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Abstract: The switching game Lights Out and its variants were studied extensively as recreational 1
mathematics problems. The game board of the ordinary Lights Out is a rectangular grid of lights, 2
where each light is either on or off. By clicking a light, the clicked light and its adjacent rectilinear 3
neighbors are toggled. Given an arbitrary initial configuration of lights, the final mission is to “solve” 4
this game by switching off all the lights. Most studies on Lights Out and its variants focused on s
the solvability of given games or the number of solvable games, but when the game is viewed in a 6
coding-theoretical perspective, more interesting questions with special meanings in coding theory 7
will naturally pop up, such as finding the minimal number of lit lights among all solvable games 8
except the solved game, or finding the minimal number of lit lights that the player can achieve from o
a given unsolvable game, etc. However, these problems are usually hard to be solved in general in 1o
terms of algorithmic complexity. This study considers a natural extension of the Lights Out game, 11
which enlarges the toggle pattern in a way that all the lights in the same row and those in the same 12
column of the clicked light are toggled. This variant of Lights Out is a two-state version of a switching 13
game called Alien Tiles. In this paper, we investigate the properties of the two-state Alien Tiles, 14
and discuss several coding-theoretical problems about this game. Then, we apply this game asan  1s
error correction code and investigate its optimality. We also give a brief overview on algorithmic 16
complexity and coding theory for readers who are not familiar with these topics. The purpose of 17
this paper is to propose ways of playing switching games in a think-outside-the-box manner, which  1s

benefit the recreational mathematics community. 19
Keywords: Alien Tiles; Coding Theory; Lights Out; Recreational Mathematics; Abstract Algebra 20
1. Introduction 21

The mathematics of Lights Out was extensively studied in the past decades. The Lights 22
Out game board is a rectangular grid of lights, where each light is either on (lit) or off s
(unlit). By performing a move, a selected light and its adjacent rectilinear neighbors are =4
toggled. At the beginning of the game, some lights have already been switched on. The =5
player is asked to solve the game, i.e., switching off all the lights, by performing a sequence 2o
of moves. Many variants such as the setting up of different toggle patterns were explored, -
e.g.,in[1,2]. 28

Regardless of which variant of Lights Out, most studies focused on the solvability  2¢
(or the attainability) of given games, or the number of solvable (or the attainable) games. o
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These problems can usually be solved efficiently by elementary linear algebra and group =
theory approaches, e.g., in [3,4]. More precisely, these problems are in the complexity class 2
P. A brief introduction to algorithmic complexity can be found in Section A. In a nutshell, s
problems in P can be computed efficiently, and are considered as simple mathematical .
problems. Sometimes, the analysis may require the use of other mathematics tools, such as s
Fibonacci polynomials [5] and cellular automata [6]. 36

However, not every derived problem has a known algorithm to be solved efficiently, 7
for example, the shortest solution problem focuses on solving a game with minimal number s
of moves, which is related to the minimum distance decoding (or the maximum likeli- 3¢
hood decoding) in coding theory. In a more general setting, this problem was provento 4o
have no known efficient algorithms for solving [7,8]. Precisely, this problem is NP-hard a2
and its decision problem is NP-complete. Approximating the solution within a constant 42
factor is also NP-hard [9,10]. In layman terms, NP-complete problems are considered as 4
hard problems where the existence or the non-existence of efficient ways to compute or 44
approximate the solution is still an open problem. NP-hard problems are at least as hard as 45
NP-complete problems, thus they are also considered as hard problems. Yet, it is possible 46
to solve the shortest solution problem efficiently if certain special properties of the game 47
can be detected and found. a8

The motivation of this study is inspired by the Gale-Berlekamp switching game, a Lights 4o
Out variant where the player can either toggle an entire row or an entire column per move. so
Example moves of a 5 x 5 Gale-Berlekamp switching game are illustrated in Fig. 1, where s
the gray cells indicate the toggle pattern. Despite the simple toggle patterns, Roth and s
Viswanathan [11] proved that finding the minimal number of lights that the player cannot s
switch off from a given Gale-Berlekamp switching game is NP-complete, although a linear s
time approximation was later discovered by Karpinski and Schudy [12]. This problem has s
a special meaning in coding theory, and has attracted researchers to further investigate se
this game, e.g., [13-15]. In other words, when we view the game in a coding-theoretical s
perspective, we can ask more questions with special meanings in coding theory, such as: e

*  Hamming weight. What is the minimal number of lit lights among all solvable games  so
except the solved game? 60
*  Coset leader. Which game has the minimal number of lit lights that the player can e
achieve from a given game? What is this minimal number? How many such games o2

can the player achieve? 63
*  Covering radius. Among all possible games, what is the maximal number of lit lights s
that remained when the number of lit lights is minimized? o5

*  Error correction. Which is the “closest” solvable game from a given unsolvable game s
in the sense of toggling the minimal number of individual lights? Further, is such ¢
closest solvable game unique? o8

A brief introduction to coding theory can be found in Section B, which we discuss the e
physical meaning of the aforementioned terminologies in coding theory. Again, notall 7
problems have known algorithms to be solved in an efficient manner. For example, the first =
problem about Hamming weight, which is also known as the minimum distance problem, is 7
NP-hard in general [16]. 73
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Figure 1. Example moves of a 5 x 5 Gale-Berlekamp switching game.
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In this study, we consider a natural variant of Lights Out in a way that each toggle 74
pattern is changed from a “small cross” to a “big cross” that covers the entire row and the s
entire column. This variant is the two-state version of a game called Alien Tiles, where the 7
original Alien Tiles has four states per light [17]. A comparison between the ordinary Lights 77
Out and the two-state Alien Tiles is illustrated in Figs. 2 and 3. The two-state Alien Tiles s
has a neat and simple parity condition, so that this game has various discussions on the 7
Internet such as [18,19], and also appears as training questions of programming contests  so
[20]. The solvability and the number of solvable games of arbitrary-state Alien Tiles have &
been answered by Maier and Nickel [21]. However, the coding-theoretical problems that =

we listed above were not investigated. o3
L
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Figure 2. Example moves of a 5 x 5 Lights Out game.
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Figure 3. Example moves of a 5 x 5 two-state Alien Tiles game.

This paper is organized as follows. We first discuss some general techniques for es
Lights Out and its two-state variants in Section 2. Next, we discuss the basic properties s
of two-state Alien Tiles in Section 3. We then solve our proposed coding-theoretical s
problems of the two-state Alien Tiles in Section 4. In Section 5, we apply the two-state &
Alien Tiles as an error correction code and investigate its optimality. Lastly, we discuss s
a states decomposition technique to link up the original four-state Alien Tiles and the o
two-state variant in Section 6, and conclude this paper in Section 7. For readers who are not o
familiar with algorithmic complexity and coding theory, a brief introduction is provided in

Sections A and B respectively. 02
2. General Techniques for Lights Out and its Two-State Variants 03

We now describe some existing techniques in the literature for tackling Lights Out and  ss
its two-state variants. 05
2.1. Model 26

For convenience, we use 1 to represent a lit light, and 0 to represent an unlit light. We o7
consider an m x n grid of lights. Each possible grid can be represented by an m X n matrix s
over a binary field IF,. A notable property of IF; is that addition is having the same effect o0
as subtraction. To simplify the notations, we vectorize each m X n matrix intoan mn x 1 100
column vector by stacking the columns of the matrix on top of one another. The collection 10
of all possible (vectorized) grids forms a vector space G = F5""*, which is called the game 102
space. When it is clear from the context, we do not vectorize the matrix form of the game 10
for readability. In a similar manner, we can transform an arbitrary-shape game board into a 104
vector, thus a similar vector space model also works for non-rectangular game boards. 105

The concept of solvability and attainability are similar. We mention both terminologies 106
here because some literature like [21] consider attainability in lieu of solvability. A game 107
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g € G is solvable if and only if there exists a sequence of moves to switch g into a zero vector. 1oe
On the other hand, a game ¢ € G is attainable if and only if there exists a sequence of moves 100
to switch a zero vector into g. We also denote the occurrence of the zero vector as a solved 110
game. 111

We can represent each toggle pattern by an m x n grid of lights, where each light in 112
the grid is on if and only if the toggle pattern toggles this light. We define the solvable game 11
space by the vector space S over [, spanned by the set of all vectorized toggle patterns. 11
Note that S C G. A game g is solvable if and only if ¢ € S. This is due to the nature of the 15

game that 116
1.  applying a move twice will not toggle any lights, i.e., apply the same move again will 1.7
undo the move; 118
2. every permutation of a sequence of moves toggles the same set of lights, i.e., the order 110
of the moves is not taken into consideration. 120

It is easy to observe that solvability is equivalent to attainability in Lights Out and its 121
two-state variants: the sequence of moves that solves a game can also attain the game. 122

For most Lights Out variants including the two-state Alien Tiles, we can model the 123
moves in this manner. There are mn toggle patterns in total, so there are mn possible moves. 124
We can bijectively associate each move by a light in the grid. For the two-state Alien Tiles, 125
the (i, j)-th light in the grid is associated with the move that toggles all the lights in the 12
i-th row and the j-th column. That is, this move is represented by a binary matrix where 127
only the (i, j)-th entry is 1. When we perform such a move, we also say we click on the 1z
(1,7)-th light. The move space, denoted by K, is the vector space over F, spanned by the 120
set of vectorized moves, where each vector in K corresponds to a sequence of (vectorized) 130
moves, which is unique up to permutation. We remark that when there are totally mn 1
toggle patterns, K = G. 132

For a more general setting, the number of toggle patterns may not be mn, for example, 133
the Gale-Berlekamp switching game. Although the physical meaning of “clicking” a light 13a
may not be valid, the concept of move space still works for this mathematical model. In 135
such scenario, K may not equal to G. Yet, the remaining discussions are still valid by 136
changing certain lengths and dimensions of the vectors and the matrices. 137

We can relate K and G in the following way. Define a linear map ¢: K — G that 13
outputs a game by performing the moves stated in the input on a solved game. The image 130
of ¢ is S. Being a linear map, ¢ is also a homomorphism. Figure 4 illustrates two examples 140
of mapping ak € Ktoa g € G. We can also write ¢ in its matrix form ¥, where ¥ is an  1a
mn X mn matrix formed by juxtaposing all vectorized toggle patterns. That is, we have 1a

lp(k) = Tk‘ 143
move space game space
o
P o
o — 00000
o
®
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Figure 4. Two examples of mapping a sequence of moves in the move space K to a game in the game
space G via the homomorphism i for two-state Alien Tiles.
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2.2. Linear Algebra Approach 148

Suppose a k € K such that (k) = s for some s € S is given, then we can solve s by s
clicking the lights lit in k, because s + (k) gives a zero vector due to the fact that subtraction  1as
is the same as addition in IF,. In other words, solving a game g € G is equivalent to find a 147
k € K such that (k) = g. When we represent ¢ in its matrix form ¥, we have a system of 14
linear equations Yk = g. Then, we can apply the Gaussian elimination to find all possible 14
values of k such that the game is solvable. 150

Definition 1 (Completely Solvable). The game is completely solvable if and only if S = G, 15,
ie., every g € G is a solvable game. 152

Completely solvable is a terminology as stated in [1]. From elementary linear algebra, 1ss

we know that: 154
1.  The game is completely solvable if and only if ¥ is of full rank. 155
2. The orthogonal complement of S, denoted by S, is the null space of ¥. 156

An unsolvable game, i.e., a game that is not in S, cannot be orthogonal to S L. Therefore, be- 157
sides brutally applying the Gaussian elimination to find k, we can determine the solvability 1ss
of the game, by calculating E” ¢ (where each column in E corresponds to a vector in a basis s
of S1). The game s is said to be solvable if and only if ETs = 0. This technique was also 10
applied in [3]. In fact, this idea was also adopted in coding theory for detecting errors of a 161
linear code. 162

Since S = {(k): k € K}, where K consists of all vectors in 7", the dimension of the e
solvable game space S is the same as the dimension of the vector space spanned by the 1es
columns in ¥. In other words, the number of solvable games equals 22"(¥).

