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Multiple Nonlinearities

Nikolay Karabutov
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Abstract: The system identification problem with multiple nonlinearities is relevant. Its decision
depends on many factors. These include: feedbacks, the method of connecting nonlinear links,
signal properties. They affect the identifiability of the system parameters. We introduced a condition
for the excitation constancy for state variables, which considers the S-identifiability of the system.
We propose system decomposition by measuring input to identify parameters. Each subsystem has
an implicit identification representation. It guarantees obtaining estimates of subsystem parameters
based on experimental data. The trajectories boundedness of adaptive system proved in parametric
and coordinate spaces. Conditions guaranteeing exponential stability of the system obtained.
Systems of self-oscillation generation and nonlinear correction of a nonlinear system consider.
Conditions for the trajectories boundedness of the adaptive system obtained for these cases. The
influence of nonlinearity and feedback on the system performance estimated.

Keywords: adaptation; identification; identifiability; stability; excitation constancy; Lyapunov
vector function; self-oscillation

1. Introduction

Identification of systems with multiple nonlinearities studied in several papers. Parametric
identification of nonlinearities [1] based on the use of frequency response inversion based on
insufficient data. Sinusoidal tests used to detect nonlinearity. The type nonlinearity determines based
on the analysis of the restoring force function. The curve fitting method is the basis for estimating
nonlinearity parameters. The function description method [2] used for the parametric identification
of a system with two nonlinear elements. An approach to parameters estimating of the transfer
function of a second-order system suggests in [3]. The system contains dry and quadratic friction.
Harmonic linearization of nonlinearities performed beforehand. Parameter estimates define as the
solution of an equations system.

Identification of nonlinear systems, especially with multiple local nonlinearities [4] exhibiting
disproportionate ratios of the degree of nonlinearity and present at a single or multiple spatial
location, is a challenging inverse problem. Identification of such complex nonlinear systems cannot
handle by the existing conventional restoring force or by describing function methods. Meta support
vector machine approach [4] uses for the identification of a spring mass system with several degrees
of freedom. Systems identification with multiple nonlinearities considers in [5]. The approach is
based on the Hilbert-Huang transform. Application stages of this approach and the amplitude-
frequency modulation procedure considered. In [6], a nonlinear vibration system study with a known
structure. Optimization method and recursive algorithm used to nonlinearity form select from a
given class.

The second- and third-order system identification with dry friction nonlinearities connected in
parallel studies in [7]. The identification procedure base on application of the weighted least squares
method. Identifiable conditions obtained and the parameters finding algorithm for a discrete
nonlinear system [8] with feedback proposed. Nonlinear mechanical vibrations study in [9]. A gray
box model or a model based on semi-physical principles applied. It assumed that observed
nonlinearities localized in the physical space.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The review [15] contains the methods analysis applied for the nonlinear process’s identification
in the structure’s dynamics. Disadvantages of approaches based on linearization, harmonic balance,
and the surface restoring force method note. Identification algorithms based on the Hilbert frequency
transformation proposed in [16]. The chaos theory used to identify bifurcation processes in [17]. The
systems Identification with feedback considered in [18,19]. The proposed approach is based on the
transfer function analysis of the system. The approaches analysis of feedback systems (FS)
identification consider in [20]. The algorithm determining (AD) parameter estimates asymptotic bias
in a nonlinear FS proposed in [21]. AD based on the correlation analysis between the system input
and the noise. Very often, the FS identification replaces by the open system parameters assessment
[22,23]. A complex structure is the identification problem of nonlinear FS. A recursive identification
procedure proposes in [24]. The forward channel describes by an autoregressive model, and the
reverse channel describes by a nonlinear model.

So, the review shows that most of the studies based on NS frequency identification methods.
Estimating approaches to the nonlinearity structure proposing sometimes. Different procedures
apply to linearization of the nonlinearity from a specified class. Approaches to NS linearization with
feedback considered. The identification problem of systems with multiple nonlinearities is less
studied. The complexity of such systems is the main difficulty for the identification. Identification
approaches and methods of such systems base on localization of nonlinearity.

We propose an approach to adaptive identification of a system with multiple nonlinearities. This
is a complex problem, and its solution boils down to: (i) the requirements formation on state variables
for system parameters evaluation; (ii) conditions analysis guaranteeing the consideration system
nonlinear properties (S-synchronizability); (iii) synthesis of an adaptive system. We give a solution
to these problems.

2. Experimental Section
Consider the system Sk
X(t)= AX(t)+ DE,(X,t)+ BU(¢t), (1

LYO)=CXO+HX.0, o)

where X €R" g the state vector, 4€R™" is the state matrix, D €R"™

)

E(X.0):R" SR
k mx. no.
nonlinear vector-function, U €R" s input (control) vector, B€R * YeR' s output vector,

CeR™ HXD:RT SR 4 perturbation vector (measurement errors), £ is operator to obtain

the vector Y. £ can be a differential operator.

Information set for Sr

I = {Y(t),U(t),t € [tostN]} 3)

<®
where Iy

o (xj)e KX,0) o, (xj) e F(X,1)

Assumption 1. Elements are smooth, one-valued functions and

belong to the class

F, = {n& <PEE<HE, E#0,0(0)=0,7,20,y, <o @

where ceR is input of a nonlinear element.
o (x.)z(/,?(@i (x)) .
Y l 77} i#k may be met in some cases. We apply the model
V. X(6) = A0 X (0)+ D(O)F.(X,0)+ BOU (@),
"o =cxe) + E(X0)

The condition

©)
4,D,B AW D) B() are matrices with

for the parameters estimation of matrices , Where

tuning parameters.
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Problem: construct the model (5) for the system (1) based on the analysis I and assumption 1,
and find the tuning laws A@®) , D() n B(t) to

imffo-rof<e, 520,

where I is the Euclidean norm.
We use the S-synchronizability concept of the system (1).

