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In this work the close relation between vorticity and micro-rotation in
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for Leray solutions in homogeneous Sobolev spaces H "(R™) are derived, using the
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in general. Several related results of interest are also given along the discussion.

Porto Alegre, June 10, 2022

AMS Subject Classification Numbers: 35B40, 35K45, 35Q30

Keywords: incompressible micropolar flows; vorticity and micro-rotation;
dissipative systems; monotonicity method; upper and lower estimates

© 2022 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202207.0166.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 July 2022 d0i:10.20944/preprints202207.0166.v1

Summary and Conclusions

Section 1. Introduction

Monotonicity properties of some solution functionals are used to show that, in micro-
polar flows, the angular velocity of the micro-rotation of fluid particles, w(-, ), is given
very closely (at least for large t) by half of the local flow vorticity, 5V Awu(-,t), which
describes the apparent circulation of neighboring particles as seen by the particles them-
selves because of local differences in their translational motion. Although this synchro-
nization effect was to be physically expected due to the action of micro-rotation vis-

cosity, it remained elusive in 60 years of investigations of micropolar fluid flows.

Section 2. Mathematical preliminaries
Basic results regarding decay properties of (u, w)(+,t) are derived via the monotonicity
approach introduced by the authors in [I7], with an eye on the faster decay of w(-, ).

Section 3. Proof of Theorems A and B

Examining the stronger decay behavior of the difference e(-,t) = w(-,t) — s VAu(-, t)
allows the identification of the special role of the kinematic viscosity and the determi-
nation of improved upper estimates for the fields w(-,t), w(-, t) and ultimately e(-, ).

Section 4. Proof of Theorems C and D

Lower estimates for the translational velocity of fluid particles confirm the faster decay
of the error term &(-,t) in comparison with the vorticity field, indicating that w(-, )
and $VAwu(-,t) become very much the same for large ¢.

Appendix.
A simple proof is given for the existence of micropolar flows (w,w)(:,t) such that
co(14+1)"* < [|lu(-,t) |2 < Co(1+t)"* forall t >0 when 0 < a < 3 (n=2,3).
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1. Introduction
We begin with n = 3. Given arbitrary states ug = (u},u?,ud) € LZ(R?) and
wo = (wi, wg, wi) € L*(R?), we consider solutions (u, w) = (uy, us, ug, wi, wa, wz)

in the Leray-Hopf sense of the incompressible micropolar equations [12] [13] 21 28]

u, + u-Vu + Vp = (p+x)Au + 2xVaw, (1.1a)
V-u(,t) = 0, (1.10)

w, + u-Vw = vVAw + kV(V-w) — dxw + 2x VAu, (1.1¢)
u(-,0) =wy, w(,0)=wy, (1.1d)

where the coefficients p (kinematic viscosity), v (angular viscosity) and x (vortex
or micro-rotation viscosity) are positive, and k (gyroviscosity) is nonnegative, all
assumed to be constant. Leray-Hopf (or simply Leray) solutions in R? are global
mappings (u, w)(-,t) € Cy ([0, 00), L2(R?) x L2(R?)) N L2((0, 00), H'(R?) x H'(R?))
with (w,w)(+,0) = (wg, wo) that satisfy the equations in weak sense for ¢ > 0 and
in addition the energy estimate

||(U7W)(wt)||;+2/{uIIDU(-,T)||§2+V||DW(->T)II;}0ZT < [(w, W), )7, (1.2)

for all ¢ > s, for s = 0 and almost all s > 0, where [| - [| , denotes the norm in L*(R?)
(see (1.16)-(1.18) below for notation). The existence of Leray solutions for the equa-
tions (1.1) and other similar systems is well known, but their uniqueness and exact
regularity properties are still open, except for small initial data in suitable spaces
[2, 13, 21, 25, 28]. This is the case, for example, of small data in H!(R?)x H*(R3):
Serrin’s regularity conditions [9, 27] and standard calculations show that (u,w) €
C>(R3 x (0,00)), with (u,w)(-,t) € C((0,00), H™(R3) x H™(R?)) for all m > 0, if

1/2

S < 3.182- min{u, v}

| (w0, wo) || )||D(uan0)

||1/2
L?(R3)

(see (2.5), SEcTION 2). From (1.2) it follows that, for any (ug,wo) € L2(R?)xL?(R3),
there will exist ¢, > 0 sufficiently large so that (u,w) € C®(R3 x (,,00)) and

(u, W)(-,1) € C((t., 00), H™(R?) x H™R?)), ¥ m > 0. (1.3)
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It also follows the existence of some t,, > t,, with t,, t,, satisfying

0<t,<te< K- (min{p,v}) " | (uo,wo)|*

fey <0005, (14)

so that || D(w, w)(:, 1) || 2(gs) is monotonically decreasing in (., 00), cf. THEOREM 2.1
of SEcTiON 2. From (1.2) and (1.4) we obtain

: 1/2 )
Tim 12 D, w)(-. 1) 0.

HLQ(RS) =

More is true: for arbitrary data (ug,wo) € L2(R™)x L*(R"), n = 3, it is known that

lim ™2 | D™u(-,t) 0 (1.5a)
t— o0

and

L mA)/2 | yma ()
tllfrolot HD W( 7t>HL2(Rn)

=0 (1.5b)

for every m > 0, see e.g. [15,[16]. The extra factor ¢*/2 in (1.5b) as compared to (1.5a)
seems to have been first obtained in the incompressible case in [14, 23] (for compress-
ible flows, see [20]), as a consequence of the damping term in the equation (1.1c).
It will follow from our results below that the speed-up gain by ¢'/2 observed in (1.5b)
is indeed optimal and has its roots in an intimate relation between micro-rotation

and flow vorticity that is an important effect of vortex viscosity.

Similar results can of course be obtained for two-dimensional flows. In this case,
u = (uy(xy, 2, 1), us(xq, x2,t)), w = (0,0, w(x1,29,t)) and from (1.1) we get

u + u-Vu + Vp = (p+x)Au + 2xVaw, (1.6a)
V-u(,t) = 0, (1.6b)

w; + u-Vw = vAw — 4dxw + 2xVAu, (1.6¢)
u(-,0) =ug € L2(R?), w(-,0) =wy € L*(R?), (1.6d)

where VAw = (Dyw, — Diw) and VAuw = Dyus — Douy (notice that in (1.6) above
the term associated with the gyroviscosity x now drops out, because V- w = 0).
As in the 2D Navier-Stokes equations, Leray solutions to (1.6) are regular for ¢t > 0,
that is, (u, w) € C*(R?*x (0,00)) and (u,w)(-,t) € C((0,00), H™(R?)x H™(R?)) for
every m > 0, so that in 2D we have ¢, = 0 [10, [11], 21]. Moreover, (1.5) remains valid
in the two-dimensional case, as can be shown by a completely similar derivation.