2.3. Minimal Number of Moves (The Shortest Solution) 166

Consider ¢(k) = s, i.e., the game s can be solved by the move sequence k. Based on e
the property of the kernel (null space) of ¢, as denoted by ker(), that (1) = 0 for all 1es
u € ker(y), we have p(k + u) = s for all u € ker(y) because of homomorphism. 169

If we want to solve s with the minimal number of moves, we need to find the candidate 17
u that minimizes the 1-norm ||k 4 u|1. This move sequence k + u is then called the shortest 1n
solution of the solvable game s. If the dimension of ker(¢) is in terms of m or 1, then the 17
size of ker(1) is exponentially large in terms of m or 1, thus an exhaustive search on all 17
u € ker(1p) is inefficient. 178

The following theorem states the hardness of the shortest solution problem for general 17s
2-state Lights Out variants (including the ordinary Lights Out). We adopt some terminolo- 176
gies in algorithmic complexity and coding theory in the proof, where their descriptions can 177
be found in Sections A and B. 178

Theorem 1. The shortest solution problem for general 2-state Lights Out variants is NP-hard. 170

Proof. We prove this theorem by considering the minimum distance decoding of linear iso
code in coding theory. As a recall, the (function) problem of minimum distance decoding  1ex
of a linear code is equivalent to the following: given a parity check matrix H of the linear e
code and a (column vector) word k, the goal is to find out the error (column) vector e that e
has the smallest Hamming weight such that H(k — e) = 0. This is due to the property of 1ss
parity check matrix that Hc = 0 if and only if ¢ is a codeword. 165

The reduction is as follows. Consider the span of the columns in H as the orthogonal 1es
complement of ker(¢), that is, every u € ker(¢) is a codeword. Consider k as the move 1
sequence that solves the game s = (k). Write k = u + e, with u € ker(¢). Since 1ss
P(k) =s = p(k—u) = P(e), we know that e is a move sequence that can solve s. That 1se
is, by finding the shortest solution e (which has the smallest Hamming weight), we have 100
u = k—e € ker(¢), thus H(k —e) = 0. This solves the minimum distance decoding 11
problem, and such problem is no harder than the shortest solution problem for general 1.2
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2-state Lights Out variants. As minimum distance decoding is NP-hard [7,8], the shortest 103
solution problem for general 2-state Lights Out variants is also NP-hard. O 108

Nevertheless, it is still possible to have an efficient algorithm for finding the shortest 1es
solution of a specific Lights Out variant. For example, if the game space is completely 196
solvable, then we must have |le||; = 0. In such case, the move sequence obtained by the o7
Gaussian elimination process is unique, so this problem is in P (in cubic time) complexity. 1es

As a remark, we can also reduce this shortest solution problem to the minimum e
distance decoding problem in a similar manner, by treating the juxtaposition of the (column) 200
vectors in the basis of the orthogonal complement of ker(¢) as the parity check matrix H. zo:
This shows that the two problems are actually equivalent. 202

3. Two-State Alien Tiles 203

We now discuss some specific techniques for two-state Alien Tiles. Note that we can 204
regard the game space G and the solvable game space S as abelian groups under vector =zos
addition. Then, we have S <1 G, i.e., S is a normal subgroup of G. 206

Definition 2 (Syndrome). Two games have the same syndrome if and only if they are in the same 207
coset in the quotient group G/ S. 208

One crucial component that will be applied into solving our coding-theoretical prob- 2o
lems is the function that outputs the syndrome of a game. The quotient group G/S is =210
isomorphic with the set of all syndromes. 211

We adopt the term “syndrome” in coding theory here because each coset represents an 212
“error” from the solvable game space that cannot be recovered by any move sequences. In 21
other words, an unsolvable game becomes solvable after we remove the “error” by toggling 21
some individual lights. 215

3.1. Easy Games and Doubly Easy Games 216

Definition 3 (Easy Games). A game s is called easy if and only if it can be solved by clicking the 217
lights lit in's, i.e., P(s) =s. 218

The terminology “easy” was due to Torrence [22]. In other words, s is easy if vec(s) is 210
an eigenvector of ¥. We also extend the terminology as follows. 220

Definition 4 (Doubly Easy Games). A game s is doubly easy if and only if it can be solved by 22
first clicking the lights lit in s to obtain a game s + (s), then clicking the lights lit in the game 222

S—|—1P(S) 223

That is, a game s is doubly easy if and only if 224

s+(s) + (s +9(s) =0,

which is equivalent to (¢ (s)) = s by the definition of homomorphism. 225

To write down ¥ explicitly, we consider the following. Denote by 1,, and 1 ana X b 22
and a ¢ x c all-ones matrix respectively. Similarly, denote by 0,, and 0. ana x bandac X ¢ 227
zero matrix respectively. Let I. be a ¢ x ¢ identity matrix. By juxtaposing all (vectorized) =zzs

toggle patterns, we obtain an mn X mn matrix 220
I Im Ly -+ Inm
Ly 1n Ly - Iy
F=bn T Lo T | =1, @1y + 1, ® Ly — Ly

L Inm Ly - 1y
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To analyze doubly easy games, we need to apply ¥ multiple times on a given k € K. 230
For any positive integer ¢ and matrix A over F,, we write cA to denote (c mod 2)A for 2a
simplicity. Also, note that 232

12 =

c

0. ifciseven,
1. ifcisodd.

In other words, 12 = c1,. By making use of the mixed-product property of Kronecker 233
product: 234

(A®B)(C®D) = (AC)® (BD)

where A, B, C and D are matrices of suitable sizes that can form matrix products AC and 23
BD, we can now evaluate the powers of ¥ (over IF»). 236

Y2 = 1201, 4+ 1, @l — 1, QL+ 1, @1y + L, ®14 -1, ® 1,
— 1, ® Ly — L, ® Ly + Ly
= 1y @ Ly + mly @ Ly — Ly,
Y =n(15 @ Ly + L ® Iy — 1y @ L) + m(Ly @ Iy + L @ 13, — 1y © L)
1y @ Ly — Ly @ Ly + Ly
=n(n =11, @ Ly +m(m— 1)l @ Ly — 1y @ Ly — 1y ® Ly + Ly + (1 + 1) Ly
=1Ly @Iy + 1, ® Ly — Lyn + (m 4 1) Ly
=Y+ (m+n)Lun,
Y4 =92 4 (m+n) ¥
=Y2 4 (m+n)(m+n—1)1y,

=Y
That is, for any positive integer ¢ > 4, we have ¥¢ = ¥2+(cmod2), 237
3.2. Even-by-Even Games 238

When both m and # are even, we have Y2 = 1,,,,,. In other words, ¥~! = ¥ and P 230
is an isomorphism, thus S = K = G. This means that all games are solvable, i.e., every 240
even-by-even 2-state Alien Tiles is completely solvable. Therefore, the number of solvable 24
games is 2", 242

Consider an arbitrary solvable game s € S. There exists a unique k € K such that 2a:
(k) = s. Then, we have k = ¢~ 1(s) = ¢(s), thus ¥(¢(s)) = s. In other words, all solvable 2
games are doubly easy. The size of ker(¢) is 1 as it is a zero vector space. This result for zes
square grids was also discussed in [23]. An interesting property of even-by-even games is 246
the duality that k € K solves the game s € S if and only if s € K solves the game k € S. 247

We can also view the solvability in another manner. If we know how to toggle an 2
arbitrary light, we can repeatedly apply this strategy to switch off the lights one by one. 240
This also means that all games are solvable. We can toggle a single light by all the lights in 250
the same row and the same column (where the light at the intersection of the row and the 25
column is clicked once only). This can be observed from (¢ (s)) = s when s only consists zs2
of a single 1. 253

To compute k = ~1(s) = y(s), the worst case (i.e., the case that takes the maximal 2sa
number of computational steps) occurs when s is an all-ones game (a game that has all  2ss
lights lit, which is an all-ones column vector of length mn). Every 1 in s togglesm +#n —1 =256
lights. Therefore, the complexity to compute k is O(mn(m +n — 1)) = O(m*n + mn?), 2
which has the same complexity as solving the linear system Yk = s directly by Gaussian 2ss
elimination. On the other hand, due to the uniqueness of k, the minimal number of moves =zso
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to solve s is ||k|l; = ||¢(s)|l1. To compute ||k||;, we scan the status of the lights after we  ze0
obtain k, thus the complexity is O(mn(m +n — 1) + mn) = O(m?n + mn?). 261
3.3. Even-by-Odd (and Odd-by-Even) Games 262
Due to symmetry, we only need to discuss even-by-odd games. We first discuss how  zes
to solve these games. 264
Note that ¥3 = ¥ + 1,,,,,. For each solvable game s € S, pick an arbitrary k € Ksuch  zes
that (k) = s. Since (¢ (¢(k))) = P(¢(s)), by applying the ¢ map twice, we have 266

W(Y(s)) = P(k) + Lnk = s + [|k[[1 Lyn,1-

By clicking the lit lights in s, we obtain the game s + §(s). Afterwards, we click the lit ez
lights in s + 1 (s) to obtain the game 268

s+ (s) + (s +9(s)) = s +9((s) = [[kll1Luna,

which is either a solved game or an all-ones game. 260

To see how the all-ones game is being solved, we consider the following: An arbitrary 2o
row of odd length 7 is selected, and every light in this row is clicked. In this way, every 2n
light in this row is toggled n times, and every light not belonging to this row is toggled =7
once. Note that n mod 2 = 1, so every light in the game is toggled once. In other words, 27
this move sequence can solve the all-ones game. 278

The worst case complexity to compute s + ¢(s) is O(m?n + mn?). Given s + (s), 27
we have the same complexity for computing s + ¢(s) + (s + ¢(s)). The complexity to 276
click every light in an arbitrary row is O (mn?). Therefore, the overall complexity to solve 277
a solvable game is O(m?n + mn*). We have the same complexity for finding the move 27
sequence because the complexity for checking whether ||k||; mod 2 = 1is O(mn), whichis =27
absorbed into O (m?n + mn?). 280

Next, we discuss the move sequence to toggle all the lights in an arbitrary column, e
which will be used in the remaining discussion. Suppose we want to toggle the j-th column. 2.2
Consider this move sequence: Except the (1, j)-th light, click every light in the j-th column  zes

and every light in the 1-st row. Based on such operations, we have the followings: 284
e The (1,j)-th light is toggled for m + n — 2 times, where m + n — 2 is odd. 285
*  Each of the other lights in the j-th column is toggled for m — 1 times, where m — 11is  2s6

odd. 287

¢ Each of the other lights in the 1-st row is toggled for n — 1 times, where n — 1 is even. zss
e  All other lights that are not in the j-th column and not in the i-th row are toggled twice. 260

As a result, only the lights in the j-th column is toggled for odd number of times, then all e
the lights in the j-th column are being toggled. 201

We notice that if we apply the above move sequence to every column, the resultant 2e2
move sequence is that except the first row, all the other lights are clicked once. Although 203
this can solve the all-ones game, this move sequence is longer than what we have previously  2e.
described. This suggests that the move sequence for solving a solvable game is not unique. 205

We now discuss the method to check whether a game is solvable or not. Denote by gj; 206
the (i, j)-th light in the game g. Let r;(g) be the row parity of the i-th row in g, i.e., 207

n
Vi(g) = ( g1]> mod 2.
j=1
Letr(g) = (11(8),72(8),---,"m(g))T be a column vector over [Fy, called the row parity vector. zos
We can consider this row parity vector as exclusive or-ing (XOR) in all the columns, or the 20
nim-sum of the columns. 300

Suppose we click an arbitrary light, say, the (y, x)-th light. Then, the values of g;; at 3o
alli =y or j = x are toggled. We can see that the new r, satisfies r, +1n = r, + 1. Except 30
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when i = y, the new r; will become r; + 1. That is, all parity bits in r are flipped. This is
illustrated in Fig. 5.

r(g) r(g) r(g)

o [ )

o 0
L4

—

[ J
o
D

Figure 5. The row parity vector is flipped after performing a move.

