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Abstract: We show that quantum mechanics can be constructed as a classical field theory that cor-
rectly describes all basic quantum effects, by combining the Maxwell and Dirac equations. It is
shown that for a self-consistent union of the Maxwell and Dirac equations into a unified classical
field theory, it is necessary to introduce an additional short-range tensor field, which compensates
the intrinsic electrostatic field of the electron wave inside the atom. For the combined Maxwell-Dirac
field, the stress-energy tensor is constructed. We show that in the nonrelativistic limit this theory
naturally transforms into the self-consistent Maxwell-Pauli theory and allows describing all basic
quantum effects in the framework of classical field theory without any quantization.
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1. Introduction

It was shown in [1-6] that the basic quantum effects can be completely and consist-
ently described within the framework of classical field theory without any quantization,
if the electron field described by the wave function is also considered in the spirit of clas-
sical field theory, and the wave equations of quantum mechanics (Schrodinger, Pauli,
Klein-Gordon and Dirac equations) be considered as field equations of the classical elec-
tron field by analogy with how Maxwell equations are field equations of the classical elec-
tromagnetic field. At the same time, as shown in [2-6], in order to obtain the correct spectra
of spontaneous emission and describe the basic quantum effects, the Schrodinger equation
should not include the intrinsic electrostatic field of the electron wave (i.e., the electrostatic
field created by the electron wave itself), but the non-stationary (radiative) component of
the intrinsic electromagnetic field of the electron wave should be included [1-6]. The re-
sults of works [1-6] indicate the possibility of constructing a unified classical theory of
electromagnetic and electron fields. However, a simple formal combination of the equa-
tions of classical electrodynamics and quantum mechanics leads to incorrect spontaneous
emission spectra. This is due to the fact that in the nonlinear Schrodinger (Dirac, Pauli,
Klein-Gordon) equation, which is obtained as a result of such a combination, the potential
of the own electrostatic field of the electron wave appears, which changes the eigenvalues
of the equation compared to the usual (linear) wave equation. In works [2-6], the nonlinear
Schrodinger equation was considered, in which the own electrostatic field of the electron
wave was artificially discarded, which is unnatural. It seems more natural to combine
quantum mechanics and classical Maxwell electrodynamics within the framework of clas-
sical field theory, in which the intrinsic electrostatic field of the electron wave will auto-
matically be excluded from the equation describing the electron field, while the nonsta-
tionary (radiative) component of the intrinsic electromagnetic field will be taken into ac-
count.

In [7], a variant of combining the Maxwell and Pauli classical fields is proposed,
which has the above properties. The theory [7] is described by the equations
oY [ 1

ih— =
2m,

(hV+eA)2 G+-" oH (1)
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the index "X" refers to the total electromagnetic field; the index "e" refers to the in-
trinsic electromagnetic field created by the charged electron wave; the electron wave itself
is considered as a classical field and is described by the spinor ; parameters without
index refer to the external electromagnetic field, i.e. to a field created by external (with
respect to the field 1) charges and currents; » is a constant that has the dimension recip-
rocal of the length and satisfies the condition [7]

nag K 1 (10)

where ag is the Bohr radius. The constant », which satisfies condition (10), makes
the field G short-range, exponentially decaying at distances of the order of ap from the
source [7]. The constant » has been introduced into equation (2) in order to explain why
the field G has not yet been experimentally discovered, and also why the electron field of
an atom does not “feel” its own electrostatic field, but at the same time “feels” the electro-
static fields created by other atoms and ions.

The system of equations (1)-(9) is closed and self-consistent. It differs from a simple
formal combination of the Maxwell and Pauli equations in that the Pauli equation (1) in-
cludes an additional term -e6G containing a new real vector field G that satisfies equa-
tion (2). As shown in [7], this fundamentally changes the solutions of the combined system
of Maxwell-Pauli equations, and allows correctly describing the experimentally observed
effects.

The introduction of the -e6G term into equation (1) can be considered as a renor-
malization of the theory, however, unlike the formal (artificial) renormalization intro-
duced in QED, this renormalization has a simple and natural meaning, as the effect of
some classical field G satisfying equation (2) , which was previously not taken into ac-
count in the theory.

From equations (5) and (6) it follows that p and j, determined by relations (8) and
(9), play the role of the electric charge density and electric current density of the Pauli field
(electron field). Thus, the Pauli field (electron field) has an electric charge and an electric
current continuously distributed in space, which are not reduced to point charged parti-
cles and their motion. The electric charge of the Pauli field contained in some region Q of
space is equal to g = [ pdV, where the integral is taken over the region Q. In particular,
the electric charge of the electron field of an electrically neutral atom whose nucleus has
the charge Ze is equal to [ pdV = —Ze, where Z = 1,2, .., and the integral is taken over
the entire space. Taking into account (8), we come to the conclusion that the wave function
in an electrically neutral atom satisfies the normalization condition
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fzp*zpdv =z (11)

which only for Z = 1 goes over to the normalization of the wave function usually
accepted in quantum mechanics.

