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Abstract: In this paper, the functional variable method is used to establish solitary wave solutions
and periodic wave solutions of the loaded quadratic non-linear Klein-Gordon equation, the loaded
cubic non-linear Klein-Gordon equation and the loaded coupled non-linear Klein-Gordon equation.
All solutions of these equations have been examined and three dimensional graphics of the obtained
solutions have been drawn by using the Matlab software. The main advantage of the proposed
functional variable method over other methods is that it provides more new exact traveling wave
solutions along with additional free parameters. The graphical representations of the soliton solutions
and the periodic wave solutions by using distinct values of random parameter are demonstrated to
better understand their physical features. The exact solutions have its great importance to reveal the
internal mechanism of the physical phenomena.
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0. INTRODUCTION

The Klein-Gordon(KG) equation is an important group of partial differential equations
and is present in relativistic quantum mechanics and field theory, which is immensely
important for the high energy physicist [1-3], and is employed for the modeling of various
phenomena, including the propagation of dislocations in crystals and the behavior of
elementary particles. This equation is expressed in the following basic form

Wit — Way — Wyy = b(w).

The KG equation most probably first arose in a mathematical context with b(w) = e®
in the theory of constant surfaces in Liouville’s work. It appears in very many fields of
physics. For a cubic nonlinear b(w) = w? — w it has been used as a model field theory[4].

Recently some new exact solutions of general forms of nonlinear KG equation

Wit — Wyy + aw + pw" =0,

have found by several authors [5-8]. It should be noted that many methods have been
developed to find special solutions of the nonlinear KG equation, such as the modified
decomposition method [9], the symplectic finite difference approximations method [10],
the variational iteration method [11,12], the finite element method [13], the cubic B-spline
collocation method [14], the finite difference method [15], the decomposition method [16],
exp-function method [17,18], the homotopy perturbation method [19], the tanh method
[20] and the Jacobi elliptic function method [21], the Lie symmetry approach method [22],
the numerically methods [23-25], the method of functional separation of variables [26]
etc. Biswas and et al. studied the adiabatic dynamics of topological and non-topological
solitons alike in presence of perturbation terms [27-30].
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In recent years, in connection with intensive research of problems optimal management
of the agroecosystem, for example, the problem of long-term forecasting and regulation of
the level of groundwater and soil moisture, there has been a significant increase in interest
in loaded equations. Among the works devoted to loaded equations, one should especially
note the works of A. Kneser [31], L. Lichtenstein [32], A. M. Nakhushev [33], and others.
A complete explanation of solutions of the nonlinear loaded PDEs and their uses can be
found in papers [34-39].

In this paper, we consider the following the loaded KG equation and the loaded
coupled KG equation with quadratic and cubic nonlinearity

Wit — Wyy — Wyy + aw + pw" 4 y(£)w(0,0,t)w = 0, 1)
Wax + Wyy — Wy — W + 2w + 2wo + @()w(0,0,t)w = 0 )
vy + vy — v — 4wwi + @(t)v(0,0, £)vy =0,

where w(x,y, t) and v(x,y, t) are unknown functions, x € R,y € R, t > 0, « and p are any
constants, (t) and ¢(t) are the given real continuous functions.

We construct exact travelling wave solutions of (1) and (2), that is the exact solutions
of these equations including solitary wave solutions and periodic wave solutions are
obtained by the functional variable method. All solutions of the loaded KG equation and
the loaded coupled KG equation have been examined and three dimensional graphics of
the obtained solutions have been drawn by using the Matlab software. The main advantage
of the proposed functional variable method over other methods is that it provides more
new exact traveling wave solutions along with additional free parameters. The graphical
representations of the soliton solutions and the periodic wave solutions by using distinct
values of random parameter are demonstrated to better understand their physical features.
The exact solutions have its great importance to reveal the internal mechanism of the
physical phenomena. Apart from the physical relevance, the close-form solutions of
nonlinear evolution equations facilitate the numerical solvers to compare the accuracy of
their results and help them in the stability analysis.