2
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Before continuing our discussion, let us give some physical insight for (1.5b) above.
Micropolar fluids are an important model of non-Newtonian fluids in which the par-
ticles are endowed with a rigid structure, so that they can rotate about their center of
mass (micro-rotation), whose angular velocity is given by w. Conservation of linear
and angular momentum, along with some natural assumptions on the stress tensor,
lead to the equations (1.1a)/(1.6a) and (1.1¢)/(1.6¢), respectively, in the absence of
external forces [12, 21]. On the other hand, the flow vorticity at time ¢ (given by the
curl of the translational velocity field, VAw) is a measure of the local flow rotation,
as we now briefly review. Consider, for example, at some time ¢ the two-dimensional
flow depicted in Figure 1a, with positive and negative vorticity, say, at the points P
and @) shown, lying on some streamline A. In this situation, a fluid particle located at
P would be moving faster (at least momentaneously) than neighboring particles on
the streamline B shown there and slower than those on C', so that to the particle P it
would seem that neighboring particles were moving in opposite directions on his left
and right sides. Thus, from its point of view, the particles would appear to be circu-
lating counterclockwise about it (Figure 1b). A similar perception would have an ob-
server sitting on the particle () shown downstream, except that this time the circula-
tion of neighboring particles would appear to be clockwise. That is, flow vorticity at
any given time is related to local flow circulation as seen by the particles at that time.
Local approximation of the velocity field by Taylor expansion shows that this ap-
parent rotation happens with angular velocity given, to first approximation, by half
of the local vorticity, that is, %V/\u (see e.g. [7], pp.19-21). In micropolar fluids,
where the particles can also rotate themselves, local circulation can be transmitted
to their micro-rotation, and vice-versa, through the mechanism of vortex or micro-
rotation viscosity. It thus seems physically plausible that, in time, flow circulation
and micro-rotation tend to synchronize (Figure 1¢), so that we should expect

wir,1) ~ 5 Vau(z,1)

for ¢ > 1. In particular, as the flow develops, | w(-,t)]|z2 should not really be much
different from 1 || VAw(-,t) ||z2, which accounts for the extra factor t!/? obtained
in (1.5b), at least for m = 0. This spontaneous synchronization between micro-
rotation and local flow circulation has apparently not been observed in the literature
of micropolar fluids before, and it is at the heart of the mathematical results given
in this paper, all related in one way or another to estimating the difference

e(x,t) = wz,t) — %V/\u(x,t). (1.7)
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Fig. 1a: A snapshot at time ¢ of some given two-dimensional flow, showing two points,
P and @, with positive and negative vorticity (blue streamline).

Fig. 1b: An observer sitting on the particle P would see neighboring particles circulating
counterclockwise (black circle). At @, local circulation would appear to be clockwise.

Fig. 1c: In micropolar flows, local circulation and micro-rotation tend to synchronize be-
cause of the action of vortex or micro-rotation viscosity, so that w =~ %V/\u for t > 1.
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We now describe our main results. We are concerned throughout the paper with
Leray solutions z(-,t) = (u,w)(-,t) in R" (n = 2,3), whose velocity u(-,t) satisfies

(Ol 2y < Coll2oll oyt ¥ 1> To (1.8)

L?(R™)

for some constants Cy, a, Ty > 0, where zg = (ug, wo). For the existence of solutions
satisfying (1.8) with a > 0, see e.g. [3] Bl [0, 8, 22] and the APPENDIX to this paper.

Theorem A. If (1.8) is valid for some a > 0, then we have, for each m > 1:
where K,(a) depends solely on (m, «), and not on the solution or other parameters,

and Ty, only on (m, o, ju, v, x, Co, To, || zo||L2@ny) and, if n = 2 and o = 0, also on
how fast || z(-,t) || 22y vanishes as t — co. Moreover, we have, for every m > 0:

m—+1 m—+1

D" W () |2 gy < Bma(@) Cop™ 2 |20l oy 7772 VE>T,, (1.90)

with Ky, 11(ar) given in (1.9a), and T, dependent on (m, o, i, v, X, Co, To, || Zo|| L2(mny)
and, if n =2 and a = 0, also on the vanishing speed of || z(-,t) || L2r2) as t — oc.

Theorem B. If (1.8) is valid for some o > 0, then we have, for every m > 0:

m |,u—1/| _L+3 - mt3
(1.10)
— _m+3 _ _9q— mE3 _
K@) G g2, e

forall t >T"

m’

with T, > t, depending only on (m, o, i, v, x, Co, To, || 2o || L2(rn)) and,
in the case n = 2 and o = 0, also on how fast || z(-,1) || L2(r2) vanishes as t — oo.
The constants K/ (), K!"(«) depend on (m,«) only, and p, = (n — 2)/4.

Remark 1.1. In dimension 2, w(xq, 9, t) = (0,0, w(x1, 22,t)), and so V-w(-,t) = 0.
When n = 3, w(-, 1) is not solenoidal but (1.7) and THEOREM B show that V-w(-,t)
decays very fast: one has | D™[V - w](-,t) ||z2@s) = Ot~ *"2"™2) if p # v, and
| D™V - W] (-, t) || 2@sy = O(t =227 m/2=1/4) when p = v, for every m > 0, while,
from THEOREM A, || D™ [VAW](-, 1) || z2@s) = O(t~*~1=™/2) whether ;1 = v or not.
A lower bound of ¢=*~1="/2 for || D™ [VAW](-, 1) ||z2(rs) follows from THEOREM C,

see (1.13) below. Other similar results can be obtained from THEOREM D as well.
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The estimates (1.9) and (1.10) are suggestive of a significantly faster decay of
g(+,t) in comparison to w(-,t) or VAu(+, t). This can be rigorously established under
some extra assumptions on the solution; for instance, if we assume, in addition to
(1.8), a lower bound of t~¢ for the solution z(-,t) = (u,w)(-,t). By THEOREM A,
this is equivalent to having
for some positive ¢y, «, tg, where again zo = (ug,wy). The existence of solutions sat-

isfying (1.11) is obtained in [8] when n = 2. For the case 0 < a < 1/2 and n = 2,3,
it is a direct consequence of THEOREM B above, see the APPENDIX for details.

Theorem C. If (1.8) and (1.11) hold for some a > 0, then we have, for each m > 1:

| D™ (-t > Tocop™ 3| 20]la 795 Y t>t (1.12)

where T, = Ty (e, co, Cy) > 0 depends on (m, «, ¢y, Cy) only, and t,, depends solely
on (ma a, W, V, X, Co, CO? to, TO: H 20 ||L2(R”))-

Remark 1.2. Recalling that || D™[VAw](-,t) |2@n = | D™ u(-,t) || 12rn), it fol-
lows from (1.7), (1.10) and (1.12) that, for every m > 0:

m —q— mtl —q— mt3
D™ w (-t 1ot 2 | Zoll gt >+ Ot >) (113)

>||L2(Rn) Z 5 L2 Rn)

for ¢t > 1, so that (1.8) and (1.11) yield lower (and upper) bounds for w(-, t) as well.
Further results can be obtained replacing (1.11) by the more general assumption
for some positive cg, 1, to, with 7 > @ not too much larger than « (see below).

