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Abstract: The system of non-interacting electrically charged core-massless spring-shell mechanical 
units, demonstrating negative effective mass, is considered, seen as a Drude-Lorentz gas. When 
such an ideal gas is exposed to the external harmonic field, it demonstrates as the certain conditions 
the negative frequency-dependent electrical conductivity. The negative value of the electrical con-
ductivity 𝜎𝜎 implies that the electrical current will flow against the direction of the electric field and 
correspondingly the direction of the electrical force. Low- and high-frequency asymptotic behavior 
of the electrical conductivity is addressed. The same system demonstrates at low frequencies the 
negative asymptotic refraction. Experimental realization of the introduced model system, based on 
the exploitation of plasma oscillations of the free electron gas is suggested.         
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1. Introduction 
Development of metamaterials opened novel and broad horizons for the materials 

science [1-9]. Metamaterials are usually defined as engineered, artificial, periodic compo-
sites for altering electromagnetic [2, 5-6], mechanic [7] or thermal [9] properties of materi-
als to obtain properties that are not observed naturally. The prefix meta (a Greek word 
meaning ‘beyond’) indicates that the characteristics of the material are beyond what we 
see in nature. The macroscopic structural units of the metamaterials of the metamaterial – 
can be tailored in shape and size, the lattice constant and inter-unit interaction can be 
artificially tuned, and “defects” can be precisely designed and placed at desired locations. 
Numerous contra-intuitive effects such as an effect of the negative refraction [10 and neg-
ative effective mass became possible with the meta-materials [11-16]. The effect of the 
negative effective mass may be attained under exploiting the plasma oscillations of the 
electron gas in metals [15-16]. The negative effective mass materials were already success-
fully demonstrated experimentally by embedding soft silicon rubber coated heavy 
spheres in epoxy, acting as the local mechanical resonators [17]. Metamaterials offer the 
potential to precise control of the pathway of propagation of a wave (electromagnetic or 
acoustic) in a material. Metamaterials can also be customized to support novel properties 
that currently are not accessible with existing optical and acoustic hardware [18]. Devel-
opment of metamaterials enabled numerous engineering applications, including optical 
camouflage and invisibility cloaks, optical, acoustic and thermal cloaking [19-21]. Our pa-
per is devoted to the possibility of realization of negative thermal conductivity meta-ma-
terials, which were introduced recently in ref. 22. We suggest the model meta-material 
system demonstrating negative electrical conductivity emerging from the negative effec-
tive mass of the charge carriers.     

2. Results 

2.1. Negative electrical conductivity in the system of the charged core-shell units  
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Consider the ideal gas of the core-ideal spring -shell units embedded into the matrix 
of obstacles depicted in Figure 1. Core-spring-shell units shown in Figure 1 give rise to 
the effect of negative effective mass effect, as demonstrated in refs. 11-14. A core with mass 
m is connected via the Hookean massless spring with constant k to a spherical shell with 
mass M. When the system is subjected to the external sinusoidal force 𝑭𝑭(𝒕𝒕) = 𝑭𝑭𝟎𝟎𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 it 
may be replaced with a single effective mass 𝒎𝒎𝒆𝒆𝒇𝒇𝒇𝒇 expressed with Eq. 1 (for the rigorous 
derivation of Eq. 1. see refs.11-16): 

𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑀𝑀 +
𝑚𝑚𝜔𝜔0

2

𝜔𝜔02 − 𝜔𝜔2 (1) 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

Figure 1. Ideal gas of “negative mass units” carrying the electrical charge q exposed to the external electric field 
𝐸𝐸�⃗ (𝑡𝑡) = 𝐸𝐸�⃗ 𝑜𝑜𝑜𝑜𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 . Negative mass units are built from the core with mass m is connected through the spring with con-

stant k to a spherical shell with mass M. Blue circles depict the “obstacles”.  

where 𝝎𝝎𝟎𝟎 = �𝒌𝒌
𝒎𝒎

. It is easily recognized from Eq. 1 that, when the frequency 𝝎𝝎  ap-

proaches 𝝎𝝎𝟎𝟎 from above the effective mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 will be negative [11-16]. The core-shell 
units are supposed to be non-interacting; thus, the “gas” shown in Figure 1 is treated as 
an ideal one. Now we assume that the shell M is electrically charged with the electrical 
charge q (it should be emphasized, that the core m is supposed to be neutral, thus the total 
excess electrical charge of the system is q). The entire system is embedded into the lattice 
of fixed “obstacles”, depicted in Figure 1 with a blue circles. We treat the system within 
the simplest possible framework of the Drude-Lorentz theory, assuming that the behavior 
of the charged core-apring-shell systems (resembling electrons in the Drude-Lorentz 
model) dispersed between the obstacles (resembling in turn immobile ions in the classical 
electron theory) may be treated classically and behaves much like a pinball machine, with 
a gas of constantly jittering charged core-shell units bouncing and re-bouncing off heavier, 
relatively immobile obstacles [23-24].  