1. DESCRIPTION OF THE FUNCTIONAL VARIABLE METHOD
We consider NPDE of the form

P(w, wy, Wy, Wt, Wxx, Wtt, Wyy, Wxy, Wxt, wytn-) =0, 3)

where P is a polynomial in w = w(x, y, t) and its partial derivatives.
Step 1. It is used the following transformation for a travelling wave solution of (3):

w(x,y,t) = w(g), @
with
o _ o dw_ do dw __ dw -
ax  Pdg oy ~Tagrar T tagr
where
¢ = px+qy — kt, p = const, q = const (6)

and k is the speed of the traveling wave.
Substituting eq. (4) and (5) into NPDE (3) we get the following ODE of the form

F(w, w// w//, wm,...) =0, w =Y @)

"

here F is a polynomial in w (&), w(¢), w(&)", w(g)", ....
Step 2. Let
w' = F(w). 8)
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It follows that p
w
Fw) ¢+ Co, )
we suppose ¢y = 0 for convenience. Now we can calculate higher order derivatives of w:
PP g
1 d(F*(w)
v ;2(”15‘% )>)
w
w" = 3= VF(w) (10)
d3 (F? d?(F? d(F?
W' — %{ (dw(;u)) F2(w) + (dw(zw)) ( dzs;w))

Step 3. Putting eq. (10) into eq. (7), we obtain

“ dF(w) d?F(w) d3F(w)

Gw, =, o 5] =0, (11)

The key idea of this particular form eq. (11) is of special interest because it admits
analytical solutions for a large class of nonlinear wave type equations. After integration, eq.
(11) provides the expression of F and this, together with eq. (8), give appropriate solutions
to the original problem.

2. SOLUTIONS OF THE LOADED QUADRATIC NON-LINEAR KLEIN-GORDON
EQUATION

We will find the exact solution of the loaded quadratic non-linear KG equation by the
functional variable method. For doing this, in (1), let use the following transformation.

w(x,y,t) =u(g), ¢ = px+qy —kt. (12)

It is easy to show that after transformation (12), the nonlinear partial differential eq. (1) can
be transformed into an ordinary differential equation of the form

W' = ,sz + .u(t)w

T i p R (13)
where p(t) = a + y(+)w(0,0, ).
According to (10) eq. (13) can be written as follows
1d(P @) _ o +p(w "
2 dw  p gk
Integrating eq. (14) and after simple simplification, we get
2Bw + 3pu(t)
F(w) = —— 5. (15)
@) 3(p? + 9> — k)
From eq. (8) and eq. (15) we deduce that
dw ac (16)

wy2Bw +3u(t)  VBPR+P—R)

After integrating eq. (16), we have

w(x,y, t) = e+t 7(2’?}(0' 0.1)) (cth2 (;\/0& —;;Yf)c;)(—()lk% ) (px+qy — kt)) - 1) .

(17)
The function w(0,0, ) can be easily obtained based on expression (17).
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We get two types of solutions of the loaded quadratic non-linear KG equation (1) as
follows:
1) When & + (+)w(0,0,t) > 0, p> + > — k* > 0, we get the solitary solution

w(x,y,t) = S(a+ 7(;)5)(0' 0.1)) (cth2 (;\/u& —;;YSLZU(_O,]{% ) (px +qy — kt)) - 1> .
(18)

2) When a + 7(t)w(0,0,t) > 0, p? + g> — k? < 0, we get the periodic solution

3(a+y(t)w(0,0,t)) o2 1 Ja+y(Hw(0,0,t)
2p w2 T rre-e

w(x,y,t) =— 5 (px+qy—kt)> + 1).

The graphs of solutions of the loaded quadratic non-linear KG equation by using
distinct values of random parameter will be demonstrated.
Ifa=0,=15p=24g=1k=—2and y(t) = ?, then we have

w(x,y,t) = 2w(0,0,t) (cth2 <;t\ [w(0,0,t)(2x +y + 2t)> - 1) . (20)

Ifa=0B=-15p=14q=+2 k= —2and 7(t) = t2, then we have

w(x,y,t) = t2w(0,0,t) (ctgz (;t\ [w(0,0,t)(x + V2y + Zt)) + 1) : (21)

