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Abstract: This paper reports a new global Mittag-Leffler synchronization criterion with regard to
fractional-order hyper-chaotic financial systems by designing the suitable impulsive control and
the state feedback controller. The significance of this impulsive synchronization lies in the fact
that the backward economic system can synchronize asymptotically with the advanced economic
system under the effective impulse macroeconomic management means. Matlab LMI-toolbox is
utilized to deduce the feasible solution in numerical example, which shows the effectiveness of
the proposed methods. It is worth mentioning that the LMI-based criterion usually requires the
activation function of the system to be Lipschitz, but the activation function in this paper is fixed and
truly nonlinear, which cannot be assumed to be Lipschitz continuous. This is another mathematical
difficulty overcome in this paper.

Keywords: Mittag-Leffler stability; Caputo fractional-order derivative; non-Lipschitz continuity;
hyper-chaotic financial system; Mittag-Leffler function

MSC: 34D06; 34A37

1. Introduction

The hyperchaotic financial mathematical model takes into account the average profit margin,
which can better simulate the actual complex and changeable financial market, and has attracted
the attention of researchers ([1-5]). As what has been pointed out in [1,6], an extension of fractality
concepts in the investigation of the economic systems has been used. In the fields of mathematics
and its applications to physics and engineering, numerous researchers have adopted fractional
calculus as an effective method to model and simulate various nonlinear system ([1,7,8]). For
example, in [1], a fractional-order hyperchaotic financial system was investigated and the adaptive
control scheme for synchronization and chaos suppression of the fractional-order economic systems
was proposed. However, impulsive control is not considered in [1]. In fact, impulsive control
is always one of the means of macroeconomic management ([2,3]). In [2], a synchronization
criterion of hyperchaotic financial system was derived by using impulsive control method and
differential mean value theorem. The authors in [3] utilized impulse, Lapalcian semigroup and
fixed point theorems to stabilize globally hyperchaotic financial system. But the results in [2,3]
are only applicable to integer order differential equation models, and the effective methods used
in [2,3] are not suitable to fractional-order hyperchaotic financial mathematical model. Indeed,
fractional-order financial system always involves Mittag-Leffler stability, which is different from
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those of [2,3]. Besides, Riemann-Liouville fractional-order derivative was studied in [1], and so
in this paper we consider Caputo fractional-order derivative. To overcome the above-mentioned
mathematical difficulties, we shall design a suitable controller and utilize impulsive control to achieve
drive-response synchronization. The significance of this impulsive synchronization lies in the fact that
the backward economic system can synchronize asymptotically with the advanced economic system
under the effective impulse macroeconomic management means.

2. Preliminaries

Generally speaking, there are three common fractional derivatives, including the
Grunwald-Letnikov fractional derivative, Riemann-Liouville fractional derivative, as well as the
Caputo fractional derivative.

In this paper, the Caputo fractional derivative is considered.

Definition 1.([9]) The fractional integral of order yx for a function u(t) € C[[0, +o0), R] is defined by

D™ %u(t) = 1"(1)() /Ot(t — ) Lu(s)ds,

where x > 0,and T'(x) = [," e ftx"1dt.

Definition 2.([9]) The Caputo fractional derivative of order x for a function u(t) € C"*1[[0, +-c0), R]
(the set of all n-order continuous differentiable functions on [0, +c0]) is defined as

Dru(t) = s [ (=5 s)as

where x > 0, n is the first integer greater than yx, thatis, n —1 < x < n, and the Laplace transform of
DXu(t) is given as

L{DXu(t)} = sV H (s st 1u0)(0),

where H(s) = L{u(t)} stands for the Laplace transform of u(t). In particular, when 0 < x < 1, one

obtains that .

m/() (t —s) X' (s)ds,
L{DXu(t)} = s"H(s) — s*1u(0).

DYu(t) =

Definition 3.([9]) The one-parameter and the two-parameter Mittag-Leffler function are defined as

wk

=) ——, x>0 weC,
P Ol"xk—i-l

9] wk

E, g(w) = —, x>0,>0,weC,
()= L Fk+ ) i
respectively, and the Laplace transform of the two-parameter Mittag-Leffler function is

SX*ﬁ
sX 4+

LIPT By p(—ytY)] = £ 0, Re(s) > |7]%,

ss where v € R and Re(s) denotes the real parts of s.
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Consider the following fractional-order hyper-chaotic financial system as the drive system:

D'x=—x-a+(y-x+u+z),
D% =1—y-b—x?