3. S-Synchronizability of System Sr

S-synchronizability (SS) guarantees the structural identifiability for the system Sk SS bases on
the property’s analysis of geometric frameworks Ser [26]. S reflects system Sr nonlinear
properties, and properties Ser depend on the parameters L, An unsuccessful choice of input can

give to a so-called “insignificant” framework NS [25]. Therefore, the input (control) choice is the
important problem in the identification systems design.

. . . hlS,,
Let the framework Sev closed, and its area is not zero. Denote the Sev height as ( & ) , where

height is the distance between two points on framework opposite sides. Then the framework S"y,

and consequently, the system is identifiable or 7 -identifiable [25] if:

(i) the input v bounded, piecewise, continuous and constantly excited (see below);

h >0,
(ii) 95 >0 oxists such that (Sey ) 5.

e . D, =dom(s,, ) . .
Structural identifiability conditions of the system. Let ( e)) is the domain ¢ ,

D =D (D,)=max y(¢t)—min y(t
7 7 ( ! ) t () i ® is diameter D, ; U@e U, where U is acceptable inputs set for
the system. The set U contains representative inputs.

UeUlycU

Definition 1. The input is S-synchronizing the system Srif the domain ™ of the

framework “® has a maximum diameter 2 on the set RIOREEH .
Remark 1. We understand the system (1), (2) synchronization as the choice of such the input Uye U,
which reflects all the features of the framework Ser
Consider a reference framework S5’ . S5’ is the structure °* that reflects all the properties
of the nonlinear function ?). Let Dy =D, (S‘;e/) be the diameter of the framework S:ye/.. oy
exists for a system (1), (2) with an S-synchronizing input. If So = S;;f , then
D, -D} e

>
where & = O, £ is asign of closeness. Subset Us' elements have the property.

D, (8, (VO] vew, )~

<e,
. ¥
Consider the framework S"y. Denote the framework So center on the set

1 r
S, =F UCF . v _ v v
o =% 2% | Determine secants 75 =% Y0 ¢or

I, =@} 4 e

D c
and the area ~* center denote as 2 . Let
1 r

T = v U
fragments %’ %, where? r’l,'a , b , a

v

b’ 7
, and are parameters /5.

v

Theorem 1 [25]. Let the set Us of synchronizing inputs for the system Sr obtain and (i) €20 exists

,
a|[<9,

1
c.—c, |f¢ Ha |— oy
S D, .o ..
y ; (ii) the condition a.a

such that is hold, where are secant coefficients for
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F o Fr
fragments o’ e, %20 Then the system

(Uh(t)elUS)eS

hy
Segs -identifiable or structurally identifiable, and

4. On Excitation Constancy Condition

The condition excitation constant (EC) is important in parametric identification problems. If the
system is nonlinear, then the EC condition may not be sufficient. The system must be S-synchronized
as we consider the nonlinear properties of the system. The EC condition has the form.

Definition 2. Vector P €R" constantly excited with level @ or has property PEa if
®E,. P()P'(¢)=al, ©)

for >0 and "/Z% at someinterval 7>0, where /1 R js unity matrix.
The condition (9) has a different form

1 1o+T

T
- j PP (1) > al,
o . (10)
We use condition (9) next.
Assumption 2. The frequencies set Qp (@) correspond to PO when P have expansion into the

Fourier series.

Assumption 3. Q5(@)

system.

is the set of allowable input frequencies that ensure S-synchronizability of the

PeR :P(t)es,thena

P()

if (@) guarantees the system S-synchronizability by the variable
vector P s representative and applicable for the adaptive identification. Assuming the
_ T
boundedness, we write the condition EC for B, ()= PP (1) as

PE; ;¢ (al, <B,()<al))&(Q,(0) = Q(w)) Vi1, (1)

where @ >0 s some number.

5. Structural-Parametric Approach to System Sr Identification

We propose a method for the system 5S¢ identification based on the structural-parametric

approach (SPA) [27]. The SPA realization depends on a priori information. The system St has a
complex form. Therefore, the adaptive algorithms synthesis is based on a priori information about
the system structure.

Let the composition of subsystems included in Sr be known. Knowing the output vector
Sp. S SF,{SF’].} €8p,,j<n )

S

F.,n

dimension the matrix 4 can decompose into ” blocks (subsystem

Perform the subsystems analysis and select subsystems that contain nonlinearities Sra €

SF,j} eSF,n \SF,nel

Apply SPA to each element Seai € Seaa | If the {
nonlinearities, then apply the adaptive identification procedure.
Remark 2. The SPA based on the system S-synchronizability and the condition (9) fulfillment.

The SPA contains two procedures under uncertainty: (i) SF1 structural analysis, (ii) parametric
(adaptive) identification. These stages describe in [27].
Remark 3. The system’s structural identifiability (S-synchronizability) affects the connection of subsystems
and the correlation of variables. The relationships analysis excludes influencing relationships and gives a

solution to the system (nonlinearity) structural identifiability problem. The mutual influence diagram
N

construction is possible only if the condition PEaz s true.

subsystem does not contain
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Remark 4. The system S-synchronizability evaluation is based on the framework Sev construction and
analysis. Ses [25,26] reflects the nonlinearity structure of the corresponding subsystem Seonek

Remark 5. Obtained estimates of nonlinearities structure in Sr are the basis for the adaptive parametric
identification implementation.