 Now we expose the suggested model system to the external field 𝑬𝑬��⃗ (𝒕𝒕) = 𝑬𝑬��⃗ 𝒐𝒐𝒐𝒐𝒆𝒆−𝒋𝒋𝒋𝒋𝒋𝒋,  

which will give rise to the electrical current density 𝑱⃗𝑱. The Drude-Lorentz classical theory 
predicts for the relationship between 𝑱⃗𝑱 and 𝑬𝑬��⃗  Eq. 2:  

                              𝑱⃗𝑱 = 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆

𝑬𝑬��⃗  ,                                  (2) 
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where n and τ are respectively the number density of core-shell units and mean free time 
between collisions of the core-shell units with the “obstacles” respectively. Eq. 2 deserves 
a more deep analysis. It should be emphasized, that the addressed model system has two 
characteristic time scales, namely 𝝉𝝉 and 𝟏𝟏

𝝎𝝎𝟎𝟎
. The core-spring-shell unit charge carrier is 

exposed to the complex force 𝑭𝑭�(𝒕𝒕) = 𝒒𝒒𝑬𝑬𝒐𝒐𝒐𝒐𝒆𝒆−𝒋𝒋𝒋𝒋𝒋𝒋 driving the charge carriers and this giv-
ing rise to the complex current density 𝑱⃗𝑱 supplied by Eq. 2. The very question is: why the 
effective mass denoted 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 should appear in Eq. 2 instead of the mass of the charge 
carrier? Derivation of Eq. 2 within the Drude-Lorentz model assumptions implies that Eq. 
3, predicting the complex moment of the charge carrier is true: 

                                     𝑷𝑷� = 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆𝑽𝑽�                          (3) 

where 𝑷𝑷� is the entire complex moment of the core-spring-shell system, 𝑽𝑽� is the complex 
velocity of the shell and 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 is given by Eq. 1 (the notation of vector is omitted for brev-
ity in Eq. 3; for details of rigorous derivation of Eq. 3 see ref. 11). Actually, Eq. 3 expresses 
the second Newton law for the entire core-shell system, which is exploited in the classical 
Drude-Lorentz model for the derivation of Eq. 2. It should be emphasized that the charge 
transport arises from the motion of the entire core-spring-shell system, represented by the 
effective mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆; in other words we substitute the complex mechanic system by the 
effective mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 charged with electrical charge q. This consideration and taking into 
acTcount Eq. 2 justifies appearance of the effective mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 in Eq. 2. Eq. 1 and Eq. 2 
immediately predict for the electrical conductivity 𝝈𝝈 of the model system shown in Fig-
ure 1 the following expression: 

                             𝝈𝝈(𝝎𝝎) = 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆

= 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉

𝑴𝑴+ 𝒎𝒎𝝎𝝎𝒐𝒐𝟐𝟐

𝝎𝝎𝟎𝟎
𝟐𝟐−𝝎𝝎𝟐𝟐

                        (4) 

It is easily recognized from Eq. 1 and Eq. 4. that, when the frequency 𝝎𝝎 approaches 𝝎𝝎𝟎𝟎 
from above the electrical conductivity 𝝈𝝈 will be negative. What does it mean physically? 
The negative value of the electrical conductivity 𝝈𝝈 implies that the electrical current will 
flow against the direction of the electric field 𝑬𝑬��⃗  and correspondingly the electrical force 
𝑭𝑭��⃗ = 𝒒𝒒𝑬𝑬��⃗ .   