3. PHYSICAL INTERPRETATIONS OF THE LOADED QUADRATIC NON-LINEAR
KLEIN-GORDON EQUATION

Graphical representation is an effective tool for communication and it exemplifies
evidently the solutions of the problems. The graphical illustrations of the solutions are
depicted in the Figure 1 and the Figure 2. After visualizing the graphs of the soliton
solutions and the periodic wave solutions by using distinct values of random parameter are
demonstrated to better understand their physical features. The amplitude and velocities are
controlled by parameters of various kind. These characteristics of the solutions are favorable
for investigating certain nonlinear phenomena arising in physics, applied mathematics, and
engineering. In particular, the soliton is a self-reinforcing wave packet maintaining its shape
while propagating at a constant velocity. Solitons are unscathed in shape and speed by a
collision with other solitons and are often studied in quantum mechanics, nuclear physics,
and waves along a weakly anharmonic mass-spring chain. Moreover, periodic traveling
waves play a fundamental role in several mathematical physics including self-oscillatory
systems, reaction-diffusion-advection systems, and excitable chemical reactions.

Figure 1. Solitary solution of the loaded quadratic non-linear KG equation fory = 0,4 =0, 8 = 1.5,
p=2qg=1k=—-2and y(t) = £2,
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Figure 2. Periodic solution of the loaded quadratic non-linear KG equation fory = 0,& = 0, = —1.5,
p=1,q=+2k=—2and y(t) = 2.

4. SOLUTIONS OF THE LOADED CUBIC NON-LINEAR KLEIN-GORDON
EQUATION

We will show how to find the exact solution of the loaded cubic non-linear KG equation
by the functional variable method. Using the wave variable

w(x,y,t) =w(G), § = px+qy—kt, (22)

that will convert eq. (1) to an ordinary differential equation

o = B A p(tw

where p(t) = a + y(£)w(0,0,t).
Following eq. (23), it is easy to deduce from eq. (10) an expression for the function
F(w)

1d(F(w)) _ pw’+ p(tw
2 dw TPtk

2
F(w) = w,/m. (25)

From eq. (8) and eq. (25) we deduce that

(24)

Integrating eq. (24), we have

dw _ dc
wy/pwr +2u(t) 2P+ 2 —K2)

After integrating eq. (26), with zero constant of integration, we obtain following exact

(26)

solution
2(a+ y(t)w(0,0,1)) a4 y(t)w(0,0,t)
w(x,y,t):\/ T B Jct}ﬂ(\/w (px+qy—kt)> -1. (27)

The function w(0, 0, t) can be easily obtained based on expression (27).

We get two types of travelling solutions of the loaded cubic non-linear KG equation
(1) as follows:
1) When & + y(+)w(0,0,t) > 0,8 > 0, p*> + g* — k* > 0, we have the solitary wave solution

w(x,y,t) = \/ 2t "(tzj"(o’ 0.4)) J cth? ( Ve ;Zf)qf(o’kg't) (px+qy — kt)) ~1.(28)
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2) When & + y()w(0,0,t) > 0,8 < 0, p?> + g> — k? < 0, we have the periodic wave solution

w(x,y,t):\/2(064—7(%70(0,0,15)) ctg2<\/"i/%f)

The graphs of solutions of the loaded quadratic non-linear KG equation via using
distinct values of random parameter will be demonstrated.
Ifa=0,8=2p=24g=1k=—1and y(t) = t?, then we have

w(x,1,t) = /w0, O,t)\/cthz (%t\ [10(0,0,8) (2% + y +2t)> 1 (30)

Ifa=0,=-2p=19=+2k=—1and y(t) = t?, then we have

w(x,y,t) =t /w(0,0, t)\/ctg2 (%t\/w(o, 0,t)(x + V2y + Zt)) +1. (31)

5. GRAPHICAL REPRESENTATION OF THE LOADED CUBIC NON-LINEARITY
KLEIN-GORDON EQUATION

We make graphs of obtained the solitary wave solutions and the periodic wave solu-
tions of the loaded cubic non-linear KG equation, so that they can represent the importance
of each obtained solution and physically interpret the consequence of parameters as well.
Some of our obtained the soliton solutions and the periodic wave solutions are represented
in Figure 3-4 by Matlab software. In the concept of mathematical physics, a soliton wave is
defined as a set of self-reinforcing waves that retain their shape. It propagates at a constant
amplitude and speed. The existence of periodic travelling waves usually depends on the
parameter values in a mathematical equation. If there is a periodic travelling wave solution,
then there is typically a family of such solutions, with different wave speeds.