As shown in [2, 7], the classical electron field has an angular momentum and a mag-
netic moment, which have two components:

L=L, +8S (12)
M =M, +n (13)

where L,, and M,, are the convective (orbital) components of the angular momen-
tum and the magnetic moment of the electron field associated with currents, while S and
n are the intrinsic angular momentum (spin) of the electron field and its intrinsic mag-
netic moment associated with the spin. The intrinsic angular momentum (spin) of the elec-
tron field is continuously distributed in space with a density

s= gzp*mp (14)

while the intrinsic magnetic moment of the electron field is continuously distributed
in space with a density

m=—-———yoyY (15)

From (14) and (15), it follows

s (16)

showing that the internal gyromagnetic ratio of the electron field at all points in space
is the same and equal to

e

Ye =~ (17)

mecC
In the theory [1-7], the internal angular momentum (spin) and the associated internal
magnetic moment are properties of the classical electron field itself and cannot be reduced
to motions and, moreover, to rotations of any particles.
The convective (orbital) components of the angular momentum and magnetic mo-
ment of the electron field are related by the equation [7]

e

M, = — L,, (18)

2m,c

coinciding with the corresponding relation for classical charged matter (for example,
classical particles) [8]. Hence it follows that the convective (orbital) gyromagnetic ratio for
the electron field is determined by the classical expression

e

Yor = — (19)

2m,c

Thus, the spin (intrinsic) gyromagnetic ratio of the electron field (17) is two times
greater than the convective (orbital) gyromagnetic ratio (19). In the classical theory of the
Maxwell-Pauli field [7], this fact is a natural property of the electron field, which is an
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electrically charged magnetic matter continuously distributed in space, and does not lead
to paradoxes.
The system of equations (1)-(9) has gauge invariance:

10 ie
Ao AT, oo os—o, popep(—of) 0)

where f is an arbitrary function; in this case, the strengths of the electric and mag-
netic fields, the field G, as well as the densities of the electric charge, current, intrinsic
angular momentum and intrinsic magnetic moment of the electron field do not change.

The system of equations (1)-(9) is not relativistically invariant, since equations (1) and
(2) do not have relativistic invariance.

The purpose of this work is to develop a relativistically invariant theory of the com-
bined electromagnetic and electron fields based on the Dirac equation.

2. Modified Dirac equation

As is known [9], the Dirac equation admits the generalization proposed by Pauli in
the form

[y" (pﬂ + ;Af)) +idy*yVGyy — mec] Y=0 (21)

where w,v =0,1,2,3,4; p, = ihd,; 9, = /0x*; ¥ is the bispinor; G,, isan arbitrary
real-valued antisymmetric 4-tensor; A is an arbitrary real-valued constant; A,(f) =A4,+
Al(f) ; A, is the 4-vector potential of the external electromagnetic field; Al(f) is the 4-vector
potential of the electromagnetic field, created by the electron wave; A* = (¢,A); ¢ and
A are the scalar and vector potentials of the electromagnetic field. Note that equation (21)
takes into account the sign of the charge of the electron field, i.e. here, e > 0.

Equation (21) is the most general relativistically invariant equation, linear with re-
spect to the fields A* and G,,,.

In particular, Pauli used [9] G,, = F,, and A1 = —i, where F,, is the electromag-
netic field tensor; u is a constant having the dimension of a magnetic moment. In this

case, the “quantum particle” described by equation (21) has a magnetic moment equal to
(ug + ), where ug = % is the Bohr magneton.

We are interested in such a field G,,, which compensates for the own electrostatic
field of the electron wave inside the atom, but does not compensate for it outside the atom.

This means that the following condition must be satisfied inside the atom:

€@ L ivve. =

EAO +ilyYGy, =0 (22)
Differentiati tion (22 btains £-2A7 4 ayv P20 _ 0 Taking int
ifferentiating equation (22), one obtains — oxvon, T AV 55, = 0. Taking into ac-
2 4()
count that, according to the Maxwell equations [8], —— Aa"xa = 4mp, where the charge den-
sity of the electron field is determined by the relation p = —e¥*¥, one obtains

iy 200 € ey 23)

vy x°0x, & c

It follows that the field G,, must satisfy the equation

aZGuv
0x,0x°

= eMHY (24)

where M* is an antisymmetric tensor quadratic with respect to W; ¢ is some con-
stant, which will be defined below.
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The field G*V satisfying equation (24) will be long-range, which raises a number of
questions [7]: why the field G*¥ has not yet been experimentally discovered, and also
how the field G*¥ “distinguishes” the own electrostatic field of the electron wave in an
atom, which it must compensate, from the electrostatic field of other atoms and ions,
which it must not compensate. It was shown in [7] that these questions do not arise if the
field G*¥ is short-range. Thus, the field described by the equation

aZGuv
0x,0x°

+ #2GH = eMWY (25)

where the constant » satisfies condition (10), will decay exponentially at distances
of the order of ap from its source and will simultaneously compensate for the own elec-
trostatic field of the electron wave “inside the atom”.