 It us useful to supply the low-frequency, high-frequency limits of electrical conduc-

tivity, and the asymptotic value of 𝝈𝝈 in the vicinity of 𝝎𝝎𝟎𝟎 = �𝒌𝒌
𝒎𝒎

: 

                          𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎→𝟎𝟎

𝝈𝝈(𝝎𝝎) = 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝑴𝑴+𝒎𝒎

= 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝑴𝑴𝒕𝒕𝒕𝒕𝒕𝒕

,                             (5)  

                          𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎→𝝎𝝎𝟎𝟎

𝝈𝝈(𝝎𝝎) = �𝝎𝝎𝟎𝟎
𝟐𝟐 − 𝝎𝝎𝟐𝟐� 𝒏𝒏𝒒𝒒

𝟐𝟐𝝉𝝉
𝒎𝒎𝝎𝝎𝟎𝟎

𝟐𝟐,                         (6)  

                               𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎→∞

𝝈𝝈(𝝎𝝎) = 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝑴𝑴

,                              (7) 

where 𝑴𝑴𝒕𝒕𝒕𝒕𝒕𝒕 = 𝑴𝑴 + 𝒎𝒎 is the total mass of the core-shell unit (the mass of the spring is 
zero). It is noteworthy, that the low-frequency, high-frequency limits of the electrical con-
ductivity are independent of the frequency of the external electric field 𝝎𝝎. It is also should 
be noted, that the high=frequency limit of the electrical conductivity is independent of the 
core-mass m.  

2.2. Refractive index of the suggested model gas built of charged core-shell units 
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 The squared refractive index n of the suggested model ideal gas built of charged core-
shell units, shown in Figure 1, is given within the classical Drude-Lorentz model by Eq. 
8: 

                  𝒏𝒏𝟐𝟐(𝝎𝝎) = 𝟏𝟏 + 𝝈𝝈
𝜺𝜺𝟎𝟎𝒋𝒋𝒋𝒋(𝟏𝟏+𝒋𝒋𝒋𝒋𝒋𝒋)

= 𝟏𝟏 + 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉

𝜺𝜺𝟎𝟎𝒋𝒋�𝑴𝑴+
𝒎𝒎𝝎𝝎𝟎𝟎

𝟐𝟐

𝝎𝝎𝟎𝟎
𝟐𝟐−𝝎𝝎𝟐𝟐

�𝝎𝝎(𝟏𝟏+𝒋𝒋𝒋𝒋𝒋𝒋)
  ,            (8) 

arising from the basic assumptions of the Drude-Lorentz model [23-25] and Eq. 4. Eq. 8 
is a somewhat cumbersome one. Consider, first, the asymptotic behavior of the refrac-
tive index 𝒏𝒏(𝝎𝝎) in the high-frequency limit, i.e. in the limit of 𝝎𝝎𝝎𝝎 ≫ 𝟏𝟏, given by Eq. 9:       

                           𝒏𝒏𝟐𝟐(𝝎𝝎) = 𝟏𝟏 − 𝒏𝒏𝒒𝒒𝟐𝟐

𝜺𝜺𝟎𝟎�𝑴𝑴+
𝒎𝒎𝝎𝝎𝟎𝟎

𝟐𝟐

𝝎𝝎𝟎𝟎
𝟐𝟐−𝝎𝝎𝟐𝟐

�𝝎𝝎𝟐𝟐
                         (9) 

Remarkably, the high-frequency limit of the refractive index, supplied by Eq. 9, is inde-
pendent of the characteristic time scale τ. Now, consider asymptotic behavior of the re-
fractive index in the vicinity of the frequency 𝝎𝝎𝟎𝟎 (this implies: 𝝎𝝎𝝎𝝎 ≫ 𝟏𝟏;𝝎𝝎𝟎𝟎𝝉𝝉 ≫ 𝟏𝟏), ex-
pressed by Eq. 10: 

                       𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎𝝎𝝎≫𝟏𝟏;𝝎𝝎→𝝎𝝎𝟎𝟎

𝒏𝒏𝟐𝟐(𝝎𝝎) = 𝟏𝟏 − 𝒏𝒏𝒒𝒒𝟐𝟐

𝜺𝜺𝟎𝟎𝒎𝒎
𝝎𝝎𝟎𝟎
𝟐𝟐−𝝎𝝎𝟐𝟐

𝝎𝝎𝟐𝟐
                     (10) 

Eq. 10 is valid when the interrelation between the characteristic time scales given by 
𝝉𝝉 ≫ 𝟏𝟏

𝝎𝝎𝟎𝟎
 takes place (we emphasize the twin time-scale nature of the introduced model). It 

is also recognized from Eq. 10, that the asymptotic value of the refractive index in the 
vicinity of the high frequency 𝝎𝝎𝟎𝟎 is independent not only of the characteristic time scale 
τ but also of the shell mass M, being dependent on the core mass m, the spring constant k 

