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ORTHOGONAL FRAMES IN KREIN SPACES
FERRER OSMIN!, SIERRA ARLEY? and OSVALDO POLO3

ABSTRACT. In the present paper we introduce the concept of orthogonal frames in Krein
spaces, prove the independence of the choice of the fundamental symmetry, and from this
we obtain a number of interesting properties that they satisfy. We show that there is
no distinction between orthogonal frames in a Krein space and orthogonal frames in its
associated Hilbert. Furthermore, we characterize frames dual to a given frame, which is a
useful tool for constructing examples.

1. INTRODUCTION
The following definitions and results can be consulted at [12, 13].

Definition 1. Let § be a vector space over the field K € {C,R}. A inner product in § is
a function

[ ]:FxTF—TF
which satisfies the following properties:
1) [az,y] = alz,y] for all z,y € §F and every a € K,
i) [t+y,z] =[x, 2]+ [y, 2] for all z,y,z € F,
iii) [z,y] = [y, z] for all x,y € §.

To space (F, [, -]) is called inner product spaces. Similarly, the space (§, —[-,]) is also
an inner product space and is known as the anti-space of (§,[-,-]). For the condition #i7)
above, it is clear that [z, z] € R for all x € R, so, by the law of trichotomy of real numbers,
it is possible to give the following definition.

Definition 2. Let U be a vector subspace of §. If U has only positive vectors ([z, x] > 0)
(negatives, ([x,z] < 0) ) and the null vector, is said to be defined positive (negative).
Also, if it has both positive and negative elements, it is said to be a space with indefinite
inner product; otherwise it is said to be a space with semi-definite inner product.

Definition 3. Tt is said that two vectors x,y € § are orthogonal (x Ly) if [z,y] =0

and that two sets 20,20 C § are orthogonal (U L W) if x Ly forall x € Y, y € W; in
particular if U is reduced to a single vector =z, is simply written z L 2. In addition, if
U is a subset of §, the orthogonal complement of U is given by U+ := {x € §: x 1T}
in such a way that 0 C U+t and Ut =Y+t

Definition 4. Let 0,0’ be subspaces of § such that T NY = {0}. The direct sum of
U and U is denoted U[+]Y'. In addition, if B 1Y then it is called orthogonal direct
sum and we write U &Y'
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Definition 5. (Fundamental descomposition) Let (§,[-,]) be a space with inner
product. We say that § admits a fundamental decomposition if subspaces exist §° C F,
ST C Fand F C § such that § = '@ F" @ §F, where (F°,[-,:]) is a neutral space,
(", [,:]) 1is positive definite, and (F7,[-,-]) is defined negative. In this case, we call
F=3"®F" ®F afundamental descomposition.

The subspace B° := WV NY+ is called the isotropic part of U and its non-zero elements
are known as isotropic vectors. If 0% = {0} it is said that U is a non-degenerate subspace,
otherwise it is called a degenerate subspace.

Definition 6. A Krein space is a space with non-degenerate inner product (&, [-,-]) which
admits a fundamental decomposition R = & @ &8~ con (K',[-,:]) and (R, —[-,:]) Hilbert
spaces.

Definition 7. Let (&, [, ]) be a Krein space with fundamental decomposition 8 = & R,
then we know that there are unique operators

(’BJF : <§7 ['7 ]) — (ﬁJra ['7 ])7 mi : (ﬁv ['? ]) — (’Qi? _['7 ])
in the following way B+ (k) = k+ and P~ (k) = k= for all k € & where kT € KT | k= € &
and k = k* + k~. To operators B+ and P~ are known as fundamental projectors. The
operator J : (& [-,:]) — (&, [, ]) defined by J := P — P, that is, for all k € &,
Ik =Pk — Pk =kt — k",

is called the fundamental symmetry of Krein space K associated to the fundamental

~

decomposition. From now on we will write (&, [,+],J) to denote Krein space (&, [-,-]) with
fundamental symmetry J associated to the fundamental decomposition & = & @ &~

Proposition 8. Let (& [,:],J) be a Krein space, then J : (& [,]) — (R, [,*]) is a
symmetric operator, J-isometric, self-adjoint and invertible with J = J~1.

Proposition 9. Let (R, [-,-],J) be a Krein space. We define the function [-,-]3: Rx R — C
by means of the rule,

[k, koly = [Tk, ko], for allky, ks € &,

then [-,+]5 is a positive definite inner product, known as J-inner product.

Definition 10. Let (R, [-,-],J) be a Krein space. The fundamental symmetry J induces a
norm in K defined by

|kll5 :== |k, k], for all k € R.

