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Abstract: The fault diagnosis of the gearbox is primarily based on the analysis of the harmonic re-

sponse. However, the generation mechanism of the harmonic response of the gear pair is still not 

distinctly explained in a healthy gearbox. Therefore, this paper is dedicated to establishing a dy-

namic model of the gearbox for this issue. In this model, the contact force of the bearing and the 

meshing stiffness of the gear pair are determined by the Hertz theory and the potential energy 

method, then the shaft motion is used as the connection to establish the coupling relationship be-

tween the gear pair and the bearing. After this dynamic model is confirmed by experiments and 

existing models, the coupling relationship inside the gearbox and the harmonic response of the gear 

pair are studied using this model. The result demonstrates that a closed control loop is formed due 

to the vibration transmission between the gear pair, the bearing and the shaft, and there is a strong 

coupled vibration between the gear pair and the bearing in the gearbox. Due to the generation of 

the center distance error, misalignment angle and disorganized meshing process of the gear pair, 

the meshing stiffness is altered, which excites the harmonic response of the gear pair. When the 

speed of the gearbox is increased, although the vibration amplitude of the gearbox is increased, the 

system predominantly vibrates at the fundamental frequency, and the harmonic of the gear pair is 

also shifted to the low frequency band. 
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1. Introduction 

The gearbox with the gear-shaft-bearing system as the main component is an im-

portant transmission mechanism, which is frequently used to transmit mechanical power 

and control the rotation direction, and is commonly used in wind turbines and various 

transportation vehicles [1,2]. In order to prevent transmission failure and possible eco-

nomic losses, during the working process of the gearbox, it is indispensable to distinguish 

its operating state for removing mechanical faults and replacing new parts, then the safe 

and reliable operation of the equipment can be accomplished [3,4]. The state detection of 

the rotating machinery is based on the vibration response analysis, which requires a clear 

understanding of the vibration mechanism to help evaluate the health status accurately 

[5,6]. Furthermore, the gearbox is composed of multiple parts, the cooperative operation 

between the gear pair and the bearing makes the system exhibit a strong vibration trans-

mission and coupling relationship, which makes the vibration mechanism and response 

of the gearbox extremely complicated, and brings great difficulty to the identification of 

the operating state [7,8]. Subsequently, it is imperative to establish the dynamic model to 
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study the vibration mechanism and vibration response of the gearbox in depth, and to 

investigate the coupling relationship between the gear pair and the bearing in the gearbox. 

In the research field of fault diagnosis for the gear pair, the mathematical model for 

describing the vibration response have been proposed and updated successively, another 

main approach is using a finite element/contact mechanics model to analyze load distri-

bution and contact states [9,10]. The 6 DOFs dynamic model of the gear pair with crack 

defects was established by Ma [11,12], and the meshing stiffness was calculated under 

different crack propagation paths, then then the vibration characteristics of the gear pair 

were summarized. The dynamic model and research method have important reference 

value for the follow-up research of the gear pair fault diagnosis. Later, a new dynamic 

model of the cylindrical gear pair with localized spalling defects was proposed by Yu [13], 

in which the effect of the failure was divided into meshing stiffness reduction and dis-

placement excitation according to the degree of spalling defect, and a correction factor 

was introduced to explain the influence of the nonlinear elliptical tooth surface contact on 

the vibration response. Through the dynamic analysis of the gear transmission system, 

Endo [14] pointed out that the change of meshing stiffness and tooth profile deviation was 

an important reason for the different vibration responses of the gear pair with tooth root 

crack defects and spalling defects. The time-varying meshing stiffness excitation and 

transmission error excitation in the meshing process were calculated by Parker [15], and 

the dynamic response of the gear pair at different speeds and torques was simulated by 

the finite element method (FEM). The dynamic model of the gear pair was used by 

Vaishya M and Singh R [16] to study the nonlinear dynamic response of the gear pair 

considering tooth surface friction. The Blok flash temperature theory and the thermal de-

formation equation were used by Xu [17] in the process of establishing the model, and the 

relationship between the wear of the high-speed gear in the wind turbine gearbox and the 

nonlinear dynamics was revealed. 