As is known [10], using the bispinor W, one can construct a real-valued antisymmet-
ric 4-tensor of the second rank

MW = —M" = (Woh'P (26)
where oH¥ = %(y”y" —yVyH); W = pryO0,
To find the constants A4 and ¢, we will analyze the system of equations (21), (25) and
(26) in the Pauli approximation and compare the resulting equations with equations (1)
and (2). Note that, as follows from equations (21), (25), and (26), the results of the theory

under consideration depend only on the product Ae. This means that the constants A4 and
€ can be chosen arbitrarily, leaving As unchanged.

3. Pauli equation

In the standard representation [10], one writes

=0 2= Damrv=0 Or=riz=( o)

As a result, equation (21) for the bispinor ¥ = (;’;) takes the form [10]
ih oy e e
- [0( (P + EAZ) —Zfs = YR Gy + BmeC] v (27)
where @5 = Agz); Y and y are the spinors.

After simple transformations (hereinafter, some details of the calculations are given
in the Appendix), one obtains

_ ~OkX i (—okop
YorEY G ¥ = 26 ( o) ) +GH ( 0.0 ) (28)

For the mixed component of the tensor M*" one obtains
Mo% = $‘J»’lcqJ =iy orx — x oY) (29)

where k = 1,2,3.
Entering a 3-vector

K*¥ =K, = G% (30)
and taking into account (29), one writes equation (25) in the form

192K o )
C—ZF—AK+J{ K =is( oy — x* o)) (31)

Taking into account (30), one rewrites relation (28) in the form
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—20Ky — GkiakaiI/J) (32)

Oyhy G W = .
VVTY Sy ( 20Ky + G*o,0:x

Let's transform

G¥oyo; = GY20,0, + GB0,05 + G*1 0,0, + G*20,0; + G3loz0, + G030,
= G120'102 + 6130103 - G120'20'1 + 0230_20-3 - 6130301 - G230-3O_2

= G'*(0,0y — 0y0y) + G (0,0, — 0,0,) + G* (0,0, — 0,0))
For the parameter G*'o,0; included in (32), it is easy to obtain
G¥opo; = G'* (0,0, — 0,0,) + G*3 (0,0, — 0,0,) + G**(0,0, — 0,0,)
Taking into account the properties of Pauli matrices [10]
0,0, = —0,0, = i0y, 0,0, = —0,0, = 10y, 0,0y = —0,0, = L0,
one obtains
GMoyo; = 2iG 0, — 2iG"3 0y, + 2iG* 0, (33)

Let us introduce a three-dimensional vector G with components
1
Gi =Gt = Eeilekl — (GZS,—G13,G12) (34)

Taking into account (30) and (34), one writes
= (K, —-G) (35)

Then relation (33) can be rewritten as
G*o,0; = 2i6G (36)
Taking into account (36), relation (32) takes the form

—20Ky — 2ioGy

0,,U,,Vv — — —_(?2iv0
VA0 40 AL CN 4 ( 26K + 2i6Gy ) (2iy°XG + 2yK)¥ (37)

Taking into account (37), the modified Dirac equation (27) takes the form

ih 0¥ e e )
— =0 = [@(p+-Ax) —~ 9y — 228G + 20vK + fmc| ¥ (38)

For the spatial components of the tensor G*”, equation (25) takes the form

aZGik

e 0 = e )

where i,k = 1,2,3; my, is the antisymmetric 3-tensor
My = —myy = M (40)
Taking into account (26), as a result of simple transformations, one obtains

Myy = —Myy = Yo — xtox (41)
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My = —Myz = 1p*a-yl/) - X*o-y)( (42)
My, = —Myy, = Yo — x oex (43)

Taking into account relation (34) and equation (39), one concludes that the vector G
satisfies the equation
6zGi

0x50x%

2 — 1
+ 106G = S ey

which can be rewritten as

0°G +1%G = (44)
0x,0x° = Ew
where we introduced the 3-vector
Wi = 5 €ijMy = (myzr My, mxy) (45)

2

Substituting into (45) the components of the tensor my, from relations (41)-(43), one
obtains

w=yoy — x'ox (46)
As a result, equation (44) takes the form
Lo%G AG + %G = e(y* . (47)
C2 atz x4 - g(lp o-lp X O-X)

Let us consider the nonrelativistic approximation of Eq. (38). To do this, as usual [10],
we represent the wave function in the form

Y =Y exp(—im,c?t/h)

Then equation (38) with respect to the function W' takes the form
f@_‘{" —20Ky' — ZiGGlp’)
c ot 20Ky’ + 2icGy'

!
where ¥’ = (;‘l(},) As a result, one obtains two equations for spinors ¥’ and x’

+myc¥ = [a (p + ;Az) — gq)z + ﬁmec] yp— il(

(hereinafter we omit the prime symbol of the wave functions to simplify the notation)