Theorem D. If (1.8) and (1.14) are valid for some given o > 0 and n > « such that
n<ala+1+m/2)/(a+m/2) for some m > 1, then: for every 1 < ¢ <m, we have

_n— £
HD’ZU(-J)HH(RH) > c, - HzOHL2 R")t T2 Y >, (1.15)

for some t; > 1 depending on ({,a,n, p, v, X, co, Co, to, To, || zo||L2@mny) only, where
q=n/a and c,> 0 depends on ({,a, co, Cy) only.

6
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Remark 1.3. For (a,n) satisfying the condidions of THEOREM D, (1.10) and (1.15)
imply that, for some 6 > 0 fixed: || D*e(-,t)||z2@n) = Ot~ %) | D* [VAu] (-, 1) 2@n)
for every 0 < k < m — 1. Recalling (1.7), we thus have for large ¢ that the angular
velocity of micro-rotation is essentially half of the vorticity, as physically expected.

Remark 1.4. When p = v, it follows from the proof of THEOREM D (see SECTION 4)
that (1.15) is valid more generally if 0 < a <n < a(2a+1+m/2+p,)/(a+m/2),
where p, = (n —2)/4, and again || D*e(-,t)||r2®n) = Ot %) | DF [VAw](-, ) || 22,
0 <k <m—1, for some # > 0, as in the previous case (cf. REMARK 1.3).

Here is a summary of the next sections. In SECTION 2 some preliminary results are
provided to prepare the way for the derivation of the theorems above. Although this
material is basically known, some proofs are new and a few improvements are offered.
In particular, we use the monotonicity approach developed by the authors in [17] to
obtain new upper or lower bounds for the solutions or their derivatives (of arbitrary
order) out of previously known estimates. For the most part of SEcTION 2, the special
structure of the micropolar equations, dissipating the particles’ micro-rotation more
effectively than their translational velocity, is not taken into account, with solutions
z = (u,w) treated as a whole. In SEcTION 3 the distinction between the fields w,w
is stressed from the start, leading to a series of results which are of interest on their
own and which ultimately lead to THEOREMS A and B. The argument is once again
based on monotonicity properties, which is also the main tool in SEcTiON 4. The
latter focus instead on lower bounds, deriving THEOREMS C and D by a similar ap-
proach. An ApPPENDIX supplements the discussion providing proof for the existence
of Leray solutions satisfying (1.8) and (1.11) in the case 0 < av < 1/2.

Notation. Throughout the text vector quantities are denoted by boldface letters,
(v, w) indicates the standard inner product of two vectors v,w € R", and |- | is
used to denote ABSOLUTE VALUE (for scalars) or the EUCLIDEAN NORM (for vectors).
LP(R™), 1 < p < oo, are the usual Lebesgue spaces; v = (vq,vs,...,v;) € LP(R")
means that v; € LP(R") for every 1 < i < k. By || || ze(rn) or simply | - || » are meant
the usual LP norms in R"; for vector functions,

k

[vll7, = (v, 2, 00) |17, = Z / |vi(x)|? dx (1.16)

i=1 YR"

if 1 <p<oo,and ||v]|,. = esssup{|(vi(v),va(x),...,v0(7))]: 2 € R"} if p = oo.
Similarly, if 1 < p < oo and v = (vq, vg, ..., Ug), We have
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n

k
p p
|Dvll7, = | Dvlz, . = 3

i=1j=1

/ | Djv;(x)|P dx, (1.17a)
]Rn

k n
||D2v||§pRn S>> [ I1DDvi(x) | da, (1.17b)

i=1j=1/¢=1"R"

3

and, for general m > 1,

n

k n
D7), = 305 D Z /| D@ P de,  (1.170)
i=1 j1=1 jo—1 —1/Rn

where D; = 0/0x;, D; D, = 0°/0x;0x,, and so forth, while

||D'U||L00(Rn = max {esssup |Djv;(z)|: 1 <i<k, 1<j<n} (1.18a)
zeR"
and, more generally,
D" v, ®") = max {esssup | D;,--- D; vi(x) | 1<i <k, 1< j1 e, jm < n}
zeR"
(1.18b)

(for m > 1) if p = co. In the text, we will only use p = 2 or p = co. We will also
be using the Sobolev space H™(R"), i.e., the space of all those functions in L?(R")
whose derivatives of order m are again in L*(R"). If v = (v, vs,...,v), We write
v € H™(R") when v; € H™(R") for all 1 < < k. By L2(R™) we denote the space of
vector functions v = (v, vy, ..., v,) € L*(R") with V- v = 0 in distributional sense,
that is, V-v = 0 in D’(R"), and, similarly, H"™(R") = {v € L2(R"): v € H™(R") }.
Here, V- denotes the DIVERGENCE operator; the cURL and GRADIENT are denoted
by VA and V, respectively, as in the equations (1.1a), (1.1¢) above. Finally, we will
also occasionally mention the homogeneous Sobolev space H "(R™), m > 1, that is,
the space of tempered distributions with locally integrable Fourier transforms and
whose distributional derivatives of order m are all in L*(R").
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2. Mathematical preliminaries

In this section we present a brief review of several basic results of (global) Leray
solutions to the micropolar systems (1.1) or (1.6) which will be needed later. The
discussion below is adapted from [4], 14, 17,18, 23] and considers general initial data
(ug, wo) € LE(R") x L*(R"), where n = 2 or 3. It will prove convenient to introduce

v = min{p, v} (2.1)

where u, v > 0 are given in the equations (1.1) or (1.6) above, and recall the general
estimates

” DéU('? t) HLOO(RS) HDm_Ev<'> t) HLQ(R?)) < H U('? t) Hi/f HDU<'> t) Hi/zz H Dm+lv('7 t) HLQ(R3)
(2.20)
for every m > 1,0 < <m—1and v € H"™(R"), n = 2,3, see ([4], LEMMA 3.1).

In dimension n = 2, solutions are known to be smooth (C*°(R? x (0,00))) and
uniquely defined by (ug, W), with (u,w)(-,t) € C((0,00), H™(R?) x H™(R?)) for
every m > 0, see e.g. [13, 21]. If n = 3, uniqueness and exact regularity properties

are not known for arbitrary data, but the following result is available.

Theorem 2.1. Given (ug, wo) € L2(R3) x L2(R?) and any Leray solution (u, w)(-, 1)
to the equations (1.1), there exists t.. > 0 satisfying

t** S 0.005 - ’7_5 || (’U,(),WO) ||;1,2(]R3)

such that (u, w) € C°(R? X (tys, 00)), (w, W)(,t) € C((ts,00), H™(R?*)x H™(R?))
for every m >0, and ||D(w,w)(-,t is monotonically decreasing in (.., 00).