The rolling bearing is used as a supporting component to guide the rotation of the 

shaft in the gearbox, so as to ensure the smooth operation of the entire equipment, and it 

also has an important impact on the vibration characteristics of the transmission system 

[18,19]. In order to completely obtain the real-time transient response of the bearing, the 

relative sliding and lubricating traction were considered by Gupta [20], then the dynamic 

model of rolling bearings was established, and the dynamic program was written in FOR-

TAN language. Based on Gupta’s model, the localized defect, variations in additional 

clearance, Hertzian contact stiffness, and contact load were added by Niu [21] into the 

dynamic model, then the dynamic response of the bearing was investigated. However, 

this dynamic model is very complex, and it is not easy to converge in numerical solution, 

which makes it difficult to obtain effective promotion and application. Therefore, the sim-

plified dynamic model of bearings has been proposed by a large number of researchers 

[22,23]. Patil [24,25] established a simplified dynamic model of deep groove ball bearings 

with single-point and multi-point local faults, and studied the influence of defect types 

and fault degrees on the vibration response. Based on the Lagrangian equations, the anal-

ysis model of the rolling bearing was organized by Tandon and Choudhury [26], in which 

the triangular, rectangular and half-sine function were utilized to describe the shock exci-

tation caused by localized faults with different morphologies. Patel and Upadhyay [27] 

studied the nonlinear vibration response of bearings with faults on raceway and the con-

tact relationship between rolling elements and faults. With the development of computer 

technology, the explicit dynamic finite element model provides an effective way to simu-

late the internal running state of the bearing. The component of the bearing was regarded 

by Singh as a flexible body [28,29], and a two-dimensional finite element model of the 

rolling bearing with localized failure on the outer raceway was established. Through this 

model, the dynamic contact force between the roller and raceway can be obtained. 

In the above-mentioned research, it can be seen that the dynamic research on gear 

pairs and bearings has been comparatively mature, and a large number of research results 

have been obtained. Nonetheless, in order to simplify the dynamic model, most of the 

research objects selected by researchers are focused on a single gear pair system or bearing 
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system, which are all part of the gearbox, the components in the transmission system are 

split. Moreover, in the rare dynamic model of the gearbox, the gear pair and the bearing 

are considered to rotate independently, the excitation sources of the gear pair and the 

bearing are set to not interfere with each other, and the vibration transmission and cou-

pling relationship between components are severely weakened, which leads to a large 

difference between the numerical solution of the established model and the vibration re-

sponse obtained from the experimental test. Therefore, the mathematical model needs to 

be improved and updated to attain a clearer understanding of the vibration generation 

mechanism of the gearbox. 

To this end, a modified dynamic model of the gearbox is established in this paper, in 

which the potential energy method is used to determine the meshing stiffness of the gear 

pair, the contact force between the bearing roller and the raceway is computed using the 

point contact model in the Hertz theory. The mutual interference of the excitation source 

of the gear pair and the bearing is given by the gyroscopic motion of the shaft, which is 

caused by the asynchronous vibration of the supporting bearing inner rings on both sides 

of the shaft, then the coupling relationship between components in the gearbox can be 

determined using this method. The interference between the component and vibration 

responses of the gearbox are further explored using the established mathematical model, 

and the obtained results are confirmed by experiments, which can be used to guide the 

fault diagnosis of the gearbox and provide substantial theoretical support for engineering 

practice. 

2. Dynamic model of the gearbox 

2.1. Model simplification 

In order to prevent excessive complexity of the dynamic model, the necessary as-

sumptions need to be made when constructing the model. In these assumptions, only 

some important influencing factors are discussed, and other minor contradictions are ig-

nored, as follows: 

1. The shaft is rigid, its bending deformation is not considered;  

2. The axial displacements of gear pairs and bearings are ignored; 

3. The lumped mass method is used to model the component, and the contact between 

the components is simplified as a spring-damper system; 

4. Factors such as temperature and lubrication are not considered. 

2.2. Dynamic model of the gearbox 

On the basis of these assumptions, as shown in Figure 1, a model with 36 DOFs of 

the gearbox is built. The dynamic equations are [30,31]: 
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Figure 1. Dynamic model of the gearbox. 