9
(iha +eps + 2c/10(;) p=co(p+ EAZ +i2K) x (48)

L 0 e . .
(lﬁa + ey + 2m,c? — ZCAGG) X=¢Co (p + EAZ + lZAK) P —idcAioKy  (49)

In the first approximation, as usual [10], we leave only the term 2m,c? on the left-
hand side of equation (49). As a result, one obtains

i27

P o(p+ EAZ + i22K)  — —— oKy (50)

2m,c mec

Substituting (50) into (48), one obtains

0
(iha +eps + ZC)LO'G) P

Gl

_ ! ( +Sa +'2/1K)2 2 ( +2a +'2/1K) K
_Zmopczl ll)meo'pczl (oKy)

e
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Taking into account that the Pauli matrices satisfy the relation [10]
(oa)(ob) = ab + ic[ab]
after simple transformations, equation (51) is reduced to the form

2

PRk (hv+ Ay + 22K) 2406 +5_—o (H ;2 )
ot |2m, g ti eps — 2cAc ZmECG g i—_-TO
(52)
2el (A +_2cAK) < K)
lmec =TT v
In the same approximation, equation (47) takes the form
1 0°G
_zﬁ_AG'i'”zG = eroy (53)

Comparing equations (31) and (53), one concludes that, in order of magnitude,
K~(x/¢)G. As follows from (50), in the considered nonrelativistic approximation y~ai,
2
where a = :—C is the fine structure constant. Thus, we have an order-of-magnitude esti-
mate

K~aG (54)

This implies that the terms on the right-hand side of Eq. (52) containing the vector K
are substantially smaller than the term containing the vector G.

Discarding the terms containing the vector K on the right-hand side of Eq. (52), one
reduces Eq. (52) to the form

2

A (hV+eA) 26106 + =
at 2m, \i ¢ F R i 2m,

oHz |y (55)

Equations (53) and (55) coincide with equations (2) and (1), respectively, when

e
Azz,s = 4me (56)

The density of the electric charge and the density of the electric current of the electron
wave are determined by the relations [10]

p=—eV'¥=—e@yP+xx (57)
j=—ec¥a¥ = —ec(iP oy + xy o) (58)

In the approximation under consideration, the term x*y canbe neglected in compar-
ison with the term *; as a result one obtains

p=—epy (59)
Using (50), one writes (58) as

(VY ) — V] —

‘o) (60)

2me

Relation (60) for the electric current density of an electron wave differs from the Pauli
2
current density (9) by an additional term — % K X "o, associated with the vector field

K. Taking into account estimate (54), in the considered approximation, this term can be
neglected.
Similarly, taking into account (50) and (56), one writes equation (31) as
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1 0°K
c? ot2

4me eh

2 2
~ MK+ (;{2 e w*w) K=ty — (V(w*w) + iV X o — (Vi) X o1 — h—iAz x w*mp)

(61)

4. Maxwell-Dirac coupling

Taking into account the results of the previous section, one concludes that the system
of relativistic equations

[y" (iha# + %A,(f‘)) + YRy Gy — mec] y=0 (62)
226w _
Vv — ; v

%, 0x7 + 1°G* = 4meiVWo'Y (63)

aF™ 4
- ©

]
where 9, = Py

_oa) _ oay (65)

w AxH axv

forms a classical self-consistent gauge-invariant theory of electron and electromag-
netic fields, and in the non-relativistic limit goes into the system of equations (1)-(9). This
means that, at least in the nonrelativistic limit [7], the system of equations (62)-(66) cor-
rectly describes the spectra of the hydrogen atom and other basic “quantum effects” [1-
6].

Equation (62), which describes the charged field ¥, implies the law of conservation
of the electric charge of the electron wave

at

= 67
pyor (67)
which agrees with the Maxwell equations (64), (65).
Equations (62)-(66) can be derived from the least action principle
65=0 (68)
where
S =2/ Ldo (69)
dQ = cdtdV
c— e c — € — e— — 1
L =Py (ifu’i#‘l’ + ZA,(f)w) +5 (—ihaull’ + zA,(f)w) YU 4 5 P G W — mec Y — o P
(70)

1 3G, 0GR ¥

+ — GG
16m 9x° dx, 16m *

if the functions W, ¥, G,y and A, are considered independent when varying.
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Indeed, varying (67)-(69) with respect to ¥ leads to equation (62), varying with re-
spect to G, leads to equation (63), and varying with respect to 4, leads to equation (64)-
(66).