(2.3)

) HL2(R3)

Proof. If (u,w)(-,t) € C([te, T], H'(R?)) for some 0 <ty < T, the solution is smooth in
(to,T) and we obtain, differentiating the equations (1.1), the energy estimate

) 2 2
ID2(012, , + 21 / 192212, o 07 < D20 0) 2, L +
(2.4)
0

for all ¢ € (tp,T"), where z = (u,w) and v > 0 is given in (2.1). Observing that

9
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127 e o 1027 gy < B2 I D2 o g 1 D22 2
< K2 122 | D2 IH D267 g,

(by Fourier transform), where K = v/12 //67 ([24], TuEOREM 2.2), it follows from (2.4)

that || Dz(-,t)]| L2 is monotonically decreasing for ¢ > t( if we have
K26t 112, 1020, t0) 12, < (25

with, in particular, z € C*°(R? x (tg,00)) and z(-,t) € C((to,00), H™(R3) x H™(R?)) for

each m (see e.g. [9, 12, 13]). Taking ¢ > 3 K* || (uo, wo) HL2 wy e have from (1.2) that

i
29 [ D7) g 7 < o) 2,
0

and so there esists E C (0, ) with positive Lebesgue measure such that

1

< f_1 2
D), 7 < o i o) 2,
for all '€ E. Therefore, for each t' € E:
i1
126012, g IDZ 12, gy < 120 )HL2 e \\(uo,w())rrLQ(RB)
R —4_4
<

where the last estimate follows from the choice of £. By (2.5), this gives the result. O

Remark 2.1. In dimension n = 2, we have, for z = (u, w),

1 1/2 2 1/2
||Z(.7T>||L00(R2)||Dz(.77—)||L2(R2) S 5 ||Z('7T)||L2(R2)||Dz<.77—)||L2(R2)||‘D ( )||L2 R2)

1
< o126 age | D207

)HLQ(RQ)’ ) HLZ(RZ)

(see e.g. [24]). Since (2.4) is also valid for n = 2, it follows that || D(w, w)(-,t) || 12(r2)
is monotonically decreasing in the interval (t..,00) if t.. > 0 is such that

|| (’U,,W)(',t**) HLz(Rz) < 27' (26)

Because ||z(-,t) ||r2n) — 0 as t — oo (see e.g. [14, 16, 23]), this condition is satisfied
for suitable t.., which depends on how fast || z(-,) ||.2(r2) becomes small for ¢ > 1.

The monotonicity of || Dz(-, 1) || ,2@n) has important consequences, as illustrated

by the next results. More examples are given in SECTION 3 (see also [17]).
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Theorem 2.2. For any Leray solution z = (u, w) to the micropolar equations (1.1)
r (1.6) above, we have

|Dz(-,t

Dl < 72 W00, W0 s €72 V> 20 (27)

L2(R™)

where t.. > t. denotes the monotonicity time of || Dz (-, t)| r2mn), cf. (2.3) or (2.6).

Proof. From the energy inequality for ||z(-, )| 2(rn) (see (1.2)), we have

2 2 < 2 .
2512, + 27 / 1926, g < 120,10) 1, (2)
0
for every t > ty > t, (the solution’s regularity time), so that, for t > 2¢..:
2
. <
VD202, 0 < 27 // 1D g7 < Hwnwo) e

Remark 2.2. In a similar way, we obtain that || Dz(-, ) || p2mn) = o(t™2) as t — oo,
since (for t > t..): ¢ | Dz ()| 72 (gn) < t2t||Dz(-,7') 1Z2(@nydT — 0. See e.g. [19,29].

Theorem 2.3. (i) If n = 3, for each m > 0 there ezists an absolute constant K, > 0
(i.e., depending only on m) such that, given any Leray solution z = (u w) to the
equations (1.1), we have | D™ z(-,t)||12(r3) monotonically decreasing in (' 50) for

some t{™ > t, satisfying

(m) < -5 4
t** > Km Y || (Uo, WO) ||L2(R3)'

(2.9a)

(i) If n =2, for each m > 1 there exists a constant k,,> 0 (depending only on m)
so that, for any solution z = (u,w) of the system (1.6), we have || D™z(-,t) || 122

monotonically decreasing in the interval (t&n), o0), for any ¢ > 0 satisfying

Proof. The case m < 1 has already been considered (we may take Ko= K= 0.005 and
k1= 2, cf. (2.3) and (2.6) above). Now, given m > 1, we obtain, from (1.1) or (1.6),

t
m m+1 m
1D 201, +2’V/t 1D 2, g 7 S D200 12, +
[m/2] 4 ’
Hn 3 [ D™ 57 gy D) o 127 5 gy
= 0

for all ¢ > tg > t., where [r] denotes the integer part of r € R. This expression gives
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dr < D"z t0) I, ., +

m m—+1 2
1D 2(, )2 (Rn+2’7/ 1D 2, 7) 12,
(2.10)

& Hp [ 9,0 1D 202, b
by (2.2), where g, (t) = [| 2( 1) || 2re) and g5 (t) = || 2(-£) || atga | D2(, 1) [ oigay - Here,
1,
(for example, Hll,n: 1, Hy o= 1/2, Hy 3 = V12 /67, and so forth). Let m > 2: from
(2.10), monotonicity of || D™z(:,t) || 12(rn) is achieved if Hp, , g,,(t) < 27 when ¢ > £{m™),
For n = 2, this is (2.9b) with k,, = 2/Hy, 2. For n = 3, recalling (2.3) and (2.7) we see
that this condition is guaranteed by (2.9a) if we take K,,= H2 3/16. O

H,, , are positive constants that depend on (m,n) only, both increasing with m > 1

Remark 2.3. From the proof of THEOREM 2.3 we see that more can be achieved
by redefining slightly the values K,,, k,, (and tiT)) in (2.9) for m > 1, as follows.
Setting ky, = 1/Hp 2 and Ky, = H, 5, m > 1, we obtain Hy, ,, g,,(t) < ~ for ¢ > ¢m
with ™ now defined by

tm) — inf {t>0: [ (u,w)(-,1) ||L2(R2) < y/Hpmp} if n=2, (2.11a)

tim = [y ||(u0,w0)||22(R3) if n =3, (2.11b)

for m > 1, where H,, o, Hp, 3 > 0 are given in (2.10). These definitions assure us that
Hyngo(t) < v Vot > tm (2.11¢)

and thus produce, from (2.10) above, the energy estimate

(2.12)

t
m . 2 m+1 . 2 m 2
ID"2(0) 12, 50+ / 172, g dr < 10720102,
0
for all t > to >t and every m > 1, with ¢7” defined in (2.11a) and (2.11b) above.
This estimate allows a quick generalization of THEOREM 2.2, given next.