⎩
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

����̈�� + �����̇�� − �̇���� + ������� − ����� = ���                                                                                   

����̈�� + ������̇�� − �̇���� + �������� − ����� + ��� = 0                                                                      
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����̈��� + ����� + �����̇�� + ����� + ������� − ������  − ����̇�� − ��� = 0                                

����̈�� + �����̇�� − �̇��� + ������� − ���� = 0                                                                                       
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           (1) 

Where, ���, ���, ���, ���� and ��� are the mass of the bearing outer ring, inner ring, res-

onator, driving gear and driven gear; ���, ���, ���� and ��� represent the inertia moment 

of the input shaft, output shaft, driving gear and driven gear; ����, ���, ���  and ��� 
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represent the inertia moment of the driving gear, driven gear, input shaft and output shaft; 

����, ����, ����, ���� and ���� are the support stiffness of outer rings, inner rings and reso-

nators; ����, ����, ����, ����  and ����  are the support damping of outer rings, inner rings 

and resonators; ���, ���, ����  and ���  are the displacement of outer rings, inner rings, 

driving gear, and driven gear in x direction; ���, ���, ����, ��� and ��� are the displace-

ment in y direction; ����  and ���  are the radius of the driving gear base circle and 

driven gear base circle; ��� and ���� represent the motor torque and load torque. �� is 

the meshing force of the gear pair;  ��� and ��� represent the nonlinear contact force be-

tween the bearing raceway and rollers. 

2.3. Model of the ball bearing 

The simplified model of the ball bearing is established, as shown in Figure 2. ��� and 

��� can be calculated according to the point contact model in the Hertz theory [32]. It 

should be noted that the subscript � is the serial number of the bearing (� = �, �, �, �), 

which means the j-th bearing, and the subscript � is the serial number of the roller (� =

�, �. . . ���), which means the i-th roller in the j-th bearing. 
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Figure 2. Model of the ball bearing. 
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��� = ���� ��������
� sin ����

���

���

                                                                        (2) 

Where, ��� represents the total number of rollers; ���� is the equivalent stiffness between 

the ball and bearing raceway, the power exponent � is 1.5 when the ball acts as a roller. 

��� = �
1    �� > 0
0         else

                                                                                         (3) 

��� indicates the azimuth of the roller, which is emulated as: 

��� =
2�(� − 1)

���
+ �1 −

���

���
�

���

2
� + ����                                                                (4) 

Where, ��� is the diameter of balls; ��� is the pitch diameter of the bearing; ���� is the 

initial phase of the bearing cage; ��� is the angular speed of bearing inner rings. 

��� is the contact deformation between raceways and balls, which can be expressed 

by the displacement of the bearing component. 

��� = ���� − ���� sin ��� + ���� − ���� cos ��� − ����                                                          (5) 

Where, ���� represents the clearance of the j-th bearing. 
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The rotational frequency ���  and ���  of the high-speed shaft and the low-speed 

shaft can be calculated as: 

�
��� =

�����

60
                 

��� =
����

60
= ��� ∙

��

��

                                                                                   (6) 

Where, �� and �� are the teeth number of the driving gear and the driven gear, ����� 

and ���� are the rotational speeds of the high-speed shaft and the low-speed shaft. 

Therefore, the pass frequency ��� of the bearing outer raceway is [33]: 

��� = 0.5��(1 −
���

���
)                                                                                        (7) 

2.4. The model of the coupling relationship between the gear pair and the bearing in the gearbox 

In the gearbox, the gyroscopic motion of the shaft is caused by asynchronous vibra-

tion of the bearing inner rings on both sides of the shaft, as shown in Figure 3. Then, the 

center distance error and misalignment angle of the gear pair are generated. Using this 

method, the coupling relationship between the gear pair and the bearing can be deter-

mined. 

In Figure 3, � is the length of the shaft, and �′ is the actual center distance of the 

gear pair. It can be seen that the misalignment angle � between the two shafts is the angle 

between the vector �������⃗  and the vector ��������⃗ , the length of vector ��������⃗  is the actual center 

distance of the gear pair, and the following expression is satisfied. 
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Figure 3. The model of the coupling relationship between the gear pair and the bearing in the gear-

box. 
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                                (8) 

� = ∠�AC�����⃗ , DF�����⃗ � = acrcos
(��� + ���)(��� + ���) + (��� + ���)(��� + ���) + ��

�[(��� + ���)� + (��� + ���)� + ��] ∙  [(��� + ���)� + (��� + ���)� + ��]   
     (9) 

∆� = �� − �                                                                                (10) 

Where, � is the ideal center distance of the gear pair under standard installation, ∆� is 

the center distance error. 
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2.5. Model of the gear pair and meshing stiffness 

When the gear pair is operated under the condition of misalignment and center dis-

tance error, the meshing force between the gear teeth will be deflected, as shown in Figure 

3(a) and Figure 3(b). Then the meshing stiffness of the gear pair can be quantified using 

the potential energy method [34], and the cantilever beam model is shown as Figure 3(c). 