This norm is known as the J—norm of K. In a more explicit form

N

|klly := (K7, k] — [k7,k7])2,
for all £ € R.

Theorem 11. Let (R, [-,-],J) be a Krein space. Then (R, [-,-]3) is a Hilbert space, known
as the Hilbert space associated to the Krein space (8], [, ], J).
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Example 12. The usual inner product which gives Hilbert space structure to ¢2(N) is defined
by
<'7 '>€2 : EQ(N) X 62( ) <{an}neNa 6n}nEN Zanﬁna
neN
for all {ay, }nen, {Bn}nen € €2(N). However, to 2(N) we can also see it as Krein space with an
inner product whose J-inner product coincides with the usual one. In this sense, we define
the following mapping,

['7 ']52 : gQ(N) X €2<N) - Cv [{an}n€N7 {ﬁn}nEN]@ = Z(_l)nanmv
neN
for all {a,}tnen, {Bntnen € €2(N), Thus, if {e,}nen is the canonical orthonormal basis of
l5(N) then ¢5(N) accepts the following fundamental decomposition:

(N) = 6 (N) @ 6 (N),
where (3 (N) = spanfes,:n € N} and /;(N) = span{es,;1:n € N} with associated
fundamental symmetry:

322 : (gQ(N)a ['7 ']52) — (£2<N)7 ['7 ']52)
given by 3[2({an}neN) = {(_1)nan}n€N for all {an}néN S EQ(N)' Thereforev ['7 ']3@2 = <'7 '>€2'

From now on, whenever we see ¢(N) as Krein space we shall underst and it to be endowed
with a fundamental symmetry J,, such that [-,]3, = (-, -)s,. An example of such symmetry
is the one developed above, and a more trivial example is the symmetry given by the identity
operator in /3(N). Thus, we will write Ry(N) instead of ¢5(N) when viewed as Krein space
with such properties and the fundamental symmetry by Jg,, to avoid confusion.

Definition 13. Let (R, [-,-]1,J1) and (Ry, [, ]2, J2) be Krein spaces. The linear operator
T: (R,[]1) — (R, [, ]2) it is said bounded if there is a real number ¢ > 0 such that
for all £ € Ry,

1Tk, < cllkll3,-
In the following B(RK) denote the space of linear and bounded operators in (&, [-, -]).

Remark 14. Given a bounded linear operator T : (8, [-,-]1) — (Ra, [, ]2), we can define
the operator 7° : (R, [, -]3,) — (Ra, [, ]5,), as T°(k1) := T'(ky) for all k; in K. So note
that T° is bounded linear and in essence different from the operator 7'

Definition 15. Let (R, [, ]1,J1) and (Ko, [, /|2, J2) be Krein spaces. The adjoint of the
bounded linear operator T': (R, [-,-]1) — (R2,[;]2), is the only bounded linear operator
T* : (Dom(T*) C R, [, -]2) — (R1,, [, ]1) such that for all k; € K, and ky € Dom/(T™),

[Tk, kalo = [k1, T"ks]1.
],

Remark 16. Given a Krein space (&, [-,-],J), it is of great importance for what follows,
to denote with 39 to the linear and bounded mapping defined from Krein space (&, [-,])
to the associated Hilbert space (8, [-,-];) as J°(k) := J(k) for all k € & We also define
linear and bounded mappings: 03 : (R, [, ;) = (R, [,]), 05(k) := vg(k) = k, for all
ke, ivd: (R [,]) = (& [,]3),i00(k) := iog(k) = k, for all k € 8 and J5 : (R, [-,];) —
(&, [,-]), J3(k) := J(k), for all k € R. and adjoints are given by (i0;)* = J¥ and (i0°)* = Js.
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Proposition 17. [12, 13] Let (81, [, ]1,31), (R, [, ]2,J2) be Krein spaces and consider
T: (81,[, 1) — (8o, [-,-]2) a bounded linear operator, then T* = J15,(T°)*J22.

The following theorem is of great importance insofar as it allows us to consider the
existence of frames in Krein spaces, so it will be taken into account for what follows:

Theorem 18. Let (R = RT @R, [, ],J) be a Krein space. If {z}}, . € R and {z,,}, . C
R are frames for Hilbert spaces (RY, [, |3) and (8™, [, -]3) respectively, then the sequence

{Tnm =2t ®a,},  CRTDR,
is a frame in Hilbert space (RT @ 8~ = R, [, ]3).

