ in the following way:

edges and vertices label p and ¢
a2(ap,q):q2+q4‘1 p=0,1,...,2¢+2
q=0,1,...,¢
oty gtping) =p+aq+1 p=0,1,...,2¢+1
q=0,...,1
as(apqtpgi1) =p+q+1 p=0,1,...,2¢g+2
q=0,...,t—1

We stop the process whenever ¢ = s. For the case t < s, we continue with the following

d0i:10.20944/preprints202208.0259.v1
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assignment
edges and vertices label p and g
a2(apgpi1g) =p+q+1 p=2t2t+1
qg=1
ag(ay,) = [E=2542] p=0,1,...,2¢+2
qg=t+1,...,s—1
_ [2s°+5s+2 —
az(apq) = [==5] p=0,1...,2
qg=s
042(ap7qap,q+1):p+t2+4t+4—[2522&1 p=0,1,...,2t+2
qg=1
a(Apgapiig) =P+ (t+k —1)(2t + 2k +5) + 8 — 2[ZE2E2] = 0,...,2¢ + 1
qg=t+k
k=1,....,s—t—1
a(Apgpgi1) =D+ (£ + k)(2t + 2k + 5) + 5 — 2[ 240527 p=0,1,....2(t+k+1)
g=t+k
k=1,...,s—t—1
Q2(apgtpi1g) = P+ (s — 1)(25 +5) + 8 — 2[ 240282 q=:s
p=0,1,...,2s — 1.
Table 2 Several s’s and t’s such that ¢(t 4+ 1) < [%W -1
s|t s |1 s |t s |t s |t s |1
111 6 |5 1119 16 | 13 21|17 26 | 21
212 716 12 1 10 17 | 14 22 | 18 27 | 22
312 8 |7 13| 11 18 | 15 23 119 28 | 23
413 917 14 | 11 19 | 16 24 1 20 29 | 24
514 10 | 8 15| 12 20 | 16 25| 20 30 | 25
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We then have the weights of the edges as follows:

weights p and q

Wtay (Ap gapi1q) =D+ 2¢* + 3¢+ 3 p=0,1,...,2¢+1
q=0,1,...,¢t

Whay (Apgapgr1) =P+ 2¢° +5q+ 5 p=0,1,...,2¢+2
qg=1,2,...,t

Whay (Apgtpi1q) =D+ (E+Ek—1)2t+2k+5)+8 p=0,1,...,2¢+1
g=t+k
k=1,...,s—t—1

Wioy (ap gtpgi1) = p+ (t+E)(2t + 2k +5) +5 p=0,1,... 2(t+k) +1
g=t+k
k=1,...,s—t—1

Whay (Ap gapr1,4) =P+ 25° + 35+ 3 qg=s
p=01,...,25—1

The weights constitute numbers from 3 up to 2s® + 5s + 2 and all different. This
completes the proof. [ ]

For the third observation, we consider the double odd staircase graph of level s > 1
denoted by DOSC; (see Figure |3). We have

—1
— 1, s U {rpgp=1,2,...,2s — 1,

VDOSCS :{lp,q|p:1,2,...,2s—1,q: 9

q = []%1—‘7"'73}

and Epogc, which consists of edges as given below

edges P q
lp.qp.q 1 0,1,2,...,s
lppiglpg 1,2,...,25 =2 p,...,25—1
Tpg'prig 1,2,...,28—=2 p,...,25—1
-1
Lalpar1  1,2,...,25—1 VTW s—1
—1
Poapasr 1,2,...,25— 1 VTW,...,S—L

By a routine counting we have that |Vposc,| = 2s?+4s—2 and |Eposc,| = 4s*+3s—3.

d0i:10.20944/preprints202208.0259.v1


https://doi.org/10.20944/preprints202208.0259.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2022 d0i:10.20944/preprints202208.0259.v1

Figure 3: Double Odd Staircase Graph DOSC}

In the following theorem we give the exact value of tes of DOSCY for any s > 1.

Theorem 2.3 Let DOSC, be the double odd staircase graph of s > 1 level. Then the
total edge irreqularity strength of DOSCy is

452 + 35— 1
tes(DOSC,) — [HTS] .
Proof: It is easy to observe that the maximum degree of the double odd staircase

graph is 2 or 4, for s =1 an s > 2, respectively. Therefore, by Theorem 1.1, we have
452 +3s — 1
tes(DOSC) > [HTS] .

o . 45 + 35— 1
To complete the prove it is sufficient to show that tes(DOSCy) < {—W

45?2 +3s—1
by defining a total edge irregularity m-labelling with m = {HTS_‘ Prior, we
determine the largest positive integer ¢ such that
452 -1
22—t 41 g{ﬁw
3
45 +3s—1
Table 3 Several s’s and ¢’s such that 2t> —t +1 < {H—S_‘