Varying with respect to ¥ leads to an equation conjugate to equation (62):

— e— e — —

—ihd, (Py*) + ElpyﬂA,(f) + 1 WoH Gy —mec¥ = 0 (71)

Lagrangian (70) allows finding the stress-energy tensor T#" that satisfies the conti-
nuity equation [8]

aTw

= 72
pyeially (72)

which is a differential record of the energy-momentum conservation law.
Using the general definition of the stress-energy tensor [8], which in the case under
consideration takes the form

, = 0L az: , 0L 0L ,
=Ygy, v, T, Yt Aggg ¥ O Gger ok 3)
where ¥, = d,¥, one obtains (see Appendix)
— M —info0.9) + ETa® 1(0. ) 4+ SGa® By (i €®
T = 7| (~ih(8,%) + WS )y#lp+(—lh(aﬂtp)+zlp,4u )W+ Py, (ihd, +- A7) w
1 0G4, 0G*
> Ag’ ol
+ Wy, (ind, +- A )lp] Foafuo + === o

c— e — —
- 9 [2 7 (ino,w + - A(Z)LP) . ( iho, P +— A(Z)lp) V7Y + i3 G PO — m, TP

Fo* + -
16m °* 16m 0x® dx, 16m

I, iaGaAaGUA 2 ol +i P 5] aGM_ GGM
oA g Y dx, \ M7 9xe TN gy

The energy density W, the energy flux density J and the momentum density P of
the field are related to the components of the stress-energy tensor by the relations [8]:

1
W =T% ] = cT%, P = —TH (75)

When calculating the parameters (75), the last divergent term in the stress-energy
tensor (74) can be discarded, because for a localized electron field (for example, in an
atom), when integrated over an infinite volume, it turns into a vanishing surface integral.

As a result, one obtains (see Appendix)

2w 1 2 2 ¢ . * e * * . e TTT" ey
W =mc"PW + o (H? + E) — > [(—lhw ——A¥ )a‘{’ +¥'a (mvw - EAZ‘P)] — eGPLY + eiKPaW

(76)
1 (1 060G 3G 9G 1 0KIK 0K 6K)+M2 O
c2 ot ot  oxkoxk ¢z ot ot 9dxkoxk 871( )
- g xH CZ('W*W TP + AW a0, — Th(3, %)W + - AW
]_411 5 7 i i i ad, ih(0,W")a —As 77)
2e - qj) 1 (aGkVG aKkVK)
) +1 psY a 5r Ok~ 5 Vi ,
e
P=-—E; xHy — —(mlp ady ¥ — ih(0, W)W + iRP VY — (h(VI)W + — o ¥ a¥
o c (78)
2€ w) ! (aG" v, — K gk )
+ c ' E 4mc? \ ot kot k
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It is easy to verify by direct calculations that in the nonrelativistic approximation (50),
taking into account (54), relations (76)-(78) go over into the corresponding expressions
obtained for the Maxwell-Pauli field [7].

5. Concluding remarks

Thus, we have shown that the Maxwell and Dirac fields can be naturally and consist-
ently combined in the spirit of classical field theory without any quantization.

The self-consistent theory (62)-(66) naturally combines the electromagnetic and elec-
tron fields into a single theory, without discarding the non-stationary (radiative) compo-
nent of the electromagnetic field of the electron wave, which plays a decisive role in the
process of rearranging the internal structure of the atom during spontaneous emission [2-
6].

In the nonrelativistic limit, this theory naturally transforms into the self-consistent
Maxwell-Pauli theory (1)-(9) [7].

Accordingly, all the main conclusions of [7] remain valid for the self-consistent Max-
well-Dirac theory developed in this work. In particular, all basic quantum effects, such as
the discrete spectrum of spontaneous emission, the rearrangement of the structure of an
atom during spontaneous emission, which is traditionally called the “quantum transi-
tion”, the photoelectric effect, the Compton effect, thermal radiation, etc., are trivial results
of classical field theory (62)-(66), and do not require quantization and any additional hy-
potheses [1-6]. In addition, such properties of the electron as its own angular momentum
(spin) and associated with it its own magnetic moment, which have no physical explana-
tion in quantum mechanics and are considered special “quantum” properties of the ob-
jects of Microworld, have a simple and clear absolutely classical meaning within the
framework of the classical theory of the Maxwell-Dirac field developed here and in [1 -7].

The new tensor field G*¥ introduced into the theory is short-range (at » # 0), which
provides compensation for the intrinsic electrostatic field of the electron wave only within
the atom, but retains the effect of electrostatic fields from external sources, including other
atoms and ions. This feature of the G* field apparently makes it impossible, or at least
extremely difficult, to directly measure or even simply detect the G*” field, the existence
of which can only be judged from indirect data, such as the compensation of the intrinsic
electrostatic field of the electron wave and the observed physical effects directly related
to the field G*¥, which this theory should predict. These issues will be discussed in future
articles in this series.

Note that this theory, considered as a classical field theory, can be easily combined
with the general relativity by rewriting equations (62)-(66) in curved space-time. In this
case, it seems to us, there should be no fundamental problems and paradoxes that arise in
the quantum gravity theory.