Proof. As {z}}, .y € &Y and {z,.}, . C R are frames, then the pre-frame operators
Tge : (L(N),(,),,) — (R, [ ]5) and Tg- @ (6(N),(-,-),) — (R, [, ]5), exist, are
bounded and surjective . Also, note that the pre-frame operator associated to the sequence
X = {z,m =1} ®x,,} is given by

T3 (G0N, (+),) — (85 &8 1)) T = T 0T

and therefore T% is well-defined, bounded and surjective, since T, and Tj_ have these

properties. O
Definition 19. [5] Let (R, [-,-],J) be a Krein space. A sequence X = {z,,},en of elements
of R is a frame in (&, [, ]) if there are constants 0 < A < B < 400 such that
AlKIG < DIk aa]l” < Bk Yk € & (1.1)
neN

The constants A and B are called bounds of the frame.

Definition 20. [7] Let (&, [-,-],J) be a Krein space and the sequence X = {x,, },en a frame
in (& [-,-]). Tt is said that Y = {y, }nen is a dual frame to X if and only if,

> [koynlzn =k, forall ke K.
neN

Proposition 21. Let (&, [,-],J) be a Krein space. If X is a frame in (&,[-,-]). Then the
O]QST’(ItOT 7§§ : (RQ(N% ['7 ]§R> — (ﬁ, ['a ])7 &({cn}neN) = ZneN CpTn fO?" all {Cn}nEN S §R2(1\1)7

1s well defined and bounded. This operator is called pre-frame operator associated to X.
Proof. 1t is sufficient to note that the following diagram commutes:
(RN [ ]) B (R[))
oi®e | 1104
(GO, ) 2 (R

where Ty : ((2(N), (-, )e,) — (R, [, ]3) is the pre-frame operator associated to X in (&, [, ‘]5).
U
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Proposition 22. Let (8&,[-,],J) be a Krein space and X a frame in (R, [-,-]). Then the
adjoint operator of the pre-frame operator is given by

T o (R [o]) = Ra(N), [ Jme ), T (R) = 3, ({[F, 0] b ), for all k€ &,
and is known as the operator analysis associated to X.
Definition 23. Let (R, [, -], J) be a Krein space and X a frame in(R, [, -]). The operator
Sx: (R [,]) = (R, [,]), defined by Sx = TxJIn, Tx
is called frame operator associated with X.

Remark 24. Let k in K any, then the frame operator is given by:

Sx(k) =TxJn, Txt (k) = TxcIn, (In, ({[K; Tn] bnen))
=TT, (LK, Yl bnew) = Te({[ks 2a] b nen)
:Z[k, |y,
neN
Next we define an operator that will allow us to study orthogonal frames in Krein spaces.

Definition 25. Let (R, [, ], J) be a Krein space and X, Y frames in (&, |-, ]). We define the
operator

QUX,Y : (ﬁv [" ]) — (R’ ['7 ])7 by mX,Y = 7§§3§R27§
The operator Wx y can be seen as follows:

Wiy (k) =TxIn, (Ty (k) = TxIn, (I ({ K, Yn bren))
=Tx s, ({[F, Yn) Fren)
=Tx({[k, Yn]}nen)

= [k, yn)an, Vk € R

neN

Note that given two frames X and Y in a Krein space K, then it is clear that Y is dual to
X'if and only if the above operator satisfies that 20x y = i0g. In addition, note that if X =Y
then Wx v = Sk, that is, the operator 2x y turns out to be the frame operator associated
with X.

In the following section we present the main results of this work, extending the notion of
orthogonal frames of Hilbert spaces to Krein spaces.

2. ORTHOGONAL FRAMES IN INDEFINITE METRIC SPACES

In a Hilbert space $ it is said that X is a frame orthogonal to Y if and only if
ran ((Tx)") L ran ((Ty)"), or equivalently, if and only if W%y = 0. Now, the following
theorem allows us to think about orthogonal frames in Krein spaces, attending to the above
definition for the associated Hilbert space.
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Theorem 26. (Existence of orthogonal frames 1in Krein spaces) Let
(R=RT"®R,[-.",J) be a Krein space. If {x}t}, . is a frame orthogonal to {y'}, .
in Hilbert space (R*,[-,-]3) and {z,,},,cn 5 a frame orthogonal to {y,},,cn i Hilbert
space (87, [-,"]3), then the frame {x,., = x,f@x;n}njmeN is orthogonal to the frame

{Ynm = U DY}, e in Hilbert space (8" ® & = & [, ];).