To map both row parity vectors into one invariant such that any move sequence acting

on a game does not change the invariant, we define the invariant function #: G — Fgmil) <1

by

7(g) = (ra(g),73(8), -, rm(8)T +711(8) Lm—11

_ {<r2<g>,r3<g>,...,rm<g>>T ifri(g) =0,
(r2(8),73(8), -+, Tm(8))T + 111 ifr1(g) = 1.

As every solvable game s € S gives 7(s) = 0,,_1 1, we have ||s]|; mod 2 = ||7(s)||; mod
2 =0, i.e,, the number of lit lights in a solvable game is even. Also, 7(g) # 0,,_1,1 implies
that the game g is not solvable. This suggests that not all games are solvable, say, a game
where only the (1,1)-st light is lit has an invariant 1,11 7# 0,—11.

On the other hand, any move sequence acting on a game in a coset C € G/S gives a
game in the same coset, because S is the span of all toggle patterns. Then, the following
question arises: What is the relation between the invariant function and the cosets? To be
more specific: Does the invariant function give a syndrome of the game? The answer is
affirmative.

Theorem 2. Let g be an even-by-odd game. 7 is a surjective map that maps g to its syndrome.

Proof. See Section C. [

The above theorem has the following consequences:

1.  7(g) =041 ifand only if ¢ € S, because 0,,_1 1 is the syndrome of the solved game.
The number of cosets in G/S, i.e., the index [G : S], is 2m=1 " due to the surjection of 7.

3. The number of solvable games, i.e., |S|, is |G|/[G : S] = 2"~ "*1 according to
Lagrange’s theorem (in group theory).

4. A game is solvable if and only if the parities of all rows are the same. The complexity
of verifying the solvability is thus O(mn).

The method to find the minimal number of moves for solving an even-by-odd game
efficiently is remained as an open problem. To justify that exhaustive search for this problem
is inefficient, we calculate the size of ker(¢). By the rank-nullity theorem, we know that
dim(ker(y)) = m — 1. Therefore, | ker(¢p)| = 2”1, which means that exhaustive search
cannot be done in polynomial time.

3.4. Odd-by-Odd Games

When both m and 7 are odd, we have ¥? = ¥. In other words, we have ¢ o ¢ = 4. For
each solvable game s € S, pick an arbitrary k € K such that (k) = s. By applying ¢ again,
we obtain ¢(¢(k)) = (s). Using the fact that (¢ (k)) = ¢(k), we have P(s) = (k) =s.

That is, all solvable games are easy. Similar as the above subsections, the worst case

304

317
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complexity to solve the game is O (m?n + nm?). To find a move sequence k, we only need 33

to output s directly, thus the complexity is O (mn). 337
To check whether a game g is solvable or not, it is insufficient to only consider the row s3s
parity vector r(g). Let c;j(g) be the column parity of the j-th columnin g, i.e., 330

m
ci(g) = (Z; gi]) mod 2,
ie
and let c(g) = (c1(g),c2(g),--.,cn(g)) be a row vector over Fy, called the column parity  zao
vector, when we click an arbitrary light, say, the (y, x)-th light, we can see that the new r, s
becomes 1, +n = ry + 1, and the new cy is cy +m = cx + 1. Except when (i,j) = (y,x), s3a
where the new 7; is 7; + 1 and the new c; is ¢; + 1. In that case, all parity bits of 7(g) and a3
c(g) are flipped. This is illustrated in Fig. 6. 344

c(8) c(8) c(g)
N OICICICIC) wo L LT 1] e OICICICIC)

3)
0O ® o |
® ] @
o lof  —» o 0 [0 [0 — o |0
o [T |e® o o (o @ OBC
O o [} oo [oe

Figure 6. Both the row and column parity vectors are flipped after performing a move.

We call the pair (r(g),c(g)) the parity pair of the game g. We remark that not all = zas
combinations of parity pairs are valid. The exact criteria is stated in the theorem below. 346

Theorem 3. For odd-by-odd games, ¢ € G if and only if |(g) |1 — ||c(g)||1 is even. 347

Proof. We first prove the “only if” part. The result is trivial for the solved game ¢ = 0,,,,,1. 348
Consider an arbitrary non-zero game g € G\ {0,,,1 }. When we toggle an arbitrary lit light s
in g, say, the (y, x)-th light to form a new game ¢/, the row parity of the y-th row and the s
column parity of the x-th column are both flipped. Thatis, (||7(¢')|[1 — [lc(g’)]l1) mod 2 s
equals (]|7(g)]l1 — [|c(g)]]1) mod 2. Inductively, the procedure is repeated until all lit lights  ss2
are off. Then, (||7(0y,1)]]1 — |lc(0mn,1)|l1) mod 2 is equivalent to (||r(g)[l1 — ||c(g)]]1) mod s
2, where the former one equals 0. In other words, ¢ € G implies that ||r(g)[j1 — ||c(g)[[1is  3se
even. 3ss

For the “if” part, we prove by construction. Let {y1,y2, ...,y (¢)|, } be anindex set  sse

such that r,(g) = 1 if and only if y is in this set. Similarly, let {x1,x2, ..., x| ¢(g)|, } Pe an  ssz
index set such that cy(g) = 1if and only if x is in this set. 38
First, we construct a game such that only the (y;, x;)-th lights are lit, where i = 35

1,2,...,min{|[r(g)ll1 lle(g)ll1}- T [[7(g)]l1 = lle(g)[l1, then the proof is done. If [[r(g)[l1 > 300
el let T = {Y|ic(q)|h+1/Ylc(e)1+2- - - Y|r(g), ;- Then, we partition T into sets of sex

size 2, denoted by < Py, P,,. ..,PH,(g)HIEHE@)”] . Foreveryi = 1,2,..., M, let

P; = {a;,b;}, and we switch on the (g;, j)-th and the (b;, j)-th lights for an arbitrary j € 3es
{1,2,...,n}. Afterwards, the row parity vector of the game matches with r(g). For each  ses
partition, we have switched on 2 lights in the same column, so the column parity of this  ses
column remains unchanged. That is, the parity pair of the resultant game is (1(g),c(g)). 3es
We can prove the case ||c(g)]]1 > ||7(g)]|1 in a similar manner by symmetry arguments. The ez
existence of this game in the prescribed game space. [ 368
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c(g) c(g) c(g)

Ll @ X ® Rad ®
Ld Ld x| @

Ll Ll R ®

° . x [ |®

o x| [® x| |®

® o x ®
(a)iBit—matching phase. (ﬁit-pairing phase. (o) Constructed game.

Figure 7. An example of constructing a game from the parity pairs.

The construction in the above proof will also be applicable when we discuss the e
coding-theoretical problems. We illustrate an example of such construction in Fig. 7. In this a7
example, we start from a solved game, i.e., all lights are off. In the first phase, we match the sz
bits in the row parity vector to the column parity vector. This example has fewer bits in the 372
column parity vector, thus all the bits in the column parity vector are matched with some a7
bits in the row parity vector. The bits in the row parity vector that are matched are arbitrary. s7a
In Section 3.4, the red bits are matched, followed by the blue bits. Each pair of matched bits s7s
indicates a location, which is marked with a crosshair of the same color in the game grid. 7
By switching on the lights marked by the crosshairs, the second phase is proceeded. 377

The bits that are not matched must all fall in either the row or the column parity vector. s7s
In this example, there are four bits left in the row parity vector. We group the bits two by 37
two arbitrarily. In Section 3.4, the two cyan bits and the two brown bits are respectively sso
grouped. For each group, we can select an arbitrary column (if the unmatched bits fall in = e
the column parity vector), followed by the selection of an arbitrary row. The crosshairs of s
the same color mark the column selected by the same group. By switching on the lights  zes
marked by the crosshairs, the desired game is constructed. 384

We now discuss the invariant function. Similar to the 7 in even-by-odd games, we ses

define ¢: G — Féx(”_l) by

&(g) = (ca(g),c3(8),---,cn(8)) +c1(g) 11

_ ) (ca(g),es(@), -+ en(8)) ifer(g) =0,

(c2(8),ca(8) - en(8)) + Luna ifer(g) =1
The invariant function for odd-by-odd games, denoted by inv: G — Fgm_l) 1y F;X ("_1), 387
is defined as 388

inv(g) = (7(g),¢(g))-

Again, any move sequence acting on a game will never alter the invariant. Therefore, ss0
inv(g) # (0,,-1,1,01,,—1) implicates that g is not solvable. In particular, a game with only s
the (1,1)-st light lit has an invariant (1,,_11, 11,,-1) # (0—11,01,0-1)- 301

Unlike the case of even-by-odd games, the number of lit lights in a solvable game  so2
s € S can be either odd or even. For example, an all-ones game has odd number of lit lights, 303
which can be solved by clicking all the lights so that every light is toggled for m +7n — 1  30s
times, where m +n — 1 is odd. On the other hand, a solved game is a solvable game with e
no lit lights, hence the number of lit lights is even. 396

Theorem 4. Let g be an odd-by-odd game. inv is a surjective function that maps g to its syndrome. so

Proof. See Section D. [ 308
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Similar to the discussion in the last subsection, the consequences of the above theorem 3¢9
include: 400

1. inv(g) = (04-11,01,—1) ifand only if g € S, because (0,,—11,01,,—1) is the syndrome  s0x

of the solved game. 202
2. The number of cosets in G/S, i.e., the index [G : S] is 2m+n=2 que to the surjection of 403
mv. 404
3. The number of solvable games, i.e., |S|, is |G|/[G : S] = 2"~ "~"+2 according to aos
Lagrange’s theorem. a06
4. A game is solvable if and only if the parities of all rows and all columns are the same. 407
The complexity of verifying its solvability is thus O(mn). a08

Seeking for an efficient algorithm to find the minimal number of moves in solving an a0
odd-by-odd game remains an open problem nowadays. For square grids, i.e., whenn = m, a0
the simplified problem was discussed in [24,25], but the answers there for odd-by-odd 41
grids are certain exhaustive searches, which have to undergo the trial of 22”2 possibilities, a1
where this number equals to the size of ker () for odd-by-odd square grids as discussed 12
in [23]. For the general sense, we can easily show that | ker(¢)| = 2”72 by the rank- s
nullity theorem. This means that an exhaustive search on the kernel cannot be efficiently 41s
conducted. 416

4. Coding-Theoretical Perspective of Two-State Alien Tiles a7

The solvable game space S is a vector subspace of the game space G. That is, we as
can regard S as a linear code. Our task here is to find out the properties of S from the 41
perspective of coding theory. We refer our readers to Section B for a brief introduction to a0
coding theory. a2

4.1. Hamming Weight a2

The basic parameter of an error correction code is the distance of the code. When the 423
distance d is known, the error detecting ability d — 1 and the error correcting ability Ldz;lj 424
are then obtained. As a linear code, the distance of the code equals the Hamming weight azs
of the code, which is defined as the minimum Hamming weight among all the non-zero a2
codewords of the code. However, finding the Hamming weight of a general linear code 427
is NP-hard [16]. For two-state Alien Tiles, we can determine the Hamming weight of the  42s
solvable game space with ease, via the use of invariant functions. a20

Even-by-Even Games. These games are completely solvable, so a game with only one 430
lit light has the minimum Hamming weight among all non-zero solvable game, i.e., the 4
Hamming weight of such code is 1. This also means that there is no error detecting and 432
correction abilities for even-by-even games. 433

Even-by-Odd Games. The syndrome of an even-by-odd solvable game is 0,,_11. 434
There are two possible row parity vectors (of size m x 1) that correspond to this syndrome, 4ss
namely 0,1 and 1, ;. 436