(𝝎𝝎𝟎𝟎 = �𝒌𝒌
𝒎𝒎

) and the number density of the core-shell units n. It is seen from Eq. 10 that for 

𝝎𝝎 < 𝝎𝝎𝟎𝟎 we have for the aforementioned asymptotic 𝒏𝒏 < 𝟏𝟏, whereas when the frequency 
𝝎𝝎 approaches 𝝎𝝎𝟎𝟎 from above 𝒏𝒏 > 𝟏𝟏 takes place. It is also recognized from Eq. 10 that 
the high-frequency asymptotic of the refractive index is real (the imaginary component of 
n is absent), which is typical for metals which are transparent for high frequencies (low 
wavelengths).  

 It is also instructive to calculate the low-frequency limit of the refraction index (now 
𝝎𝝎𝝎𝝎 ≪ 𝟏𝟏 is adopted). In this case, combining of Eq. 8 and Eq. 4 yields:       

                  𝒏𝒏𝟐𝟐(𝝎𝝎) ≅ 𝟏𝟏 − 𝒋𝒋 𝝈𝝈
𝜺𝜺𝟎𝟎𝝎𝝎

≅ −𝒋𝒋 𝝈𝝈
𝜺𝜺𝟎𝟎𝝎𝝎

= − 𝒋𝒋
𝜺𝜺𝟎𝟎𝝎𝝎

𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉

𝑴𝑴+
𝒎𝒎𝝎𝝎𝟎𝟎

𝟐𝟐

𝝎𝝎𝟎𝟎
𝟐𝟐−𝝎𝝎𝟐𝟐

                   (11) 

Consider now the asymptotic behavior of the low-frequency limit of the refractive index, 
when 𝝎𝝎 → 𝝎𝝎𝟎𝟎 is assumed.  

                        𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎𝝎𝝎≪𝟏𝟏;𝝎𝝎→𝝎𝝎𝟎𝟎

𝒏𝒏𝟐𝟐(𝝎𝝎) = −𝒋𝒋 𝒏𝒏𝒒𝒒
𝟐𝟐𝝉𝝉

𝜺𝜺𝟎𝟎𝝎𝝎
𝝎𝝎𝟎𝟎
𝟐𝟐−𝝎𝝎𝟐𝟐

𝒎𝒎𝝎𝝎𝟎𝟎
𝟐𝟐                       (12) 

Now, the interrelation between the characteristic time scales given by 𝝉𝝉 ≪ 𝟏𝟏
𝝎𝝎𝟎𝟎

 takes place. 

Considering �−𝒋𝒋 = 𝟏𝟏−𝒋𝒋
√𝟐𝟐

 yields Eq. 13: 

         𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎𝝎𝝎≪𝟏𝟏;𝝎𝝎→𝝎𝝎𝟎𝟎

𝒏𝒏(𝝎𝝎) = −(𝒋𝒋 + 𝟏𝟏)� 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝟐𝟐𝜺𝜺𝟎𝟎𝒎𝒎𝒎𝒎𝝎𝝎𝟎𝟎

𝟐𝟐 �𝝎𝝎𝟐𝟐 − 𝝎𝝎𝟎𝟎
𝟐𝟐 = 𝒏𝒏𝑹𝑹(𝝎𝝎) + 𝒋𝒋𝒏𝒏𝑰𝑰(𝝎𝝎),         

(13) 
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where 𝒏𝒏𝑹𝑹(𝝎𝝎) are 𝒏𝒏𝑰𝑰(𝝎𝝎) are the real and imaginary components of the refractive index 
correspondingly. Let take a close look on Eq. 13: first of all we conclude that |𝒏𝒏𝑹𝑹(𝝎𝝎)| =
|𝒏𝒏𝑰𝑰(𝝎𝝎)| takes place and this is typical for the low-frequency asymptotic of the refractive 
index in metals [25]. The asymptotic value of the real component of the refractive index, 
when 𝝎𝝎 → 𝝎𝝎𝟎𝟎 is assumed, is given in turn by Eq. 14: 

    𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎𝝎𝝎≪𝟏𝟏;𝝎𝝎→𝝎𝝎𝟎𝟎

𝒏𝒏𝑹𝑹(𝝎𝝎) = −� 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝟐𝟐𝜺𝜺𝟎𝟎𝒎𝒎𝒎𝒎𝝎𝝎𝟎𝟎