10
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s|t s |t s |t s |t s |t
171 6 |5 111 9 16 | 13 21 | 17
212 716 12 | 10 17 | 14 22 1 18
312 8 |7 13|11 18 | 15 23 | 19
413 9 |7 14 | 11 19 | 16 24 | 20
514 10 | 8 15 | 12 20 | 16 251 20
We define a total m-labelling
452 4+ 35— 1
Qg . VDOSCS U ED0305 —>{1,2, Cey IVT—‘}
452 +3s — 1
with m = {HTS-‘ by the following definition
edges and vertices label p and q
ozg(lpyqrp,q) =1 p= 1
q=0
as(l1qr1,q) =3q+1 1<q¢<s
az(lpq) =2¢> —q+1 p=1,...,2qg+1
qg=1,2,...,t
az(rpg) =2¢* —q+1 p=1,...,2g+1
qg=1,2,...,t
@3(lpglpriq) =—p+3¢+1 p=1,...,2q
g=1,2,...,t—1
as(lpglpr1,q) = —p+3¢+1 p=1,...,2t -2
q=1
as(lpglpgr1) =—Dp+3¢+2 p=1,....2¢+1
g=1,2,...,t—1
a3(TpgTpiig) =P +3¢+1 p=1,...,2q
g=1,2,...,t—1
a3(Tpgrprig) =P +3¢+1 p=1,...,2t -2
q=1
as(rpgper1) =P+3¢+1 p=1,...,2¢+1
qg=1,2,...,t—1.

The labelling is complete in the case t = s. [f ¢ < s, we continue the labelling as follows

11


https://doi.org/10.20944/preprints202208.0259.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2022

d0i:10.20944/preprints202208.0259.v1

edges and vertices label p and g
@3(lpglpi1q) = —p+3¢+1 p=20—1,2t
g=t
3(Tp,gTp+1,q) =P+ 3¢+ 1 p=2t—1,2t
g=t
4¢° +3¢— 1
O‘3(lp,q>:{%—‘ p=12....2¢+1
q=t+1,...,s
4¢° +3¢—1
043(7”10,(1):[%—‘ p=12,...,2¢+1
q=t+1,...,s
o r4¢°+3¢—1
Qs (Lyalpa1) = 26 + 6 + 4 — i | | p=1,...2p+1

4¢* +3q—1
awmbﬁg:4@+@?+@+M—p+3—2ﬂi—§i—ﬂ p=1,...,2q
g=t+k
k=1,2,...,s—t—1
4 +3¢—1
Ozg(lpyqlpﬂﬂ):4(t+k‘)2+5(t+k‘)—p+5—2{%-‘ p=1,...,2¢+1
g=t+k
k=1,2,...,s —t—1
4¢* +3q¢—1
Qs(lylyrrg) = 4% +5 —p+1 - 2| L] p=1,...,24—2
qg=s
4> +3q¢—1
043(Tp,qrp,q+1):2t2+2t+2+p_[%-‘ p=1,...,2qg+1
qg=t
4¢* +3q—1
03(rpatyprrg) = A+ R+ (14 K) +p+3 -2 S| p= a4 1), 2
g=t+k
k=1,2,...,s—t—1
4¢° + 3¢ — 1
srpara) = M+ R 50+ +pot 4 -2 LI 1 g
g=t+k
k=1,2,...,s—t—1
4> +3q¢—1
aﬂ%y@ig=4§+8+p+1—2pi—§£——w p=1,....2—2
q=Ss.

We obtain edge weights as follows:

12
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weight p and ¢

Whay (lpgTpg) = 3 p=
q:

Whay (LpgT1.4) = 4¢° +q+ 3 1<q¢<s

wta.‘s (lpﬂlp-i-l,q) - 4(]2 + q—Dp +3 b= ]-7 27 . a2q
q=1,2, ,t

Wtag (pglpgr1) = 4¢° +5¢ —p+5 p=12...,2¢+1
q=1,2,....t

Wty (lpglpr1,q) = 4(m + k:)2 +(m+k)—-p+3 p=1,...,2¢
g=t+k
k=1,2,...,s—t—1

Wy (Lpglpgr1) =4t +k)* +5(t+k)—p+5 p=1,...,2¢+1
q=1t+k
k=1,2,...,s—t—1

Wta3<lp,qlp+1,q):452+5_p+1 p=1,...,2q—2
qg==s

Whag(TpaTprig) = 462 +q+p+3 p=12,...,2
q=1,2,...,t

Wheo (TpgTpqr1) = 4¢° +5q +p +4 p=12,...,2
q=1,2,...,t

Wtoy (TpgTpiig) =4+ K2+t +k)+p+3 p=1,...,2
qg=t+k
k=1,2... . s—t—1

Whoy (TpgTpgr1) =4+ K2 +5(t+k)+p+4 p=1,...,2¢+1
g=t+k
k=1,2... . s—t—1
k>1

Whay (MpgTp1q) = 4s* +s+p+1 p=1,...,2¢—-2
q:

It is a routine to verify that all weights are distinct. Therefore the theorem is confirmed
to be true.