In Figure 3, � represents the equivalent concentrated force of the meshing force ��, 

�� and �� can be obtained after the meshing force � is decomposed, �� is the normal 

force acting on the tooth surface, � is the width of the gear teeth, and �� is the pressure 

angle at the actual meshing point, �� represents the half of the center angle correspond-

ing to a gear tooth, �� represents the distance between the meshing point and the center 

line OP, � and �� represent the radius of the pitch and addendum circles. 
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Figure 3. Force decomposition: (a) Alignment; (b) Misalignment; (c) Cantilever beam model. 

Bending deformation energy ��: 
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[−��ℎ+��(� − �)]�

2���
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2��
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�

                                                            (11) 

Shear deformation energy ��: 

�� = �
(1.2��)�

2���
d� =

��

2��

�

�

                                                                       (12) 

Radial compression deformation energy ��: 

�� = �
��

�

2���
d� =

��

2��
 

�

�

                                                                        (13) 

As shown in Figure 4, when there is a misalignment error on the gear pair, �� will 

no longer be uniformly distributed, but will show the characteristics of parabolic distri-

bution [35]. Since the vibration of the gearbox in the x-direction is only excited by the 

contact force of the bearing, the vibration amplitude in this direction is much smaller than 

that in the y-direction. Therefore, only the misalignment in the y direction is considered, 

and the meshing area of the gear is still parallel to the centerline of the shaft, which can 

also avoid the tediousness of using the slicing method to obtain meshing stiffness. 

The torsional deformation of the gear teeth is caused due to uneven force on the gear 

teeth, so the torsional stiffness  �� of the gear pair is generated, and the torsion moment 

is � = �� ∙ �. Similarly, the potential energy method is used to establish a calculation 

model for the torsional stiffness [36]. 

Torsional deformation energy ��: 

�� = �
(�� ⋅ �)�

2����
d�

�

�

=
��

2��
                                                                        (14) 
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Where, ��, �� and ��� represent the inertia moment, the cross-sectional area and polar in-

ertia moment of the gear tooth, which can be calculated as: 
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Figure 4. The distributed load of the gear pair is replaced by the concentrated load: (a) Alignment; 

(b) Misalignment. 

According to the force decomposition of Figure 3 and Figure 4, the following equa-

tion is established: 

�

�� = � cos �                                   
�� = �� cos �� = � cos � cos ��

�� = �� sin �� = � cos � sin ��  

                                                                  (16) 

Then, the stiffness component can be obtained after simplification. 

Bending stiffness ��: 

1
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12 �1 + cos ��[(�� − �) sin � − cos �] − 2 cos ��sin2 �
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�
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�

(�� − �) cos �
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       (17) 

Shear stiffness ��: 

�
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�. �(� + �)(�� − �) ��� �cos���cos��

��[��� � + (�� − �) ��� �]
d�
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���

                                   (��) 

Radial compression stiffness ��: 

1

 ��
 = �

(�� − �)cos�sin���cos��

2��[sin� + (�� − �)cos�]
d�
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���

                                               (19) 

Torsional stiffness ��: 

1

��
 = �

3�(1 + �)(�� − �)cos2��cos2� cos �

16�[sin � + (�� − �) cos �]{4��
�[sin � + (�� − �) cos �]� + ��}
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d�           20) 

Similarly, the meshing stiffness of the gear pair is also affected by the actual center 

distance. According to the meshing principle of the gear pair, equation (21) is given as: 

�� = arccos �
� cos �

� + ∆�
�                                                                          (21) 

Where, �� is the actual pressure angle of the gear pair. The meshing stiffness calculation 

model of the gear pair under the coupling effect of the center distance error and misalign-

ment angle can be determined by replacing � in equations (17-20) with ��. 

The nonlinearity of the meshing force ��  of the gear pair is considered, which 

mainly comes from the elastic meshing force �� and the viscous meshing force ��, as 

follows [37]: 
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�

�� = �� + ��                                                               

�� = ����������� − ������ − ���� + ��� − ���

�� = ��������̇��� − ����̇�� − �̇��� + �̇�� − ��̇� 

                                               (21) 

Where, �� and �� are comprehensive meshing stiffness and meshing damping. 

�� is the transmission error and can be simulated by the trigonometric function [38]. 