𝟐𝟐 �𝝎𝝎𝟐𝟐 − 𝝎𝝎𝟎𝟎
𝟐𝟐 ≅ −� 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉

𝟐𝟐𝜺𝜺𝟎𝟎𝒎𝒎𝝎𝝎𝟎𝟎
�� 𝝎𝝎

𝝎𝝎𝟎𝟎
�
𝟐𝟐
− 𝟏𝟏             (14) 

Again, Eq. 14 is valid when 𝝉𝝉 ≪ 𝟏𝟏
𝝎𝝎𝟎𝟎

 is adopted. Remarkably 𝒏𝒏𝑹𝑹(𝝎𝝎) < 𝟎𝟎 takes place when 
the frequency 𝝎𝝎 approaches 𝝎𝝎𝟎𝟎 from above; thus, we conclude that the phenomenon of 
the negative mass may give rise to the negative refraction. And, again, the low frequency 
asymptotic of the refractive index does not depend on the shell mass M, being dependent 
on the core mass m and the number density of the charge carriers only (see Eq. 13).   

  2.3. Experimental implementation of the suggested model system demonstrating neg-
ative thermal conductivity and negative refraction 

The very question is: how the suggested model system, depicted in Figure 1, demon-
strating negative thermal conductivity and negative refraction may be realized experi-
mentally? We already suggested the negative effective mass metamaterial based on the 
electro-mechanical coupling exploiting plasma oscillations of a dilute free electron gas, 
immersed into a lattice of fixed positively charged ions [15, 16]. The negative mass ap-
peared as a result of excitation of a metallic particle with an external frequency ω which 
is close to the frequency of the plasma oscillations of the electron gas 𝒎𝒎  (denoted 
𝝎𝝎𝒑𝒑) relatively to the immobile ionic lattice M. The plasma oscillations are represented 
with the elastic spring constant 𝒌𝒌 = 𝝎𝝎𝒑𝒑

𝟐𝟐𝒎𝒎, where 𝝎𝝎𝒑𝒑 is the plasma frequency, as illus-
trated with Figure 2. Thus, the metallic particle excited with the external frequency ω is 

described by the effective mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 = 𝑴𝑴 + 𝒎𝒎𝝎𝝎𝒑𝒑𝟐𝟐

𝝎𝝎𝒑𝒑𝟐𝟐−𝝎𝝎𝟐𝟐
, which is negative when the excitation 

frequency denoted 𝝎𝝎 approaches 𝝎𝝎𝒑𝒑 from above [15-16]. The model was exemplified 
with two conducting metals, namely Au and Li particles immersed into various matrices 
[15-16]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. The core-shell system utilizing oscillations of electron gas m embedded into the ionic ma-

trix M; the oscillations take place with the plasma frequency𝜔𝜔𝑝𝑝, as shown in inset A. The 
equivalent mechanical scheme of the oscillations of the electron gas is illustrated with inset B. 
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Plasma oscillations are represented by the effective spring 𝑘𝑘 = 𝑚𝑚𝜔𝜔𝑝𝑝2. When the entire system is 
exerted to the harmonic external force 𝐹𝐹(𝑡𝑡)~𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 the effective mass is given by: 

𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑀𝑀 + 𝑚𝑚𝜔𝜔0
2

𝜔𝜔𝑝𝑝2−𝜔𝜔2 [11-16]. 

Now consider the dilute gas of charged metallic (or semiconductor) micro- or nano-
particles immersed into the system of the fixed obstacles, depicted in Figure 3 with the 
blue circles. The entire system is exerted to the external electrical field 𝑬𝑬��⃗ = 𝑬𝑬��⃗ 𝒐𝒐𝒐𝒐𝒆𝒆−𝒋𝒋𝒋𝒋𝒋𝒋. The 
particles are charged with the excess electrical charge q. The suggested system resembles 
the dusty plasma seen as a two- component system composed of negatively charged dust 
grains and ions [27-29]. Excess electrical charge also may be supplied to the micro-grains 
by the cold plasma treatment [30]. Similarly to Eq. 4 we obtain for the electrical conduc-
tivity of the model material, shown in Figure 3:   

                              𝝈𝝈 = 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆

= 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉

𝑴𝑴+
𝒎𝒎𝝎𝝎𝒑𝒑𝟐𝟐

𝝎𝝎𝒑𝒑𝟐𝟐−𝝎𝝎𝟐𝟐

                      (15) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. The dilute gas of charged metallic nano-particles (the electrical charge of the single nano-
particle is q) immersed into the lattice of the immobile obstacles (depicted with the blue cir-

cles) is shown. The entire system is exerted to the external electrical field 𝐸𝐸�⃗ = 𝐸𝐸�⃗ 𝑜𝑜𝑜𝑜𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗.   