Remark 6. We have information about nonlinearity. Therefore, the structural analysis stage for Sr was not
performed.

Remark 7. Structural identification and structural identifiability based on a single approach. Structural
identifiability guarantees the solution of the structural identification problem for nonlinear systems.

6. Adaptive Identification of System Sr

Sp; €8y dimsg; =n,
s

Consider the subsystem i, L isalinear operator in (2). Let the information

set Loi © Lo pe known for 7. ™ _th order differential equation
W, 0y, =2 (s £ +b5ul )
k=1 j=1 (12)

corresponds to the equations system describing the subsystem Sk
X, =4 X +D, F (X)+B U, ,

SFi

1
y:F‘i =X,

Fli (13)
where XS“ e R is state vector, x;” is the first element XS” ; D"SF-", Wi and BSF-" are matrices
of corresponding dimensions; dl]f;l; Dy, o4 € h, be’f eBstt,uj;_’, €U, . v = d/dt p v, ©)
degree " polynomial. 4,, R 2 is a Hurwitz matrix.

Divide the left and right parts of (12) into a degree " -1 polynomial

i, - len)

, (14)
i >0 . . . W (v)

where ~* does not coincide with roots of the polynomial *+" °. Then (12).

n;=1n;—1

—— +ZZ(d“’p/h, +Bp )
k=1 j=1 Fi , (15)
>0 d"'k,h ka, j . ,

where , " and 7% depend on subsystem parameters ri and H, variables =
(z=f.u)

satisfy the equation
P, =-Hp, *Z

z: J4 z SFi
SF.i SF.i

(16)

A
Remark 8. The specificity and structure of the right part (15) define by the matrix ~** and the polynomial
HSFi (U)

The representation (15) allows us to estimate the parameters of ri ona given set of L., Apply
the adaptive model

b =k (5, -, )k, S (@0, 4, )

ket , (A7)
k>0 & 4 B
where ; v, re, rioare tuned parameters. The equation for identification error
n—1n;—1
e, =k e +AK, + Ad"h +Ab’” )
SF.i SEi o SF. ys ;]Z;( pfhf

(18)
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Y _ -, _ Jk.h — :k,h _ Jk.h Lk, — :k,j _ pkg
efm ySr,i ySF,i AKSF,[ K‘Sm 775F,i AdSF,, dsF,x d‘YFJ Absr,x bsF,r bSF.:
7 7 .

7

where

Lyapunov function (LF) for the identification algorithms synthesis has the form
Vile,, )=05e

" Then
n—1n—1 - -
Ve,i (es,,-, ) = es,;, _kxF,»exF,» + AKs'FlysF, + ZZ(Adi},’pﬂ/ + Ab\,:{pu/ j:|
! ’ o R | TR TR . (19)
pf/,,j pu/ @QSS _ . V: (e: ) <0
If “, " have the property =~ “%, then obtain from "
Ak, =- e s
Sp.i 7Ks~VF,i SFi ySm (20)
Ad~1’j‘i, = _7k>h>“'F,ie-"F,ip[h’/ ?
s (21)

Al’;;:,xjpu’ = _ykajJF,x esF,x pu’ 2
SF.i SFi (22)

4 7 Vhojuse,s . . . .
where e TEbse - ThIses gre positive numbers ensuring algorithms convergence. Get algorithms

to adjust model (17) parameters from (20)-(22)

K‘,&'F’, - _7/1(,31.-’, esl,’1 y,&',_-y, >

(20a)

kb

dl,sFii - _yk,h,sF', es,.—y,»pfhvf b
S

(21a)
bSkF’,xjpuj = _7ks.fssF.i eSF.z pu’ ’

o T (22a)

So, the adaptive system for identification of subsystem

equations (18), (20)~(22). Denote itas 5.
Consider LF

Sr. parameters describe by the

vy =057, (Ax, )2 +0.58p(AD,, T, AD] )+0.5Sp(AB, T AB! ) o)

. r,,. =dia I, =diag(y, ., Ad"" € AD,
where SPO) g spur of matrix, *"% ks, , B g (7 "’/"Fﬁ) , s € 2 and
Ab;’ € AB,

Let AK,., é[ADl’S”’ABS“] and

VL O=V0+,0 o

Theorem 2. Let (i) functions Ve (l), Vas®) are positive definite and satisfy conditions
inf V,i (esm) —> 0 (HAK” IHI,‘I:f VA,i (AKxFJ s AK.Y,_.)‘ ) —> 0

lefooo € Ky oo ;
A Rn,Xn, p hj pu’ S _
@i = © is Hurwitz matrix; (iii) variables Pri 7' have the property PEez The all
trajectories of the system A, bounded belong to the domain

P
<e>“ o b) ) ‘*"(0),andtheestimate

2k, [V,.(0)de <V, (t)-V, ()

o . (25)
is valid.
The Theorem 2 proof gives in Appendix A.
Let

0.59 {Sp(AKSFJ (OAKT (1)) +(Ax, )2} <V,,(1<053 {Sp(AKSFJ OAKT 1))+ (A, )2} 2

doi:10.20944/preprints202203.0385.v2
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7
= +T, . s . . . ﬂ1(r ) IBI(F )
where ~ *¥ Rhses -7 RIS+ g the sign of the matrices direct sum, RER i) are
N | o g—rin g (7, )72,
minimum and  maximum matrix SF. eigenvalues, : :

9 = max (,3171 (rsp,, )’7:5F~’ )

The exponential stability proof is based on ensuring the M -property for functions Ve’ (t),
Vi g,
Definition 3 [29]. A non-positive quadratic form WX) has the M’ -property or W X)eM i
fair
WY, X)=—c, |t +c, X||2, @)

forany Y €R", X €R" in some bounded domain

_ m n ., 2 2
Q,={YeR"XeR": |YI +|X|f <z, ZZO}, 08)

where Iyl is the Euclidean norm of the vector Y, ¢, >0 , G = O.