Acknowledgments: This work was done on the theme of the State Task No. AAAA-A20-
120011690135-5.
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APPENDIX

As usual [10],
rh= 00, Y= vyl

Formally, one can write [10]

o = (a,iX)
Then

M¥ = —MF = {(Pa¥, iPIV)

Let's write in more detail

0 a, a, a,
—a, 0 —iX, i%,

mv —
a —a, 5, 0 —i%,
—a, —i%, iZ, 0
Then
0 Wa,¥ @ay‘{’ Yo,y
- P, ¥ 0 —i¥VL,¥ {¥Z,¥

Yo, ¥ {PL,¥Y 0 — iV V¥
—Ya,¥ — P, ¥ (P5¥ 0

In the standard representation [10], which is used below,

= =" D= 9z=(° 9

w=(;/;), Y=>w" -x)

Far = -0 (L) =w - (op) =wox-xov

Yy = (Y° —x*)(g g)(i’)=(¢* —x*)(z;/;)=¢*a¢—x*ax
= 96 V=G )

(0 —=0,\(0 o;\ _(—0oy0; 0
akﬂai_(% 0 )(Ji 0)_( 0 Gkoi)

One can write

Y*A, =v°4, — YA
0 e e oy
[V Po_Yp+zV AO—EYA+M}/ Y Guv—mec]‘-}’=0
Multiply by y°:

e e
[v°r°po — v yp + —VOYP A =V YA+ YOy Gy — yomec|w =0
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Taking into account that [10]

and, as usual, denoting

one obtains (27).
Let's transform
VoYY Gy = Y0¥y Goy + ¥V Y Gy = ¥ Goy + ¥V Gy = ¥°Goo + ¥*Gok + ey *Gro + ¥ ' Gy
= ¥ Gor + a1y °Gro + ¥ Gii = V* Goui G* + ¥ GipGovG* + ¥ Gipgin G* =
— _ykGﬂk _ akyono + akinki — _ykGOk + akyﬂGok + akinki

Taking into account that

one obtains
YY*yVGu = (@B — Ba) G + ayfa;G*
Taking into account that
apf + Lo, =0
one obtains

Yor*yY Gy = 20, BG* + ay B, GM

Then
0 -0 i (—0k0; 0
0,,U,,V — 0k k ki kYi
VY G = 26 (Uk 0 )+G ( 0 UkUi)
0 —o\ (Y i (—oxo; 0 Y —OxX i (—Ok0iY
04, U,V — Ok k ki kY1 — 0k ki ki
VY rRyanY =26 (ka 0 )(X)+G ( 0 okoi) (){) 26 (Uk¢)+G ( kafi)()
Obviously,
0 Yy vy
my =M*=(  —Pry 0 Yy @

YLy -—-¥Yr¥ 0
Then one obtains
Myy = =My, = VLW =P o, — X0,
My = =My, = VW = o, — x"oyx
my, = —m,, = WL, W = o) — X o.x

Let’s write
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1
G; = Eeilekl = (123G% + €132G%%,€313G™° + €2316G%", €31,G'% + €32, G*1) = (G**,—G"3,G*?)

Taking into account that the Pauli matrices satisfy the relation [10]

(ca)(ob) = ab + ic[ab]
after simple transformations, taking into account that p = ?V, one obtains
( +iap+ '2,11() T (hv+eA + '2,11()2 4o (H L tK)
o(p+_Asti =3 CArti - o(Hs+i——ro
o(p+ CAs+ i22K) ) (oKy) = (p + Cag+ i2AK) K + io (p + CAg+ i22K) X Kip
c c c
h e e
= ~V(Ky) + (EAZ + i22K) Ki) + hoyrotK + hoVip x K + ic (EAE +122K) x Kip

e . 2 . e .
o(p+ “As+ i2AK) )  — i420 (p + “As+ i22K) (oK)
h e ) z eh 2ch ) e )
= <7v +-Agp 12,11() Y+—o (HZ - lTrotK) W — 4ARV(Ky) — i44 (EAE + 122K) Ky
e
+ i4Aho(K X V) + 410 (EAE +122K) x Kip

Then equation (51) takes the form

0
(iha +e@s + ZCAGG) P

(B i2aK) g (b 2 o) 22 (a1 200
T 2m, \i Czl lpZQG lem le v
+,2/1h KxV +2/1€ (A +'2C/1K)><K
oKX W)+ o (A i v
Using
- (invyp* + = Agp*) o + 'K
X T 2m,c thvp c ¥7)o 2mec2¢ 9
and the properties of the Pauli matrices
(ca)o = a + i[oa], o(oca) = a + i[ao]

one obtains

Yoy = Zmec¢*6(ﬁ(p+§Az - i%K)w) =V’ (ilv+ SAg- l— )1/) i (?v+ SAg- l— )x oy
x'op = (217; (invy" + %Aztp*) 0') o+ (Zmecz z,b*Ko) o
= o (mvw* + ;Azlp*)lp - 1ec ((ihvw* + Ay X a>¢ - Rk F KXoy
Yox+xeyp = A+ oty ‘o1

2m,c
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1/1*6)(—)(*61P=2 [IIJ Vxop— (Vxyre)p] +i——5 Ay x oy