�� = �� + �� sin�2��
�

� + �
�
�                                                                (23) 

Where, �� is the meshing frequency, ��  and �� represent the fluctuation and average 

error. 

�� = ����� = �����                                                                               (24) 

The model in Ref 39 and Ref 40 is used to calculate the matrix deformation stiffness  �� 

and the Hertzian contact stiffness  �� of the gear pair, then the comprehensive meshing 

stiffness of the gear pair can be obtained as [41]: 
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  (25) 

3. Results and experimental verification 

The main parameters of the gear pair and bearing types are listed in Table 1, and the 

parameters in the dynamic model are shown in Table 2. The established dynamic equa-

tions of the gearbox are solved using the ����� − ����� method, and a flow chart of the 

whole process is configured and provided in Figure 5. The total working time and work-

ing step are set to 2s and 10��s, the initial state of the system is set to 0. After the numerical 

solution is obtained, the vibration acceleration �̈�� of the bearing 1 resonator is extracted 

as the analysis signal, and the frequency-domain response of the system can be obtained 

through the Fast Fourier Transform (FFT). 

Table 1. The main parameters of the gear pair and bearing types. 

 

After the dynamic equation of the gearbox is solved, the numerical solution can be 

obtained. Then the center distance error ∆�, the misalignment angle � and the time-var-

ying meshing stiffness �� of the gear pair are extracted, and the results are shown in Fig-

ure 6. The center distance error ∆� and misalignment angle � of the gear pair are shown 

in Figure 6(a) and Figure 6(b) respectively, it can be seen that during the operation of the 

gearbox, ∆� and � are changed periodically. There are 23 local peaks on the curve in one 

revolution of the high-speed shaft, which is consistent with the teeth number of the driv-

ing gear. This shows that the ∆� and � between the high-speed shaft and the low-speed 

shaft are mainly motivated by the meshing behavior of the gear pair, the asynchronous 

vibration of the support bearing inner ring is aggravated, which causes the eccentricity 

and misalignment of the shaft. Also, the meshing behavior of the gear pair is affected by 

the actual center distance and misalignment, which is equivalent to the formation of a 

complete control closed loop. In this closed loop, the meshing behavior of the gear pair 

Parameter/(unit) Driving gear Driven gear Bearing Types 

Modulus m/mm  2.5 2.5 Bearing 1 6304 

Number of teeth z 23 81 Bearing 2 6304 

Pressure Angle α/(°) 20 20 Bearing 3 6308 

Tooth width W/mm 26 26 Bearing 4 6308 

Young's modulus E/GPa 206 206 - - 

Poisson's ratio v 0.3 0.3 - - 
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not only plays the role of emitting excitation, but also is controlled by the excitation from 

the closed loop. It is further explained that in the gearbox, the transmission path of vibra-

tion is closed, and there is a strong coupling relationship between the gear pair and the 

bearing. 

Table 2. Parameters of the gearbox model. 

Parameters Values Parameters Values 

Inertia moment of input shaft ���/(�� ⋅ ��) 0.0021 Torsional stiffness of shaft ���, ��� /(��/���) 4.4e5 

Inertia moment of driving gear ����/(�� ⋅ ��) 4.365e-4 Torsional damping of shaft ���, ���/(���/���) 5e5 

Inertia moment of driven gear ���/(�� ⋅ ��) 8.362e-4 Stiffness of bearings ���, ��� , ���/(�/�)  6.56e7 

Inertia moment of output shaft ���/(�� ⋅ ��) 0.0105 Damping of bearings ���, ���, ���/(��/�)   1.8e5 

Load (N/m) 30 Mass of the coupling housing ����/�� 1 

Average transmission error ��/� 3e-5 Mass of driving gear ����/�� 0.96 

Transmission fluctuation range ��/� 2e-5 Mass of driven gear ���/�� 2.88 

Rotation frequency of input shaft ���/�� 30 length of shaft � ��⁄  205 

Start

Set the gearbox parameters, initial state and working step

Calculate Fxj and Fyj based on 
bearing model

Calculate FM and kt based on 
the model of the gear pair

Calculate the misalignment angle θ and actual center distance a , of the shaft

Solving the dynamics equations of the gearbox using the Runge-Kutta 
method

Whether the iteration is 
over

yb1 is extracted for analysis

End

Yes

Extract the 
displacement of 

the bearing
t=t+Δt

No

..

 

Figure 5. The flow chart for the whole process. 