W . . : : wW(Y,X)
-property is the constructive completeness sign the quadratic form >/ Tt reduces the

WY, X) properties analysis to the characteristic’s evaluation of the M-matrix [30].

Lemma 1. Ver® has the M -property

as
Ve i — _ks I/e i + VA i
St 2k
. (29)
P, . (OP,, , ()ePE, , s a .a ., ,a@
. X FT st ap,a y(l‘)e@E & SN S L.
if matrix T R "7 and @ where % are positive

a=max|a,,a
p%y
numbers, i .

The Lemma 1 proof gives in Appendix B.
Lemma 2. If Lemma 1 conditions satisfy, then Vaill) has the M’ -property

VAI. < —meiVA,. +§7zVei
$1 8 £l 3 > , (30)
where 720,

The Lemma 1 proof gives in Appendix C.

Voo 0=V, 07, 0] 5,(0)20

Consider the Lyapunov vector function . Let functions exist

such that
vo<s,@0  V(z6)&(V,(4)<s, ()  p=endi @31)

Analysis of adaptive system properties (18), (20) — (22) based on the study of the inequalities

system
ad
. —k @7
Vi T2k {V }
Vii 8 3 Vi
3 8 . (32)
Apply (31) and obtain a vector comparison system for (32)
§S=4,8 , (33)

S =[S€ SK]T 4, € R

where is M-matrix
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8
- ad
i 2k
A — SEi s
8 | Pe
- ——7a S _{ }
3 ! Sy

The stability conditions for the M-matrix Ay have the form [30]
-m(4,)>0, m,(4,)>0

m, m . . .. A
where " 72 are diagonal minors of the matrix 7.

These conditions have the form for 4

ke 4 a3
w7 Ve g

So, the following statement is true.
Theorem 3. Let (i) positive-definite Lyapunov functions

V,(0=05¢, (1) Va,(0=057. (Ax, )2 +0.58p(AD,, T, AD] )+0.5Sp(AB, T AB! )

SF.i

P e, >0 |ax, [sofak, [0
have the infinitesimal higher limit for '™ , o o ; (il) matrix
T N
P/;f;/ *”!p ) (t)P/‘hF/ *”!p ) (t) € @Eapﬁ,, ySF (t) € (Pfas e . . .
e e and . i are  piecewise continuous bounded and
W, (t1)e®E;, s (t)e@fj @, gaes .
S“( ) wr Ve i (1ii) the equality
n—1 n—1 - - 3
e, 55800, +aitn, |=nlse(ak, @, P, 6K 0)+(ak,, ) el |
SF.i perieen SE.i fSF" SFa g SE.i fSF;‘ My s fsp‘, Mg s Sk Sk SF SE.i

0,(0) 0 0={0, 0"} CRxR"™" xJ,, (v R

is fair in area , where 7> is null matrix,

te[0,0]=J

v is some neighborhood of the point o , % (iv) Lemma 1, 2 conditions satisfied for

el and Vas ; (v) the estimate (26) fair for function Vai (t); (vi) the inequalities system (32) is valid

. T
) ) V. . @)=|V.0V,.(t
for Ve”, Vai ; (vii) the upper solution for o, () [ oL )] satisfies equation (33) if
inequality (31) is true for elements Veir Vai Then the adaptive system (18), (20)—(22) is exponentially
stable with the estimate

Von @586 o0

if conditions (34) held.
W, =P, (OP,, , ©
Theorem 3 shows if the information matrix AT AT is constantly excited,

then the adaptive system (18), (20) — (22) guarantees consistent parameters estimates for system Sk

. This statement is valid if (34) is fulfilled.
N

Remark 9. The EC condition (@5‘“y ) is the base for the stability proof of the adaptive system. EC indirectly
consider when applying the Lyapunov function. The approach proposed above ensures the M -property for

N

the Lyapunov function. It bases on consideration the condition PEai . The Lyapunov function analysis
N

considers features of adaptive algorithms when the PEaz condition applies.
7. Nonlinear Correction of Nonlinear System

The system contains an amplifier with an electric motor and a relay control described by a
function f,(u). The correcting device is a nonlinear velocity feedback with a parabolic characteristic

o (xy)
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9
X, =X,
X, =X, (36)
X, = —ax, —a,x, +bf, (u),
Yy=%,
c, ifu>d,
fiw)=10, if —d <u<d, (37)
—c,if u<-—d,
where u=w-x - f,(x,) is control, f,(x,)=k,x;sign(x,), @ isinput, ¢>0,d>0.
Equation (13) and polynomials in (13), (14) have the form
W(v)y =bf,(u), (38)
W) =0 +a,0" +av, (39)
H@®)=(v+u)(0+ 1) (40)
where 4, u, are positive numbers that do not coincide with the roots of the equation
W()=0.
Adaptive model and algorithms for estimating system parameters (42), (43)
j; = ke~ ny+% Pyt ﬁzp}'»ﬂz + Bl Phow ™ l;2p./i o (44)
ﬁ =7,
{;1 = _7/”1 epys/ll ’
\52 ==V, . (45)
bi==70Pu
bz = _}/bz pfuﬂz ’
where e=j-y, i=n,v,v,,b,b,. Equation for error e(r)
é= —ke—A77y+Av1pM1 +Av2pwZ +Ab,pf“ﬂ1 +Ab2pml2 , (46)

where k>0, Ac=6-0, o=n,v,v,,b,b,.
Denote AK £[An,Av,,Av,,Ab,Ab, ]T . The vector tuning law follows from (35)