Kz/up h [l/)O'Xle Vi~ XO'l/)]+l AZXll)O'l/)

(V) —i—

2mec1
Consider the stress-energy tensor.
Using (70) and (73), one obtains

90A% 1 0G,, G
Jx#*  8m dx, OxH

- L C— 1
Ty = —lhz 0, V)y'¥ + LhE‘Py"OH‘P - EFW

c— . e (v Cr ... — € (;— e — 1
-8y [E Wy (ind,w + EAf, w) + 3 (~ino, ¥ + EAf, B)yow + 5 Gon PO — moc? W — —— Fpy F

1 aGﬂaG“_ #? . got
* Tom ox@ ox, 1ém

Taking into account (65), one writes

TY = 'flc(a Y)Yy + ih STy, w ! FVOR ! Fvo aAl(‘Z) 1 9G53 9G™
w = T RGEY Mo Y O 4 ko am 0x°  8m dx, 0xH

c— e c — e — e — — 1
— &y [E Wy (ind,w + EAEPLP) +5 (~ino, ¥ + EASPIP) Y7+ i3 G PO — m TP — —— Fy

1 GGMGG“ ”?
167‘[ dx® dx, 16w

G(MGUA]

Taking into account (64), one writes

0AT  oFvAl  aFve 4 _ aFWAfP 4

FVU'
0x° 0x° dxo H 0x° c

]vA(Z)

Considering that the stress-energy tensor satisfies Eq. (72), and due to the antisymmetry of the tensor F¥°

®
azF""A# _
0x%0xY

va 4(2)
u
0x%

we conclude that the term in the stress-energy tensor can be discarded.

As a result, one obtains

TV = —ih S (8,F)y"¥ + ihSBy"0,W — ~ VAP — — —F"F,, 4 L 0001967
# 2\ Y 2 Y ey 87raxv6xl‘

c— e c — e — e — — 1
— 8y [E Wy (ino,w + EAEPLP) +5 (~ino, ¥ + EAEPIP) Y7+ i3 G PoTMY — m cTPY — —— Fy

1 0G,; 06"  n? ;
+-— - ——G,;,G°
16m 0x® dx, 1lém
Transformation
Tuv - Tuv + a/lfluv
where f3,, = —f,a does not change the conservation law (72).

We choose the function f;,, in the form [11]
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ihc —

faww = — ?‘P(an —1Vua)¥
Then
ihc ,_— ihc —
0* oy = —?6“P(mﬂv —Yuy)¥ + ?‘P(nmv — Vo¥u¥2)0*W

We transform this expression using the properties of Dirac matrices [10]

WYartVah = 20w

Then
Ya¥uVv = Yo¥u¥a = —Va(Ww¥u — VW) + 202 Vu — 29uaw
Ya¥uVv — Yo¥u¥a = =290 Yu + 20 9ur — Ve — YV
a ihc e — — — — — 1
ad f/luv = ? [(a lp)yl(yvyu - yuyv)lp - Z(avlp)yqu + Z(aulp)]/vl'p + le]/uavlp - qu)’vaul'p + lp(Yqu - yuyv)y/la lp]

Taking into account equations (62) and (71), one writes
—_ e — e — —_
(0" (ry — V)Y = EA,?)‘PW(VVVM —Vu)® + i G PY Y (Wh = V) ¥ — mec®P (1 — V1) ®

j— e j— e — —_
WP (yyY, = Yl )7200W = —;Aff)‘l’(yvm — VY = i B (b = v )Yy Gao W + mecP(ny = var)®
Then

W00 )y, (ny, — V)Y + iR¥(ny, — vy ) 7204
e

> G PY Y (B — vuts) — (¥ — vur) Y v e 1¥

= ;Aﬁz)ﬁ[yl(ym —Vutw) — WV = Ve )Y |¥ + i
Let's transform
V(¥ = Yarv) = (Ve = Valo)¥a = VaWoVu = Va¥ulv — WYuVa + Yuh¥a = —2Va¥ul + 2Vu¥o¥a = 4¥udva — 49l
VaYe Ve = Vulw) = (WVu = Yl )VaYo = Ya¥oaVoVu = VaVoVuVv = WYuVa¥s + Vilu¥a¥e
= 29,0 WolVy = W¥e) + 49vaVuVo — 49ucVa¥y + 29ve(Ya¥u = Yu¥a)
= 49u2Yo Vv t 49ve¥V2Vu — 49uaGve t 49vaVuVo — 49uc¥aVv — 49vepua
Then
in(0")y,(nve — vuh)¥ + MY (v, — Vs )20 = 4§¢(A§Z)Vu —A%y,)w + 4i§¢[6,wy”n = Gyo¥ ¥y + 26, ¥
As a result, one obtains
0* fruw = %[;W(Aﬁz)m —ADR)Y + igﬁ[G,wV”Vv — Guo¥ ¥y + 26,,]¥]

ihc — — — —
+ [0 + (9, P)n Y + $y,0,¥ — ¥, Y]

Then, taking into account (66), one writes the stress-energy tensor in the form
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L= % |(~in(2,%) + ;mf)) v + (~in(3,%) + SWA,(P) ¥ + By, (iho, + SAS)) W+ B, (ihd, + EA,SZ)) ¥]

.= o o ! Ao 1 0G0z 96>
+ lEqJ(Gle Yy — Gyo¥ Yut ZGVM)LP - E‘g FyaFyus + 8m dx’ Oxk

C — e c — e — e — —
— [E Wy (ind,w + EAEPLP) +5 (~ino, ¥ + EAETZ)‘P) YO+ i G PoTY — mocTPY
1 0G,;, 06"  n?