Similarly, the bearing also has an influence on ∆�  and �  of the shaft, which is 

mainly reflected in the amplitude modulation of the passing frequency of the bearing 

outer raceway. It can be seen from Figure 6(a) and Figure 6(b) that ∆� and � are modu-

lated by the passing frequency ��� of the bearing outer raceway. Since the gear pair is 

generally located at the midpoint of the shaft, it is not sensitive to the gyroscopic motion 

of the shaft. On the contrary, the misalignment angle is more seriously modulated by the 

shaft motion. 

The dynamic meshing stiffness of the gear pair in the gearbox is plotted in Figure 6(c) 

and compared with the results from the model proposed by Sawalhi [43]. When the 

Sawalhi model is used to calculate the meshing stiffness of the gear pair, it is found that 

the meshing stiffness curve is strictly cyclically varied. In his model, only the influence of 
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the gear pair structure on the meshing stiffness is considered, and the vibration displace-

ment factor of the system is ignored. 

 

Figure 6. Internal excitation of the gearbox: (a) center distance error; (b) misalignment angle, (c) 

meshing stiffness of gear pair. 

From the results of the model established in this paper, it is found that the meshing 

stiffness will be affected by the motion of the shaft and bearing, and the excitation source 

is increased, which leads to a decrease in the meshing stiffness compared with the results 

obtained by the Sawalhi model as a whole. There are more local peaks on the meshing 

stiffness curve, the periodicity is worse, and it also shows the characteristics of weak non-

stationarity. Especially at the alternation of the single-tooth meshing interval and the dou-

ble-tooth meshing interval of the gear pair, the meshing stiffness value is abruptly 

changed, the normal vibration of the gear pair is generated, which causes a large center 

distance error and misalignment angle, and maximizes the reduction in meshing stiffness. 

In addition, the meshing behavior of the gear pair becomes chaotic, and the length of the 

single and double meshing interval is changed, which is also slightly affected by the am-

plitude modulation of the bearing. 

In order to prove that the vibration mechanism in the gearbox can be more accurately 

described by the model established in this paper, the response obtained by the model are 

compared with the result from the Sawalhi model and experiment respectively. 

The Experiments are carried out by using the gearbox experimental equipment mod-

eled HD-CL-012C, which was manufactured in Wuxi Houde Automation Instrument Co., 

Ltd in China, and is shown in Figure 7. The transmission ratio of the gear pair in the gear-

box is 23:81, and the bearing types are 6304 and 6308, which are purchased from NSK in 

Japan. The speed of the motor (ABB motors-QABP100L, 2A) is set to 1800rpm, and the 

load of the magnetic powder brake (FZ50Y) is selected to be 30N m. A 16-channel data 

collector (HD9200) and acceleration sensor (HD-YD-232) are used to measure the response 

of the gearbox in the plumb direction, this direction is the closest to the meshing action 

line of the gear pair, and the experimental error is the smallest. The measurement point is 

set at the bearing end cover, the sampling frequency is set to 30k Hz, and the results are 

shown in Figure 8. 

There is no obvious shock in the time-domain signal obtained by the experimental 

method, which indicates that the gearbox is in good operating condition without any lo-

calized defects, and is modulated by the passing frequency of the bearing outer raceway. 

More effective information can be obtained in its frequency-domain response, in which 

the passing frequencies of the bearing outer raceway can be found, such as 

���, 2���, 3���. .., which verifies that the system is supported by the bearing and is also mod-

ulated by the bearing. And there are the meshing frequencies of the gear pair in the 
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spectrum, such as ��, 2��. .., and the amplitude is relatively large, which indicates that the 

vibration of the gearbox is mainly caused by the meshing behavior of the gear pair. It is 

worth noting that on both sides of the meshing frequency, there are obvious harmonic 

frequencies of the gear pair, such as �� ± ���, �� ± 2���, 2�� ± ���, 2�� ± 2���. ...These fre-

quency components are generated by the frequency modulation of the meshing frequency 

and the frequency of the rotating shaft, which further shows that the excitation source of 

the meshing stiffness is not only determined by its own properties, but other factors will 

also affect the vibration of the gear pair, so the meshing stiffness excitation is not strictly 

periodic and stable. 

 

Figure 7. HD-CL-012C Gearbox Test Bench. 