We first consider the row parity vector 0,, 1. Each row has an even number of lit lights. 437
As the Hamming weight of a code only considers non-zero codewords, we cannot have s
a row parity vector 0,, 1 for any non-zero solvable game if # = 1. For n > 1, the smallest 430
llgll1 equals to 2, where 0,,,1 # g € Sand r(g) = 0y, 1. 440

Now, we consider the row parity vector 1, 1. Each row has an odd number of lit lights.
That is, the smallest ||g||; equals to m, where 0,,,1 # ¢ € Sand r(g) = 1,,1. Asm > 0is 4
even, the smallest possible m is 2. That is, we do not need to consider the row parity vector ass
1,1 unlessn = 1. 44a

As a summary, we have: ass

ifn=1,
For even-by-odd games, min _||g]1 = menn i
8ES\{0mn1 } 2 otherwise.
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Odd-by-Odd Games. The syndrome of an odd-by-odd solvable game is the pair ass
(0—1,1,01,,—1). If m = 1, only two games are in S, which are the all-zeros and the all-ones s
games. Therefore, the Hamming weight of the code is n. If n = 1, similarly, the Hamming s
weight is m. Both cases hold at the same time whenm = n = 1. as9

Now, consider the case with both m and n greater than 1, i.e., each of them is at least 3. 450
There are two possible parity pairs (in Fz”‘“ X IF%X”), namely (0,,1,01,) and (1,,1,11,). e
For the former case, each row and each column has an even number of lit lights. In other s
words, the smallest ||g||1, where 0,,,1 # ¢ € Sand (r(g),¢(8)) = (04,1,01,,), is 4. For the  ass
latter case, each row and each column has an odd number of lit lights. That is, the minimal ss
number of lit lights is no fewer than max{m, n}. ass

When m = n, it is easy to see that the minimal number of lit lights can be achieved by  se
a game represented by an identity matrix. If m # n, without loss of generality, consider the sz
case of n > m. An example to achieve the minimal number of lit lights max{m, n} is the s
game 459

(Im Omfl,nfm >
IL1,717m

Note that unless m = n = 3, we have max{m,n} > 5. Therefore, we reach the a0

conclusion that: a61
n ifm=1,
. m ifn=1,
For odd-by-odd games, min _[|g]1 = .
8€S\{ 0,1} 3 ifm=n= 3,
4  otherwise.
One may further combine the aforementioned results of all game sizes as follows: 462
n ifm= 1,
m ifn= 1,

min =
8€S\{0y,1} Il 3 ifm=n=3,
(

1+ (mmod 2))(1+ (n mod 2)) otherwise.

4.2. Coset Leader 463

The quotient group G/S contains all the cosets, where each coset contains all games  es
achieved by any possible finite move sequence from a certain setup of the game. Two aes
games are in the same coset if and only if there exists a move sequence to transform one to  ses
another. We have discussed the technique to identify the coset that a game belongs to by 467
finding the syndrome of the game, where each coset is associated with a unique syndrome. 4ss

Any game g € C € G/S, with C # S being not solvable. In the view of coding theory, 4ss
we are interested in the minimal number of independent lights that we need to toggle such a7
that the game becomes solvable? In algebraic point of view, we want to know how far the 47
coset C and the solvable space S are separated. Mathematically speaking, the mission is 472
to find a game e € C with smallest ||e||; such that ¢ + ¢ € S. Such e can be regarded as an  «r
error, so if we know the error pattern of each coset, an error correction code can be applied. a7
In coding-theoretical terminology, this e is called the coset leader of the coset C. a78

Even-by-Even Games. As even-by-even games have no error correcting ability, itis a7e
not an interesting problem to find the coset leader. In fact, we have G/S = {S} = {G},
thus the coset leader of the only coset is the solved game 0,,, 1, which contains no lit lights. a7s

Even-by-Odd Games. We consider the syndrome 7(g) = (72,73,...,7m)T € Fgmil)“ a70
of a game g in a coset C. We have two possible row parity vectors, namely 480

r= (0,72,73,...,17”1)1- and :T’-I-]lm,l.
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First, note that the row parities of different rows are independent of each other. If 4
the row parity of a row is 0, then there are even number of lit lights in this row. That is, ass2
the minimal number of lit lights in this row is 0. If the row parity is 1, then there are odd  4s:
number of lit lights in this row, where the minimal number is 1. In other words, the smallest ssa

llgllx such that 7(g) = ris ||7]|1. The situation is similar for 7’. ass
Note that [|7(g)|| = ||7|l1 and ||7||; = m — ||r'||1. As both r and 7’ correspond to the ass
same syndrome 7(g), we know that as7

min[|gllr = min{]r[ls, 711} = min{[[7(g) |1, m — [F(8) 1},

which is of time complexity O(m) when 7(g) is given. The coset leader is an arbitrary game  ass
that belongs to arg min, . [|g||1, for example, aso

( NO 0m,n1> if [7(g)]l1 < m—|F(g)ll,
7(g)

1
— 0 n—1 otherwise.
7(g) + Lm-11

The construction can be completed within O(mn) time. During the construction of e
the coset leader, if we need to put a bit in a row, we can locate it arbitrarily. Therefore, the 4o

number of coset leaders in the coset is n™n{I7(&)l[Lm=[7(g)ll1}, a02
Odd-by-Odd Games. Consider the syndrome inv(g) = (7(g),¢(g)). Write 7(g) = a3
(72, 73,... ,17‘m)T and 5(g) = (C~2, C3,... ,571). Let a0

7= (0,72,173,...,7m)T and ¢= (0,52,53,...,5;1).

The syndrome can be induced by four parity pairs, namely a95

(7,6), (F+ Lyy,€), (F,c+ 11,) and (F+ 11,8+ 11 ,).

According to Theorem 3, we know that only two out of the four parity pairs are valid, ase
because the difference between the number of bits in the row and the column parity vectors aser
must be an even number. Let (7, c) be a valid parity pair. If the parity of a row/column aes
is 0, then the minimal number of lit lights in this row/column is 0. If the parity is 1, then o0
the minimal number is 1. Thus, the minimal number of lit lights is bounded below by  se0
max{ [}, ]l }.

Now, we use the construction in the proof of Theorem 3 to construct a game ¢’ with  so
parity pair (,c). Note that the number of lit lights in g’ is max{||r||1, [|c||1 }, which matches sos
with the lower bound. As there are two valid parity pairs, we need to see which one results sos

in a game that has fewer lit lights. The one with the fewer lit lights is the coset leader. 505
The overall procedure to find the coset leader is as follows: 506
1. Generate (r,c) = (7,¢) from inv(g). 507
2. If||r]|1 — ||c||1 is not an even number, flip all the parity bits in either r or c. s08
3. Ifmax{m — ||r|j1,n — |[c|][1} < max{||r]]1,]|c|l1}, then flip all the parity bits in both 7 s0s
and c. 510
4. Construct a game that has a parity pair (7, ¢) (by using the construction in the proof of s
Theorem 3), and such game is denoted as the coset leader. 512

As we need O(mn) time to construct such game, the complexities of other computation sis
steps that take either O(m) or O(n) are being absorbed by this dominant term, thus the s

overall complexity to construct a coset leader is O(mn). 515
At the end of this construction, we can also obtain the minimal number of lit lights s
among all games in the coset, which is max{||r||1, ||c||1}. Let s17

P = ([I7(¢)llr = l1e(g)[l1) mod 2 € {0,1}.
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We can also directly calculate this number as follows, with ¢ being flipped:

min{max{||7(g) |1, P + (~1)" |&(g)lI1}, max{m — |7(g) |1, (1 = P)n + (=)' P |&(g)lI1} }

or equivalently (flipping r),

min{max{Pm + (=1)" [7(g) |1, |1&(g) 11}, max{ (1 = Pym + (~1)'=P[[7(g) |1, n — &(8) 1} }-

This number can be calculated in O(m + n) time when inv(g) is given.
Let (7/,¢’) be the parity pair of a coset leader. We remark that the coset leader is
non-unique when ||#'[|; > 1 or ||c||]; > 1. Denote

a =max{[[r'l1, '} and B =min{|['[[1, [lc'll1}.

To count the number of coset leaders, we recall the idea of the construction that we
have used. The first phase matches each 1 in 7’ to a distinct 1 in ¢’ to minimize the number
of lit lights. There are totally ()B! combinations. If |||y = [|c’[l1, then the construction is
done, and the number of combinations (g) B! = ||’ []1! = ||c’||]1! is achieved. Otherwise, we
proceed to the second phase, described as follows:

The remaining unmatched 1’s must either be only in the row parity vector or only in
the column parity vector. We group them two by two so that if we put each group in the
same row / column, the row /column parity will not be toggled. If ||7||; > ||c’||;, then each
group can choose any of the n columns. If ||¢’[|; > ||#'||1, then each group can choose any
of the m rows. By applying a similar technique to generate the Lagrange coefficients for the
Lagrange interpolation, we can combine the two cases into one formula. That is, each group

A 1
has ( Hﬁﬂlm\!}lh n+ H;HIHIHL‘}Hl m) choices. It is not hard to see that we have enumerated all

possibilities that can achieve the minimal number of lit lights. The number of groups is

() (D) () =g

Therefore, the number of possible coset leaders when || ||; # ||c’||1 is

! b [ a— |l &~ | )
(a—p)122 < n+ m
(ﬁ)ﬁ P =Tl Tl = 17T
e A I
:Mg2(|a|wm I m)

Pl =Nl el =11

Combining the two cases, the number of possible coset leaders is

Il if 7l = 1,
—a ’ ,
(3)B!(a = B)! 25" ( a—llelh _p 4 HCI;(I_HY Ly m) otherwise.

[ =lle"llx =17l

4.3. Covering Radius

The covering radius problem of the game asks for the maximal number of lights
remained among all games when the player minimizes the number of lights. With the
understanding of cosets, the desired number is represented by

max min .
CeG/S geC 8l

Even-by-Even Games. All even-by-even games are solvable, so the covering radius is
trivially 0.
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Even-by-Odd Games. Recall that for each coset C, 543
min gy = min{|[7(g)[|1, m — [[7(g) |1 }-
geC
As the syndrome is a vector in Fgmil) ! and each possible vector in Fémil) <1 corresponds  sas

to a distinct coset, we can calculate the covering radius of even-by-odd games as follows: s

m
max min = max min{b,m — b} = —.
CeG/S geC I8l be{01,...,m—1} { } 2

Odd-by-Odd Games. Consider a syndrome (7, ¢) of a game in a coset C. Let b = ||F||; s

and a = ||¢||;. Each possible syndrome in Fémil) 1y ]F;X (n=1) corresponds to a distinct  sar
coset, therefore it suffices to consider all possible b € {0,1,...,m—1}anda € {0,1,...,n— sas
1}. Note that we are considering the syndrome but not the parity pair, therefore 4 — b can  se
either be even or odd. s50

Case I: a — b is even. Then, we have 551

mi(r} llgllh = min{max{b,a}, max{m —b,n —a}}.
ge

To maximize this number among all cosets, we need to check both (b,a) = (0,n —1) and  ss2
(b,a) = (m —1,0), which gives min{n — 1, m} and min{m — 1, n} respectively. That is, if sss
we restrict ourselves to those a — b that are even, the covering radius is 554
max{min{n — 1,m}, min{m — 1,n}} = min{m, n} — 5y,
where Jy, , is the Kronecker delta, i.e., 555
5o 1 ifm=n,
""710  otherwise.