Theorem 2.4. For any Leray solution z = (u, w) to the micropolar equations (1.1)
or (1.6) above, we have, for every m > 1:
D™ z(,

< Ky~ ™2 | (ug, wo) =2y > omem o (2.13)

) HLQ Rn) “LQ(R")

where the constant K,, depends only on m (and not on the solution), and ™ is the
monotonicity time for || D™ z(-,t)||r2wn) introduced in (2.11a) and (2.11b) above.

12
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Proof. For m = 1, (2.13) is obvious from (2.7) of THEOREM 2.2, with K = 1, observing
that t{Y) > ¢,,. For m = 2, (2.12) with m = 1 gives, for t > 2¢!?:

L2 2 e 2 tyye

Z . < . < Lo
where the first inequality is due to the monotonicity of || D?z(-,7) || L2(rn), as t/2 > t{2)
For t > 4t£i), we have t/2 > Qti}k) (because t,(i) > tii)), so that we have
-1

t
1
1D2C, )12 gy < K2V o) 12, {5 }

from the previous case (m = 1). This shows the result for m = 2 as well. Proceeding by

induction in a similar way, (2.12) is obtained for every m > 1, as claimed. O

We conclude this section with an important improvement for || D" w (-, ) || 2&n)-

Theorem 2.5. For any Leray solution z = (u,w) to the equations (1.1) or (1.6),
(1) we have

T2 (g, Wo) ||yt Y E> T (2.14a)

||W(.7t L2(Rn)

>||L2(Rn) S fy
for some 19 > 0 depending only on vy, x and the monotonicity time t.. given in (2.7);

(i) for every m > 1, we have

_m+1 _m+1
D" W) gy < Oy 2 (w0, W) [l ooyt 2 V8> 7 (2.14D)

for some constant C,, which depends only on m, and where T,,> 0 depends only on
m, || (wo, wo) || . @y VX and 7 given in (2.11).

Proof. (i) From the equation for w(-,¢) given in (1.1) or (1.6) we get, for every ¢t > t,
(the solution’s regularity time), that

d 2
pTAAUS )IILQ(RW + 2v || Dw(, )IILQ(RR + 8x [[w(-, 1) ||L2(Rn)
< AX W00 g 1 D00 g
< WD), g+ X IDUC D2,
so that we have
d
S IWCDI, o AW, L < X IDuC D2,

Recalling (2.7) of THEOREM 2.2, this gives, for ¢ > 41, that

13
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t
I 12, g0 < €2 o, w0) 1 g+ X[ €O D)2

L2(R"
t/2

< || (o, wo) [|?

—oxt , L _—1,-1
I e Rt [by (2.7)]

from which we get (2.14a) for all t > 4t,, with te=2X! < ~~1/2 finishing the proof of (7).

(i) Given t > t,, we have, differentiating m times the equation for w(-,¢) in (1.1) or (1.6),

d M m+1 2 m 2
SN2, Lk 2 DT W2, L S D W I,

) L*(R™)

< 4x||D™w D™y (-t

Gm(t)

where G, (t) = .7, || Dfu(-,t) ||Loo(Rn)HDm+1_KW(',t) | L2(mny, for some constant K,
depending only on m. This gives

d m 2
D2,
where K" = (K/,/v/8 )2 so that we have, for t > 2t,:

t
/ €—2x(t—r)HDm+1 ( )”

t/2

t
+ K/ X_l/ e_QX(t_T)Gm(T)2 dr.
t/2

< x D" ul, ) )2

m

D" w02, . < e X D" w(, )H

L2(R™) — L%(R") L( R”

Taking ¢/2 > 2(m+2) (m+2) and using (2.13) of THEOREM 2.4 to estimate the three terms
on the righthand side of the expression above, we obtain (2.14b), increasing ¢ further if

necessary (depending on the values of m, || (ug, wo) HL2 &y and ), as claimed. O

Remark 2.4. In an entirely similar way to the derivation of (2.7) and (2.13) above,
we obtain from (2.7) and (2.12) that

| Dz(-,t —1/2 ||z(-,t/2)||L2(Rn)t_1/2 Yt > 2t,, (2.15a)

(where t., is the monotonicity time given in (2.3) and (2.6)) and, for every m > 1,

ID" 2z S B ™2 2t/ ™ ¥ 4> 274 (2.150)

for some constant K, which depends only on m, with ¢(m given in (2.11), as before.
Using (2.15) we can obtain, similarly to the derivation of (2.14), for every m > 0:
m = _m+1 _m+l1 ~
HD W('7t) HL2(R7L) S Cm’}/ 2 H z( t/2) HL2 R") 2 v t > Tm (216)
with Co= 1, 7o= 70, and Ci, > Cir, T > T, m > 1, behaving as C,,, 7o in (2.140).

14
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3. Proof of Theorems A and B

In this section we derive THEOREM A and THEOREM B stated in the INTRODUC-
TION, dividing their proofs into several individual results of interest on their own.
Throughout the section z(-,t) = (u,w)(-,t) denotes an (arbitrary) Leray solution
to the equations (1.1) or (1.6), with initial data zg = (ug, wg) € L2(R") x L*(R"),
satisfying

for given nonnegative constants Cy, a, Ty. We recall that v = min{u, v}, see (2.1),
and, by (2.11a), it will be convenient if (n = 2, a = 0) to introduce g(-) such that

1268 sy < 98) ¥ E>0. (3.2
Theorem 3.1. Assuming (3.1), then we have, for each m > 0:

| D™ (-, < Kp(a) Coy™ 7 || 20| t—- % Vit>T, (3.3a)

) HLQ R") L2 Rn

and
D" W 1) 1 gy < Fl) Coy ™

t a— m;l
L2(R™)

Vit>1T) (3.3b)

for some constants K,,(«), K] () which depend only on (m,«), and not on the so-
lution or any other parameters, and where the time instants T,,,T,, depend only on
(m, o, 7, X, Co, To, || zo|l2mny) and, if n = 2 and a = 0, also on the function g(-)
considered in (3.2) above.