AK =T eP,, (47)

T
where T'y =diag(7,.7,.7, 7,7 ) =0 Py Prses P P | -

The system (44), and (46) trajectories boundedness follows from Theorem 2. The simulation
results show in Figures 1-4. Present the model (44) parameter tuning in Figures 1-3 reflects the
change in the estimation error. The output form determines the error change. Figure 3 shows also the
change in e(r) depending on the dynamics of the system output (36). The model adequacy in the

output space demonstrates in Figure 4.
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15

1,0- 5,

<S>

0,54

{;2 -0,5 A
-1,04
1,51

0 100 200 300 400
t

Figure 1. Model (44) parameters tuning.

Figure 2. Model (44) parameters tuning.

0,4-
0,2
0,0
0,24
0,44
0,64
0,84
10
-1,2 . : ; )
4

Figure 3. Changing the estimation error.
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Figure 4. Model adequacy in output space.

0,15
0,10
0,051

5 0.00]
0,05/
0,10/
0,15/
0,201

Figure 5. Framework §

X3

Note [32] that the system (36), (37) is unidentifiable by the function F2 on the measurements set.
In this case, we can use indirect information about the dependence of u, =w—x, on x,. It is true

since the relationship between u, and u.

Consider the case when the structure of nonlinearity is a priori unknown. Use the relationship
diagram (RD) [28] for system (36). The relationship between u, and u is significant. Therefore,

consider the framework S, _ = described by the function f,, :u, —>x; (Fig5). f/(u) belongs to the
relay functions class with a dead zone. Replacing u with u, changes the boundaries of the dead

zone. This problem solves in the identification process. Construct the framework S, described by

the mapping , . :x; > u, (thestructure §, ~coincides with §_, ), and the secant

X3y )

A

u =i, +7Z'|.X3,

where 7, =23.63,7, =0.129 . Coefficient of determination is r, =0.66. It indicates the presence of
nonlinear properties.

Determine the discrepancy &

iy

u,—u, . It contains information about the function f, .
Construction ¢, =&, (x,) and approximate the curve on the interval J, =[-0.64;1]. Obtain a

model with a quadratic structure. The model structure coincides with f,. So, we have performed a
structural identification of the system (36).
8. Self-Oscillation Generation System

The self-oscillation system contains (i) a control object (variables y,,y,), (ii) nonlinear (variable

v, ) and linear (variable y,) converters, (iii) an amplifier-converter with a nonlinear actuator
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(variable y;)

Y = AY + DF(Y)
0 1 0 0 0 | _
0 0 0 k 0 0 |
] & 1 ° 0 0
y 0 0 — 0 0 1
2 d = 0 o0 1 s
Y=iyld= . ,D=|T, FI) =) )
+
Vs 0 = 0o —— 0 0 0 s+,
T, T,
L 1 0 -1
0 0 0 0 - T,
L T, | - -
where T, >0 is time constant, g>0, y, is input. f/(x) (i=1,3) is a saturation function with a
dead zone
c, if x>d,,,
2(x—d,,)if d; <x<d,,,
Ji(x) = 0, if —d,, <x<d,,, (49)
2(x+d1,i)9 lf _d1,,- <X,
-, if x<-d,,,

The object phase portrait shows in Figure 6. It shows self-oscillations in the system. We
transform the first two equations of the system (48) using the approach from Section 6. Present these
equations as (38) and divide (38) by v+ u . Transform variables y,, v,

16 12 8 4 0 4 8 12 16

Figure 6. Object phase portrait.

py.,ﬂ FTHD T

. (50)
Pyuw=HDy +JVs
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and obtain the identification form

Yi=agntapp, +a;s5p,,
Vs =—ayy; +ay f (y1 ),
JA’4 =-a,y,tapy,,

)A.’s =—asys +ag f; (y3 +J’4)a

G

The adaptive system for evaluating system (51) parameters has the form

j’] =—ke +4a,y +é12pyl +d15py5’
Py =+a,y, +&1zpy, +&15py5

);’3 =—ke, +&3| (fl (yl)_yB)’

);’4 =—kye, +a,y,+a,Y,,

j’s =—kses +a, (ys + £, (vs + 4 ))’ (52)

where ¢ =7, -y, i=1;3;4;5.
Consider the Lyapunov functions ¥, (e, )=0.5¢/ and get adaptive algorithms for tuning system
parameters (52)
&y ==7e9, A, =-rnep,
s ==ysap,. 4y =—rne (fi(0)-2s),
Qg =Yyl Q= ~Vi,Dss

5512_75165(y5+f;(y3+y4))’ (53)

where y, >0.

Apply Theorem 2 and get the boundedness of trajectories in an adaptive system
¢ =—ke +Aa,y + Aay,p, +Aa;p, ,
e, =+Aa, y, +Aa,p, +Aa;p,
e =—ke, +Aa31(f1 (J’1)_y3)a (54)
¢, =—ke,—Aa,y, +Aa4zj’29

é, = —kse; — Aay, (y5 + £y (s + 4 ))’

Ady =-y,ey, Ad, = “rnép,
Aas = ~7i56P,, Ady =—756 (fl (.Vl ) - y3)n
Ady =y,e,y,, Ay =-y,eD,,

Adg, = 75,65 (ys + (ys +J’4))’

(35)

where Aq,()=a,(t)-a,.