PTOOf' Let XJ’_ = {x:}nGN’ Y+ = {y:}nel\ﬁ X7 = {xr_n}meN’ Y™ o= {yn_l}mEN’ X =
{Znm ey a0 Y = {ynm}, oy Then X, Y are frames in (R & 8 = &, [+,"];) by the
Theorem (18). In addition, by hypothesis it is satisfied that

Wie e o= Tr (Tys)" =0, Wiy =T (Ty-)

So, what we have to prove is Wy := T¢ (T%)" = 0. Indeed, note that for any k* @k~ €
AT AR,

Wy (kT @k™) = TR(Ty) (kT @k7)
= (TeeTe) (T3:) @ (= (73)) (k" & k)
= (T o) (T) (WD) e (= (T7)" (k7))
= T ((Tge) (RD) = T ((T-)" (k™
= Qn?ﬁ,'w(kﬂ —QH%,’%( _)
= 0.
Therefore 25 = 0. Then X is orthogonal to Y in (&Y @ &~ = &, [, ;). O

Definition 27. (Orthogonal frames in Krein) Let (R, [-,],J) be a Krein space and X,
Y frames in (R, [-,-]). We say that X is orthogonal to Y in (&, [,-]) if it is satisfied that
ran(Jn, Tsx) L ran(Ty), where orthogonality is with respect to [-, ‘]x,.

Proposition 28. Let (R, [-,-],J) be a Krein space and Jg,, S;R, fundamental symmetries of
lo(N) such that [, -|g, = (-, ), = [ -]%/2. Then, X is orthogonal to Y in Krein space (R, [-,-])
with respect to |-, g, if and only if X is orthogonal to Y in Krein space (8, |-, -]) with respect
to ['7 ]%/2
Proof. (=) Suppose that X is orthogonal to Y in (&, |-, -]) and with respect to[-, -]g,, that is,
ran(Jn, Tx ) L ran(7Ty).

Let’s see what mn(fj;}e;ﬂg‘) L ran(7Ty), in effect, let {ay, }nen € ran(fj;R,Q?;g‘) and {f, }nen €
ran(Ty) be any, then {a;, }nen and {8, }nen are of the form

{antner = Ty Tt (k1) ¥ {Bu}nen = T (ka), ki ks € &
Then,

[{onbnen: {Butnenln, = [y Tt (k). T (2w, = [T (k), T3 (k)]

Ry

= [K(kjl)am(k‘ﬁ]ﬁ% = [3W27§<k1)77§k(k2)]%2 = 0.
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Therefore mn(ﬁlﬁ,ﬂg‘) L ran(Ty) and with this X is orthogonal to Y in (R, [-,-]) with
2

respect to [+, -]%/2.

(<) Similar to the previous test. O

Proposition 29. Let (8], [, ],J) be a Krein space and X,Y frames in (8,[-,]), then the
following statements are equivalent

i) X is orthogonal to Y in (R, [-,-]),
ii) Y is orthogonal to X in (&, [-,]),
111) WX,Y = 0,
iV) WYX =0.
Proof. i) = i) Suppose that X is orthogonal to Y, that is, ran(Jn, Ty ) L ran(Ty) with
respect to [+, -]x,. Let’s see what Y is orthogonal to X. Let {Cl{n}neN € ran(Ty) and {5, tnen €
ran(Jn,Ty) be any. Then, there are vectors ki, ks € 8 such that {o, }neny = T (ko) and

{Bntnen = JIn, Ty (K1),

{Butnen, {an tnenln, = Fn, Ty (k1), Tx (F2)].
= [Ty (K1), T, Tx (K2)],
= [Ty (k1) , I, T (K2) vy

——  ——
eran(Ty) E’r’an(ljgrg2 Ts)
=0

Therefore ran(Jn,T5) L ran(Ty) with respect to [-, -], We conclude that Y is orthogonal
to X.

i1) = i) Suppose that ran(Jp,Ty) L ran(Ty) of inner product [-,-]g,. Let’s see what
Wk y = 0. Indeed, let £y, ks € R be any,

(W v (K1), ka] = [Txdn, Ty (F1), ko]
= [J%RgR(kl); &(kQ)]S%
NN

Eran(ﬁ;}gz Ty) €ran(Ty)

=0
ii) = w) 0=0"=Wyy = (TeIn,Ty)" = (Ty) I, Tx = Tedn, Ty = Wy x.
iv) = 1) Suppose that Wyx = 0. Let’s see what X is orthogonal to Y, that is,
ran(Jn, Ty ) L ran(Ty) with respect to [, -|n,. Let {ay, fneny = I, Txe (K1), {Bn bneny = 7§*](k2)

for some k1, ko € K. Let’s note that,
[{anbnen, {Bntnenln, = [Jn, Tx (K1), Ty (k2),

= [TyIn, Tx (K1), ko]
= [Wy x(k1), k2]

= [0, ko]
=0.