Proof. In view of (2.15) and (2.16), it is sufficient to show that we have, from (3.1),

K(a) Co || 2o t= Vit>T; (3-4)

||w(7t L2 Rn

for some constant K(c) > 0 dependent only on «, and some Tj > 0 depending only on «,
¥, X, Co, To and || 2o || 2(rn). From the equation for w(-,¢) in (1.1c) or (1.6¢c) we get

d

2 2 2
S IwCON, + 20 [ DwWO7, + 8x w017, < AxIDwl )l L [[ul 1) .

for t > t, (the solution’s regularity time), so that we have

d 2 2 2 2
FIWEDIZ, 0+ SXIWE 012, 0 < 20 e a0,

15
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for t > t,. Therefore, if /2 > max{t,,Tp} we get, by (3.1),

t
WO, g < 20012, g ™ 20710 [ XD a2, ar
t/2
< 2ol g {7 + 200 X G0,
so that
Hw("t)HB(Rn) < (1+2%)Cov~ 2 ||z0||L2(R” X2 Y Vit (3.5)

for some t1 = t1(a, 7y, X, ts, Co, To) > 1 large enough. This has the form (3.4) except for

1/251/2

the factor v~ , which can be dismissed by redefining ¢; as follows. If 0 < a < 1,

increasing ¢; if necessary so that 4y~ 2x? < t{, then (3.5) gives

3a

. _3a
for t > t;. By (3.1), it follows that || z(-,t) ||L2 ') S <(2+ 20‘)00 | zo HL2(R" 1+ (fort>t1)
and then, by (2.16), increasing ¢; if necessary so that v=2 < #,

for ¢ > 2¢;. This is (3.4), as we proposed to show, in the case 0 < o < 1. (Having (3.6)
gives us that || z(-, ¢ <2%(34+2%)Co 20 ||L2(Rn)t*°‘ for all such ¢, because of (3.1),
and (3.3) results then directly from (2.15) and (2.16).) For o > 1, we proceed similarly:

increasing ¢; in (3.5), if necessary, so that y~2x2 < t;, we obtain from (3.5) that

o+l

1
for t > t1. Hence, from (3.1): | z(-,¢) ”LQ(RTL) <(2+ QQ)OOHzO”H(R" t=ta (for t > t;)
and so, by (2.16), increasing t; if necessary so that y~2 < t;, we obtain (3.6) for ¢ > 2t

thus showing (3.4) if & > 1 as well. By (3.1), [ 2(, 1) | 15 ) < 2%(3 +2%) Coll 20 [ o oy~

for all such ¢, so that we can apply (2.15) and (2.16) once again and obtain (3.3). O
Recalling (1.7), we now begin estimating the remainder (-, ) in the expression

1
w(x,t) = §V/\u(x,t) + e(z,t) (3.7)

for ¢ > t, (the solution’s regularity time). From the equations for w(-,¢) and w(-,?)

we get

e+ (u-V)e + dxye = Le + (v — p)Aw + ;i(Vuj)/\(Dju) (3.8a)

j=1

16
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where 1L denotes the elliptic operator

Lv = pAv + kV(V-v) — xVA(VAV). (3.8b)

The equations (3.8) allow us to obtain the following preliminary (but very useful)
estimate for || e(-,t) ||L2(rny, which will play an important role for the next results,
leading to the improved estimate given in (3.15). We recall that v = min{y, v }.

Theorem 3.2. Assuming (3.1), then we have, for each m > 0:

tv _mis —q_ mt3
2 2ol et V> T (39)

[D™e(-,t < Kp(a) Gy

) ||L2(Rn)
for some constant K () which depends only on (m,«), and not on the solution or
other parameters, with T, depending only on (m, a, p, v, X, Co, To, || 2o || L2(rn)) and,

if n =2 and a =0, also on the function g(-) considered in (3.2) above.

Remark 3.1. Similarly to (2.15) and (2.16), we also have, for each m > 0:

m p+v _LH _m+3

My Vit>o, (3.10)

for some constant S, that depends only on m, and some instant o,, depending only

on (m, o, p, v, X, Co, To, || 20|l 2rn)) and, if n =2 and o = 0, also on g(-).

Proof of (3.9): By (3.1) and (3.6), it suffices to show (3.10). Given m > 0, we have

d m m m
S ID™eC 1117, @t 2HID e 01?7, L.+ SxIID™eC )7

) L2(Rn L2 Rn
for t > t,, by (3.8), where
Z D () e oy [ D7) g +
+f§jnD“* )| D7 )

and K, is some constant dependent only on m. This gives

d (n+v)? K}

— || D™e 4y ||D™e 2 < 27 I pmtly + =™, (t)?
Dl o AXID7 2, ) < LD 2, S )

from which (3.10) follows, recalling (3.7) and the estimates (2.15) and (2.16). O
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In terms of (-, t), the equation for w(-,t), w(-,t) can be rewritten in the form

u + u-Vu + Vp = pAu + 2xVae, V-u(,t) = 0, (3.11a)

w, + u-Vw = vAw + kV(V-w) — 4dye, (3.11b)
for t > t,, which will be used in the rest of this section.
Theorem 3.3. Assuming (3.1), then: for each m > 1, the function Z,,(-) given by

Zn(t) = D™ ul )1, o+ 407 IIDm Ul (3.12)

LQ(R"
(for t > t.) is monotonically decreasing in the mterval (G, 00), where (> t, de-
pends only on (m, o, p, v, x, Co, To, || 20| 2rn)) and, if n =2 and o = 0, also on the
function g(-) considered in (3.2) above.

Proof. From (3.11a) we obtain, using the estimates (2.2),

d m m m m
S IDmuC O, o+ e DT (O, o< Ax D G ¢ | D™e(:t

L2(R™) L2(R") —

for all ¢t > (m, with (m appropriately large dependent on (m, o, p, v, X, Co, To, || 20| L2 @)
and, if n =2and a =0, on g(-) as well. This gives

d m 2, -1 m 2
TID D2, <P D e, Y > G

)

L2(R")

from which (3.12) immediately follows, completing the proof of THEOREM 3.3. O
Remark 3.2. By a (simpler) similar argument, if follows directly from (3.11a) that

Zo(t) = uCt) 12, o+ 2P0 ns (3.13)

L2 (R"

decreases monotonically in (., c0), where t, denotes the solution’s regularity time.
Although (3.13) will not be used, monotonicity properties such as (3.12) and (3.13)
are very important, see the general discussion in [17].

Theorem 3.4a. Assuming (3.1), then we have, for each m > 1:

| D™ -t Fol0) Cop™ % |[20ll et V> T (3140)

where Kp,(c) depends only on (m, «), and T,, only on (m, o, i, v, x, Co, To, || 2o || L2(rm))
and, if n =2 and o = 0, also on the function g(-) given in (3.2) above.
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Proof. For m = 1, we obtain, from (3.11a),

t
012, + 26 1D, dr < s t/2) 12, + 43 [ 10w, sl

t/2 t/2

for t > 2t,, so that we have

t
o012, + [ D7) 12,0r < a2, + a5 [ et )12, dr
t/2 t/2

for such ¢. Recalling (3.12), this gives

" t

p LI Du( 12, < u/ A < Jult/2)12,+ 12 {1660 12, + By () bar
t/2 t/2

if t > 2(;, where E(1) = uf | De(-, HL2 gmyds. By (3.1) and (3.9), this shows (3.14)

if m=1. The general case m > 1 can be obtamed by induction with a similar argument,

observing that, from (3.11a), we have, using (2.2) above,

t
i [ 1077 2, < 107l tf2) 12, + 38w [ 107 el 2,

t/2
for ¢ sufficiently large (dependent on (m, «, u, v, X, Co, To, || 20| z2(rn)) and, if n = 2 and
a =0, also on g(-) given in (3.2)). Recalling (3.12) and increasing ¢ (if necessary) so that
we also have t > 2(,,, then we get

t _ [t N
ugl\DWU(wt)HiQ < | D™ (-, t/2) Hiﬁ 8x* 1/{HD’” 16(-,T)Hi2+Em(T)}dT
t/2

where E, (7) = 1 f | D™e(-, s)||%2(Rn)ds. Using (3.9), c.f. THEOREM 3.2, and the induction

hypothesas for | D™ tu(- 1) this shows the result for m, completing the proof. [

sz ny?
(R™)