Show the simulation results in Figures 7-10. Figures 7 and 8 represent the system (52) parameters
tuning, and Figure 9 shows the change e, . Results confirm the adaptive system trajectories
boundedness.
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0,6
0,3.- ay
0,0—-
_0,3_-
06,

-0,9- a

'1 ,2 T T T T T T T T T
0 30 100 150 200 250

Figure 7. Tuning model parameters for estimation y,.

25
20!
n 1,5_-
a, 104
a 0,5-

00!

'0,5- T T T T T T T T T
0 50 100 150 200 250

2,0
15

10,
T 0.5
40,0
05
1,0

&s

. . . : : : -1,5
0 50 100 150 200
t

Figure 9. System errors (52) for various variables (greenis e, redis e,, orangeis e,, blueis e,).
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Tuning parameters in the space (el.,&,.j) shows in Figure 10. We see that y,; e ®E;, and S-

synchronizability execution does not guarantee the asymptotic stability of the system. Nonlinearity
is the reason for such properties of an adaptive system.

-0,25 2,25
412,00
-0,50+
A 11,75
a, 4
31
-0,75- 11,50
11,25
-1,00+
411,00
-1725 0,75
- 8

Figure 10. Tuning parameters in space (el., aij) .

5
Consider Lyapunov functions ¥, (1)=0.5 ) €(t),

i=l1,i#2

Vars®) =057 Aaf (1) + 73 Ady () + 77 Ay (1)) + 0.5 750 Aas, (1) +
N

VAJ VA,S
+0.5 (y;llAafl )+ ypAa;, (t)) +0.575AaZ (1),
—
Vaa Vas
T
Ve,A = |:I/el > VA,] ’ Ve,3 > VA,S > Ve,4 > VA,4 P V;,s 5 VA,S :| . (56)

Theorem 4. Let (i) positive-definite Lyapunov functions
1A 2 1A 2 1A 2 -1 2.
Ve,i(t) =0.5¢,(1), VA,](t) = O~5(711 Aayy (1) + 7, Aay, (1) + 715 Aals(t)) ’ VA,[(I) = 0'57,',' (Aaij) ,;i23

have an infinitesimal upper limit at |el.(t)| -0,

Aal.j| —0; (i) y@e @Ejy} a, 1 Py € @Eof,,), a,

p,, e@EjP’ a a:max(& a ,a ), i=L5, i#2; (iii) the inequality is fulfilled for

a. b 2
s w2 py 2,

Vy,(6) =0.5AG] ()I''AG, (1)
0.58,AG (DAG,(H) <V, (t) < 0.53AG] ()AG, (1), (57)

where AGl(t):[Aan(t)sAalz(t)’Aals(t)]T P =diag(]/“,}/“,7/15) ;9 :ﬁ;l (Fl)’ ‘§1 :ﬂlil (Fl) ’

B(T,) and p(I,) are minimum and maximum eigenvalues of the matrix I, ; (iv)

2 — . .
a ., —&S(fl (yl)—y3) <a,, +u,, where 0;20, v;20; (v) 7, :max(741,7/42); (vi) the equality

fl 7

eAa,0 =7, (ef + (Aaij )2 a).z) fulfilled in the domain O,(0) , where 7z>0
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0={0" 0"} cR*xR"xJ 0vo 7 0*and 0" are zero vectors, n is number of adjustable parameters, O,

is some neighborhood of a point O, t€[0,00]=]J,_; (vii) the matrix system of inequalities

I)e,A S Ae,AI/e,A + Be,A 4 (58)
is valid for V,,(t), where 4, block-diagonal matrix

Ae,A = diag(Ae,A,I’Ae,A,SAe,AA’Ae,A,S)’ Be,A = [0 0 63'93 usv4 000 O]T 7

—k aﬁ, (Fl) —k3 afplfyﬂ
1
k 3
= 3 1 Aeas = ma, 3 )
7 J1o)3 _=
?1 _Zﬂlaﬁﬂl (Fl) 3(0!//1% _03) 4 307 0. 731
@ 157, a . + C2
_k4 ;C Ve _k5 : k Vs1
Ae,A,4 = 4 > Ae,A,S 5 b

2r,, 3 . 27, 37,
_3 —Zﬂ41ayhﬁz7/4 T _Tak«f;%l

(viii) the upper solution for V,,(¢) satisfies the equation SE,A =4,,S,,+B,, if functions
5,()=0 exist such that V,, (r)<s,(1) V(t21,)& (Vo () <5, (4)) i=1,3;4;5, where

S,,€R’, s, isvector S,, element. Then the adaptive system (54), (55) is exponentially dissipative

with the estimate

Vs <e s,y + [et B, dr (59)

fy

if

T a a, ; a, +c’
klzg 0431—(1) k}z% _Th k423 2 kszz 2 (60)
3\ @,k (T)) 3 (am_&) 3\ a, 3\ «a,,

The Theorem 4 proof gives in Appendix D.

As follows from Theorem 4, system (48), (49) limiting properties depend on nonlinearity,
feedback and constant excitation. In particular, this is true for block 3. The Theorem 4 statement
confirms by Figure 11. It reflects the change of parametric error norm for channels 3-5

Ny (0) = \JAGE (0) + AdZ, (6) + Add (1) + Ad2, (1) - (61)
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254
2,0
N, 15
1,0-

0,5

O ] 0 T T T T T T T T T
0 50 100 150 200 250

Figure 11. Parametric residual norm.
So, the nonlinearities and feedback give biased estimates for the system parameters (48).