Therefore X is orthogonal to Y. O
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Remark 30. If (&, [-,-],J) is a Krein space and X, Y are orthogonal frames in (&, [, -];) we
know that the operator 2%y : (&, [, -];) — (&, [+, ]5) defined by 205 y := T (Ty)* turns
out to be the operator 0. Thus it is useful to ask about the relationship between 25
and Wy y where Wxy : (R, [-,:]) — (R [,]) is given by Wxy = TxJp, Ty, same for the
relationships between operators 2x yv, Wix v and Wsx zv. The following result establishes
some relationships between these operators.

Proposition 31. Let (R, [-,-],J) be a Krein space and X, Y frames in (&, [-,:]). Then they
are equivalent:

i) X, Y are orthogonal frames in (&, [,-]),
ii) X, JY are orthogonal frames in (&, [,-]),
iii) JX JY are orthogonal frames in (R, [-,]),
iv) JX, Y are orthogonal frames in (8, [-,-]).

Proof. Let X, Y be frames in (£, [-,-]) then it is clear that JX, JY, are also frames in (R, [-, -]).
i) = it) Suppose that X, Y are orthogonal in (&, [-,]), i.e., Wx y = 0. However,

QUXJY - 7;{3%27;%{ = 7;&3%2 (SE)* = 7§§3§R2 g\/}* - RG%QW\/} — QUX,YG - 03 = O

i1) = 1ii) Suppose that X, JY are orthogonal in (8, [-,]). We want to prove that Qyx v = 0.
In effect,

Qﬂgx,w = 73X3§R27:{§g = 3&3%27:{% = 3wx,:ﬂ{ =J0=0.
i11) = v) Suppose that Wyx v = 0. Let us see that Wyx y = 0. In effect,
Wixy = Tixdn, Ty = ITxIn Ty = ITxIn, Ty 108 = ITxIn, Ty IJ = Wix zvd = 03 = 0.
iv) = i) Suppose that Wyx y = 0. Then note that
Wy y = TxIn, Ly = 0 TxIn, Ty = I3TxIn, Ty = ITaxIn, Ty = JWixy = JO = 0.
O

Theorem 32. Let (R, [-,-],J) be a Krein space and X, Y frames in (R, [,-]). Then, X, Y
]

are orthogonal in (R, |-, -|3) if and only if X, Y are orthogonal in (&, |-,

).
Proof. (=) Suppose that X, Y are orthogonal in (&, [-,-]3), i.e., 205 y = 0. Now, note that
the following diagram commutes:

&) B (&’
J L T 103
1) = (&)

in effect, let k € K be anyone, then

0,205 3 (k) = 10,205 (k) = 05 (X, [I(E), ynlan)
= iaﬁ (ZneN[32(k)’ yn]mn) = ZneN[kv yn]xn = QUX,Y'

Therefore Wy y = id;03° = 0 and X, Y are orthogonal frames in (&, [+, ]).
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(«=) Suppose that Wy y = 0. Let’s see what 205 y = 0. For this note that the following
diagram commutes:

(ﬁ’ ['7 ]3) m_%,Y (ﬁ7 ['7 ]3)
I3 4 10’
&) B (&)

Indeed, for any k € R,

YWy v33(k) = 07 Wy v3(k) = id? (Z[*(k),yn]xn> = idg <Z[k,yn]3xn> =Y [k, ynlyzn = Wxy

neN neN neN

So, Wy = 0°0J; = 0. This concludes the proof of the theorem. g

Proposition 33. Let (R, [,:],J) be a Krein space, X a frame in (R, [-,-]) with bounds B >
A >0 and ¢ € B(R). Then, »(X) is a frame in (R, [-,-]) if and only if ¢ is invertible.

Proof. (=) Suppose that ¢(X) is a frame in (£, [-,-]), then the frame operator Sy x) exists
and is invertible. Also,

Sy = Ty, Tyx
and for any {a,}, .y € R2(N) is satisfied

M
%X ({an}neN) = Zan¢ mn = hinoozanzﬂ xn - A/lllinoo,éb (2:1 O‘nxn>

neN

M
=1

neN

Then,
Sy = VTdw, (VTx)" = Tdn, (TE") = ¥ (TxJn, TX) ¥ = $Sxdp”

and since Sx is invertible then v is invertible.