 

where M and m are the mass of ionic lattice and electron gas of the charged  micro-parti-
cles respectively, n and τ are respectively the number density of the charged particles  
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and mean free time between collisions of the charged particles with the immobile “obsta-
cles” respectively.  It is seen from Eq. 15 that, when the frequency 𝝎𝝎 approaches the 
plasma frequency 𝝎𝝎𝒑𝒑 from above the effective electrical conductivity 𝝈𝝈 will be negative. 

Consider the micro-particles in which the charge carriers are electrons. In this case 
the plasma frequency is given by Eq. 16: 

                                 𝝎𝝎𝒑𝒑 = � 𝒏𝒏�𝒆𝒆𝟐𝟐

𝜺𝜺𝟎𝟎𝒎𝒎𝒆𝒆
,                           (16) 

where e, 𝒎𝒎𝒆𝒆 and 𝒏𝒏� are the electrical charge, mass and concentration of electrons respec-
tively [23-25]. Again, we deal with the twin-time scale system, with the characteristic time 
scales 𝝉𝝉 and 𝟏𝟏

𝝎𝝎𝒑𝒑
. The low-frequency, high-frequency limits of electrical conductivity, and 

the asymptotic value of 𝝈𝝈 in the vicinity of 𝝎𝝎𝒑𝒑 = �𝒌𝒌
𝒎𝒎

 are given by Eqs. 5-7 in which sub-

stitution 𝝎𝝎𝟎𝟎 → 𝝎𝝎𝒑𝒑 is performed. Consequently the refractive index of the model system 
shown in Figure 3 us supplied by Eq. 17, which is analogous to Eq. 8.     

                         𝒏𝒏𝟐𝟐(𝝎𝝎) = 𝟏𝟏 + 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉

𝜺𝜺𝟎𝟎𝒋𝒋�𝑴𝑴+
𝒎𝒎𝝎𝝎𝒑𝒑𝟐𝟐

𝝎𝝎𝒑𝒑𝟐𝟐−𝝎𝝎𝟐𝟐
�𝝎𝝎(𝟏𝟏+𝒋𝒋𝒋𝒋𝒋𝒋)

                    (17) 

The high frequency (𝝎𝝎𝝎𝝎 ≫ 𝟏𝟏), low frequency 𝝎𝝎𝝎𝝎 ≪ 𝟏𝟏 and asymptotic (𝝎𝝎 → 𝝎𝝎𝒑𝒑) limit 
expressions for the refractive index are obtained in a complete analogy with Eqs. 9-14 un-
der substitution 𝝎𝝎𝟎𝟎 → 𝝎𝝎𝒑𝒑. For example the low-frequency asymptotic value of the real 
component of the refractive index, when 𝝎𝝎 → 𝝎𝝎𝒑𝒑 is assumed is given by Eq. 18: 

                     𝐥𝐥𝐥𝐥𝐥𝐥
𝝎𝝎𝝎𝝎≪𝟏𝟏;𝝎𝝎→𝝎𝝎𝒑𝒑

𝒏𝒏𝑹𝑹(𝝎𝝎) ≅ −� 𝒏𝒏𝒒𝒒𝟐𝟐𝝉𝝉
𝟐𝟐𝜺𝜺𝟎𝟎𝒎𝒎𝝎𝝎𝒑𝒑

�� 𝝎𝝎
𝝎𝝎𝒑𝒑
�
𝟐𝟐
− 𝟏𝟏                 (18) 

Eq. 18 is valid when 𝝉𝝉 ≪ 𝟏𝟏
𝝎𝝎𝒑𝒑

 is adopted. It is recognized from Eq. 18 that 𝒏𝒏𝑹𝑹(𝝎𝝎) < 𝟎𝟎 takes 

place for the model system presented in Figure 2, when the frequency 𝝎𝝎 approaches 𝝎𝝎𝒑𝒑 
from above; thus, resulting in the negative refraction.  