Similar to the experimental results, there is no obvious shock signal in the time-do-

main response obtained by using Sawalhi model, and the response is relatively stable, 

which is also affected by the amplitude modulation of the bearing. However, the main 

separation between this result and the experimental result is reflected in the frequency 

spectrum, and it is difficult to find the harmonic frequencies of the gear pair. Since the 

excitation of the system vibration and shaft motion on the gear pair is ignored in Sawalhi 

model, the generation mechanism of the harmonic frequency cannot be explained, so the 

real vibration mechanism of the gearbox cannot be completely and accurately described. 

 

Figure 8. Vibration response of gearbox: (a) time-domain response; (b) frequency-domain re-

sponse. 

This problem can be perfectly explained using the dynamic equations established in 

this paper. The time-domain response obtained by the model established in this paper is 

no different from the experimental results and the results of the Sawilhi model. In the 
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spectrum, in addition to the passing frequency of the bearing outer raceway and the mesh-

ing frequency of the gear pair, the harmonic frequencies of the gear pair are also found, 

such as �� ± ���, �� ± 2���, 2�� ± ���, 2�� ± 2���. ... This result is highly similar to the ex-

perimental result, which can be used to explain the generation of the harmonic response 

and truly understand the vibration mechanism of the gearbox. 

4. Discussion 

The established dynamic model of the gearbox has been verified by experiments, 

then the vibration characteristics of the gearbox at different speeds are further discussed, 

which can provide theoretical reference for engineering practice and subsequent research. 

The input rotational frequency ��� is set to 30Hz, 40Hz, 50Hz and 60Hz, respec-

tively. After the dynamic equation of the gearbox is solved, the internal excitation source 

of the gearbox is obtained as shown in Figure 9. It is found that as the rotation speed 

increases, the vibration amplitude of the bearing inner ring is increased, and the more 

severe gyroscopic motion of the transmission shaft is caused, which makes the center dis-

tance error and misalignment angle continue to increase, and the amplitude modulation 

of the bearing outer raceway is more obvious, as shown in Figure 9(a) and Figure 9(b). 

Due to the fluctuation of the center distance error curve and the misalignment angle curve, 

it is difficult to quantify the degree of its excitation to meshing stiffness, and these fluctu-

ating data can be processed using the root mean square (RMS) in mathematical statistics, 

the result is shown in Table 3. It can be seen that with the increase of the gearbox speed, 

the RMS value of the ∆� and � shows a consistent increasing trend, which further re-

veals that the higher the speed, the greater the excitation intensity of the bearing motion 

on the meshing stiffness. 

 

Figure 9. Excitation sources in the gearbox at different speeds: (a) center distance error; (b) misa-

lignment angle; (c) meshing stiffness. 

Figure 9(b) shows the meshing stiffness of the gear pair at different speeds. It is found 

that as the rotational speed increases, the meshing process of the gear pair becomes more 

chaotic, and the meshing stiffness value is continuously reduced as a whole. The length 

of the single-tooth and double-tooth meshing interval of the gear pair is changed from the 

original fixed value to the time-varying value. Especially when the input speed is 
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3600rpm, the center distance error and misalignment angle are maximized, which causes 

the single and double-tooth meshing interval to no longer show regular alternation. When 

the gear pair is driven by a single pair of gear teeth, the next pair of gear teeth that are 

about to enter meshing will be unexpectedly entered meshing ahead of time due to the 

movement of the shaft, which is easy to cause the disorder of the meshing process, and 

this is extremely unfavorable for the meshing process of the gear pair and the vibration of 

the gearbox. 

Table 3. RMS value of center distance error and misalignment angle. 

        fr1 (Hz) 

RMS (m/s2)   
30 40 50 60 

Δa  0.218 0.226 0.237 0.254 

θ  0.487 0.535 0.563 0.612 

 

The response of the gearbox at different speeds is shown in Figure 10, it is found that 

when the gearbox is operated at different speeds, the response is still a periodic and stable 

signal. As the rotational speed increases, the modulation effect of the bearing outer race-

way on the response is enhanced, and the vibration amplitude of the system will be in-

creased, as shown in Figure 10(a), which is related to the rotational speed excitation of the 

system. 