(<) Suppose that ¢ is invertible. Let us see that ¢(X) is frame in (&, [-,-]). Since 1 is
invertible then

*

Pt = g =v Y o (W) Wt = g =vt ()",
So, note that for any k € R, y*(k) € R,
Al 2R = Al 2@ " (R)5 < Allp™HI72 (10 _1)*||||¢*( )||2)2
= A7 PN P I ()3 = Al (R) 13 < D I

neN

< DIk w(e)ll” < Blwr(R)I5 < BIwIPIIKIG = Bllvl k)5

neN
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Therefore, Al 7?||k[3 < Z|[k,¢($n)]|2 < BJ[¢|]*||k]|3 and then ¢(X) is a frame in

neN
(&, [-,-]) with bounds Bl[¢||*? > Allvt|~2 > 0. -
Theorem 34. Let (R, [-,-],J) be a Krein space, X, Y orthogonal frames in (R, [-,-]) and 91,

1y € B(R) invertible. Then 11 (X), ¥o(Y) are orthogonal frames in (&, [-,]).

Proof. Suppose that X, Y are orthogonal frames in (&, [, -]) and 11, 15 € B(R) are invertible,
then by the above result ¢ (X), ¥(Y) are frames in (R, [,-]). It remains to prove that
Wy, (x),w0(v) = 0. In effect,

W, (5,5 (¥) = Tin )30 Ty (v) = V1 T, Ty 03 = 1 W yby = ¢10¢5 = 0.
O

Theorem 35. Let (R, [-,-],J) be a Krein space and X, Y are frames in (R, [-,-]). Then the
following are equivalent

i) Wy y = idg,
ii) Wy x = 0,
111) QU‘,Y‘,X = 1Dﬁ,
IV) [ ] - ZneN[f> 'In][ynng vfag € ﬁ

Proof. i) = 1)
Qﬂy’x = Qﬁgy = (ibﬁ)* = 10g4.
it) = i)
Wiy gx = TovIn. Trx = ITwdn, Tx 37 = ITwdn, Tx I = IWy xJ = Jidgd = JJ = J~ = g
iii) = iv) Let f, g € K be any,

fi9l = [3(f),3(9)] = [Wyvx(3(f)), I(9)] = lzr(f)aﬁ(%)]ﬁ(yn)ﬁ(g)
= Z £3@)3 ), 3(9)) = Y _[f 2l [Yn, 9]

neN

iv) = i) For any g, f € R,

neN

= [9./] - [g,Z[f,yn]xn] =19, /1 = > _ [f yallg, @]

neN neN

= (9.1 9. zallyn, /1 = 9, /] = [g9. f] = 0.

neN
Then > yUfsynlzn = f, Vf € R Then Wxy = ids. O
Remark 36. Given a Krein space (R, [-,:],J) and consider a bounded linear operator 1 :

(R, [,]) = (R, [,"]), then the following diagram commutes
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)
& D = &’
v | 1105
wo
(ﬁ7 ['7 ]3) - (ﬁv ['7 ]3)
In fact, for any £ € 8 we have that
05900 (k) = i0gy°iva(k) = ivgy°(k)
= s ((k)) = (k).
In addition, note that v is surjective if and only if ¥° es surjective.
Proposition 37. Let (&, [-,:],J) be a Krein space and ¢ : (&, [-,]) [-,:]) a bounded

(8
]

% Y
and surjective linear operator. Then there exists ¢! : (&, [-,-]) — (&,[,]) bounded linear

such that Yt = idg.

Proof. From the above observation the operator ¢° : (&, [, ];) — ( . [, ]3) is surjective and
then there exists (¢¥°)7 : (&, [-,-]3) = (& [,-]3) such that ¢° (¢°) = 3. So, if we consider
Yt = 105(¢°)Tid?, note that ¢ is a bounded linear operator of (8, [-,]) and also

Pt = 1050107105 (1°) 10" = 105°107 (i07) 7 (1°) 110 = id5°10%(v°) Tid?
= 1050°(¢°) 1107 = 10410010 = 10510 = i0;5(i0;) " = idg.

H||

g

Lemma 38. Let (R, [,:],J) be a Krein space, X a frame in (R, |-, -]) with bounds B > A > 0
and {en}, oy the canonical basis of £(N). Then the dual frames to X are the families of the
form:

Y = {yn}neN = {w(enﬂneN’

where  : (Ro(N), [+, -]n,) — (R, [, +]) is a bounded linear operator and left inverse of Jn, Ty .