Case II: a — b is odd. Then, we have 556
mi(rjl llglli = min{max{b,n —a}, max{m —b,a}}.
€

To maximize the number among all cosets, we need to check both (b,a) = (1,0) and ss-
(b,a) = (0,1), which gives min{n,m — 1} and min{n — 1,m} respectively. That is, if sss

we restrict ourselves to those a — b that are odd, the covering radius is max{min{n, m — ss
1}, min{n — 1,m}}, which is the same as when a — b is even. 560

Combining these two cases, the covering radius of odd-by-odd games can be repre- se:
sented as: 562

max min =min{m,n} — é,, .
max min gl = min (i, 1} ~ 3
4.4. Error Correction 563

The error correction problem is to find a solvable game by toggling the fewest number ses
of lights individually. Depending on the capability of error correcting, such a corrected ses

game may not be unique. 566
Even-by-Even Games. All even-by-even games are solvable, therefore there is no  ser
unsolvable game for discussion. s
Even-by-Odd Games. When n > 1, the Hamming distance is 2, thus the code has ses
single error detecting ability, but with no error correcting ability. 570

When n = 1, the Hamming distance is an even number. Denote such even number as  sn
m, thus the code has (m — 1) error detecting ability and | 51| = % — 1 error correcting s
ability. Note that an m X 1 game only consists of two codewords, namely 0,1 and 1,, 1. 573
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Consider an arbitrary vector w € Fy"*!. If there are % number of 0’s and % number of sz
1’s in w, then we cannot correct the error because the Hamming distance from w to either sz
of the codewords is the same. If the number of 0’s in w is more than that of 1’s, then wis sz
closer to 0,, 1. If the number of 1’s in w is more than that of 0’s, then w is closer to 1,,1. In  s77
the latter two cases, the number of errors is at most % — 1, thus the closest solvable game is  s7s

unique. In fact, this code is known as a repetition code in coding theory. 579

Odd-by-Odd Games. When m > 1 and n = 1, the code is again a repetition code as  sso
aforementioned. However, in this context, m is an odd number, therefore the code has mT’l 581
error correcting ability. s82

Consider an arbitrary vector w € F}'* ! Tt is impossible to have the same number of ~ sss
0’s and 1’s in w. Therefore, we can always correct w to the closest solvable game and such  sss
solvable game is unique. A similar result holds for m = 1 and n > 1 based on symmetry. ses
However, when m = n = 1, the Hamming distance is 1, thus the code has no error detecting  sss
nor error correcting abilities. se7

The non-trivial cases are the odd-by-odd games when m, n > 1. Suppose we have an  ses
unsolvable odd-by-odd game ¢ € G\ S. We first calculate the syndrome inv(g) to identify sse
the coset that the game g belongs to. Then, we find an arbitrary coset leader e of such coset. seo
Recall that the coset leader of a coset is the game that has the minimal number of lit lights. s
Therefore, the game g — e is a closest solvable game. 502

The code distance of 3 x 3 game is 3, thus it has 2 error detecting abilities and 1 error ses
correcting ability. For games of any other size, the distance is 4, therefore the code has ses
3 error detecting abilities and 1 error correcting ability. This also implies that for any ses
unsolvable odd-by-odd game g € G\ S, the closest solvable game is unique if and only if  ses

the coset leader of the coset where the game belongs to has one and only one lit light. so7
In principle, we can use the syndrome of the game to directly locate the error when ses
there is only 1 error. The procedure is as follows: 599

1. Calculate the syndrome inv(g) = ((72,73,...,7m)T,(E2,C3,...,Cn)) of the given game  ooo

8. 601
2. Initialize r = (0,72, 73,...,7m)T, ¢ = (0,82,83,...,¢1), A = ||r|l1, and B = ||¢||1. 602
3. If A—Bisodd,thenlet A =m — ||r|; and flip all the bits in 7. 603
4. If max{A,B} = 0 or max{m — A,n — B} = 0, then the game g is already solvable, scs
and this procedure is then terminated. 605

5. If max{A,B} > 1 and max{m — A,n — B} > 1, then there is more than one error, eos
which implicates that the errors cannot be uniquely corrected. Therefore, the proce- ooz

dure can again be terminated. 608
6. If max{A, B} > max{m — A, n — B}, then flip all the bits in both vectors r and c. 609
7.  Lety and x be the indices where the y-th entry in r is 1 and the x-th entryin cis 1. 610
Then, the (y, x)-th light in g is the only error position. 611

The idea of the above procedure is similar to the construction of the coset leader. We  e12
first find a valid parity pair of g, i.e., A — B is even. Next, we filter out the cases where the 61
game has no errors, or has more than one error. If 1 = max{A, B} < max{m — A,n — B}, e
then the current parity pair has exactly one 1 in each of the row and column parity vectors. e1s
Otherwise, we have max{m — A,n — B} = 1, then we flip both the row and column parity e
vectors such that there is exactly one 1 in both parity vectors. As a result, the coset leader 617
has exactly one 1 in this case, where the location of the 1 is indicated by the parity pair. 618

5. As an Error Correction Code 610

In this section, we discuss the use of the solvable game space of a two-state Alien Tiles 20
game as an error correction code. Although the general linear code technique based on the 622
generator matrix and the parity check matrix also work, the corresponding matrices have a o2z
complicated form. Here, we describe a natural and simple way for encoding and decoding. e2s
We also discuss whether the code is an optimal linear code or not, where optimality means eza
that the linear code has the maximal number of codewords among all possible linear ezs
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codes under the same set of parameters, for example, field size, codeword length and code 26
distance. 627

5.1. Even-by-Odd Games 628

We first discuss the m x 1 games. An m x 1 game only consists of two codewords, e2e
namely 0,, 1 and 1,, 1, so it is simply a repetition code. The message we can encode is either 3o
the bit 0 or 1. To encode, we simply map 0 to 0,,; and map 1 to 1,, 1. The way to decode e
was discussed in the last section, which is precisely described as follows: Leta, b € {0,1}, o2
where a # b. If the number of a’s in a to-be-decoded word is more than that of b’s, then we  es33
decode to a. If their numbers are equal, then we cannot uniquely decode the word. 634

Now, consider n > 1. All these games have single error detecting ability but no error ess
correcting abilities, because the code distance is 2. As the size of the solvable game space, 36
i.e., the number of codewords, is |S| = 2"~ "1 we have mn — (mn—m+1) = m—1 e
bits acting as the redundancy for error detection. The message we can encode is an 3=
(mn — m + 1)-bits string. Denote the message by (b1,by, ..., byn—m+1), @ natural way to  ese

encode the message is as follows: We first consider an m x (n — 1) matrix 640
by by o by
b_ bn bn'+1 E b27f—2
bn—m—n+2  bpn—m—n+3 - bmn—m

and calculate its row parity vector r = (r1,72,...,m)T. If byyy—pm1 = r1, then we construct  ea

the game 642
(r | D).
Otherwise, we construct the game 643
(r+1ma | D).
The row parity vector of the former game is 0,, 1. The one of the latter game is 1,, 1. Thatis, ess
both games are solvable, thus we have encoded the message. 645
Note that the (1,1)-st entry of the encoded message is the same as b, —p, +1. Therefore, oo
we can perform the following steps to decode a game g: 647
1. Calculate the row parity vector r(g) of the game g. oas
2. Ifr(g) # 041 and r(g) # 1,,1, then we have detected the existence of errors, but we s
cannot decode the game, thus the decoding procedure can be terminated. 650
3. The game has no errors, thus the message can be recovered by reading the matrix. 651
Lastly, we discuss the optimality of the code. 652

Theorem 5. For even-by-odd games, only the 2 x n games and the m x 1 games are optimal linear  ess
codes. 654

Proof. We first consider m = 2 and n > 1. Recall that |S| = 2?"~!. By applying the
Singleton bound [26], we have

A2(2n,2) S 221’1724’1 — 227171’

where A;(¢,d) denotes the maximal number of codewords among all possible linear codes  ess
with field size g, codeword length ¢, and code distance d. As A,(2n,2) = |S|, we know that ese
all 2 x n games are optimal linear codes. 657

Now, consider the case of m > 2 and n > 1. If there exists a linear code having the ess
same set of parameters, but of more number of codewords, we can conclude that the error ese
correction code (ironically without error correction ability) formed by even-by-odd games 5o
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(with n > 1) is not an optimal linear code. The existence of such code is shown by the e
following construction. Consider D = Fgm_l, where mn — 1is odd. Take any two arbitrary e
a,b € D such that their Hamming distance is 1. One of them has odd number of bits and  ees
the other has even number of bits. Without loss of generality, assume a has odd number of ess
bits. We append a parity bit, i.e, 1, at the end of 4, and append a parity bit, i.e., 0, at the ess
end of b. The extended words (vectors) are elements in 5", and their Hamming distance sss
is 2. That is, by appending a parity bit to every word in D, we obtain a linear code that s
has the same set of parameters as the even-by-odd games when n > 1. The number of ess
codewords is 21, which is greater than |S| = 2""~"+1_ This proves the non-optimality ees
of even-by-odd games, withm >2and n > 1. 670

Lastly, we discuss the case of all m x 1 games. An m x 1 game only consists of e
two codewords, namely 0,,; and 1,, 1, so it is simply a repetition code. By applying the o7
Singleton bound [26], we have 673

Ao(m,m) <2m-ml =2,
As the equality case is attainable, we know that all m x 1 games are optimal linear codes. [0 e7a

5.2. Odd-by-Odd Games 675

When m = 1 or n = 1 (but not both), the code is an repetition code. The code is o7
optimal as suggested by the Singleton bound. The way to encode and decode is similar 77
to that for even-by-1 games, except that the numbers of 0’s and 1’s are never the same. If o7

m = n = 1, then there is no unsolvable game, thus we do not consider this case. 670
In the remaining discussion of this sub-section, we only consider odd-by-odd games, es0
with m,n Z 3. 681

Theorem 6. For odd-by-odd games (where m,n > 3), only the 3 x 3 games form an optimal linear  es2
code. 683

Proof. See Section E. [ 684

Recall that for all 3 x 3 games, the Hamming distance of this code is 3, thus it is 2 error  ess
detecting and 1 error correcting. For games of larger sizes, i.e., m,n > 3butnotm =n =3, ess
their Hamming distances are all 4, thus they are 3 error detecting and 1 error correcting. esr
That is, we can only correct up to one error. Regardless of the optimality, we now discuss ess
the natural way to encode and decode. 089

The dimension of the solvable game space is mn — m — n + 2, so the message we can s
encode is an (mn — m — n + 2)-bits string. Denote the message by (b1, b, ..., byn—m—n+2). eo1

First, we put the message into a matrix in the form 692
by by e by
bun—m— 01— b bny T ban—2
(bun—m-n+2 | O1n-1) where D := ) ) ) .
\ Om—l,l ‘ D : .
bmn7m72n+3 bmn7m72n+4 T bmnfmfnJrl

Let (7, c) be the parity pair of D. By Theorem 3, the number of bits in ¥ and ¢ must e

either be both odd or both even. If the number of bits in 7 (or c) is even, then the game 604
0] c
r| D

has a parity pair (0,, 1,01 ,,). If the number of bits in r (or c) is odd. Then, the game 695
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has a parity pair (0,,1,01,). In both of the above games, if the (1,1)-st entry is not equal to  ese
bmn—m—n+2, then we click the (1,1)-st light so that all the lights in the first row and the first eor
column are toggled. Combining these two cases, Table 1 shows the condition to flip all the ees
bits in the parity pair. 699

Table 1. The condition to flip all the bits in the parity pair (r,c) for encoding a message to an
odd-by-odd game, where m,n > 3.