We now come to the last graph to observe, i.e. the mirror odd staircase graph of level

d0i:10.20944/preprints202208.0259.v1
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s > 1 denoted by MOSC; (see Figure E[) We have
p—1
Viose, ={apqlp = —1,0,1,¢=0,1,2,..., s} U{a,,p=2,...,2s — 1,q:{—w,...,s}

p—1
U{apyq|p:_27-"a_(28_1)aq:_’VT-‘,...,S}

and Fjyrosc, which consists of edges as given below

edges P q
Qpqipt1q —1,0 0,1,2,...,s
Apgiptiq 1,2,...,25 =2 [E sty S
P
Upgpiry —(25—1),...,—2 — ﬂ,...,s
apqlpg+1  —1,0,1 0,1,...,s—1
p—1
pglpg+1  2,...,25—1 [T-‘,...,s—l
—1
ypgpgir —(25—1),...,—2 —’VpT-‘,...,S—l.

Figure 4: Mirror Odd Staircase Graph M OSC5

Theorem 2.4 Let for any s > 1, MOSC; be the mirror odd staircase graph of s
level. Then the total edge irregularity strength of MOSCy is

45% + 53“

tes(MOSC,) :{ .

14
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Proof: It is clear that the maximum degree of MOSCj is 3 for s = 1 and 4 for s # 1.
Thus, we obtain
45 +5
tes(MOSC,) > [%] .

452 +5
For completing the proof we show that tes(MOSCy) < {%W by constructing

(452 + 53“

a total edge irregularity m-labelling with m = . Similarly to the previous

graphs, before we define the labelling, we determine the largest positive integer ¢ such
that )
2% 11 < [MW ]

3
4% + 58"

Table 4 Several s’s and t’s such that 2¢% 4+ 1 S[ 5

s |t s |t S t S t S t
1)1 6 |5 1119 16 | 13 21 | 17
212 716 12 | 10 17 | 14 22 |18
312 8 | 7 13| 11 18 | 15 23 119
413 9|7 14 | 11 19| 16 24 | 20
514 10 | 8 15112 20 | 16 251 20

We define a total m-labelling

45 + 5s
ay : Virose, U Eposc, —){1, 2,..., {T—‘ }
482 +5
with m = {ﬂ—‘ in the following manner:

edges and vertices label p and ¢

a(apo) =1 qg=—-1,0,1

aylapg) =2¢° +1 p=—0q+1),....2¢+1
q=1,2,...,1

y(apqlpiig) =P +3¢+2 p=—(2¢+1),...,2q
q=0,...,t—1

as(apgpiig) =p+3¢+2 p=—(2¢+1),...,2¢—2
g=t

ay(apgtpgr1) =p+3¢+2 p=—(2¢+1),...,2¢+1
q=20,...,t—1.

15
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We stop the labelling whenever ¢ = s. For the case t < s, then we continue with the

following labels

edges and vertices label p and g

a4(apqapi1,4) =p+3q +2 p=2t—1,2
q=t

4s* + 5s

O‘4(ap7q):{ 3 '—‘ p=—29+1),...,2¢+1

g=t+1,...,s
4s* + bs

a(apgpgi1) =p+ (20 +3)(t+2) — 1— {T—‘ p=-029+1),...,2¢+1

qg=1
r4s? + 5s7

a(@pgpirg) = pHAE TR +3(+ k) +4-2| —2—| p=—(20+1).....2
g=t+k
k=1,2,....s—t—1

r4s* + 5s

1(Apgtpgr1) =p+4E+ k)2 + 70+ k) +6—2 — | P= —(2¢+1),...,2¢+1
q= +k
k=12 ...,s—t—1

4s* + bs

Qy(apgtpi1g) =p+4s*+3s+2—2 {TW p= (2q —1),...,2¢—2

q

From the definition of ay we obtain the weight of all edges as follows:
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weight p and ¢
Wha, (Apgapi1,g) =p+4 p=-10
q=0
Wta, (apgpr1q) =p+4¢* + 3¢ +4 p=—(2¢+1),....2
qg=1,2,...,t
Whoy (apgapi1y) =p+4E+ k) +3(t+k)+4 p=—(2¢+1),...,2q
g=t+k
k=1,2,...,s —t—1
Wha, (Apqapqt1) =P+ 6 p=-10,1
q=0
Wta, (pgpgr1) = p+4¢° +7¢+6 p=—(2¢+1),....2¢+1
qg=1,2,...,t
U}ta4(ap,qap,q+1):p+4<t+k>2+7(t+k)+6 p=—(2¢+1),....2¢+1
g=t+k
k=12 . . s—t—1
Wto, (Apgpi1,q) =P+ 4s* + 35+ 2 p=—(2¢—1),...,25s =2
q=s.

It can be verified in a routine way that the weights of all edges in E(MOSCy) are all
different. Hence the theorem is proved. [ ]

3 Conslusion

From Theorem 2.1, Theorem 2.2, Theorem 2.3 and Theorem 2.4. we conclude that
the tes(I") for I' = OSCy, ESCs, DOSCy, MOSC, is equal to {%W . These results

obviously support the conjecture of Ivanco and Jendrol [3].
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