Proof. Let ¢ aleft inverse of Jg, 75, this is, ¥Jg, Ty = i0g. Therefore Y is a frame in (£, [, -])
with bounds B||¢||? > A||Jn, 7|2 > 0.
Also for all f € R,

iaﬁ(f) = ¢3m27§§‘(f) = ¢1~J§R23§R2 ({[f’ xn]}neN) = ¢ ({[fv In]}neN)

= 9 (Z[fv xn]en> = Z[fv zo|Y(en) = Z[ﬁ Tn]Yn = Wi y(f).

neN neN neN

Then Wy y = idg and thus Y is a dual frame a X in (&, [,+]). On the other hand if Y is a
dual frame a X in (&, [-,-]) then it is enough to take ¢ := Ty and observe that

Tydn, Tx = Wxy = i0g. (2.1)
Also,

¢< R en Zén EYk = Yn,

keN
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where
5o 1, n=k,
w0, n# k.
O

Lemma 39. Let (], [-,],J) be a Krein space and X a frame in (R, [-,-]). Then the bounded
linear operators that are left inverse of Jn,Tx are of the form:

S T+ ¢ (05 — In. T S Tx)
where ¢ : (Ra(N), [+, “]n,) — (R, [-,¢]) s a bounded linear operator.
PTOOf' Let w = 8}517;{ + @ (1Dﬁ_3%27§k8§17§§) with ("2 (3%2(N)7 ['7']9‘32) — <ﬁ7 [7]) a
bounded linear operator. Let us see that ¥Jn, Ty = 104,
w\f}%z&k = (S§g17§§ + ¢ (ibf{ - 3%27;;83;1&)) 3?)?27;2<

= 83517%3?}32@ + 9039?27;5 - @3%27§8§1TX3§R27§

= S¢'Sx+¢In, Ty — ¢In, T Sx ' Sx

= g+ pIn,Tx — eIn, Tx = i0g.

Thus ¢ is a left inverse of Jn, 7. For the other implication, let us assume that 1 is a left
inverse of Jg, 7y . Take ¢ := 1. then,

S Tet (00— TS T) = g Tt (0w — In, TS5 ' To) = ST+ 0 = 0, T S ' T
= ST+ v —0aSy ' Tx =S¢ " Ta — Sy ' T+ =0+1 = .
O

Theorem 40. Let (R, [-,-],J) a Krein space and X a frame in (R, [-,-]). Then the dual frames
to X have the form:

Y = {S;El&(en) + (P(en) - @3%27§k8§17§§<6n)}n61\1’

where p : (R2(N), [-,-]g,) — (R, [+, ]) is a bounded linear operator and {e,}, o the canonical
basis of lo(N.

Proof. 1t is an immediate consequence of the lemma 38 and lemma 39. U

Proposition 41. Let (R, [,:],J) a Krein space, Y a dual frame a X in (R, [-,-]) and ¢ :
(Ro(N), [, -Jw,) — (R, [,*]) a bounded linear operator and sujertive, then (©1)*(Y) is a dual
frame a o(X).

Proof. Note that,

Wox) o) = ToIrTon vy = ¢TxIn Ty <(90T)*)* = oTxIn, T3¢
= PWxye' = pidap’ = pp! = ivg.
Thus (¢7)*(Y) is a dual frame a ¢(X). O
Theorem 42. Let (R, [,-],J) a Krein space, P : (R, [,]) — (R, [,]) an orthogonal
projection that commutes with J and X, Y orthogonal frames in (R, [,+]). Then

i) PX, PY define orthogonal frames in Krein space (PR, |-, -]),
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ii) (i0g — P)X, (i0g — P)Y define orthogonal frames in the Krein space given by ((idg —
PR, [ ])-
Proof. i) Wpx py = TpxIn, Tpy = PTxIn, Ty P* = PTxdn, Ty P = PWxyP = POP = 0.
i)
Wiing—P)x,(0a-P)y = T(iog—P)xIne T(o—pyy = (108 — P)TxJ, Ty (105 — P)"
= (i0g — P)TxJIn, Ty (i0g — P) = (i0g — P)Wx v(idg — P)
= (wﬁ - P)O(iﬁﬁ - P) =0.
U

Remark 43. In C™ we have the following indefinite inner product [, Jcn : C" x C" — C,
given by

n

[, B] == Z(—l)i%E

i=1

forall o = > " e, =31, Bie; € C", where {e;};_, is the canonical orthonormal basis
in (C", (-,-)en). Then C™ admits the fundamental decomposition