I7]]x mod 2 (or ||c||; mod 2) bin—m—nt2 Flip?
0 0 No
0 1 Yes
1 0 Yes
1 1 No
The table is actually the truth table of exclusive OR (XOR). As addition in binary field o0
is equivalent to modulo 2 addition, we can write the desired codeword as 701
binn—m—n+2 ‘ c+ ([fefls + bmnfmfnJrZ)]ll,n—l\
\1’ + (||1’||1 + bmnfmfnJrZ)]lm—l,l ‘ D
To decode a game, we can run the procedure described in Section 4.4. The procedure o2
has three types of output. 703
e The first type of output indicates the game is a solvable one, so we can extract the 7os
message (b1, by, ..., byp—m—n+2) directly. 708
*  The second type of output indicates the game has more than one error, so the error o6
correction is non-unique, thus we consider the code as non-decodable. 707

e The third type of output indicates the location of the single error. Let (y, x) be the 708
location of the error, we can correct the error by flipping the (y, x)-th bit of the game 70
gr id. 710

5.3. Example 711

To demonstrate the error correction code, we provide an example in this sub-section. 7
Consider the 3 x 3 games. Suppose we want to encode the message (1,1,0,1,0). First, the 73
matrix D that consists of the first four bits of the message is 714

11
D=4 1)
We first put the parity pair of D, whichis (r,c) = ((0,1)7,(1,0)) to a 3 x 3 game: 71s
010

011
1 01

As ||7]|l1 mod 2 = 1 and the last bit of the message is 0, according to Table 1, we need to flip 71
the first row and the first column except the (1, 1)-st entry. Thus, the encoded codeword is 717

0 01
1 11
0 01

Now, we introduce an error to the codeword. Note that the error can be located at any s
entry in the codeword, including those bits that are not the message bits. For example, the 719
erroneous codeword is 720

S

Il
o O O
o R o
—_
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To correct such error, we first calculate the syndrome of this game, which s ((1,0)T, (1,1)) 7=
Next, we initialize r = (0,1,0)T and ¢ = (0,1,1). As ||r[|; — ||c|l; = —1is odd, we flip the 722
bits in 7, thus  becomes (1,0,1)T. Now, we have 723

2 = max{[[r[ly, flefl} > max{3 —[[r[|1,3 = [[c[l1} = 1,
so we flip both r and ¢. That is, we have r = (0,1,0)T and ¢ = (1,0,0). This pair of bits  7za

indicates that the error is located at 725
0 0O
e=|(1 0 0
0 0O
Afterwards, we can correct the error by w — e and obtain the codeword 726
0 0 1
1 11
0 01
By directly reading this matrix, the decoded message (1,1,0,1,0) can be recovered. 727
6. States Decomposition 728

One may wonder whether we can practically decompose the 4 states of the ordinary (4- 72o
state) Alien Tiles to obtain two 2-state Alien Tiles games. We describe a states decomposition 730
method below, where the number of states and the toggle patterns can be arbitrary. Suppose  7s:
there are g states. We reuse ¥ to denote the matrix of all vectorized toggle patterns. Suppose 732
g has P distinct prime factors. By the fundamental theorem of arithmetic, we can express g 733
in canonical representation 734

where p; are distinct primes. 738
To show whether the (vectorized) game g is solvable, it is equivalent to show whether 736
the linear system 737

Yk=g¢ (modgq)

is solvable. By applying the Chinese remainder theorem, we can decompose the system 7ss
into 739

Yk=g (mod p})
Yk=g (mod py)

Yk=g (mod pg’)

and combine the solutions of the above system into a unique modulo g solution afterwards. 740

Our task becomes solving the linear system in the form of 741
Yk=g (modp") 1)

where p is a prime. If ¥ = 1, we cannot further decompose the system, which means that 7.

we have to directly solve the problem. 743

Consider ¥ > 2. The solution of Eq. (1) is also a solution of the linear system 748

Yk=g (mod p).

Let ko be a solution of this system, we have 745
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Yko — g = pz

for some integer vector z (after vectorization). Let ko + py be a solution of Eq. (1), we have

Y(ko+py) —g=0 (mod p")
(Yko—g) +p¥y=0 (mod p")
pz+p¥y=0 (mod p").

By dividing p, we obtain

Yy= -z (modp}).

Repeatedly applying this procedure, we can reduce the power of the prime in the modulo
to until = 1.

The main issue of this decomposition is that the solution kg may not be unique. We
need to try which kg + u is solvable after we reduce the prime power, where Yu mod p is
equivalent to a zero game. A wrong choice can lead to an unsolvable system. This also
happens when we reduce from the 4-state Alien Tiles to the 2-state ones.

However, if m and n are both even, all 4-state Alien Tiles games are solvable [4,21]. In
other words, the move sequence to solve an arbitrary game is unique (up to permutation).
We do not need to concern the choice of kg as every even-by-even 2-state Alien Tiles
is solvable. A summary of the procedures of solving a 4-state Alien Tiles g by states
decomposition is as follows.

1.  Find a move sequence k that solves the 2-state Alien Tiles g mod 2.
2. Calculate z = 3(¥k — g) without performing modulo.

3. Find a move sequence y that solves the 2-state Alien Tiles z mod 2.
4. The move sequence in solving the 4-state Alien Tiles g is k + 2y.

As an example, consider the 4-state Alien Tiles

000 0
o1 2 0
$= 10 3 0 0

000 0

where the four states are mapped to 0, 1, 2 and 3 respectively. The first step is to solve the
2-state game

0000
0100
gmod2=1, 1 o ¢
0000
The move sequence is
0000
1 011
k= 1011
0000

Next, we calculate

746

752

753

754

755

756

757

764

767
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2.0 2 2 0 00O 10 1 1
1 1110 3 00 0120 01 -1 0
=3 =89=3110o3 00| o3 00| {00 0 0
2.0 2 2 0 00O 10 1 1
After that, we solve another 2-state game
1011
0110
zmod 2 = 000 0
1011
The move sequence is 768
0 010
10 0 0 0
Zlo1 10
0 010
Finally, we obtain the move sequence that solves the 4-state game g, which is 760
00 20
1 011
Fr=11 2 31
00 20
7. Conclusions 770

In this paper, we investigated the properties of Alien Tiles, including the solvability, 771
invariants, etc based on different settings. We also discussed the efficient methods to deal 772
with coding-theoretical problems for the game, such as the Hamming weight, the coset 77
leader, and the covering radius. We also demonstrated how to apply the game as an error 774
correction code with a natural way to encode and decode, and verified that particular game 775
sizes can form optimal linear codes. An open problem that remains in this paper is the 7
existence of an efficient method to find out the minimal number of moves (the shortest 77
solution) in solving a solvable game. Lastly, we discussed the states decomposition method 7s
and left an open problem on the issue of kernel selection. 779

One future direction is to study the coding-theoretical problems on the ordinary 7eo
Lights Out and also its other variants. Different variants have different structures to be  zex
explored. Some variants may have easy solutions, e.g., the two-state Alien Tiles that s
we have discussed in this paper; while some of them may not, e.g., the Gale-Berlekamp 7es
switching game. Besides constructing easy solutions, proving how hard a game problem is 7zes
will also be a potential research direction. 785

Another future direction is to investigate more structural properties of the ordinary e
four-state Alien Tiles. In the four-state version, there is a subtle issue when we model the 7s7
problem via the use of linear algebra. Take the odd-by-odd games as an example: We  7ss
can click all the lights twice in a) two arbitrary distinct columns, b) two arbitrary distinct 7se
rows, or ¢) an arbitrary column, followed by an arbitrary row, to keep an arbitrary game 7e0
unchanged. The combination of these actions forms a kernel. As each light must be clicked 7o
for even number of times, the kernel is a free module instead of a vector space over Fy, 7e2
which means that it is a module that has a basis. This is because multiplication in this 7es
finite field is not having the same effect as taking modulo after integer multiplication. In  7es
particular, applying two double clicks is equivalent to "no clicking”, however 2 x 2 £ 0in 70
F4. 796
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On top, we have discussed that the states decomposition has an issue on finding a 77
proper element in the kernel that leads to a solvable game in the lower state. However, 7os
this also means that we have reduced the search space, by eliminating those elements 7e0
in the kernel that lead to an unsolvable game in the lower state. A future direction is to  soo
investigate whether this decomposition can help to solve constraint programming problems  so:
like that described in [27]. This problem is a recreational mathematics problem on Alien  so:
Tiles aiming to find the solvable game which has the longest shortest solution. Existing sos
approaches reduce the search space mainly by symmetry breaking [28-30]. The use of =0s
our states decomposition together with symmetry breaking in obtaining desired solvable eos
games (which may not be unique) is a potential research direction. 806
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Abbreviations 823

The following abbreviations are used in this manuscript: 824
825

P polynomial time

NP non-deterministic polynomial time

XOR  exclusive OR

BSC  binary symmetric channel
ECC  error correction code

MDS maximum distance separable

826

Appendix A. Introduction to Algorithmic Complexity 827

It takes time for a computer to conduct every operation, e.g., addition, multiplication, ezs
etc. An algorithm is a finite sequence of operations (which can be directly computed by the s
computer) to solve a problem or perform a computation. The non-constant parameters eso
of the problem are the inputs of the algorithm, where the input size is measured in bits s
(the number of binary symbols). The number of operations needed to solve a problem 32
by an algorithm can be expressed as a function of the input size. That is, this function ess
can be regarded as a measure of the time required in solving the problem, with the use 3
of such algorithm. When the input size is significantly large, the running time, which 35
is dominated by the dominant term of the function, to solve the same problem by two ass
different algorithms can be significantly differed. 837

In this appendix, we roughly describe the expression of time complexity in big O  e:s
notation, and the complexity classes P, NP, NP-complete and NP-hard. For a more rigorous ss»
discussion, we refer readers to computer science textbooks such as [31,32]. 840
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Appendix A.1. Complexity Class P sa1

To describe the efficiency of an algorithm, big O notation is used in the context of es2
algorithmic complexity. Let n be the input size, f(1) be the number of operations needed s
to solve the problem by the algorithm, and g(1) be the comparison function for estimating s
f(n). We write sas

f(n) = 0(g(n))

if there exist positive integers ¢ and ngy such that f(n) < cg(n) for all n > ny. Then, s
we say that the algorithm solves the problem in O(g(n)) time. For example, let f(1) = s
5n% —4n? + 3n — 2. As nisa positive integer, we have f(n) < 5n% +4n% + 313 + 213 = 1413, ass
Therefore, we know that f(n) = O(n®), where the dominant term 7 is extracted by the s
big O notation. 850

If the algorithm runs in O(g(n)) time, where g(n) is a finite-degree polynomial expres- es:
sion in n, then we say that the algorithm is a polynomial-time algorithm. Roughly speaking, es2
the complexity class P consists of all decision problems, i.e., yes-no questions, which can s
be solved by some polynomial-time algorithms. A more rigorous definition involves the ssa
definition of deterministic Turing machine, which is out of the scope of our discussion in  ess
this paper. As a rule of thumb, the problems in P are considered as "efficiently solvable ess
problems". 857

Appendix A.2. Complexity Class NP as8

The computer that we considered in the above context can only run operations one by  ese
one. That is, when we want to compute multiple branches, we can only compute themina  seo
step-wise manner. A figurative example is that we are solving a maze - at a certain point, es
we need to determine whether turn left or turn right. In principle, we will need to try both  se2
ways to ensure that we can find an exit. That is, we have to come back to this position and ses
try the other way later. Yet, if we have a multicore processor, we can try both ways at the ses
same time in different cores. Suppose the processor has infinitely many cores, and we can  ees
solve a problem in polynomial time (in parallel), then we say that the problem can be solved  ses
by an algorithm in non-deterministic polynomial time. Roughly speaking, the complexity e
class NP is the collection of all decision problems that can be solved in non-deterministic sss
polynomial time. Similarly, a more rigorous definition involves the non-deterministic s
Turing machine, but in this context, we omit such an in-depth discussion. 870

We can regard NP as a class of decision problems that can be verified in polynomial e~
time. For example, suppose we obtain a path in a maze, and we want to verify whether s
this path could lead to the desired exit. What we need to do is to follow this path and &7
see if we can really reach the exit. This can be done in polynomial time, because this path  s7s
was generated by one of the cores in polynomial time when solving the maze. Note that P &7
is a subclass of NP, because we can verify the answer in polynomial time by solving the a7
problem as well. a77