Theorem 3.4b. Assuming (3.1), then we have, for each m > 0:

m+1 m+1

< Kppar(a) Cop™ " || 2o, 79755 Y t> T/ (3.14b)

L2(R™)

||‘D W(.7t) ||L2(Rn)
with Ky 1(a) given in (3.14a), and T, dependent on (m, a, p, v, X, Co, To, || zo|| 2(mn))
and, if n =2 and o = 0, also on the function g(-) given in (3.2), and nothing else.

Proof. Recalling (3.7), we have

D™ w < Dt + [ D™e(t

for all ¢ > t, (the solution’s regularity time), so that (3.14b) is an immediate consequence
of the estimates (3.9) and (3.14a) obtained in THEOREMS 3.2 and 3.4a above. O
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Theorem 3.5. Assuming (3.1), then we have, for each m > 0:

m |,u—1/| _L+3 —q— m*3
D™ (- t) || o gy < K@) Co——— 1" 2" || Zol| ot ?
L2(R™) X L2(R™) (3.15)
2 71 mid_p, —2a-—mE3
+ Kl(0) G2 x |zl T

forall t>T with T, > t. depending only on (m, a, , v, x, Co, To, || Zo|| L2(&n)) and
. m (

if n =2 and a = 0, also on the function g(-) considered in (3.2). In addition, the
constants K (), K'(«) depend on (m,«) only, and p,= (n —2)/4.

Proof. Let ¢, > 0 be the solution’s regularity time. From (3.8) we obtain

d m m
T 107G, b+ 20 1D ()]

L2(R")

m 2

)
< D™ el t) 2y 211 = 2D W) ] o gy + A Fin () + B Gin(2)
L*(R™) L*(R™)

for t > t., where F,(t) = 37", | D u(-, t) ||Loo(Rn)||Dm_£+1u(‘,t) | 22(rn), the values
Ap, By depend on m only, and G, (t) = Y7L o [ D'u(-, t) || poozmy | D™ Tl e(, 1) || L2 ().
This gives

d
TIDmeC 012, L+ Ax D 012,

1 -1
| By S 5 X B EID w02,

R”)
1 1 _
+ 1 X_lAgnFm(t)2 + 1 X lBangm(t)Q

from which (3.15) follows, in view of the estimates (3.9), (3.14a) and (3.14b) above O

An immediate consequence is the fast decay of V-w(-, 1), i.e., the divergence of
the micro-rotational angular velocity, in comparison with VAw (-, )

Theorem 3.6. Assuming (3.1), then we have, for each m > 0:

m p—vi —mtd —q—mtd
D7 [V W) gy < Ko@) Co 2Ly 8 g e ™
(3.16)
b Kl0) G g 172

forall t >T) |, where K, . (), K () and T/, | are given in THEOREM 3.5 above,
and p,= (n — 2)/4, as before.

Proof. This follows directly from (3.15), as, by (3.7), we have V-w(-,t) = V-g(-,t). O
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4. Proof of Theorems C and D

In this section we consider a solution z = (u, w) to the equations (1.1) or (1.6),
with initial state zg = (ug, wo) € LZ(R") x L*(R"), which, in addition to satisfying
the upper bound (3.1) for some « > 0, it also admits a lower bound of the form ¢="
for some 1 > «. Beginning with the case n = a, we therefore assume that

fw( )| o pny = CollZoll ot V>t (4.1)
L2(R™) L2(R™)

for some ¢y > 0, ty > 0, @ > 0. Note that, by THEOREM 3.4b, the condition (4.1) is
equivalent to having a lower bound ¢~ of similar type for the whole solution z(-, ).

Theorem 4.1. If (3.1) and (4.1) hold for some o > 0, then we have, for each m > 1:

||Dm'u,(,t Z F (Oé C(),O(]> CQIM B ||Z0|| t a-y Vit> tm (42)

where Ty, (a, ¢y, Coy) > 0 depends solely on (m,«,co, Cy), and t,, depends solely on
(ma a, [, Vs X5 Cos 007 to, TO) H 20 HLQ(R”))-

Proof. Beginning with m = 1, we have, from the equation (3.11a),

T T
. 2 e
lul. D)2, + 2u/t IDu( ) 2, g dr = a0, o+ 4x//R (Vau, ) dvdr

for all T >t > max{to, 1o, t«} (¢« being the solution’s regularity time), so that we get

T
2 2, —1 ) 2
1 / D7) I, g = ) 12, = T2, = 248 / o)1, g7
T (4.3a)
2 —2a_\2p—2a\_ 5.2, —1 ) 2
2 1202 g (127 M2 = 2% eI
by (3.1) and (4.1), where A\; = Cy/co > 1. This gives, choosing T' = (2)\1)1/at,
10240 2 G Ll 2 G2,
by (3.12), assuming that ¢ > (; also, cf. THEOREM 3.3, so that we have
ap(2A)t || Du- )||2 > 1 ||20||2 2! || dr — Fi(t)

where Fi(t) = 16 (2)\) 1/a X2t [ || De(, )”%%Rn)dr By (3.9), this shows (4.2) if m = 1.
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For the general case m > 1 we proceed by induction. From (3.11a) we get, using (2.2),

4u/ D™ u(7) |2, dr > [|D™ () |2

12 ey @ | fuf, )IILQ(Rn

(4.30)
—4x2u1/ | D™ e 7 |2
t

L2 (Rn

for all 7> t with ¢ > ¢, large (dependent on (m, a, i, v, x, Co, To, || 20| 2(rn)))- Assuming
also t > (p (G given in THEOREM 3.3), t > ty,—1 (found in the previous step, cf. (4.2))
and t > T,,—1 (given in (3.14a), THEOREM 3.4a), we then obtain, recalling (3.12),

4upT || D™ u(-, )H —m+1(t—2a—m+1_)\znT—2o¢—m+1)+

cmotllzoll?, .. 1

L2(R™) — L%(R™)

oo
_ 2, -1 m—l _ 2 m
e D7 el )2, L — 16 T/t 1D, 12, g d
where ¢,—1 = I'p—1(a, co, Co) co is the coefficient in (4.2) obtained in the previous step
(i.e., step m — 1) and A\, = Cpy—1/Cm—1 > 1, where Cy,—1 = K1 () Cp, with K, —1(a)
given in (3.14a), THEOREM 3.4a. Choosing T = (2\,,)'/*t gives the result (4.2) for m too,

in view of the estimates (3.9) of THEOREM 3.2, and the proof is now complete. O

Remark 4.1. If the conditions (3.1) and (4.1) are valid for some a > 0, it follows
from (3.9), (3.11a), (3.14a) and (4.2) that, for every m > 0, there will exist ¢/, > t.
sufficiently large (dependent on (m, a, p, v, X, ¢o, Co, to, To, || 20 || L2(rn)) only) so that
| D™w(-,t) ||12@rn) is monotonically decreasing on ((;,,00), thus improving (3.12)

and (3.13) in this case (cf. THEOREM 3.3 and REMARK 3.2).