C'=(CH" " (C", (CM" := span{ey:1<2i<n, ieN}
(C")~ = span{ey_1:1<2i—1<mn, ieN}
with associated fundamental symmetry
3(:” : (Cn7 ['7 '](Cn) — (Cn7 ['7 ](C")
given by Jen(e;) = (=1)7e;. Then [, -]y.. = (-, )en. When C" is viewed as a Krein space
with this fundamental symmetry Jcn, we will write (R(n), [+, Jr(m), Ine) ) -

Example 44. In (R(2), [, Jr), Jr)) we consider the sequences X = {e,e1,e,e2} and
Y = {—e1 — ea,e1,€9,0} where {e;}7_, is the canonical orthonormal basis in (C2, (-, -)¢a). It
is clear that both X and Y are frames in (R(2), [, Jr(2)) because the kernel of Tx and Ty
have dimension 2:

ker(Tx) = span{(—1,1,0,0),(1,0,—1,0)} y ker(7y) =span{(1,1,1,0),(0,0,0,1)}
this is, Tx, Ty are both surjective linear transformations. Moreover, for any (51, 52) € R(2),

Wiy (b1, P2) = TxInwTy (b1, P2)
= 73&3;3(4) ([(B1, B2), —e1 — eal, [(B1, B2), ea], [(B1, B2), 2], (0,0))
= Txidwu ([(B1, B2), —e1 — ea], [(B1, Ba), 1, [(B1, Bz), €2], (0,0))
= [(B1,B2), —e1 — eales + [(B1, B2), ex]er + [(Br, Ba), e2]er
= (Bi—Pa— B+ Ba)er
= 0e; =0.

Therefore, X, Y are orthogonal frames in (R(2), [, -|r(2))-

d0i:10.20944/preprints202207.0175.v1
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Example 45. Let & = C° be and consider the inner product [-, |z : & x & — C given by

5 5 5
[0475] == Zazﬂﬁﬂ' for all a = Z&iei, p= Zﬁiei
i=1 i=1 i=1

in &, where {e;}_, is the canonical orthonormal basis in (C%, (-, -)s),which is an indefinite
inner product. Note that we can define the bijective linear transformation

J: (R[] — (R []), Jle) =—es—i, i =1,2,3,4,5.

whose matrix associated with {e;}7_, is
o 0 0 0 -1
0o 0 0 -1 0
[Rl=] 0 0 -1 0 0

and J is the fundamental symmetry associated with the fundamental decomposition & =
AT @ R, where

AT = span{e; —e5, 63 — €4}
R~ = span{e; +e5, e+ eq,e3}
and also
5 5 5
[a, 8y = [B3(e), fla = [3 (Z aiei> ,Zﬁjeg‘ [Z a;J(€), Zﬁgeg]
i=1 j=1 & i=1 =1 ﬁ
5 5 5
= [Z al<_e6—2)7 Z Bjej] = Z Qv Z ﬂj [ €6—i, 6]]
i=1 j=1 & =1 j=1
5 5
= ZO‘Z Z_J <6176]>(C5 = <Z%’Q,Z@;€J> (a, B)cs
=1 j=1 i=1 j=1 s

Let us consider X = {e; + €2, €2 + €3,€3 + €4,€4 + €5,€5} in (R, [, ]s). Note that
Tx(a, o, a3, a4, 5) = aq(e; + e2) + asles + e3) + az(es + eq) + au(es + e5) + ases
= (a1, 01+ ag, 0 + as, a3 + ay, a4 + )

for all (ay, e, a3, a4,a5) € R and dim (ker(7x)) = 0 which implies that X is a frame in
(R, [,]s). Now, taking ¢ : (R(5), [, Jne) — (& [, ]a), ¢ = idpes), and as Sg'(z1) = —es,

St (9) = —eq +e5, Syl (w3) = —e3 + €4 — €5, Sg ' (14) = —e2 + €3 — €4 + 5 and Sy (z5) =
—e1 + 63 —e3+e4 —es, then
p(ine) — Ine) TSy Te)(e) = ei—JIne T S% (i)

= e — ([Sgl(a:i),xl]ﬁ, [Ssgl(l‘z‘)a o] s,

(St (), 3]s, [Sx ' (2:), wals, [Sx ' (24), w5]8)
= 0

d0i:10.20944/preprints202207.0175.v1
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for every i, 1 < ¢

< 5. Therefore Y = {85 (z1), Sx (22), Sg ' (x3), Sx ' (24), S5 (z5) } is a
dual frame a X in (&, [, -

J8)-
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