9. Conclusions

We propose the approach to adaptive identification for systems with multiple nonlinearities. It
uses the transformation of equations based on the experimental data available set. Adaptive
identification system designed. System decomposition into several subsystems is proposed for the
adaptation process simplify. The trajectories boundedness in the adaptive system proved. The S-
synchronizability problem of the system considers, and the excitation constancy condition
modification proposes. The modification considers the requirement for nonlinear system structural
identifiability. The Lyapunov vector function method applies to prove exponential stability.

Nonlinear correction of a nonlinear system considers. Adaptive algorithms obtain for estimating
system parameters. The system trajectories limitation proved. A nonlinear system considers for self-
oscillation generation with nonlinear feedback. The adaptive parametric identification system
develops. We study the effect of feedback and nonlinearity. Simulation results confirm theoretical
results.

Appendix A. Proof of Theorem 2

Consider the Lyapunov function ¥, (1) (24). VSF (1) has the form of subsystem s, , motions

V, ==k &+V, -V, <=2k V... (A1)

SF.i

Apply Theorem 2 condition (i). As VSF (t)<0, the s, -subsystem is stable. Integrate V' (f)

V, (6) =2k, jVe (tdz 2V, (). (A2)

f

V. (e,AKS AK ) satisfies the Theorem 2 condition (1). Therefore, all trajectories of the A4S,

SFi Fi’ Spi

-subsystem belong to the domain

G, ={(eax, 0K, )iV, <V, (1)} (A3

The desired estimate follows from (A.2). B
Appendix B. Proof of Lemma 1
Consider V(1)


https://doi.org/10.20944/preprints202203.0385.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 January 2023 doi:10.20944/preprints202203.0385.v2

+ eA’F,f HAKSF,: ySF.:

Apply the inequality [30]

2 2
—at+ bz <% +’2)—, a>0,b>0,220 (B.2)
a
and (26). Then
n—1n—1
_ 2 Skih Tk,
kSF,x esF,x + eSFJ ‘AKSF,, ySF,, SFi ;;(Adsh pf;'ﬁ’l +Ab5F4z pus’[—‘,ij s

7

K, ¢’ +L{sp(m< WP, ., P. . AK] (t))+(AK y )2}
2 g Zk h/ I,, 'f‘l;{l’u‘ll‘“,l Spi Spiv Sp

where P

T is matrix with elements P and p, .
Usp i SF.i SF.i
T s — —
Let Ph, " (t)Ph, " (t)e@EaP s and y (O ePE, 2 . where Ap,Gp,Q, 0,

numbers. M" -property for Vw obtains from (B.3)

V. <—k V.+ﬂV

e,i Spy e 2k A/

(B.4)

SELi
where cY:max(GY ,a, j |
Sae”
1

Appendix C. Proof of Lemma 2
Consider VAJ ()

n—1n—1

VAJ = _e‘ﬁ',,AKYF.i ys!- e‘l— ZZ(Agi’}?p)‘”/ +A5:i-’r/pu" j :

k=1 j=1
Letfor (Vi1 >1,) &(v(e AK, .AK, )) €0,(0))

m=1 n;—1

18

(B.1)

(B.3)

are positive

(C.1)

i ~ ~ . 2
e, S (880, +8p, J=riso(ak, 0L, P AKLO)+(ax, 0, ) v |

(C.2)

where 0={0, 0"} cRxR"™xJ, is system equilibrium position, O,(O)

is some

neighborhood of a point O, 0" € R*™ is null matrix, #€[0,0]=J,,, 7 >0 is some number.

Let W, 2 PT

// w hi 7 s,
u Fi
SFi fSF,i’ SFi

VAJ = —ﬁeszh -y {Sp (AKSFJ ow,, AKSTF (t)) + (AKsF,, v, )2} <

_%;z (GSFJ + (AKSFJ Vs, )2 ) -7 (%(GSM + (AKSFJ Vs, )2 ) + ef“ + 27[%

2

_% T (o-s_F_l + (AKS” Vs, )2 ) - [‘em ‘ + \/ o, * (AKXFJ Vs, )2 j +

e, \/GSFJ +(AKSFJ Ve, )2 )

+7 ‘e&-,. ‘\/ o, + (AK‘SH Vs, )2 < —%ﬂ' (O'XFJ_ + (AK‘SFJ Vs, )2 ) +7 ‘esh ‘\/ o, (AKS“ Vi, )2 .

Apply to (C.3) inequalities (B.2), (26) and obtain

. 3 2 4
<_2 =
VAJ - 8 ﬂ'(O'S” +(AKS1‘.A yf/«.x ) )+ 3 ﬂ.ex"\" <

2
S—Eﬂai(as +(AKS ) )+§7rVei S—éﬁaiVM+§7zVei
8 F" " 3" 8 3"

where ¢, = mln(aﬁ_ ., )

o, = Sp(AKSF" (oW, AK, (t)) . Apply (C.2) and present (C.1) as

(C.3)

(C.4)
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So, M -property for V,,

V,, < —%;za,.VAJ. +§7sz | (C.5)

A —

Appendix D. Proof of Theorem 4
Consider the Lyapunov vector function (56). Elements V,, satisfy Theorem 4 condition (i).