4. Discussion 

As it was already mentioned there is no actual negative mass indeed [14]. The effect of the 
negative effective mass emerges when we substitute the complex mechanical systems 
comprising a pair of masses (M and m) and ideal spring k by a single effective mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆, 
in other words the identity of the internal mass m is ignored and its effect is expressed by 
the introduction of the mass 𝒎𝒎𝒆𝒆𝒆𝒆𝒆𝒆 [11-14]. Introducing of the negative effective mass en-
ables to describe the contra-intuitive situation, when the acceleration of the system is in 
an opposite direction to the applied force [11-14].At the same time the “imaginary” nega-
tive effective mass gives rise to the observable, however, contra-intuitive physical effects, 
such as negative refraction of acoustic waves and negative bilk modulus [31-32]. We 
demonstrate that the effect of the negative effective mass also yields the effect of the neg-
ative electrical conductivity, when that the electrical current flows against the direction 
field 𝑬𝑬��⃗  and correspondingly the electrical force 𝑭𝑭��⃗ = 𝒒𝒒𝑬𝑬��⃗ . The same system built of electri-
cally charges core-spring-shell units, shown in Figure 1 also gives rise to the negative re-
fraction.   

  5. Conclusions 
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Metamaterials are artificial materials, which give rise to the contra-intuitive physical 
properties, such as negative refraction [1-6, 10]. One of the most unusual effects, which 
may be involved into the development of the novel metamaterials is the so-called effect of 
the negative effective mass emerging in the mechanical core-spring-shell systems, in 
which the core mass m is connected to the shell M with the ideal massless elastic spring k. 
The effect occurs when the entire system is substituted with the single mass 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒 . If the 
aforementioned core-shell system is exposed to the external harmonic force with a fre-

quency of 𝜔𝜔 which is close to 𝜔𝜔0 = �𝑘𝑘
𝑚𝑚

  (however, remaining larger than 𝜔𝜔0) the entire 

system demonstrate the unusual physical behavior, namely the acceleration of the effec-
tive mass, representing the entire system, will be in the opposite direction to the applied 
force [11-14]. We introduced the model ideal gas of the core-shell units which are charged 
with the excess electrical charge q, embedded into the system of fixed obstacles, resem-
bling the Drude-Lorentz free electron gas [23-25].  

When this gas is exposed to the external harmonic electrical field 𝐸𝐸�⃗ = 𝐸𝐸�⃗ 0𝑥𝑥𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗, the 
core-shell electrically charged units are exerted to the harmonic complex force, given by 
𝐹𝐹�(𝑡𝑡) = 𝑞𝑞𝐸𝐸𝑜𝑜𝑜𝑜𝑒𝑒−𝑗𝑗𝜔𝜔𝑡𝑡. The entire system (gas of the charged core-shell units) will demonstrate 
the electrical conductivity (𝜔𝜔) = 𝑛𝑛𝑞𝑞2𝜏𝜏

𝑀𝑀+ 𝑚𝑚𝜔𝜔𝑜𝑜2

𝜔𝜔0
2−𝜔𝜔2

 , where n and τ are respectively the number 

density of core-shell units and mean free time between collisions of the core-shell units 
with the “obstacles” respectively. The electrical conductivity 𝜎𝜎(𝜔𝜔)  becomes negative 

when the exciting frequency 𝜔𝜔  approaches to 𝜔𝜔0 = �𝑘𝑘
𝑚𝑚

 from above. In principle, the 

negative conductivity is unrestricted. The suggested model system is characterized by a 
pair of characteristic time scales, namely 𝜏𝜏 and 1

𝜔𝜔0
. Asymptotic behavior of the electrical 

conductivity for low and high frequencies is considered. The introduced system demon-
strates also the negative refraction in the low-frequency limit; the asymptotic of the refrac-

tive index is given in this case by lim
𝜔𝜔𝜔𝜔≪1;𝜔𝜔→𝜔𝜔0

𝑛𝑛𝑅𝑅(𝜔𝜔) ≅ −� 𝑛𝑛𝑞𝑞2𝜏𝜏
2𝜀𝜀0𝑚𝑚𝜔𝜔0

�� 𝜔𝜔
𝜔𝜔0
�
2
− 1. Experimental 

implementation of the suggested system, exploiting the free plasma oscillations of the 
electron gas is suggested.                
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