1
1 FJAFJA
-G Gal
* Ton ox@ ox, 16m ]

(/4

Let's transform

iﬁ(G;wyayv - Gvayayu + 2Gvu)l’p

i _ i _ i _
= 59“6‘#0‘1’(%% + Y)Y+ EgA”Gua‘l’(ym - )Y - Eg“Gw‘P(nm + v 7)Y

i _ _ _ _
-3 976G, ¥ (vav, — vuva)¥ + 2iG,, PV = ig?G,, V0, ¥ — ig??G,, Po,, ¥

Then the stress-energy tensor takes the form

T = 2 [(~i0(0,%) + ZTaX) 0 + (=in(8,F) + =0aP) p, 0 + Ty, (1hd, + = 4P ) w + By, (1ho, + -4 ) w]

€ Ao w € Ao — 1 Ao 1 6GJ,160"’1
+L§g GWLPJM‘P—LEg GW‘PJAM‘P—Eg F,, ”"J’%WW
C — e c — e — e — —
— [E Py (ihaall’ + EAEPLP) +5 (—ihaalp + EAETZ)‘P) YO+ i G PoT Y — mocTPY
L 96,067 .,
16w 0x© dx, 16w °*

L g Fe
16m o

Using equation (63), one obtains

e — — 1 d (’)G)L aG
.2 .2 _ 2 v uo
3 (i9% G P03, ¥ — ig*? G, Poy, W) = a9 ’ E( uo gw G ax_“’>
Let us calculate some components of the stress-energy tensor.

As a result, one obtains

Too = M c2PW —5[(—ihv$—fA ¥)yw + Wy (invw _fa )| +i(H2 FE?) — eGPty
00 e 2 c » c » 87 2 gl
L1 (aG 0G  0G 9G 0K 0K 0K 6K)+}f2 o
8w \9x09x°  Odxkoxk 0x%0x° 9dxkoxk 8m ( )

Taking into account (35), by direct calculation one obtains

G, WoW = 2GVIY — 2iIK¥Ya¥ = 2G(Y oy — y*ox) — 2K oy — x o)
As a result

2w 1 2 2 ¢ . * e * * . e TT7" ey
Too = mec?PW + o (H? + E?) — > [(—lth’ ——A¥ ) ¥ + Pra (lhw - EAZ‘P)] — eGPLY + eiKPaW

N 1 <6G 0G 0G 0G 0K K 0K 0K n?
8m

- —(G?2 — K?
0x° 9x° + Oxkoxk 0x°0x°% oxk axk) + 8n( )
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Similarly,

Tor = %[(—ihak‘}’* + SAE)W*) Y+ (—ihaoq’* + S(pz‘{’*) ¥+ P (ihak‘P + SAEPW) +Wrq, (ihao‘{’ + gq)y_lp)]

190G, 0G6°* 1 ] G G
_ AG.F F L oA = Ao ( Ak _ 00‘)
a9 Tatos T g Gk ax0 T g Y dx, \ 07 gxw K gy

Ty = %[(—iha(,q’* + g(pzq’*) W + (~iho, ¥ + SAE)W*) W+ Wea (ihdeW + g(pzlp) + 9 (iho, ¥ + §A§f)lp)]

1 0G5, 9G°* 1 ] aG aG
_ L op 1 0G4 R ,16_( 0 ka)
4p 9 T02Tko + 8m 9x° dxk + gr? dx, \ K9 gxw M0 gxw

After simple transformations, one obtains

1 c 2e 2e
Toe = == (Es X Hg)y + 5 (iw*akq’ — (0P )W + iR @ ¥ — ih(0e W )a¥ + — p¥ ¥ + TAE)W*W)

1 <6G J0G 0K 6K) 1 d ( 0G 6GOU>
0xkox® 0Jxkoxo

+— +— g% —(Gop ok —
41 g ? dx, \ 07 gxw A gy

1 c 2e 2e
Teo = =7~ (B X Hp)i + (ih‘P*akGO‘P — ih(@¥ e + W O, W — ih(0 ¥ )W + —gr ¥ a W + TAEPW*\P)

1 (6G dG 0K 6K>+ 1 ,, 0 (G 3Gy 6G,m>
47 \ax*k 9x0  9x*k 9x0) " 8 dx, \ KT gxe A0 gxw
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