Appendix A.3. Complexity Class NP-Complete a7

In mathematics, we usually transform a problem to another one that we know how ez
to solve. This is known as reduction. When we reduce a problem A to a problem B, it sso
means that problem B covers all the instances of problem A. If the reduction can be done  se
in polynomial time, we say that A is reduced to B in polynomial time. In other words, if se=
we can efficiently solve problem B, then we can also efficiently solve problem A with a s
polynomial-time reduction. However, the converse is not always true. Although it is called sse
“reduction”, we are actually transforming a problem to a “harder” problem. ass

The hardest type of problems in NP is called NP-complete problems. That is, any sse
problem in NP can be reduced to an NP-complete problem in polynomial time. If we ser
can solve any of the NP-complete problems in polynomial time, then we can solve all NP s
problems in polynomial time, which implies that P equals NP. However, the existence of  sss
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such a polynomial-time algorithm is still unknown. Proving or disproving the existence s
of such algorithm can actually solve the “P versus NP problem”, which is one of the e
Millennium Prize Problems in Mathematics [33]. The answer of this problem has crucial e
consequences and implications in different branches of mathematics and computer science sos
[34,35]. Throughout recent decades, it is widely believed that no such algorithm exists ses
[36-38], but it is yet to be proven. 805

Appendix A.4. Complexity Class NP-Hard 896

A problem that is reduced from an NP-complete problem in polynomial time is called eo7
an NP-hard problem. In other words, an NP-hard problem is no “easier” than any NP- ess
complete problems. Note that an NP-hard problem may not be in NP, i.e.,, we may not e
be able to verify the answer in polynomial time. If an NP-hard problem is in NP, then oo
the problem is NP-complete, and this is actually a standard technique to prove the NP- oo
completeness of a particular problem. A convention is that the class "NP-hard" is not o2
restricted to decision problems. If the decision problem (e.g., does a solution exist?) is oos
NP-complete, then its associated function problem, i.e., finding an instance of the solution, sos
is NP-hard. This is because if we obtain a solution, we can also answer the decision problem, sos
thus the function problem is no easier than NP-complete. 906

Appendix B. Crash Course on Coding Theory s07

We focus on describing the background of coding theory that is related to this paper. sos
As a convention, when we say coding theory, we refer to channel coding theory, which is  sos
a study of error correction. We refer the readers to textbooks such as [39,40] for a more 10
comprehensive discussion of coding theory. o11

Appendix B.1. Error Correction Codes 012

One of the main goals in coding theory is to send a message (represented by a sequence o3
of symbols) from a source to a destination via a “noisy” medium that could introduce s1s
“errors” to the message. A common form of “errors” is to modify some symbols in the 15
message. To ensure that the destination can accurately and effectively recover the message, 16
we need to add redundant information to the message to form a codeword of an error o1
correction code. Due to some practical considerations, such as the way to distinguish s
different codewords, most error correction codes, e.g., [41,42], have assumed that every oo
codeword is of the same length. Every possible sequence that has the same length as a  s20
codeword is called a word. 021

The overall picture is that the source transforms a message m into a codeword c, then  s2:
transmits c to the destination. The destination receives a word ¢, which may be different o2s
from ¢ due to errors. Then, the destination tries to guess the correct codeword c, then 24
transforms it back to the message. It is easy to visualize that some constraints must be 25
imposed on the number of errors, otherwise there is no clue to guess the correct codeword  e26
in a systematic and scientific manner. 027

In convention, we use Hamming distance as the metric to measure the number of errors. o2s

Definition A1 (Hamming Distance). The Hamming distance between two sequences of the — o2e
same length is defined as the number of symbols at which the corresponding values are different. 030

Let n be the length of any word, and g > 2 be the size of the alphabet used by the s
words. That is, there are totally 4" possible words. For each possible codeword c, let Ball,(c) o3z
be the set that contains every word w such that the Hamming distance between w and cis  ess
at most r. In other words, Ball,(c) is the closed Hamming ball of radius r centered at c. By o3a
direct counting, the volume of Ball,(c) is 035

Vol (Ball, (c)) = ) (’:) (7 —1)".

i=0
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Definition A2 (Distance of Codes). The distance of an error correction code, denoted by d, is  e3e
defined as the minimum Hamming distance between any pair of distinct codewords. 037

As long as the Hamming balls Ball,(c) of all possible codewords ¢ do not overlap, ess
when we receive a word w, we say that the correct codeword is ¢ if w € Ball;(c). To e
maximize the number of correctable words, we maximize the radius of the balls as long as  sa0
they do not overlap with each other. The distance of the code, 4, is either 2r + 1 or 2r + 2. oa
In other words, such code can guarantee to detect at most 4 — 1 errors, and correct at most o4z
| %51 ] errors. 0a3

The aforementioned decoding approach is called the minimum distance decoding, or sas
the nearest neighbor decoding, which finds the closest codeword by modifying the fewest o4
number of symbols in the received word. A binary symmetric channel (BSC) is a channel oas
model such that every symbol (0 or 1) has the same (crossover) probability to be modified s
into another symbol. For a BSC with a crossover probability of less than 0.5, the minimum  o4s
distance decoding process is equivalent to the maximum likelihood decoding process, which s
aims at finding a codeword that has the maximum likelihood. 950

Definition A3 (Covering Radius). The covering radius R is the smallest r such that all words — es1
are covered by the union of all codeword-centered Hamming balls of radius r. 052

In other words, any words must have a codeword within R Hamming distance. The oss
covering radius is applied in coding for write-once memories [43], football pool betting  osa
[44] , etc. 955

Appendix B.2. Hamming Bound & Singleton Bound 056

Given g, n and d, the maximal number of codewords among all possible codes is sz
denoted by A,(n,d), and the code having A, (1, d) codewords is called an optimal code. The s
method to find the exact value of A,(n,d) for arbitrary g, n and d remains to be an open  oss
problem, and is known as the main coding theory problem. Nevertheless, many bounds of o
Ag(n,d) have already been established. Some of the bounds are rexpressed in the form ce:
of an inequality, e.g., the Plotkin bound [45] and the Gilbert-Varshamov bound [46,47], ez
while some of them are expressed in the form of an optimization problem, e.g., the linear e
programming bound [48] and the semidefinite programming bound [49]. o6a

One of the earliest bounds is the Hamming bound [42]. The idea is straightforward: oes
The total volume of all non-overlapping Hamming balls cannot excess the number of all  sss
possible words. We can ensure the non-overlapping constraint when the radius of every o6
Hamming ball centered at a codeword is no larger than Ld%lj . Mathematically speaking, oss

n

Ag(n,d) < = q g
Yimg = (g —1)

A code such that the equality case of the Hamming bound holds is called a perfect code. oo
That is, in a perfect code, every word is covered by one and only one codeword-centered o7
Hamming ball of radius L”IZ;lJ , thus every word can be corrected as a unique codeword. o7
However, Tietdvdinen [50] has proven the non-existence of perfect codes over a prime- o7
power alphabet except trivial perfect codes (the code distance is either 1 or 1), Hamming o7
codes (widely used in error correction code (ECC) memory), and Golay codes (used by the o7
NASA'’s Voyager [51]). 075
Another bound that we used in this paper is called the Singleton bound [26]. The o7
idea of this bound is that, if we delete the first (4 — 1) symbols of every codeword, i.e., the o7
length of every codeword is now (n — d + 1), then each pair of altered codewords is still o7
separated by a Hamming distance of at least 1. The number of altered codewords, which is o7
the same as the number of original codewords, is at most 4" ~9*1. Mathematically speaking, oso

(Hamming Bound)

Ag(n,d) < g" 1, (Singleton Bound)
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A class of codes known as the maximum distance separable (MDS) codes achieves the equality e
of the Singleton bound. Reed-Solomon code [41] is a type of MDS code that has been ez
applied in many modern technologies, including CDs, QR codes, etc. 083

Appendix B.3. Linear Codes o8s

A linear code is a vector space. Linear codes are of interests in the community of coding s
theory, as we can apply a wide range of tools in linear algebra. However, this also means s
that we have restricted the alphabet size to a prime power, as the vector space is defined ez
over a finite field. Further, the number of codewords, i.e., the size of the vector space, must oss
be a power of . Given g, n and d, the maximal number of codewords among all possible oso
linear codes is denoted by B;(,d), and the linear code having B, (1, d) codewords is called  ss0
an optimal linear code. Note that B, (1, d) must satisfy 001

By(n,d) < gl°8 4],

Definition A4 (Hamming Weight). The Hamming weight of a codeword c, denoted by wt(c), ez
is the Hamming distance between c and the zero vector, i.e., the number of non-zero symbols in  ees
c. The Hamming weight of a code is the minimum Hamming weight among all the non-zero oeea
codewords of this code. 095

Let u and v be two codewords such that the distance in between is d. As a vector oss
space, the linear combination of codewords is also a codeword. Therefore, u —visalsoa o7
codeword. Note that wt(u — v) = d. In other words, the distance of a linear code equals to  oes
the Hamming weight of the code. Despite the simplified criteria, finding the Hamming seo
weight of a code is an NP-hard problem [16]. 1000

In the following, we express the message m and the codeword c as row vectors. To 1002
encode m, we calculate ¢ = mG, where G is called the generator matrix of the linear code. 1c02
The generator matrix is associated with a parity check matrix H such that GHT gives a zero 1o0s
matrix. In standard form, G is written as a block matrix (I | P) for some matrix P and 1c0s
identity matrix I. Thus, we can write H = (—PT | I). Note that the identity matrices in G 100s
and H may be of different dimensions. 1006

Although encoding is easy, decoding is generally an NP-hard problem [7,8], unless we 1007
can exploit some special structures of the code, e.g., as described in [52]. For linear codes, 1o0s
we can extract some information regarding the error pattern. In particular, let w be the 1000
received word. We can express w := c + e for some error e from a codeword c. Recall that 1010
GHT gives a zero matrix, therefore we have 1011

wHT = (c+e)HT = mGHT + eHT = eHT,

which is known as the syndrome of w, and such syndrome identifies the error pattern. In 1012
other words, if we pre-compute the syndromes for all possible correctable error patterns, ois
i.e., the syndromes of all e with wt(e) < [‘12;”, then we have a lookup table of size 101

Zi[:d?lj (Mg - 1)! for mapping a syndrome to e. We can correct a word w by w — e, where ¢ 1015
is obtained by looking up the syndrome of w from the table, i.e., wHT. This approach is 1016
known as syndrome decoding. 1017

Further, let C be the abelian group of all codewords under vector addition. As C 101
is a normal subgroup of I; under vector addition, we have the quotient group F;/C = 101

{C +e: e € F7}. Every entry in the quotient group is a coset. 1020

Definition A5 (Coset Leader). The word that has the minimum Hamming weight in each coset 102
is the coset leader of this coset. 1022
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That is, the coset leader is the minimum-weight error pattern that leads or maps a 1023
codeword to a word in this coset. We can view the decoding procedure of a word in the 1024

coset as subtracting the given word by the coset leader of the coset. 1025
Appendix B.4. Repetition Codes, Hamming Codes, and Extended Hamming Codes 1026
For simplicity, we only consider binary field in this sub-section. 1027

Repetition code is one of the simplest codes that repeats a single bit to be encoded into 1o2e
a length n codeword. That is, there are totally two codewords in this code. To decode a 1020
word, we look for the symbol (0 or 1) that dominates the bit string. If there are more 0s than 100
1s, then we decode to the bit 0, and vice versa. The distance of the code is 1, therefore every 1o
repetition code achieves the equality of the Singleton bound, thus being an optimal code. 1032

Hamming code [42] is a perfect code, i.e., achieves the equality of the Hamming 10ss
bound, thus it is an optimal code. Let r > 2. A (binary) Hamming code is a linear code with 103
codeword length 2" — 1 and code distance 3, with a parity check matrix whose columns 1035
consist of all the non-zero vectors of ;. The dimension of the code (i.e., vector space) is 1036
2" — ¥ — 1, hence the number of codewords is 22 ~"~1. As the distance is 3, the Hamming 1037
code is exactly equivalent to a single error correcting code. An example of the parity check 1oss
matrix for the case of r = 3 is 1039

1000111
0101101
0011011

It is remarked that the order of the columns are not fixed. However, if the columns are 1040
arranged in the order of increasing binary numbers, i.e., the j-th column is the binary 1o
representation of the number j, then the syndrome can directly indicate the location of the 1042
error. More precisely, if the syndrome is the binary representation of the number j, then the 104
error is located at the j-th bit. 1044

Extended (binary) Hammingcode is a Hamming code by appending a parity check bit. 1oss
If H is the parity check matrix of a Hamming code, then the corresponding extended 1oss
Hamming code has a parity check matrix 1047

This code is a linear code of codeword length 2" and code distance 4, thus it can correct 1oss
exactly one error. As the extra bit is only a parity bit, the number of codewords remains the 1040
same as the Hamming code. As a result, the dimension of the code is 2" — r — 1, and the 1050
number of codewords is 22 ~"~ 1.