Ensure the 9" -property for each component 7, ,,. Apply the approach used in proving Lemmas 1
and 2. Consider the proof procedure with the example V. VeJ has form

Ve,l = _klelz te (Aallyl + Aalzpy, + AalSPyS ) <

, (D.1)
<ke + |e1 ||Aa“y1 +Aa,p, +Aa;sp, |
Apply to (D.1) inequalities (B.2) and obtain
. k 1 2 2 2
V,, < _316'2 +E((Aa”) yi +(Aay,) p; +(Aay) pi) . (D.2)

1
Let VA,](t) = O-SAGlT (t)rflAGl ® , AG((1)= [Aan(t)sAalz(t)’ Aals(t)]T , I= diag(yna?/lla?/ls) ’
g, =p"(T), 8=4"(T,), B(T,), B(,) are minimum and maximum eigenvalues of the matrix
I',. Theorem 4 condition (iii) holds for V, (¢). Then (D.2)

; k 1 af (I
v, < _31912 +E((Aa11 )2 y12 + (Aau )2 p; + (Aa15 )2 pi ) <-kV,, + ﬂlk( l) IINY (D-3)
1 1
So, the " -property obtain for V,,.Consider V,,
; k. 1
V< _?3@32 +E(Aa31)2 (fl (J’1)_y3 )2 =
3
D.4
ky o %, t0s 2 (0_‘/&% +')3)731 .
_563 +‘2‘—]€3(Aa31) S—k3Ve)3 +k—3 A3>

where o,  -u, <(/, (yl)—y3)2 <a,, +v,, 0,20, 0,20 . v, levels the EC property, as the
nonlinear properties of the system effect.
Apply Theorem 2 and get the adaptive system trajectories boundedness. Then (D.4)

. a, .y
Jisy3 7 31
Vs <=kV, 5+

Vs +0,9, D.5
a3 TUU;

3

where §,(#)20 is uncertainty appearing at (f; (), )2 ¢ PE,

i3 i

» Oy =03 [k .
Apply the above approach and get the 9" - property for the remnants Vw
ap, (Fl) ap, (Fl)
k

Ve,] < _ﬁeIZ +—VA,] = _lee,l +
2 k, )

y

INE

. a a.
V< _Eef S (Aa?s] )2 <S-kV,, + fin T Vi T 0%,
’ 2k, ’ ky ’
. o 5 (D.6)
7 17, 2 2 157,
Ve,4 < _?46; +2y_k:((Aa41) +(Aa42) )S _k4Ve,4 + ;{: 74VA,4a

. k 5,5 +c2 ) ‘7-5 +c2
Vs < _?5652 + }2k (Aail) S—kV, s+ : VsiVaso

5 5

where 7, =max(]/41,742) .

Consider components ¥, and use the approach used for Lemma 2 proving. Let the condition

Aaeo, =7, (¢ + Aala}) for (VtZt*>t0)&(V(e,Aaﬁ))eOv(0)), where 0=1{0, 0} c RxRxJ,, is

i
system equilibrium position, O,(O) is some neighborhood of a point O, 7, 20, @ are

corresponding variables in (48). Then
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Vy=—¢(Aa,y+Aa,p, +Aasp, ) =-me —mAG RRAG, =
3 1 1
Ll AG]AG, - x, (Zap] AGAG, +e + 25|e1| a, AG/ AG, J =
(D.7)

3 1 o
—Zﬂla,,lAGlTAGl —7, (|e1|+51/a,3‘ AGITAGl) +7, E|el|‘/aﬁAG1TAG1 <
3 1
<= may AG!AG, + 7, E|e1|4 la, AGAG,,

where B (1) = [ n(@®.p, ®,p, (t)]T , PR e G’fE{fP1 , - Apply (B.2) and get the 9" -property for V,,

. 3
VA,] _Zﬁlap, ﬁl (Fl ) VA,l +?]I/e,l‘ (D-S)
Similarly, obtain the %" -property for elements V,,
. 3 T
VA,I < __”10‘1), ﬁl (FI)VA,I +_1Ve,1s
4 3
. kY2 T,
VA,3 < _Tsafl,yJ/nVAs +3—”I/e,3 +7,
(“f;.y3 ‘&) (D.9)

. 3 2r
VA,4S 4”41 v1}274VA4+ 341Ve4s

es5”

. 3 27
VA’5 S_Tsays-fz}/ﬂV +=5 V

where y is the result of the violation of the EC condltion. The y boundedness follows from
Theorem 2.
The derivative V,, satisfies the matrix system of inequalities

V, <AV, +B.,, (D.10)
where 4,, =diag(4,,,. 4., A pirAiss), B.a=[0 0 0% my 0 0 0 0],

o,
o ap, (T)) k, JRNE)
1 k] k3
Ae,A,l = Ae,A,3 = Vs 67 >
LR B.(T,) IAh  _Zray
3 4 1R\ 3(0‘/,,)/3 03) 4 3 N34 31
a, a, +c*
—k4 k Yy . _k5 Ysk 7/51
Aopng = N A5 = > >
27, 3. 27 37,
3 g%t B
The comparison system is fair for (D.10)
Sun=AuSer + B, (D-11)
if functions s,(f) 20 exist such that the comparison system is fair for (D.10)
Vo <s(0)  V(121,)&(V.,, (1) <s,(1)), i=1.3:45, (D.12)

where S,, eR’, s, iselements of the vector S, , .
Form 4,, shows that system (48) channels are isolated at the level of stability research.
Therefore, perform the analysis 4,, for each channel. 4,, is an M-matrix [30]. The major minors

. positivity is the condition for the asymptotic stability of the adaptive system. Have

% aﬂ] g 67/1,)’3 k >2 2 ar"hj’z k >2 2 &J% +C2
1 s Ry = = ;s Rs =
3 \/ ok ,Bl 3 (a o = Us ) 3\ a, ;. 3 \/ a,.,

We see that the limiting properties (48) depend on the nonlinear properties of the system,
feedback, and constant excitation. In particular, this is true for channel 3 in (D.10). ®
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