The frequency-domain response of the gearbox can be obtained by using the FFT, as 

shown in Figure 10(b). In order to facilitate the comparison of the spectrum composition 

at different rotational speeds, the horizontal axis in the spectrum is transformed into the 

order, ����� = � ���⁄ , where, Order represents the dimensionless rotation order, and F is 

the abscissa in the original spectrum. When the gearbox is operated at different speeds, 

the bearing outer raceway passing frequency and the meshing frequency of the gear pair 

can still be found in the spectrum, such as ���, ����, ����, ��, ���. .., and these frequency 

amplitudes are listed in Table 4. It can be seen that in the process of increasing the speed, 

the fundamental frequency of ���  and ��  has been increased, the amplitude of their 

double super harmonic ���� and ��� is instead reduced, which means that although 

the vibration amplitude of the system is increased, it can make the system vibrate mainly 

at the fundamental frequency. 

 

Figure 10. Response of gearbox at different speeds: (a) time-domain response; (b) frequency-domain 

response. 
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On both sides of the meshing frequency, the harmonic frequencies of the gear pair 

can also be found, such as �� ± ���, �� ± ����, ��� ± ���, ��� ± ����. .., and their ampli-

tudes are continuously increased. This shows that at different speeds, the harmonic re-

sponse of the gear pair can be excited, and the excitation intensity of the system vibration 

on the meshing behavior of the gear pair is continuously enhanced with the increase of 

the speed. From the distribution interval of these harmonic frequencies, as the rotation 

speed is increased, the harmonic frequency is advanced from the original ��~��� fre-

quency range to the �~�� frequency range, which proves that as the speed increases, the 

harmonic frequency of the gear pair is continuously shifted to the low frequency band. 

Table 4. Amplitudes of the frequency. 

      fr1 (Hz) 

Frequency (Hz)   
30 40 50 60 

�� 0.5224 0.5678 0.6066 0.6536 

2�� 0.4873 0.4248 0.3438 0.2824 

��� 0.025 0.1253 0.1714 0.2028 

2��� 0.0191 0.0042 0.0037 0.0017 

 

In order to compare the operating stability of the gearbox at different speeds, the 

displacements in the x-direction and y-direction of the bearing 1 outer ring are extracted 

and drawn into the axis trace, the results are shown in Figure 11. In the axis track of the 

outer ring, the support role of the bearing and the shock caused by the meshing behavior 

of the gear pair can be easily identified. The axis track roughly presents an elliptical shape, 

the long axis of the ellipse is corresponding to the displacement in the y direction of the 

outer ring, which is excited by the Hertzian contact force of the bearing and the nonlinear 

meshing force of the gear pair, and the vibration amplitude caused is relatively large. The 

short axis of the ellipse is corresponding to the displacement in the x direction of the outer 

ring, and the vibration is only excited by the Hertzian contact force of the bearing, and the 

amplitude is relatively small. As the rotational speed increases, the axis track of the outer 

ring becomes more and more chaotic, which means that the excitation of the gear pair 

vibration is aggravated by the gyroscopic motion of the shaft, the stability of the gearbox 

operation becomes worse. 
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Figure 11. Axial track of outer ring: (a) ��� = ����; (b) ��� = ����; (c) ��� = ����; (d) ��� =

����. 

5. Conclusion 

In order to study the coupled vibration between the gear pair and the bearing in the 

gearbox, a 36 DOFs dynamic model of the gearbox is established in this paper. In this 

model, the nonlinear contact force of the bearing and the nonlinear meshing force of the 

gear pair are determined using the Hertz theory and the potential energy method, then 

the gyroscopic motion of the shaft caused by vibration of the bearing inner ring is used as 

the connection to establish the coupling relationship between the gear pair and the bear-

ing. The generation mechanism of gear pair harmonic response and the vibration charac-

teristics of the gearbox at different speeds are discussed in detail using this model. The 

main results are summarized as follows: 

(1) In the gearbox, a closed control loop is formed due to the vibration transmission 

between the gear pair, the bearing and the shaft, there is a strong coupling relationship 

between the gear pair and the bearing. Each component emits excitation due to its own 

vibration and is also subject to interference from the closed loop. 

(2) Due to the severe coupling relationship, the gyroscopic motion of the shaft is 

caused, which leads to the generation of center distance error and misalignment angle. 

Then the disorganized meshing process and the meshing stiffness excitation are affected, 

and the harmonic response of the gear pair is excited. 

(3) When the speed of the gearbox is increased, the meshing process of the gear pair 

is more chaotic, and the stability of the gearbox is reduced. Although the vibration ampli-

tude of the bearing and the gear pair is increased, the system mainly vibrates at the fun-

damental frequency, and the harmonics of the gear pair are also shifted to the low fre-

quency band. 

(4) The established model is confirmed by the Sawalhi model and experiments. 
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