(px+qy — kt)> +1. (29)

Figure 3. Solitary wave solution of the loaded cubic non-linear KG equation fory = 0,04 =0, = 2,
p=249=1k=—1and y(t) = >

Figure 4. Periodic wave solution of the loaded cubic non-linear KG equation fory = 0,2 =0, = -2,
p=1,q=+2k=—1and y(t) = >


https://doi.org/10.20944/preprints202206.0344.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2022 d0i:10.20944/preprints202206.0344.v1

7 of 9

6. SOLUTIONS OF THE LOADED COUPLED NON-LINEARITY KLEIN-GORDON
EQUATION

Assume that eq. (2) has an exact solution in the form of a travelling wave
w(x,y,t) = w(f),v(x,y,t) = 0(¢), & = px +qy —kt, (32)
that will convert eq. (2) to an ordinary differential equation system

{ (P2 + ¢% — k) w” + 2w 4 2wo + (¢(t)w(0,0,t) — 1)w = 0 (33)

(p+q+k)v' + dkww' 4+ ¢(t)pv(0,0,t)v" =0,

Integrating once the second equation of (33) and put the constant of integration zero, we

get
_ 2kuw? (34)
 pt+qgt+k+e(t)pu(0,0,t)
We put eq. (34) to the first equation of (33) and write it as follows.
" 1 4k B 3 _
R ((P +q+k+¢(t)po(0,0,1) 2)w 1= o0 h)w ). 35
Following eq. (10), it is easy to deduce from eq. (35)
1d(F(w)) 1 4k 3
2 dw  pPtgr—k2 ((p +q+k+¢(t)po(0,0,t) 2>w +(1- go(t)w(0,0,t))w).
(36)
Integrating eq. (36), we have
w
F(w) = —————/u(Hw?2 +5(t), 37
— 2k —
where pu(t) = ST TR (0po(000) 1,7(t) =1—¢(t)w(0,0,1).
From eq. (8) and eq. (37) we deduce that
dw 1 (38)

o/ uOP+ () PR - 2’

After integrating eq. (38), we get exact solution of the loaded coupled non-linear KG
equation

w(x,y,t) = Zgg\l cth2< szq(é)_kz(px +qy — kt)) -1 (39)

Following eq. (39), it is easy to find from eq. (34) an expression for the function v

2k (1) (t)
YY) = T k@ 08) (“hz< e L "‘”) - 1)'
(40)
where u(t) = p+q+k+;(kt)pv(0,0,t) —1y(t) =1—¢(t)w(0,0,t).
The functions w(0,0,t) and v(0,0, t) can be easily obtained based on expression (39)

and (40).
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1) When — fﬁgz) = > 0, we get the solitary solution

2 u(t) _
w(x,y, t) \/ \/cth o kz(Pqu kt)) 1 a)

2kn(t) u(t)
0% 1) = = iR B0 (“h( P (PxHay = kt)) )

2) When — f:‘;z) = < 0, we get the periodic solution

/ H(t)
w(x,y,t) \/C 8 ; +qz kz(Px+qy kt)> +1 W)

2k ( (t)
o050 1) = S A o (Ctg< e (P ay = kt)) )

7. CONCLUSIONS

The functional variable method has been successfully used to obtain the soliton
solutions and the periodic solutions of the loaded quadratic non-linear KG equation, the
loaded cubic non-linear KG equation and the loaded coupled non-linear KG equation.
We have shown that, this method can provide a useful way to efficiently find the exact
structures of solutions to a variety of nonlinear wave equations. After visualizing the
graphs of the soliton solutions and the periodic solutions by using distinct values of
random parameter are demonstrated to better understand their physical features. These
characteristics of the solutions are favorable for investigating certain nonlinear phenomena
arising in physics, applied mathematics, and engineering. In particular, the soliton is a self-
reinforcing wave packet maintaining its shape while propagating at a constant velocity. We
conclude that the exact solutions have its great importance to reveal the internal mechanism
of the physical phenomena.
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