1
Dz=—-z-c—x, @)
Du=—u-k—x-d-y,
which can be written in compact form
D*X(t) = AX(t) + f(X(t)), t=0, (2)
where X = (x1,%2,x3,%4)T = (x,y,z,u)7,
—a 0 1 1 X1X2
0 —-b 0 0 —x2+1
a=|% 7 Lo 0= 00 R0, 00.6)T= | TTEH @)
0 0 0 —k —dx1x2,
and the initial value is of
X(0) = Xo. (4)

Here, the parameters 4, b, c, d and variables x, y, z, u can be referenced in detail in the literature ([1-5]),
Consider the corresponding response system as follows,

D*Y(t) =AY (t) + f(Y(t)) + W(t), t=>0,t#1,
Y(t0) =Y(t) +g(Y(t) — X(t)), k=12 (5)
Y(0) =Y,
where W(t) = (wy(t), wo(t), w3(t), wy(t))T, and each w;(t) is a controller to be designed. 0 < t; <
to < ---,and each fi(k € Z, ) represents a fixed impulsive instant, and Y (t,") = lim Y(t) = Y(t),
tsty
Y(t) = lim Y(t), forallk =1,2,--- .

t—tf
Sete(t) = Y(t) — X(t), then the systems (1) and (3) synchronization error model is

D¥(t) =Ae(t) + F(e(t)) + W(E), t30,t#t,

e(ty) =e(ty) +gle(ty), k=12, (6)
e(0) =Yp — Xo,
where
F(e) = f(Y) — f(X) (7)

where M is a constant matrix.
In our study, the following assumption conditions are useful:
(H1) |x;(¢)] < m;, and |yz(t)| < m;, foralli=1,2.
(H2) g(s) = Ls, where s € R*, and L is a constant matrix.
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3. Main result
In this section, we present the LMI-based synchronization criterion for chaotic financial systems:
Theorem 1. Assume the conditions (H1)-(H2) hold. If there exists a positive definite symmetric matrix
P, and positive real number &1 such that
PA+A"P—PM -~ M'P+e'I+eH H <0, (9)
(I+L)TP(I+L) <P, (10)

then the system (3) achieves global Mittag-Leffler synchronization with System (1), where [ is the
identity matrix, and

mo mq 0 0
my + mp 0 0 O
H =
0 0 0 O
dmy dm; 0 O,

Proof. Firstly, it follows from (H1) and (3) that
[E(e(t))] < Hle(t)],
Consider the Lyapunov function as follows,

V(te(t)) = el (t)Pe(t),

then
D*V(t,e(t)) <eT(t) (PA + AP — PM — MTP> e(t) + [T (t)F(e(t)) + FT(e(t))e(t)]
<eT (1) (PA +ATP — PM — MTP 471 + elHTH)e(t) (11)
<qVi(te(t)), t=0,t#t,
where

7 = Amax (PA +ATP—PM -~ MTP+¢7' T+ slHTH> <0.
Obviously, there exists a function v(t,e(t)) = D*V(t,e(t)), and so there is a function p(t) > 0 such that

u(t)+v(te(t)) =qV(te(t)), t=0t#t, (12)

Denote by * the convolution operator, then it follows by taking the Laplace transform and inverse
Laplace transform of (12) that

V(te(t) = V(0,e(0))Ea(qt*) — pu(s) = (1" "Ena(qt")), t>0,t £t (13)
which together with u > 0 means
V(te(t)) < V(0,e(0))Ex(gt*), Vte (te_1,tx] (14)
On the other hand, (14) and (10) yield

V(tf,e(t)) =[(I+ L)e(t)]"P{(I + L)e(t)]
=eT (k) (I 4 L)TP(I+ L)e(ty) (15)
<el () Pe(ty) < V(0,e(0))Eq(qt®), Vk=1,2,---,


https://doi.org/10.20944/preprints202207.0117.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 July 2022

50f6

which together with (14) implies
Amin(P)[le(t)[> < V(£ e(t)) < V(0,e(0))Ea(qt*), V=0,

or

le(t) | < \/ V(00D Eslgr), Ve

In consideration of ¢ < 0, the above inequality means that the null solution of System (6) is globally
Mittag-Leffler stable. This completes the proof.

4. Numerical example

Example 1. Equip System (1) and System (3) with the following data

—0.0111  0.0001 0 0 211 0.0001 O 0
[— 0.0001  —0.0112 0 0 M— 0.0001 22 0 0
0 0 —0.0113 0 ’ 0 0 23 0

0 0 0 —0.0111 0 0 0 21

Leta=09,b=02,c=15d=02k=0.17,m; = 8,my =9, then

—-0.9 0 1 1 X1Xp
0 —02 0 0 T —x2+1
A= X) = (A(X), f(X), f5(X), fa(X)T = 1
1 0 —15 o |- &) =(AEX) LX) H(X) f4(X)) 0
0 0 0 —017 —0.2x1%2,
9 8 0 0
17 0 0 0
H= 0 0 0 O
1.8 16 0 0

Using Computer Matlab LMI-toolbox to solve LMI conditions (9) and (10) results in the following
feasibility data:

301.5313 0 0 0.0011
0 289.7811 0 0
p= — 0501
0 0 313.9712 0 , €1=05013
0.0011 0 0 276.7876

According to Theorem 1, System (3) is global Mittag-Leffler synchronization with System (1).

5. Conclusions

In this paper, the authors design the suitable impulsive control and the state feedback controller to
make fractional-order hyper-chaotic financial systems global Mittag-Leffler synchronization, and use
computer Matlab LMI-toolbox to verify the effectiveness of newly-obtained criterion. Both theoretical
and numerical examples show that as long as the impulsive macroeconomic management measures are
appropriate, the backward economic system can gradually synchronize with the advanced economic
system. Finally, the impulsive control involving time delay and the impulsive control under trigger
event mechanism still need to be studied for the mathematical model of macroeconomics([10-12]).
It is an interesting problem how to establish a reasonable model in line with the principles of
Macroeconomics.
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