Remark 4.2. In addition, when (3.1) and (4.1) hold for some o > 0, it follows from
(3.7), (3.9) and (4.2) above that, for each m > 0, we have

1 m+1 m—+1

D" W) 2 gy = 5 P €0, Co) co ™ "2 [[ 2ol o gy 772 (4.4)

for all ¢ > ¢/, for some ¢, depending only on (m, a, u1, v, X, co, Co, to, To, || 2o || L2(rm));
where the coefficient I'y, 1 1(cv, ¢g, Cp) is given in (4.2). Moreover, by (3.11b), (3.14),
(3.15) and (4.4), we obtain when u = v that, for every m > 0, there exists ¢ > t.
sufficiently large (dependent on (m, a, i, X, co, Co, to, To, || 20| 2(rn)) only) such that
| D™w(-,t)||2(rny is monotonic on (¢, 00). Thus, if 4 = v and (3.1), (4.1) are valid
for some a > 0, then || D™w(-,t)||2(rn) also becomes monotonic at large times, for
every m > 0, and not just | D™uw(-,t)||r2@en). This complements REMARK 4.1 above.
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From THEOREM 4.1 we see in particular that, for solutions z = (u, w) satisfying
the conditions (3.1) and (4.1) for some a > 0, the term $VAw(-,?) in the decompo-
sition (3.7) decays slower (as t — co) in H™(R"), for every m, than the term e(-, ),
thereby eventually dictating the main behavior of the micro-rotation of fluid parti-
cles. This will also be the case under the more general condition

for 7 > « not too much larger than «, as shown in THEOREM 4.2 below.

Theorem 4.2. If (3.1) and (4.5) hold for some a > 0, a <1 < a(a+3/2)/(a+1/2),
then

| Du(-,t 2| zoll , TSN > ] (4.6a)

) ||L2(Rn) - L2 Rn)

for some t{ > 1, which depends on (o, n, j1, v, X, co, Co, to, To, || 2o || L2(rn)) only, where
q =n/a and c1 = ¢1(a, ¢y, Co) > 0 depends solely on (a, ¢, Co). More generally: if
a<n<ala+m/2+1)/(a+m/2) for some m > 1, then, for every 1 < { < m:

—p— £t

for some t;>>1 that is dependent on (£, o, n, j1, v, X, co, Co, to, To, || Zo|| L2(rn)) solely,
with the coefficient ¢, > 0 depending on (£, , co, Co) only.

Proof. Considering (4.6a) first, we have from (3.1), (4.3a) and (4.5) that

4#/ D) 2 202 (1727 R T2) = 2027 eI, g

(R™) R™)
for all T > ¢t > max{to, To, t+}, where A\; = Cp/co. Taking T = (2)\1)1/atq and using (3.9)
and (3.12), as in the proof of THEOREM 4.1, we get (4.6a) if n < a(a+ 3/2)/(a + 1/2).

Finally, (4.6b) follows by induction, using (3.9), (3.12) and (4.3b) in a similar way. O

Remark 4.3. When a <n < a(a+m/2+1)/(a+m/2) for some m > 1, it follows
from (3.9) and (4.6b) that || D'e(-,t) || z2rn) decays faster than || D [VAw](-, t) || z2@n)
for every 0 < ¢ < m, showing the dominant influence of vorticity on micro-rotation,
cf. (3.7). In the special case u = v, by repeating the proof of THEOREM 4.2 but using
(3.15) instead of (3.9), the estimate (4.6b) can be obtained for n > « > 0 satisfying

no_ 2a+m/2+1+ (n—2)/4
a a+m/2

and again || D’e(-,t) || 2(zn) will decay faster than || D' [VAw](-, ) ||r2@n), 0 < £ < m.
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Appendix

In this appendix we show the existence of solutions z = (u, w) to the micropolar
equations (1.1) or (1.6) satisfying the condition

oL+ < flu(-t) < Cy(1+1)° (A.1)

||L2(Rn)

for all ¢ > 0, and some constants 0 < ¢y < Cj (which depend on the solution and
various parameters) when 0 < o < 1/2. This is an easy consequence of THEOREM B,
with the help of some well known results in the literature [T}, 3, 22, 26].

From Schonbek’s theory of decay characters [3, 22] we can find v, € L2(R"™) with
vo € H™(R™) for all m and such that v(-,t):= e*?tv, satisfies, for all ¢ > 0,

co(1+1)7" < [Iv(-1) < Go(l+1)° (A.2)

HL2(R"’)

(for some constants 0 < ¢}, < C}), where e#*2! denotes the heat semigroup, that is,
convolution with the heat kernel. Let then z(-,t) = (u,w)(:,t) be the (unique,
global, smooth) solution of the equations (1.1) or (1.6) with initial data zy = (v, 0).
(In dimension n = 3, this may require replacing vy by a smaller multiple A\vq, with
A > 0 chosen so that A || voHié%R;;)HDvoHééng) < 3-min{p, v}, cf. SEcTION 1.) Given
this solution z(-,t), let (-, t) be defined by (1.7), so that we have, by THEOREM B,

leC )l 2gn < Bo(L+8)72, | De(t) < Ey(1+1)77 (A-3)

HLQ(Rn)

for all £ > 0, and some constants Ey, E; (independent of ¢). Recalling the equation
(3.11a), we then consider the solution v(-,t) € C'([0,00), L2(R™)) of the problem

vy = pAv(-,t) + 2xVae(,t), v(-,0) = vy. (A.4)

By (A.3) and standard heat kernel estimates, we get ||v(-,t) — v(-, )| L2mn) = Ot 2).
Since a < 1/2, we then obtain from (A.2) that

co (1+1)7% < (1) <G+ (A.5)

||L2(R"

for all t > 0, and some constants 0 < ¢f < Cj. By (3.11a) and Wiegner’s theorem
([26], p- 305), we have, for all ¢ > 0,

for some constant K > 0. Together with (A.5), this gives (A.1), as claimed. O
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