1051

Appendix C. Proof of Theorem 2 1052

This appendix outlines the proof of Theorem 2 for even-by-odd games, which states 1053
that 7 is a surjective function that maps a game to its syndrome. In the following, the game 1054
space G consists of all m x n games, where m is even and 7 is odd. 1055

Recall that 7 is an invariant function in the case of even-by-odd games, i.e., for any oss
move sequence k € K, we have 7(g) = 7(g+ ¢(k)) for all g € G. Further, for any game 1os7
g € Cwith C € G/S, wehave ¢+ ¢(k) € C. 1058

If 7 is surjective, we know that [G : S] > 2"~1. Suppose we have a set M that consists se
of 2"~1 games. If, for every game ¢ € G, there is a move sequence k € K such that 1o
g+ (k) € M, then we know that [G : S] < 21, That is, if both of the above conditions e:
are true, then we have [G : S] = 2"~1. Also, due to the property of a surjective map and 10e
the invariance properties, we know that 7 gives a syndrome, and this completes the proof. 1oes
In the remaining text of this Appendix, we prove the above two conditions. 1064


https://doi.org/10.20944/preprints202206.0331.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 June 2022 d0i:10.20944/preprints202206.0331.v1

30 of 34
First, we consider the following construction. Let (73,73,...,7m)T € Fgmil) “Lhe an o6
arbitrary binary vector. We construct a game § with entries 1066
_ 7 ifj=landi>1,
ij 0 otherwise.
That iS, 1067

By the definition of 7, we have 7(g) = (72,73,...,7m)T, thus 7 is automatically surjective 1oes

based on the construction. 1060
For the second condition, we construct the set M, where |[M| = 2m=1 a5 follows: 1070
0| 07, _
M= { 1n-1 :veIE‘ém 1)><1}'
(4 Omfl,nfl

Consider an arbitrary game g € G. Let g be the sub-game formed by removing the 1072
first column of g. Note that § is solvable because it is an even-by-even game. By applying 1oz
the move sequence that solves § on g, we obtain a new game §, with the 2-nd to the n-th 107
columns being all zero vectors. As a result, if §1; = 0, then § € M. 1074

Suppose ¢11 = 1, we apply the move sequence to flip the first column (i.e., click every io7s
light in the first column and the first row on, except the (1,1)-st light) of §, as a result, 17
the (1,1)-st light is switched off. That is, after the above moves, the game is in M. This 107
completes the proof of the second condition, and thus the entire proof of Theorem 2 is 1o7s
completed as well. 1079

Appendix D. Proof of Theorem 4 1080

This Appendix outlines the proof of Theorem 4 for odd-by-odd games, which states 1oex
that inv is a surjective function that maps g to its syndrome. Here, the game space G is only 1cs2
applicable for m x n games, where both m and # are odd. 1083

The idea of the proof is the same as that for even-by-odd games in Section C, but its 10es
construction process is a bit different. We first recall the following properties. For any game 1oss
g € G and any move sequence k € K, we have inv(g) = inv(g + ¢(k)). Hence, the game g 108
must fall into one of the cosets in G/S. If ¢ € C, where C € G/S, then g + (k) € C. 1087

If inv is surjective, then we have [G : S] > 2"*+"~2, Suppose we have a set M that 10ss
consists of 2"+"~2 games. If, for every game g € G, there is a move sequence k € K such 108
that ¢ + (k) € M, then we have [G : S] < 2”2 When the above two conditions 1os0
are both true, we have [G : S] = 2"+"~2 Due to the properties of a surjective map and 1001
invariance, we conclude that inv gives a syndrome, and the proof is completed. Similarly, 1002

we now proceed to the proof of the above two conditions. 1003
Let R = (Fo,73,...,7m)T € FS" V"V and € = (62,85,...,81) € F3* " be two 10
arbitrary binary vectors. We construct two games A, B € G with entries 1005
Fi+ i, ifj=Tlandi>1, G+Yy,& ifj>Tandi=1,
Aij = S, ifj=landi=1, and Bj =Y, ifj=1landi=1,
0 otherwise; 0 otherwise.

The summation in the definition of A;; means that if the number of bits in R is odd, we flip 1006
all entries of the first column. Similarly, we flip the whole first row of B;;. Thus, the number 1007
of lit lights in the first column of A and the number of lit lights in the first row of B are both 1008
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even. The invariants of A and B are then respectively given by inv(A) = (R,01,_1) and 1o

iI‘lV(B) = (Omfl,ll C) 1100
To merge these two invariants, consider the game g = A + B € G. There are four 10
cases. 1102
CaseI: Aj; = Bj; = 0. We have inv(g) = (R, C). 1103
Case II: A1; = B11 = 1. Note that g17 = 0, and the numbers of lit lights in the first row 1104
and the first column of g are both odd. Therefore, we have 1108

r(g) = (0,72, 73, ..., Fm)T + 11 and  ¢(g) = (0,62,85,...,8n) + 11 4.

Asr1(g) = c1(g) = 1, by the definition of # and ¢, we have inv(g) = (R, C). 1106
Case III: A1; = 1 and Byj; = 0. Note that g1 = 1, and the number of lit lights in the 1107
first column is even, but that in the first row is odd. Therefore, we have 1108

r(g) = (0,72, 73, ..., Fm)T+ 11 and  c(g) = (0,62,C3,...,Cn).

Asr1(g) = 1and c1(g) = 0, we have inv(g) = (R, C) from the definitions of 7 and é. 1100

Case IV: A11 = 0and By; = 1. Note that ¢11 = 1, which is precisely the symmetry case 1110
of Case III. The number of lit lights in the first column is odd, but that in the first row is 1111
even. Therefore, we have 1112

T’(g) = (0,172,773,...,17m)T and C(g) = (0,52,53,...,571)—‘1-]11,,1.

Asr1(g) = 0and c1(g) = 1, we have inv(g) = (R, C) from the definitions of 7 and é. 1113
Combining all above four cases, for any (R,C) € Fgmil) “1 IF;X 1 there exists a e
game ¢ € G such that inv(g) = (R, C). This implicates that inv is a surjective map. 1115
We now proceed to prove the second condition. Construct the set M, where |M| = 1116
2m+n72 by 1117
M:{ 0] w ;ve]Féml)“,weF;X(””}.
0 Omfl,nfl

Consider an arbitrary game g € G. By removing the first row and the first column of g, 111s
we obtain an even-by-even sub-game g. Being an even-by-even game, § is a solvable game. 1110
By applying the move sequence that solves § on g, we obtain another game § of the form 1120

g,, _ u w
- 7
0 0n-1n-1

where u € Fp, v € FY" > and w € FY* "7V,

If u = 0, then § € M. If not, then we click the (1,1)-st light on, so that the first row 122
and the first column are flipped. The resultant game is then in M. Therefore, the proof of 1123
the second condition is done, and Theorem 4 is proved as well. 1124

Appendix E. Proof of Theorem 6 1125

We first show the optimality of the linear code formed by the 3 x 3 games. Note that 1126
the Hamming distance of this code is 3, therefore, we first apply the Hamming bound and 1127

obtain 1128
9.9) <
(o) + (1)
As the number of codewords of a linear code (the size of a vector space) must be a 112
power of the size of the field, we have 1130

By(9,3) < 21l82712) — 32,
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The size of the solvable game space, i.e., the number of codewords, is |S| = pmn—m—n+2 _
25 = 32, which means that the upper bound of B,(9,3) is attainable. This also implicates
that the error correction code formed by 3 x 3 games is an optimal linear code.

For other games of larger sizes, i.e., m,n > 3, but not both m = n = 3, their Hamming
distances are all 4. Therefore, the number of codewords is |S| = 2""~"~"+2 We can
show that this code is not optimal by showing the existence of a linear code that has more
than |S| codewords, where the codeword length is mn and the code distance is 4. The
existence of such a linear code is the result of shortening an extended (binary) Hamming
code. Shortening means that for any linear code of codeword length ¢, dimension k (i.e.,
the number of codewords is 4¥) and code distance d, there exists a linear code of codeword
length ¢ — x, dimension k — x and code distance d for any 1 < x < k — 1. It is one of the
propagation rules of modifying linear codes, which can be achieved by removing some
columns of the parity check matrix. The proof of shortening can be found in standard
textbooks on Coding Theory such as [40].

Recall that an extended Hamming code is a linear code of codeword length 2, dimen-
sion 2" —r — 1 and code distance 4, where > 2 is an integer. Our goal is to show that there
existintegers ¥ > 2and t > Osuch that2" —t =mnand 2" —r—1—-t >mn—m—n—+2
are satisfied.

We proceed as follows: first show that there exist integers r > 2 and t > 0 satisfying
2" —t=mnand 2" —r—1—1t =mn —m — n+ 2. In other words, we want to show that
we can shorten an extended Hamming code to obtain a linear code that has the same set of
parameters as that of the code formed by the game. To satisfy both conditions, we have
2" —mn =2"—r—1—mn+m+n— 2, which gives r = m +n — 3 > 2. Furthermore,
t = 2m*t"=3 _ 1n. We now show that t > 0 by induction.

Due to symmetry, we only consider the parameter m in the induction process. The
base case is either m = 3, n = 50rm = 5, n = 3. Thatis, t = 2° — 15 = 17 > 0. Assume
that 2"1t"=3 _ mn > 0 for some m and n. For the case of m + 2, we have

2(m+2)+n73 _ (m 4 2)1’1
— (2m+n73 _ mn) + <2m+n73 _ 2n) + 2m+n72

>2(2m+n73 _ mn) + 2m+n72 > 0.

Therefore, the propositions r = m +n —3 > 2 and t = 2"+"=3 — mn > 0 are verified by
induction arguments.

Next, we show that there exist integers 2 < v’ < m+n —3 and t' > 0 satisfying
2" — ¥ =mnand2” —+ —1—+t > mn—m—n+2. In particular, we let // = r —1 > 2.
Then,

mn=2 —t=2"—(t—2"y=2"—¥,

where #/ = t — 2" = 2m+"=% _ . We adopt a similar induction approach to show that
t' > 0. The base case is t = 2* — 15 = 1 > 0. Applying the induction step on the case of
m + 2, we have 20m2)+1=4 _ (4 4 2)p > 2(2m+1—4 _ ) + 2"+1=1 > 0. Now, consider

Y —1—t=02" =¥ —t)—2=mn—m—n+2.

Therefore, we have 2" — ¥ — ' = mn —m —n +4 > mn — m — n + 2. This shows that we
can shorten an extended Hamming code to obtain a linear code that possesses the same
codeword length and code distance as the code formed by the game, however this linear
code has more than |S| codewords. In other words, the code formed by the game is not
optimal.
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